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GLOBAL HELICALLY SYMMETRIC SOLUTIONS TO THE STOKES
APPROXIMATION EQUATIONS FOR THREE-DIMENSIONAL
COMPRESSIBLE VISCOUS FLOWS*

ZHENHUA GUOT, SONG JIANG!, AND JING LI$

Abstract. We prove the existence and uniqueness of global strong solutions to the Cauchy
problem of the compressible Stokes approximation equations for any (specific heat ratio) v > 1 in R3
when initial data are helically symmetric. Moreover, the large-time behavior of the strong solution
and the existence of global weak solutions are obtained simultaneously. The proof is based on a
Ladyzhenskaya interpolation type inequality for helically symmetric functions in R® and uniform a
priori estimtes. The present paper extends Lions’ [17] and Lu, Kazhikhov and Ukai’s [18] existence
theorem in R? to the three-dimensional helically symmetric case.
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1. Introduction. The Navier-Stokes system of a compressible viscous fluid for
the isentropic motion has the form

pt +div(pu) =0,

1.1
(pu) + div(pu @ u) — pAu — (p + A)Vdivu + VP(p) = 0. (1)

Here t > 0 is time, © = (x1,...,24) € R is the spatial coordinate,
plx,t), u(x,t) = (ur(x,t),...,uq(z,t)), P(p)=ap” (a>0,7>1)

represent the fluid density, velocity and pressure, respectively; u, A are constant vis-
cosity coefficients which satisfy pu > 0, Ad + 2p > 0.

In the last decades, the system (1.1) has been investigated by many mathemati-
cians and significant progress has been made on the mathematical topics. Concerning
the global existence and the large-time behavior of solutions for sufficiently small data,
the system (1.1) (as well as the full compressible Navier-Stokes equations including
the conservation law of energy) is well-understood in the sense that if data are small
enough, then there exists a (smooth or weak) solution which is time-asymptotically
stable.

The situation, however, becomes complex when data are large, and a number of
important questions, for example the existence of global solutions in the case of heat-
conducting gases and the uniqueness of weak solutions, still remain open. The first
general result was obtained by Lions in [17], where he used the method of weak con-
vergence and established delicate techniques to obtain global weak solutions provided
the specific heat ratio v is appropriately large, for example v > 3d/(d + 2), d = 2, 3.
Then, by combining Lions’ techniques and convex analysis to reduce the integrability
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requirement of the density around the origin, Jiang and Zhang [11] showed the global
existence of weak solutions for any v > 1 to the Cauchy problem with spherically
symmetric data. Recently, Feireisl, Novotny and Petzeltova [5, 6] exploit the curl-div
lemma to derive certain compactness, and apply Lions’ idea [17] and a technique from
[11] to extend Lions’ existence result to the case v > d/2 (d = 2,3). More recently,
the global existence of axisymmetric and helically symmetric weak solutions for any
~v > 1 was studied in [12, 13, 26] by combining different ideas from [17, 5, 6, 11, 24]
and Lions’ concentrated compactness arguments for the stationary isothermal flow,
and the result in [13] extends that of Hoff [7]. More other results on the existence
for the compressible isentropic Navier-Stokes equations can be found, e.g., in [30] in
which strong solutions in two space dimensions are shown to exist globally in time
provided that p varies with p in a very specific way, and in [2, 3] where self-gravitating
fluids and non-monotone pressure laws are investigated, in [4] where the motion of
rigid body in a viscous compressible fluid is studied, and among others.

On the other hand, approaches to the compressible Navier-Stokes problem have
been intensively sought with simplified hydrodynamic models, which possess some
common features of the compressible Navier-Stokes equations and for which one could
discuss the existence of strong solutions. One of the best-known simplifications of the
Navier-Stokes system is the Stokes approximation:

pr + div(pu) =0, (1.2)
puy — pAu — EVdivu + VP(p) = 0, '

where p is a positive constant and € = p + A. This is a good approximation for
strongly viscous fluids. For the system (1.2), the global existence of weak solutions is
known for the Cauchy problem and (general) initial boundary value problems under
the restriction of v > 2d/(d + 2) (d > 2) (see [17, 29]).

Recently, Lu, Kazhikhov and Ukai [18] proved the global existence of weak and
classical solutions to the Cauchy problem of (1.2) with large initial data satisfying
p(z) — p as |x| — oo in R%. One can easily see from the proof that their method can
be applied to the case p(x) — 0 as |z] — oo and a similar conclusion can be obtained.
However, the techniques in [18] fail to apply to the three-dimensional case because
they strongly depend on the two-dimensional Sobolev embedding and interpolation
inequality. Moreover, the large-time behavior of the solutions is not investigated in
[18].

