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CONVEX PLUMBINGS AND LEFSCHETZ FIBRATIONS

DaviD GAY AND THOMAS E. MARK

We show that under appropriate hypotheses, a plumbing of symplec-
tic surfaces in a symplectic 4-manifold admits strongly convex neigh-
borhoods. Moreover the neighborhoods are Lefschetz fibered with an
easily described open book on the boundary supporting the induced
contact structure. We point out some applications to cut-and-paste
constructions of symplectic 4-manifolds.

1. Introduction

Strong symplectic convexity is an essential feature of most 4-dimensional
symplectic cut-and-paste operations, which have been particularly impor-
tant in recent constructions of “small” exotic 4-manifolds ([14, 15]; cf.
also [2, 3]). For such an operation to work, one needs to:

(1) recognize a symplectic 4-manifold (Z,n) with strongly convex bound-
ary inside an ambient symplectic 4-manifold (X,w) and characterize
the induced contact structure £ on 97;

(2) construct a replacement symplectic 4-manifold (Z’,n') with strongly
convex boundary and characterize the induced contact structure &’
on 0Z'; and finally

(3) recognize that (0Z,€) is contactomorphic to (0Z',¢).

Then (X \ Z) U Z’ inherits a symplectic structure from w and 7’.

The main result of this paper is a general method for implementing step 1
that dovetails with a standard method for implementing step 2 (constructing
Stein surfaces as Lefschetz fibrations over D?) and a standard method for
characterizing contact 3-manifolds (via open book decompositions) and thus
for carrying out step 3.

Let C = C1U...UC, be a configuration of symplectic surfaces in (X, w)
intersecting w-orthogonally according to a connected plumbing graph T,
with negative definite intersection form Q = (g;;) = ([C;] - [C}]). Suppose
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Figure 1. A plumbing graph satisfying the hypotheses of
Theorem 1.1, with the associated surface ¥ and vanishing
cycles ¢, ..., c1o. Vertices of the graph are labeled by (genus,
self-intersection).

that for each row in ), we have a non-positive row sum s; = ;dij < 0. For
convenience, we also assume that I contains no edges connecting a vertex
with itself. Let ¥ be the result of connect-summing |s;| copies of D? to each
C; and then connect-summing these surfaces according to I'. Let {c1, ..., ¢k}
be the collection of simple closed curves on ¥ consisting of one curve around
each connect-sum neck, with 7 equal to the product of right Dehn twists
along these curves (see Figure 1).

Theorem 1.1. Any neighborhood of C contains a neighborhood (Z,n) of C
with strongly convex boundary, that admits a symplectic Lefschetz fibration
7w : Z — D? having reqular fiber ¥ and exactly one singular fiber Yo =
771(0). The vanishing cycles are c1, ..., cx and C is the union of the closed
components of 3. The induced contact structure £ on 0Z is supported by
the induced open book (X, T).

We now comment on the importance of this result and how it fits in with
known results to give a very general package for symplectic cut-and-paste
operations in dimension 4.

First note that our theorem recognizes the codimension-0 submanifold
(Z,m) by recognizing a collection of surfaces intersecting according to a
plumbing graph, and it is obviously easier to identify a codimension-2 object
(the configuration of surfaces) than to directly identify a codimension-0
object. Thus this is an effective method for implementing step 1 of the
procedure outlined above and such a method, starting from configurations
of surfaces, has been at the core of most 4-dimensional symplectic cut-and-
paste operations to date.
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The strong convexity part of our main result was proved in [7], but,
without the Lefschetz fibration and open book, such a result seemed to be
useful for cut-and-paste operations only when one had strong classification
results for tight contact structures on the 3-manifold 0Z.

It is clear that being able to characterize (0Z,&) using an open book
is valuable as long as a good method exists to construct the replacement
(Z',w") which yields an open book characterization of (9Z’,¢'). Such a
method does exist, using Eliashberg—Weinstein handle attachments along
Legendrian knots to construct compact Stein surfaces ([1,5,8,12,17]).

In particular, the monodromy substitution techniques of Endo—Mark—Van
Horn—Morris [6] become symplectic operations thanks to this result. More
generally, we have the following corollary:

Corollary 1.2. In the setting of Theorem 1.1, suppose that c|,...,c,, is a
sequence of homologically essential simple closed curves in % such that the
product 7' of Dehn twists along these curves is isotopic to 7. Let Z' be the 4-
manifold with smooth Lefschetz fibration over D? having reqular fiber ¥ and
vanishing cycles ¢, ..., ¢, (on disjoint fibers). Then (X \ Z) U Z' supports
a symplectic form n inherited from w on X and W' on Z'.

