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NEW TECHNIQUES FOR OBTAINING SCHUBERT-TYPE

S S

FORMULAS FOR HAMILTONIAN MANIFOLDS

SILVIA SABATINI AND SUSAN TOLMAN

In [GT], Goldin and Tolman extend some ideas from Schubert cal-
culus to the more general setting of Hamiltonian torus actions on
compact symplectic manifolds with isolated fixed points. (See also
[Kn99,Kn08].) The main goal of this paper is to build on this work by
finding more effective formulas. More explicitly, given a generic com-
ponent of the moment map, they define a canonical class o, in the
equivariant cohomology of the manifold M for each fixed point p € M.
When they exist, canonical classes form a natural basis of the equivari-
ant cohomology of M. In particular, when M is a flag variety, these
classes are the equivariant Schubert classes. It is a long-standing prob-
lem in combinatorics to find positive integral formulas for the equivari-
ant structure constants associated to this basis. Since computing the
restriction of the canonical classes to the fixed points determines these
structure constants, it is important to find effective formulas for these
restrictions. In this paper, we introduce new techniques for calculating
the restrictions of a canonical class «,, to a fixed point ¢. Our formulas
are nearly always simpler, in the sense that they count the contribu-
tions over fewer paths. Moreover, our formula is manifestly positive and
integral in certain important special cases.
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0. Introduction

In [GT], Goldin and Tolman extend some ideas from Schubert calculus to
the more general setting of Hamiltonian torus actions on compact sym-
plectic manifolds with isolated fixed points. (Knutson found closely related
formulas for the Duistermaat—-Heckman measure in the algebraic case in
[Kn99,Kn08].) Given a generic component of the moment map, they define
a canonical class ) in the equivariant cohomology of the manifold M for
each fixed point p € M (see Definition 0.1 below). When they exist, these
canonical classes form a natural basis of the equivariant cohomology of M.
In particular, when M is a flag variety, these classes are the equivariant
Schubert classes (see [Ku] and Proposition 6.5). It is a long-standing prob-
lem in combinatorics to find positive integral formulas for the equivariant
structure constants associated to this basis. Since computing the restriction
of the canonical classes to the fixed points determines these structure con-
stants and hence the (equivariant) cohomology ring of M, it is important to
find effective formulas for these restrictions. Building on ideas of Guillemin
and Zara [GZ], Goldin and Tolman show that the restriction of a canonical
class a; to a fixed point ¢ can be calculated by a rational function that
only depends on the following information: the value of the moment map at
fixed points, and the restriction of other canonical classes to points of index
exactly two higher. Moreover, the restriction formula in [GT] is manifestly
positive whenever the restrictions themselves are all positive, including when
M is a coadjoint orbit.

However, the results in [GT] differ from Schubert calculus in several
important ways. For example, the individual summands in that formula are
almost never integral; essentially, this only holds when M is CP". In contrast,
in the combinatorics literature, a manifestly positive integral formula for the
restriction of equivariant Schubert classes on M = G/B is already known
(see Appendix D.3 in [AJS, B]). The main goal of this paper is to bridge
this gap by giving formulas which, like the formula in [GT], are valid in
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the much broader Hamiltonian category, but which are simpler in the sense
that they count the contribution over fewer paths. Indeed, we want these
contributions to be manifestly positive and integral whenever possible, and
to understand geometrically when this occurs. This project was inspired by
an early version of [Za], where C. Zara used combinatorial tools to re-derive
the integral formula in [AJS, B] for the case of a coadjoint orbit of type A,
from the formula in [GT], by taking limits as the cohomology class of the
symplectic form varies.

Before giving more precise statements, let us define a few terms. Let T be
a (compact) torus with Lie algebra t and lattice £ C t, and (-, -) the natural
pairing between t* and t. Let T" act on a compact symplectic manifold (M, w)
with moment map ¢: M — t*. By definition,

xew = —dyt  forall £ €t

where X¢ denotes the vector field on M generated by the action and e (z) =
(¥(x),£). In this case, we say that the triple (M,w, ) is a Hamiltonian
T-manifold. Now, assume that M has a discrete-fixed set and fix a generic
¢ € t, that is, assume that (n,£) # 0 for each weight n € ¢* C t* in the
isotropy representation of 7" on T,,M for every fixed point p. Given a fixed
point p € M7, let A(p) be the number of positive weights of the isotropy
action on T, M. Let A, € Sym(t*) be the product of these weights, where
Sym(t*) denotes the symmetric algebra on t*. (Here, we say that f € Sym(t*)
is positive if (f,£) > 0.)