In this paper, we will study the existence, uniqueness and the large-time behavior
of global strong solutions to the system (1.2) in R3 when initial data are helically
symmetric.

The existence of weak solutions in the helically symmetric class to the Stokes
approximation equations for three-dimensional compressible flows can be obtained by
a procedure very similar to that in [26]. Moreover, as found out in [19] for incom-
pressible fluids, the helically symmetric case remains essentially two-dimensional, and
therefore it can be shown as we will do here, that there exists a global strong solution.
These special features obtained in two dimensions are systematically exploited in this
paper. It should be pointed out that the method used in this paper is different from
those in [7, 10, 11, 12, 13]. Here we only use the properties of helical symmetry of the
velocity field to derive a Ladyzhenskaya interpolation type inequality (see Lemma 3.2
below) which is the key estimate to obtain the global strong solution. Thus, we can
avoid the complicated and tedious calculations in cylindrical coordinates.

This paper is organized as follows: The problem is first formulated and then the
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main result, Theorem 2.1, of this paper is stated in Section 2. In Section 3, we give
some necessary preliminaries and a priori estimates. The global estimate of the strong
solution which is the key point in the proof of the main theorem is given in Section 4.

NOTATION. (used throughout this paper). Let m be an integer and let 1 < p <
oo. By WmP(RY) (WP (RY)) we denote the usual Sobolev space defined over R™.
wm2(R4) = H™(RY) (Wgn’Q(Rd) = H*(RY)), WO = LP(RY) with norm || - | L (re)-

The same letter C' (sometimes used as C'(X) to emphasize the dependence of C
on X) will denote various positive constants which do not depend on T

2. Helically symmetric Stokes approximation. In this section we first for-
mulate the helically symmetric form of (1.2) in R and then give the main result.

For the sake of simplicity of the presentation, let us assume that £ = 0 and
uw=a=1in (1.2). It is easy to see, from the proof throughout this paper, that the
case £ > 0, u, a # 1 will not arouse any new difficulties. Therefore, we consider the
system:

+ div(pu) = 0,
pr +div(pw) z€R3 t>0 (2.1)
uy — Au+ VP(p) =0,
with initial conditions
p(z,0) = po(z), wu(z,0)=wuo(xr), z¢€R3 (2.2)

where P(p) = p7, v > 1.
The following existence of weak solutions to (2.1), (2.2) can be found in [17]:

PROPOSITION 2.1. Assume thaty > 6/5, po € L'(R*)NLY(R3) and up € L*(R3).
Then, there exists a global weak solution (p,u) of (2.1), (2.2) satisfying

pe C([07 OO); Ll(RB)) N C([Ov 00); L’Y(RS) - w) n L57/3(R3 x (0,T)),
u € L*0,T; H'(R*) N C([0, 00); L*(R®) —w)  for any T € (0,00).

We also quote without proof a uniqueness assertion (see [17] for the proof).

PROPOSITION 2.2. For T > 0,q > 3, a solution (p,u) of the problem (2.1), (2.2)
in the function space:

p € L*(0,T; WH(R?)), we L'(0,T; WH™(R?))

is unique on R3 x (0,7).

In this paper, we will study the helically symmetric strong solutions of the problem
(2.1), (2.2). For this purpose, we consider solutions of (2.1), (2.2) of 2w /a-period in
xI3:

T1,T2,23,t) = p(x1, 22,3 + 27/, t),
{P(l 2,23 )70(1 2,23 /e t) :v:(:vl,;vg,:c3)€R3, (2.3)

u(x1, T2, 23,t) = u(w1, w2, ¥3 + 27/, 1),
u(wy, m2,23) — 0, as \/z? + 23 — oo, (2.4)

where « is a positive real number.
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For helically symmetric flow, in cylindrical coordinates (r,6,z) (0 < r < oo,
0 <6 <2m —c0 < z < o0), the velocity vector w and the density p do not depend on
# and z independently, but only on the linear combination £ = né + az where n and
« take assigned integer and real values, respectively. Namely, for helically symmetric
flow,

p(z,t) = p(r,& 1),
u(z,t) = (Sua(r, &) — L2ua(r, & 1), Pua(r, 1) + Trua(r, &, 1), us(r, &, 1))
for some (u1,u2,us), where x = (21,22, 23) € R® and r = /22 + 22, p and (u1, ua, u3)

are periodic in € of period 4nm. Then, the helical symmetry of the initial data (pg, uo)
means that

pO(‘T) = po(T, 5)7 UO(x) = (leu?(Tv 5) - w_zug(r, 5)7 gi«_zu?(rv 5) ml O(T 5) ( 5))
(2.6)

(2.5)

for some (uf, u3, u3) with po and (u9,u3,u) being periodic in £ of period 4nr.