Proof. In this case it follows from [1,5,10,17] that Z’ supports a symplectic
form w’ with strongly convex boundary (in fact, Z’ admits a Stein structure),
and the induced contact structure & on 07’ is supported by the induced
open book. Since 7 = 7/, this is the same as the open book on 9Z, and
hence (07',¢") is contactomorphic to (07, ). Since X \ Z is concave and Z' is
convex, the gluing to construct (X \ Z)UZ’ can be performed symplectically
by a standard argument. Il

In other words, if 7 is a composition of disjoint twists as in the theorem,
the relation 7 = 7/ in the mapping class group of ¥ immediately gives
rise to a symplectic cut-and-paste operation whereby the Lefschetz fibration
described by 7 — namely a negative-definite plumbing — is replaced by
that described by 7/. Here and below we are making use of the fact that
a Lefschetz fibration over D? is uniquely specified by a sequence of curves
on the generic fiber, which describes the monodromy of the fibration as a
sequence of Dehn twists.

As a first example, consider a torus with one boundary component d, and
let @ and b be standard generators of the first homology. We have a well-
known relation tg; = (tatb)6, which for the sake of interest we square to t2 =
(taty)'. The multitwist 7 = t2 describes a neighborhood of the configuration
C consisting of a torus of square —1 plumbed with a sphere of square —2,
while the word 7/ = (t,t;)'? describes a Stein manifold diffeomorphic to the
complement of a fiber F' and section S in an elliptic surface F(2). Hence, we
have a symplectic surgery according to the corollary, whereby a symplectic
manifold X containing a copy of C gives rise to a new symplectic manifold
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k °

Figure 2. Plumbing graph. Vertices are labeled by (genus,
self-intersection); there are k legs, k € {1,...,9}.

X = (X —nbd(C)) Uy (E(2) —nbd(F US)). Indeed, one might think of this as
a fiber sum of Z with E(2) along the singular surface C C X and the “dual
configuration” F'U S C E(2).

Remark 1.3. As in Corollary 1.2, the relation ¢3 = (t,t)'? shows trivially
that the contact 3-manifolds described by the open books with monodromies
given by the two sides of that equation are contactomorphic. The indicated
interpretation of those 3-manifolds as convex boundaries follows from Theo-
rem 1.1 in the case of t?l, and from standard descriptions of elliptic surfaces
(e.g., figure 8.13 of [9]) in the case of (t4t;)'2. One can also verify directly
that the boundaries of the two plumbings in question (C and F U S) are
orientation-reversing diffeomorphic by Kirby calculus much as in section 8.1
of [16]: reverse the signs in the Kirby diagram for C, blow up between the
torus and sphere, and blow down the resulting +1 sphere.

Similarly, the relations of [11] give rise (after squaring) to analogous fiber
sum operations along star-shaped plumbing graphs: for k € {1,...,9}, Kork-
maz and Ozbagci [11] give us explicit relations 73, = 7, where 7, is a multi-
twist on a torus with k& boundary components describing a plumbing as in
Figure 2, and where 7], describes the complement of ' = FUS; U --- U Sy
in E(2) for disjoint sections Si,...,Sg. In other words, if (X,w) contains
a symplectic copy of the configuration C described in Figure 2, then the
operation X ~~ X' = (X \ C) Uy (E(2) \ C') is symplectic.

In another direction, Endo-Mark-Van Horn-Morris [6] describe several
families of relations of the required form, in which 7 is a multitwist on a pla-
nar surface, and 7’ gives rise to a rational ball. We infer that the plumbings
described by these words 7, comprising the linear plumbings of Fintushel—-
Stern and Park as well as the three-legged graphs in the families W and
N of Stipsicz, Szab6, and Wahl [16], can be replaced symplectically by the
rational ball described by the corresponding 7. In other words, this gives a
new proof that these rational blowdowns may be performed symplectically.