If we still denote the fluid density and velocity in the helically symmetric case by
p(r, &, t) and u = (ug(r, &, 1), uz(r, &, t), us(r, &, t)), respectively, the Stokes approxima-
tion equations (2.1) for helically symmetric isentropic flows are:

1 n
Oip + ;(’%(rpul) + ;55(qu) + aag(pw) =0,

1 2
815’&1 — {;87«(7”87«11,1) =+ ( 62 )8£U1 :21 — T—Z@gﬂg} + 8TP = O,
2.7)
1 2 (
Oy — {;87«(7'87«’&2) +(a® + Z—z)aqu - % + T—Zagul} + %(%P =0,
1
Ovts — { =0, (r0,u3) + (o t )agw} +adeP =0,
together with initial and boundary conditions
u1(0,&,t) = uz(0,&,t) =0, 0Oru3(0,£,t) =0, t>0 (2.9)

and the condition that p(r, &, t), (u1,us,usz)(r,&,t) are periodic in £ of period 4nmw
(provided that (p,u)(x,t) satisfies (2.3)). Here, for simplicity, we have assumed that
n is an even interger (cf. Remark 2.1).

REMARK 2.1. i) The choice of the boundary conditions (2.9) follows from the
fact that a smooth helically symmetric solution to (2.1)-(2.4) satisfies (2.9) at r =0
automatically. Moreover, test functions of 2w /«-period in-xs in the weak form of (2.1)
satisfy (2.9) automatically when (p,u) is helically symmetric (cf. [26] for details).
it) When n is odd, we have to impose the following boundary conditions, instead of

(29),
(U1 + ndeu2)(0,&,t) = (ug — ndeu1)(0,&,t) = Jeus(0,€,t) =0

because of the same reason as in ). In this case, we have to modify (3) in Definition
2.1 appropriately (cf. Remark 2.2 in [26]). Global existence similar to Theorem 2.1
and Proposition 2.8 can be obtained without essential changes in the arguments for n
being even.
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To state our result more precisely, we give the definition of weak and classical
solutions in the helically symmetric class:

DEFINITION 2.1. We call (p,u) a weak solution in the helically symmetric class
to the problem (2.1), (2.2), if
(1) (p,u) is helically symmetric, i.e., (2.5) holds;
(2) p>0,p,P(p),u, Vu € LL _([0,00) x R?), and the boundary conditions (2.3) hold;

loc

(3) For any test function ¢,v € C}H(R x R3), the problem (2.1), (2.2) is satisfied in
the following sense:

[ oot [ [ ot pu- Violdadt =0, (2.10)
R3 0 R3

/ uo(-,0)dx + /OO/ (uyy + P(p)divy + Vu - Vi)dzdt = 0. (2.11)
R? o Jrs

DEFINITION 2.2. We call (p,u) a classical solution in the helically symmetric
class to the problem (2.1), (2.2), if (p,u) is helically symmetric, i.e., (2.5) holds, and
p € CL([0,00) x R3), u € C%([0,00) x R?) satisfy the boundary conditions (2.3), and
(2.1), (2.2) hold everywhere in (0,00) x R3.

Obviously, due to periodicity in 3, we can pay our attention to the problem (2.1),
(2.2) in the following domain

Q=R x (o,%ﬁ).

The following existence of a weak solution in the helically symmetric class to
the Stokes approximation equations for three-dimensional compressible flows can be
obtained by a procedure very similar to that in the proof of Theorem 1.1 in [26], and
therefore, we omit its proof here.

PROPOSITION 2.3. Let v > 1,0 < pg € LY(Q) N LY () and ug € L*() be
helically symmetric and periodic in x3 of period 2mw/ca. Then, there exists a global
helically symmetric weak solution (p,u) of (2.1)~(2.4), such that for any T,L > 0

and B € (0,1),
T 1 L
/ / / P (r, &, t)rPdrdédt < C.
0 0 —L

Now, the main theorem of this paper reads:
THEOREM 2.1. Let v > 1. Assume that
po >0, po e WH(Q)NLYQ), uy e WHH(Q) nWH3(Q)

for some ¢ > 2, 1 > 1, and pg,ug are helically symmetric and periodic in x3 of period
27 /a.. Then problem (2.1)~(2.4) has a unique solution (p,u) with p > 0 in the helically
symmetric class, such that for any T > 0,

OFp e L0, T;Whke(Q)),  dFu e L0, T; W!=F1a(Q)), (2.12)
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for any 0 < k <. Furthermore, we have

sup |lp(, )| ze (@) < C, (2.13)
0<t<T

where C is a positive constant independent of T, and
Jim (o, &) oy + )l o)) = 0 (2.14)

forl<a<oo,2< < oo0. Ifl > 2, then the unique solution (p,u) is also a classical
one.

REMARK 2.2. If p — p, as |x| — oo, we can define P = p¥ — p¥, and B =
divu — p7 + p7, arguing similarly to that in [18], we can obtain a similar conclusion
without essential changes in arguments. Moreover, we have p(x,t) > 0 if po(z) > 0,
and

t&%(”ﬂ('i) = pllze) + lul )l Ls)) =0,
forl<a<oo,2<f < 0.

REMARK 2.3. Without essential changes in arguments, we can obtain a similar
conclusion for viscous flow in an infinite circular pipe driven by a constant pressure
gradient along the Z-axis with superimposed solid body rotation in the azimuthal di-
rection, the so-called rotating Hagen-Poeiseuille flow or rotating pipe flow from the
physical viewpoint (see [19]). In this case, the domain reads

2
Q= {zr=(z1,20,23) ER® 1 \ ol + 22 < 1,0 < 23 < l},
[0

and supplemented with the following mized boundary conditions:

p(x1, w2, 23,t) = p(x1, 2, 23 + 27/ 2, 1), e
u(xy, 22, x3,t) = u(wy, T2, 23 + 27/, t), ’

u(wy,z9,73) =0, on T,

where

2
T = {z = (v1,22,23) ER®: /22 +23 =1,0 < 23 < —}.
Q

REMARK 2.4. We should point out that the discussion in this paper depends
strongly on a Ladyzhenskaya interpolation type inequality (see Lemma 3.2 below) which
needs n # 0 consequently. This is to say, our conclusion cannot cover the axisymmet-
ric case (i.e., n=0).

3. A priori estimates. In this section, we derive LP estimates for a strong
solution (p,u) of the problem (2.1) in the function class given in Theorem 2.1. These
estimates will be used in the derivation of uniform a priori estimates in the next
section.
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The following energy estimate can be easily obtained by multiplying (2.1)2 by u
in L?(Q), and using (2.1)1, (2.3) and (2.4):

d 1, 1 ,
dt D) 7 t t < t>0. 1
dt /Q [2|u| +7_1P }(33, )dz + Q|Vu(a:, )7dz <0, t>0 (3.1)

From the proof of [18], it is clear that in order to obtain the global existence of
strong solutions to the two-dimensional Stokes approximation equations, one needs
to control the L*-norm of the velocity u by the L?-norm of u and Vu in the following
form

1/2
lull a2y < Cllull oty IVull fagan). (3-2)

We remark that a similar inequality is also available in the three-dimensional case,
but with different interpolation powers, that is

1/4 3/4
lull o2y < Cllull Fagge IVl Ftgs)-

However, the power 3/4 is too large to be utilized in obtaining the global existence
of strong solutions to the three-dimensional Stokes approximation equations. To this
end, for our case, we will show that when u(x1, 2, 23) is helically symmetric and 27 /-
period in z3, then an inequality of the type (3.2) is still valid in three dimensions. In
fact, we can obtain a more general inequality than (3.2), which provides the basis for
our proof of the global existence.