Proof of Theorem 1.1. Given a plumbing graph I', we write Xt for the asso-
ciated plumbed 4-manifold. In Theorems 2.2 and 3.1 and Corollary 3.2 below
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we construct a “model” symplectic structure w on Xr, along with a Lefschetz
fibration m : X1 — D2, satisfying several requirements. First, the configu-
ration Cr = J,cp C is symplectically embedded (with orthogonal inter-
sections), with arbitrary prescribed areas for the individual curves C,. The
Lefschetz fibration on Xt has symplectic fibers, and moreover each fibered
neighborhood 771(D?(¢)) is convex. In particular any neighborhood of Cr
contains a convex neighborhood. Finally, we check that the contact struc-
tures on the boundary of fibered neighborhoods induced from the convexity
and from the Lefschetz fibration agree. From this the theorem follows by
an application of a neighborhood theorem for configurations of symplectic
curves (see, e.g., [13]). O

Recall that a symplectic manifold is convex if it admits a Liouville field
pointing transversely out of the boundary, which entails in particular that
the symplectic form be exact on the subset where the Liouville field is
defined. If D — C, is a disk bundle, we wish to find a symplectic form
w on D for which the zero-section C, C D is symplectic, but has arbitrar-
ily small convex neighborhoods. Thus we look for a Liouville field defined
on D — C,, which must have a singularity along C, itself since w is not
exact on D. Recall that constructing a plumbing of two such disk bundles
D', D" entails exchanging the factors in local trivializations of D’ and D”.
We wish to find a new Liouville field over the plumbed manifold; hence we
should arrange that the Liouville field on D’ also has a singularity along the
normal disk over the plumbing point, and correspondingly for D”.

In Lemma 2.1 below we show how to construct Liouville fields with the
necessary singularities on disk bundles, with local forms adapted to plumb-
ings. This technique of convexr plumbing quickly establishes the existence of
an appropriate symplectic form on Xr, as laid out in Theorem 2.2. The sub-
sequent section revisits the construction and imposes the additional struc-
ture of a Lefschetz fibration to give Theorem 3.1.

Additional remarks. The idea motivating this work was to use the results
of [6] realizing (smooth) rational blowdowns via monodromy substitutions
to give a new proof that these are symplectic operations: in particular, to
use the Lefschetz fibration on the neighborhood of a plumbing. One looks
for the necessary convexity, and this seems at first sight, perhaps, to be
straightforward: for example, the handle description provided by the Lef-
schetz fibration shows that the neighborhood of a plumbing admits a Stein
structure, and hence is convex. However, the Stein structure is not the one
that models a plumbing of symplectic surfaces, since its symplectic form is
necessarily exact. Alternatively, one could imagine using Gompf’s results
on the existence of symplectic forms on Lefschetz fibrations to provide the
desired model: this gives the correct symplectic neighborhood of a plumbing,
but now the convexity is no longer clear. The point of the constructions in
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this paper is to arrange for the various requirements to hold simultaneously:
a symplectic form giving the prescribed structure on the plumbed curves so
as to use the neighborhood theorem, a Lefschetz fibration with symplectic
fibers to control the contact structure on the boundary, and an appropriate
Liouville field to give convexity.

2. Convex plumbing

Consider a smooth closed oriented 2-manifold C' of genus g, and let m and
ni, ..., Ny, be positive integers. Choose a positive real number A, and fix m
additional non-negative constants Ai,..., A, with the property that A >
Ai/ni+---+ Ap/np. Let p: D — C be the oriented disk bundle of degree
—m over C, and also fix m marked points x1,...,zy, € C.

Lemma 2.1. There exists a symplectic form w on D with the following
properties.

o The zero section C C D is a symplectic submanifold with area
7T(A — Al/nl — = Am/nm),

and the fibers of p are symplectic.

o Let F denote the union of those fibers Dy, of D for which the cor-
responding A; > 0. There is a neighborhood U of C' and a Liouville
vector field V' defined on U — (C' U F).

e There are local Darbouz trivializations of D over disjoint neighbor-
hoods W; C C' of each x;, with respect to which V appears as

1 1
V = 5(7"1 + A;/nir1)0r, + 5(7“2 + A/mr3)0,.

Here (r1,01) are coordinates on W; and (rq,62) are fiberwise coordi-
nates on D|w,.