At first, we will extend the inequality in [14] to the case p > 3:

LEMMA 3.1. For any u € WOI’Q(O), p >3, one has
P2
[ull7 s 0 <2 ||u||pp 20yt [ 22(0) uas [ 12(g) <2 ||u||pp 2o I Vullizi0) (3:3)

where Uy, 1= 8zju, O C R? is a domain.
In particular,

lullzs0y < 4llulliz(o)llta 20y uas 220y < 2lulliz o) IVulliz(o)

Proof. Tt suffices to prove (3.3) for u(z) € C§°(R?) by virtue of the density
argument.
By the inequality
Tk
|u($)|p/2 < g/ |u|p/2_1|umk|d$ka k=1,2,
we have

max'“‘(x)'p/Q < g/ |u|p/2_1|u$k| drg, k=1,2, p >3,
T oo

and by the Cauchy-Schwarz inequality,

/|u|pd:1:§/ max|u|p/2d:c1/ max |u[P/2dz;
R2 RY %2 RY T1
2
s—/hw%wmm/hw%wmw
R2

< —IIUIILp are) [y | L2 (2) s || L2 (m2)

'B
o

< Sl 2 ey |Vl L2y,
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which proves the lemma. O

LEMMA 3.2. Letu € HY() be helically symmetric, periodic in x3 of period 27/,
a >0, and u(z1,z2,23) — 0 as r = \/2? + 23 — oo. Then for any integer n > 1,
C 1/2 1/2
lullagey < (m) lull ot |Vl 1t - (3.4)
Moreover, if instead of u € HY(Q) with u € H3(Q), then

o

—
Proof. Define

- ) -
Cperl) = {f € C™(Q) : far,v2,25) = f(ar, 02,5 + =) for every @ € 0},

Coper(©2) = {f € Cpe () and suppf is compact in 2},

where Q denotes the closure of Q. Obviously,

H: () = the closure of C55.(2) in H™(Q);

per per
Hy',.,.(©2) = the closure of Cg,., () in H™(Q).

Let u(x1,z2,23) € C22.(Q) be a helically symmetric function. Then by change of

per
variables to the cylindrical coordinates, we get

2
|u||L4 ) —/ / / (7,0, x3)|*rdrdodzs,

where @(r, 0, z3) = u(x1, 22, x3). Now, we make another change of variables
r=r, £=nl+ax3, z =13,

and due to helical symmetry of u, we set v(r,) = a(r,0,x3). Because v(r,§) is
2m-periodic in &, we obtain

27
1 = 2 [eS) 2m
liear =5 [ [ ] wtnitrardsas = 2% [T [C i gytrarde. 55)
0 0 0

Let us first consider the particular case when u(x1, x2, {Eg) € C§Ser (22) and prove (3.4).
Since v(00, &) = 0, one can apply (3.3) directly to v and gets from (3.5) that

olley < 2L [ [ ot rara)
" 8 2 1 p) 2] drd
/0 /0 0,00, ) + —510¢v(r, ©)| }T . 5},

lulldaq) < %{/_ /OQW/OOO |v(r,§)|2rdrd§dz}
{/_/ / [Ia (P + 5 |65v(r 131 ]rdrdgdz}. (3.6)

Hence,
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Now, we change variables back to (x1,x2,x3) to get, recalling n > 1, that

1
|0rv(r, > + T—glasv(T,é)IQ (3.7)
< 2(|0,u(z1, 22, 23) > + [Onu(1, 2, 3)|* + |Ops u(w1, 22, 23) ).

If we substitute (3.8) into (3.6) and use the density of C§%,.,(Q) in Hy ., (€2) to obtain
(3.4) in this case.

Now we treat the general case and prove (3.4). At this stage, let us recall the
interpolation inequality ( see e.g., [28])

16l 73z2) < CloI2 @) I VOIIT2(g2),

/27r / Erdrdé < O / 2”/ rdrdé}
/ozﬂ/o |0ro(r, ©)* + ﬁ@“m §)|2}rdrd£}-

We substitute the above inequality in (3.5), and switch back to Cartesian coordinates
X1, 2,23 to get (3.4). O

Next, to bound the pressure P from above uniformly in ¢, one needs the following
elementary lemma:

SO

LEMMA 3.3. Let y(t) € WH[0,T) satisfy

y'(t) < g(y) +b'(t) on [0,T], y(0) =y’

with g € C(R) andb € WHL(0,T). If g(co) = —0o and b(ty) —b(t1) < No+ Ni(ta—t1)
for all 0 <ty < to <T with some Ny >0 and N1 > 0, then

y(t) < max{y’, {4+ No} < o0 on [0,T] . (3.8)

where ( satisfies g(¢) < —Ny for ¢ > (.