Proof. Choose a constant § > 0 such that mé < 2(A—A/ni— - —Ap/nm).
Also fix an additional point zg € C' distinct from the other z;. Fix disjoint
disk neighborhoods Wy, W1y,..., W,, of each marked point; then we claim
we can find an area form 3 on C' — x( such that:
(1) In suitable polar coordinates on Wiy, ...W,,, we have that W; is the
disk of radius v/d and 0 = ridry db;.
(2) Under an identification of the deleted neighborhood Wy — z¢ with the
annulus (vVA —md,vA) x S', 3 also takes the form 3 = rydry df;.
(3) The total area of B is m(A — A1/n1 — -+ — Ap/Tum).
Moreover, there is a Liouville field X on C — {zo,..., %y} such that
(4) Near z¢, we have X = 1r10,,.
(5) Near z;, i > 0, we have X = & (r1 + A4;/n;11)0y, .
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To do this, first note that the desired area form has area w§ on each
Wi, i = 1,...,m, and area mmd on Wy — xy. Hence from the condition
on 4, an area form on C — zg satisfying (1), (2) and (3) exists: define
locally by the given conditions, and extend arbitrarily to an area form of the
required area. Note that in (2) our convention is that lim_ _ =(r1,0) = o,
so geometrically one can picture Wy as an expanding cylinder attached to
C' — nbd(xo).

Now we must see that we can extend the given Liouville fields over the
complement of W = Wy U ---UW,,. Equivalently, we must find a primitive
for 3 extending the 1-form o = 1xB € QY(W). The existence of such a
primitive follows from a Mayer—Vietoris argument together with a simple
calculation in local coordinates showing that | AWy ¥ = Jo_w B

Next we construct the bundle D as a symplectic manifold. Let Zy =
(C'—x0) x D*(V/8) and wy = B+7radry dfy, where D?(1/§) is the disk of radius
V8 with coordinates (rg,63). On Zy we have a Liouville field Vo = X + 3
(ro+ A/mr)0y,, defined on the complement of C and {z1,...,zm} X
D2( /).

Let Z; = D?*(v'md) x D?*(/3), with standard symplectic form w; =
r1dr1 df1 + rodro dfs and Liouville field Vi = %(rlﬁm + (ro + A/mr3)0y,).

Let T C Z; denote the subset {0 < r? < md, 0 < r3 < r?/m}, and define
an embedding ¢ : T — Wy x D2(\/§) C Zy by

¢(T17 91, r2, 92) - (\/—T’% + mr% + A7 —91,’["2,77191 + 92) .

One checks that ¢ is a symplectic embedding of T onto Wy x D2(\/3), and
intertwines the Liouville fields Vjy, V4. Moreover, Zg Uy Z; is diffeomorphic
to the disk bundle D of degree —m over C. Now, our gluing does not respect
the obvious disk bundle projections pg, p1 on Zy and Z;. However, it is not
difficult to modify the map pg o ¢, defined a priori on T' C Z1, into a disk
bundle projection on Z; having symplectic fibers. O

Let I' be a finite connected graph whose vertices v are labeled with genera
gy and weights —m,,. Suppose that I" satisfies

(i) I contains no loops, i.e., no edges from a vertex to itself.
(ii) For each v we have m, > d,, where d, is the degree (valence) of v.
(iii) For any vector b of positive real numbers, there is another vector of
positive numbers a such that —Qra = b, where Qr is the intersection
(incidence) matrix of I'.

Note that given (ii), condition (iii) is equivalent to Qr being negative-
definite: see Lemma 2.5 below.
Then we have the following generalization of Lemma 2.1.
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Theorem 2.2. With ' as above, let X1 be the plumbing of disk bundles hav-
ing a disk bundle of degree —m,, over a surface Cy, of genus g, for each vertex
v of ', plumbed according to the edges of I'. Then X admits a symplectic
form w with the following properties.

e Fach surface Cy is symplectic, with arbitrary prescribed area B,, and
each intersection among the Cy is w-orthogonal.

e There is a Liouville field V for w defined on Xr —J,Cy, obtained
by plumbing the Liouville fields on each disk bundle provided by
Lemma 2.1.

We will see below (Theorem 3.1 and Corollary 3.2) that any neighborhood
of |J, Cy contains a convex neighborhood; in particular a neighborhood for
which V' is outward-pointing and transverse along the boundary.