Proof. Obviously, it is sufficient to verify the inequality (3.8) for the point ¢ =
ty, such that y(ta) > A\ = max{y® (}. By virtue of the continuity of y on [0, T]
(respectively on [0,00)) and the initial condition y(0) = y° < A%, for each of such
points (if any), there exists a point ¢; € [0,%2) such that y(t) > A\° for t; < t < ¢y
and y(t1) = \°. Integrating the differential equation for y over (¢1,t2) and taking into
account the choice of the points t; and ¢ and the assumption on b, we obtain

1) < u(t) + [ gl +b(t2) (1) <20+ N,

ty

since g(y(t)) < —Nj on [t1,t2]. Thus, the rest of the proof follows in the same way as
in [31] (cf. [1]). O

4. Uniform estimates and proof of the main theorem. In this section, we
will prove Theorem 2.1. For this purpose, we first derive necessary uniform a priori
estimates which can be used to continue a local strong solution globally in time.
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Let (p,u) be a helically symmetric (strong) solution of (2.1)—(2.4) in the function
class given in Theorem 2.1. For simplicity, we use the abbreviation throughout this
section: || - ||z := || - [ r()-

We start with the observation that by virtue of the equation (2.1); and the method
of characteristics, we easily obtain p(z,t) > 0. The following lemma is the key uniform
estimates.

LEMMA 4.1. Lety > 1. If pg > 0, po € L1 (Q2) N L37(Q), ug € WH4(Q) for some
2 < q <4, and are periodic in x3 of period 27 /a, then there is a positive constant C
independent of t, such that

t

sup (|[B|72 + [lullz4)(s) +/ IVB|72ds < C, (4.1)
0<s<t 0

t
sup ||P(-s)[|7s +/ (IPII7s + [ Vull7a)ds < C, (4.2)
0<s<t 0
sup ||P(-,8)||r~ < C, (4.3)
0<s<t
Tim ({8 + Ju(- 1)) =0, (1.4)

foralll < a < oo, 2< B < oo, where B =divu — P is so-called the effective viscous
flux (see, for example, [17]) and P = p7.

Proof. We infer from (3.1) that

1 t
5 Sup Ju(-s)72 + sup HP('a5)||L1+/ [Vul[F2ds <C. (4.5)
0<s<t 0

0<s<t v—1

Since v is helically symmetric, we deduce from Lemma 3.2 that

¢
[l <c. (1.6
0
In view of (1.1)1, P satisfies the following equation
P; + div(Pu) 4 (y — 1) Pdivu = 0. (4.7)

So, it is easy to see that B satisfies

B, — AB = —P, =div(Pu) + (y — 1) Pdivu, (4.8)
B(,’E,O) :BQ(J:) EdiV’uO—PQ. '
Due to helical symmetry of (p,u), Lemma 3.2 leads to
1Bl 2+ < C|IB|| 22 VBZ-- (4.9)

Multiplying (4.7) by P? and integrating it in both space and time, we derive that

t t
nmw%+4ummwscww%+céuwaw. (4.10)

Now, decompose u and ug into u = v+w and ug = vo+wy with divw = divwg =0
and curlv = curlvg = 0. One then deduces by a straightforward calculation based on
(2.1) that

(4.11)

v —Av+ VP =0,
v(z,0) =vo(z), v =VB,
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and

(4.12)

{ wy — Aw =0,
w(x,0) = wo(x).

Multiplying (4.12) by —Aw and integrating the resulting equation in both space and
time, one finds that

t
IVw(, )]z +/0 |Aw]Z2ds < [|Vawol[7,

whence,
t t
/ we|2ads :/ | Aw|2ads < C. (4.13)
0 0
It follows from (4.11) and (4.8) that

1d

——||B||7:+||[VB|7:. = —/ Pu-VBdx+ (y—1) | PBdivudx

2dt Q Q

1
< —§/P6t|u|2d:v+0/(|Pu| wil + [Vul? Bl + [VulB)dz.  (4.14)
Q Q

Notice that

1 1d 1
—§/Qpat|u|2dx:_§E/ﬂp|u|2dx+§/ﬂ|u|2ptdx
1d 9 9
< ——— | Plu|*dz+C | |u|*|Vu|Pdx
2dt Jq Q
1d

~5 3 [ PluPde+C [ (uPITuP + uP (Tl [B)do
2dt Jo Q

and
Gl < € [ (uPIVal? + ol Bl (4.15)
Using these estimates, one infers from (4.14) that
/Q(P|u|2+|B|2+|u|4)d:1:+/0t|VB|%2ds
< C/Ot /Q(|Vu||B|2 + |Vul?|B| + |u?|Vu||B| + |[u|*|Vu|?)dzds
+C /Ot | Pul| 2 |fwe]| 2ds + C = I + Lo + Iy + Iy + Is + C. (4.16)

Now, we estimate every term on the right-hand side of (4.16). First, the inequality
(4.9) implies that

t t
11S/ |\Vu||L2HB||%4dss0/ a2 | B 12 | V B 2
0 0

t t
gg/ HVBH%QdS—i-CS/ IV ul2a | B|2ds.
0 0
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Then, we infer from (4.5), (4.9) and Lemma 3.2 that
t
Bt o < [ (I9ulal Vulloal[Bllos + ul | Tl e B e}
0
t
< [ (19ull ol FullallBlos + ull 2|Vl 2l Tl e B o)
0
t
<C [ IVula|Vull o Bl ds
0
t t
<[ 19l V| Va2 BRI B s
t t t
< IVullbuds) [ IV BIGads) [ 190l B peds)
0 0 0

t t t
<e( [ IVulteds)? e [ [9BI3ds+ C. [ [Vl Bl3eds
0 0 0

for any small € > 0.
If we use (4.5), Lemma 3.2 and Hoélder’s inequality, we deduce that

t
I, gc/ Il
0

t
4/3 4/3 4/3
<c / Y217l 3 Tl 2 ds

2
L6

t t
< / IVulldads) V2 + C. / 4|Vl 2ds.
0 0

Finally, from (4.6) and (4.13), it follows that

t
I < a(/ I1P|[4.ds)2 + C..
0

Next, we show the following estimate:

([ Ivullasy = < o [ P2 v (117)

In fact, if we define ¢ and @ by solving the following equations

pr—Dp =P, p(x,0) =0,

ar— ANu=0, u(z,0)=up(zx),
we then obtain

u=—-Vp+u,
and by the well-known parabolic estimates ([15, 22]), we see that
lpell Lo myx) + V2@l Laco.myx0) < ClIPLio,m)xa)

and

1Vl a0,y xr3) < Clluollwiaq)-
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Thus, we have proved (4.17).
So, denoting

t
Ar(t) = sup /(|B|2—|—|u|4+P|u|2)(:c,s)d:c, Ag(t)z/ IV B|2.ds,
Q 0

0<s<t
and inserting Iy, Io, ..., I5 into (4.16), we get from (4.17) that
Ax(t) + Aa(t)
< Cut Co( [ 1B s+ Cea(t)+ O [ IVl 1BIE + il s

t
< Ce + Ce(Ar(t) + Az(t)) + Cs/ IVullZ=(I1BIIE2 + [[ul7s)ds
0

which, by choosing ¢ appropriately small and recalling the definition of A;(t) and
A2 (t), ylelds

t t
sup (IBIE: + [ulte) + [ [VBI3ds <C+C [ [Tul3a(1BIE: + ull)ds
0<s<t 0 0
Hence, from (4.5) and Gronwall’s inequality, it follows that
t
sup (B> + [lull74) +/ IVB|Zds < C. (4.18)
0<s<t 0
We use (4.9), (4.10), (4.17) and (4.18) to conclude
t
sup [|P(-,s)|[7s +/ (IPlIzs + IVullza)ds < C. (4.19)
0

0<t<T

The Galiardo-Nirenberg inequality and (4.18)-(4.19) give that
T 63 4/3
A|mhmws0/|wwwwnds
< c/ IVullt.ds < C.
0
From this and (4.19), we find that
[P < s 1P [ it < o
0<

and

[P as < [ e as
(/HHWWWQ'WMMNSG
0

Thus,

T T
[ iPugitas < o[ e[ P <o,
0 0
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From (4.19), it follows that

T T T
([ WPdivulzadn' < ([ 1PILan ([ [Tulids) <

In view of (4.9) and (4.19), we find that
sup 1P|l < C, V1<k<3.
0<s<

Thus

T T

/ | Pdivul® 50/ 100ds < € sup |\P||§39/16ds/ IVultds < C,
o 0<s<T 0
and
r 64/19 r T
/ | Piva]| 419, ds < ( / | Pdiva|22ds)®/12( / | Pdival]® sao 10ads)3/10 < C.
0 0 0

We have by the classical estimates for the parabolic equation (4.8) that

T T
/|WB@$stc+c/uw*&WHm@ﬁﬁwv L(Pdiv ) |54, ds
0

§c+c/

Hence, the above estimate, together with the Galiardo-Nirenberg inequality and
(4.18), results in

T
51/19 /nﬂmmﬁﬁm@sa
0

/|wwwwd<c/|wW“wWﬂ%%@<o (4.21)

Setting Dyw = wy + u - Vw, we conclude from (2.1) and (4.7) that

P P
Dylog(P+¢) = —yP — VWB + vf e > 0 small. (4.22)
Now, we transfer (4.22) to the Lagrangian coordinates. Taking y = log(P + ¢),

9(y) = —ve¥ and

b(t)z/o W{E—PiEB—i- Pe Hx(s), s)ds.