Proof. Consider first the situation of constructing the symplectic plumbing
of two disk bundles of degree —m’ and —m” over two surfaces C’, C”, with
m/,m” > 1. Choose positive numbers A’, A”; then two applications of the
Lemma 2.1 (with the roles of the primes exchanged, and also using the same
value of § — see below) provides us with two symplectic disk bundles D', D"
over C',C", and a marked point 2/, 2" on each. (If m" > 1 or m” > 1, we
take the quantities A; associated to the remaining marked points to equal
0.) Moreover, the local trivializations of D', D" near 2/, z” provided by the
lemma show that the plumbing diffeomorphism exchanging the two factors
in the trivializations is a symplectomorphism intertwining the two Liouville
fields V', V" given by the lemma. Hence the lemma gives us the desired
structure, so long as we can choose A’, A” such that

7_‘_(14/ _ A/I/ml/) — B/,
7T(A” _ A//m/) — B”,
where B’, B” are the specified symplectic areas of C’, C".
More generally, we wish to find constants A, > 0 for each vertex v, with
the following property. Fix a vertex vy and let v1,...,vq be the adjacent

vertices (repeated, if more than one edge connects them with vg). Then we
must arrange

71'(Avo B AUl/mUI - Avd/mvd) = By,

Equivalently, in terms of the intersection matrix @ = (Q;;) we need a solu-
tion in positive real numbers A; of the system

—m ) QijAj/m; = B;,
j

for arbitrary positive B;. The existence of such a solution follows from con-
dition (iii) on I" above. Moreover, we can suppose that the value of § used
in each application of Lemma 2.1 is the same: we arrange that 2m,wd < B,
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for each v. Note that condition (ii) ensures that the lemma provides suf-
ficiently many special points on each surface C, at which to perform the
plumbing. O

Remark 2.3. Note that I' need not be a tree in the above theorem. We
can also allow I' to contain loops (edges from a vertex to itself), correspond-
ing to immersed curves, at the cost of more restrictive hypotheses on the
weights m,,.

Example 2.4. Let Xr be the plumbing of two disk bundles of degree —1
over S2. Then (ii) is satisfied, but (iii) fails (for all b). Correspondingly, there
is no symplectic structure on Xr with convex boundary: here 9 Xr = S' x §2,
and Xr is a (smooth) blowup of S? x D2, Tt follows from a result of Ehashberg
[4] that X1 cannot have convex boundary.

To expand on the negativity requirement on I' given in condition (iii)
before the theorem, we have the following lemma.

Lemma 2.5. Suppose I' is a connected plumbing graph with vertices having
weights —m,, and valences d,, and assume m, > d, for each v. Then the
following are equivalent:

(1) For every positive vector b there is a positive vector a such that

—Qra=>b
(2) For some positive vector b there is a positive vector a such that
—Qra=b

(3) For some vertex v, we have strict inequality m, > d,,.
(4) Qr is negative definite.

Proof. Clearly (1) implies (2). Suppose a = (ay,...,ay) is a positive vector
such that every entry of —Qra is positive, and suppose contrary to (3) that
every vertex of I' satisfies m, = d,. Equivalently, if Qr = (g¢;;), this says
Zj ¢i; = 0 for each 7. Then for each i, we have

QFa Z qijaj

=—|a _ZQij + Z%’jaj
JF JF
=> agij(a;
j#i

Since g;; > 0 for each j # 4, this means that for each ¢ there exists j such
that a; < a;, which is absurd.
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To see (3) implies (4), consider an arbitrary non-zero vector w =

(wy, ..., wp)T. Let us write s; = Z]‘ ¢ij < 0 for the row sums. Then
w' Qrw = Z qij Wi W;
i,J

1
=3 D aij(wi +wi — (wi — w;)?)
i

=D aqijwi = ) aij(wi — w;)?
1,] 1<
= saw — Y gij(wi — w;))’?
i i<j
Since s; < 0 and ¢;; > 0 for ¢ # j, the last expression is the sum of two
non-positive terms. If the second term vanishes then w; = w; for all i # j
with g;; # 0. Since I' is connected, for any ¢ # j we can find a sequence
i = i1,%2,...,%m = j such that g;,, # 0 for each k, and therefore w; =
Wi, = -+ = W;,, = wj;. Since ¢ and j were arbitrary we infer that w; = w;
for each i, j, but in this case the first term above is strictly negative as soon
as some s; < 0.
Finally, that (4) implies (1) was proved by Gay and Stipsicz ([7], Lemma
3.3). OJ

3. Lefschetz fibrations

We now show that a plumbing as in the previous section admits the struc-
ture of a Lefschetz fibration that is suitably compatible with the symplectic
structure obtained above.