Observing that

P Pe
< )
P+e ™

<
P+e¢ =&

we utilize (4.21) and Holder’s inequality to deduce that

T
w@wwmnsé|w<>WWWd+aw—msc+C@—m>
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for 0 <t; < to < T, which combined with Lemma 3.3 proves (4.3).
To complete the proof, it remains to verify (4.4). First, we claim that

Tim (1P, 0l e + [[u(- D)l ) = 0. (4.23)
In fact, setting
h(t) = [Pl + 74,

and from (4.6) and (4.19), one gets
/ h(t)dt < C.
0
Therefore, we derive from (4.7) and (4.15) that
/0 [P ()]dt < C/O (I I PIZ N Vull e + [ Vul Zallul Za + Bl o | Vull ol 24t
< C/O (PN PITs + IV ulFe + IVl ga + llull s + | Bl 7o }dt < C.

Consequently,

lim A(t) = 0.

t—o0

This shows that (4.23) remains valid. Moreover, (4.23) and (4.3) lead to

Jim [lp(-, )|z = 0. (4.24)

for any « € [1, 00).
(4.3) and (4.19) imply that P satisfies

/||P(-,t)||’£pdt§0, V2 < p< oo,
0

Hence,

sup Ju(t)||r« < C, (4.25)

0<t<o0o

for all 2 < p < oo.
Finally, the limit (4.4) follows easily from (4.5), (4.24), (4.25) and (4.23). This
completes the proof. O

REMARK 4.1. Recently, Li and Xin [16] proved the same conclusion for initial
boundary value problems with space-periodicity condition or no-stick boundary condi-
tion, and for the Cauchy problem in two dimensions.

Proof of Theorem 2.1. With the help of Lemma 4.1, we are able to derive the
estimates for higher derivatives. Indeed, from (2.1) we know

(e, t) = S(t)uo(x) — /0 S(t = 1)V P(r, 2)dr, (4.26)
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where S(t) denotes the heat operator. It follows from the classical estimates of the
heat semigroup (see, e.g., Appendix F of [24] and Lemma 4.1 of [18]) that for T' > 0,

IVull Lo @x0.1)) < C(T)IP| L= @x 0,1y log(1 + VP zec(0.riLa(0))s ¢ > 2-
(4.27)
Differentiation of the equation (4.7) with respect to x gives

VP, + (u-V)VP+ (VP -V)u+~vdivuVP + yPVdivu = 0.

Multiplying this by ¢|VP|972VP for ¢ > 2, using Lemma 4.1 and integrating over
R3, one concludes

d
ZIVPIL, < O (192l + (IVull = @xomy + DIVPIL).  (4.28)

Then, for the non-negative function y,(t) = supyc, <, [|[VP||%,, we obtain by integrat-
ing (4.28) over (0,t) and using (4.27) that

¢
) < 13(0) + C [ uy(r)1 -+ log(L + (1) . (4.29)
0
Here we have used the following classical parabolic estimate for (2.1)9

luell Laax 0.1y + VUl Lagx0,7)) < C + IVP|| Laax(0,1))- (4.30)

The inequality (4.29) gives immediately a bound for y,(¢), and consequently,
(4.30) implies

lluellLacax 0,1y + ||V2U||Lq(szx(o,T)) <C,

while the equation (4.7) leads to
oP
sup || —==|lze < C(T), Vg>2.
o<t<T Ot

If we differentiate the equation (4.7) with respect to x several times, we can
obtain bounds of the higher derivatives. Thus, in view of (3.1) and Lemma 4.1,
we have established the necessary a priori estimates needed in Theorem 2.1. Once
the a priori estimates have been established, the existence of global strong or classical
solutions can be obtained by a standard procedure. One first establishes the existence
and uniqueness of a local strong or classical solution by means of a straightforward
contraction argument and then uses the derived a priori estimates to continue this
local solution globally in time. The proof of Theorem 2.1 is complete. O
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