Theorem 3.1. Let Xt be a plumbing where T' satisfies (i), (ii) and (iii)
above, equipped with the symplectic structure and Liouville field given by
Theorem 2.2. Then there is a smooth map 7 : X1 — D? with the following
properties:

e 7 is a Lefschetz fibration with bounded fibers, and the generic fiber of
7 is diffeomorphic to the connected sum #,cr(Cy#™ % D?)

o All singularities of 7 lie in the fiber 7=1(0). All regular fibers are prop-
erly embedded symplectic submanifolds, and ©=1(0) is an immersed
symplectic submanifold with only ordinary double points.

o The configuration C = J,cp Cy of surfaces lies in 771(0).

e The Liowville field V is outwardly transverse to On~1(D?(¢)) for each

€ > 0, in particular transverse to the boundary of any “nicely fibered”
neighborhood of C.

Proof. We work in the local models developed in the proof of Lemma 2.1:
fix a surface C' and disk bundle D — C of degree —m, and marked points



CONVEX PLUMBINGS AND LEFSCHETZ FIBRATIONS 373

Zo,T1,...,Tm. Choose a non-negative increasing function p : [0,1] — [0, 1]
satisfying

o u(r)=rforr<1/3,

e u(r)=1forr>2/3.
We define the Lefschetz fibration first over Zy = D — D,,. Consider a

Darboux trivialization of D over the neighborhood W; of marked point x;,
i > 0. For the constant ¢ chosen in Lemma 2.1, define

mo(r1, 01,72, 02) = (u(r1/V8) p(ra/V3), 01 + 63),

in polar coordinates on D?. Thus on Dlw,, mo is a perturbation of the stan-
dard Lefschetz singularity. On D|w, = (VA — md, VA) x S* x D?(\/3), set

mo(r1,01,72,02) = (u(ra/V3), mby + ).

To extend 7y over the rest of Zj, observe that we have a function 6 :
Uiso(Wi — ) — S1 given by m#; on Wy and by 6; on W;, i > 0. Our
orientation convention for W, shows that this function has degree 0 on
the boundary 9(C — |J;5o Wi), hence extends over the rest of C. Now for
p € C —JW; we define

T0(p, 72, 02) = (u(r2/V'3),0(p) + 62).

This gives a well-defined map 7o : D|c_,, — D?, and it is straightforward
to see that every y € D?(1/9) — 0 is a regular value.

For p € Zy = D?>(v/'md) x D*(\/$) we set m(p) = (u(ra/v/3),62). Then
it is easy to see that m = my o ¢ where ¢ is the gluing map T C 27 — Zj
from previously, hence we obtain a smooth function 7 : D — D?. Now
replace D by the smaller subset 71(D?(1/9)). Since C obviously lies in
771(0), this replacement is diffeomorphic to D. Moreover, 7 clearly restricts
as a Lefschetz fibration having m singularities; the unique singular fiber is
771(0). The latter is clearly given by CUD,, U---UD,, . It is also easy to see
that a non-singular fiber is symplectic, from the local forms over each W;.

Now we form the plumbing as in Theorem 2.2: since 7y, is invariant under
the involution used in the plumbing construction, we see that the Lefschetz
fibrations constructed on each disk bundle glue together to give a Lefschetz
fibration 7 : X1 — D?(1/9). (As before, we arrange to use the same value
of § in Lemma 2.1 for each surface C, in the plumbing.)

To understand the generic fiber of 7, recall that one can obtain the generic
fiber of a Lefschetz fibration from any singular fiber by smoothing the ordi-
nary double points appearing in the latter. In our case the singular fiber in
one of the disk bundles D — C,, is the union of C, with m, normal disks;
of the latter d, are identified in the plumbing with disks lying in other sur-
faces Cy. This easily gives the description of the general fiber of 7 in the
statement of the theorem.
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Finally, to see that the contact structure on 0Xr induced by V is sup-
ported by the open book induced by m, recall that for a contact structure
& = kera to be supported by an open book means two things: the differ-
ential do restricts as a positive area form to the pages, and the binding is
positively transverse to €. The first of these follows in our case since the
fibers of 7 are symplectic, and the second from a quick check in the local
models near singular points. O

Corollary 3.2. In Lemma 2.1, every neighborhood of C' U F contains a
convex neighborhood, in particular a neighborhood for which V' is outward-
pointing and transverse along the boundary. Likewise, in Theorem 2.2, every
neighborhood of | J, Cy, contains a neighborhood convex with respect to V,
and moreover the contact structure on 0Xp induced by V is supported by
the natural open book determined by 7.

Proof. Apply Theorem 3.1 and shrink the fibered neighborhoods 7! (€) near
the special points of C,, that were not used in the plumbing construction. [
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