Definition 0.1 Let (M,w,1) be a Hamiltonian T-manifold with discrete-
fixed set, and let ¢ = ¢ be a generic component of the moment map.
A cohomology class o, € H%’\(p ) (M; A) is a canonical class at a fixed point
p (with respect to ¢) if

(1) ap(p) = A,

(2) ap(g) =0 for all g € MT . {p} such that \(q) < A(p).

Canonical classes do not always exist, but if they exist then they are
unique [GT, Lemma 2.7]. Moreover, if there exist canonical classes a, €
H2P)(M; A) for all p € M7, then by Lemmas 1.1 and 1.2 below, the
classes {ap},cpr are a basis for H7.(M; A) as a module over H*(BT; A);
see also [GT, Proposition 2.3|. In this case, our goal will be to compute
the restrictions ay,(q) for all p and ¢ € M T in terms of paths in the canonical
graph.

Definition 0.2 Let (M,w,1) be a Hamiltonian T-manifold with discrete-
fixed set, and let ¢ = 9% be a generic component of the moment map.

Assume that canonical classes a, € H%)‘(p )(M ; A) exist for all p € MT.
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There is a labelled directed graph (V, E) associated to (M,w,, ), called
the canonical graph, defined as follows.

e The vertex set V is the fixed set MT; we label each vertex p € V by
its moment image ¥ (p) € t*.
e The edge set is

E={(rr")e M x MY | X(+') = X(r) =1 and (1) # 0};

we label each edge (r,7’) € E by %ﬁl)

For example, if M is a Goresky—Kottwitz—MacPherson (GKM) space, then
a pair of distinct fixed points (p, ¢) is an edge in the canonical graph exactly
if AM(q) = A(p) + 1 and they are contained in a two-sphere that is fixed by
a codimension one subgroup of T'; see Section 2. Given any directed graph
with vertex set V' and edge set £ C V x V, a path of length k from p to ¢
is a (k+ 1)-tuple v = (y1,...,7%4+1) € V¥ so that y1 = p, 741 = ¢, and
(visvit1) € E for all 1 <1 < k. For any path -, we let |y| denote its length.

We can now give our most general theorem, which is proved in Section 3.
It gives a formula for the restriction of a canonical class o, to a fixed point q.

Theorem 0.3. Let (M,w,v) be a Hamiltonian T-manifold with discrete-
fized set, and let o = ¢ be a generic component of the moment map. Assume
that canonical classes o, € H%’\(p)(M; A) exist for all p € MT. Given fived

points p and q, let X(p, q) denote the set of paths from p to q in the associated
canonical graph (V, E). Given classes w, € HA(M;R) for allm € MT,

1l
ap(q) = Aq_ Z ﬁ Wy (V(z;r)l) — Wy, (1) ('Yi+1)7

¥€X(p,q) i=1 Wo (@) = Wy, (1) A

whenever the right-hand side is well-defined, i.e., w~,(q) # W, (Vi) for all
v EX(pg) and 1 <i <|yl.

This generalizes the formula in [GT] whenever H*(M;R) # R; cf.
Remark 3.1. This case includes, for example, any generic coadjoint orbit
of dimension greater than two. At first glance, the formula above does not
look simpler than the one in [GT] — they both involve sums over the same
set of paths. However, a path v € X(p, q) contributes 0 to the formula if
W, (Vi) = Wa, (7541) for some 1 <@ < || — 1. Most of our paper (the proof of
Theorem 0.3 itself takes less than a page) is dedicated to explaining how to
choose the cohomology classes w,. so that only a few paths contribute, and
proving that in these cases the formula is manifestly positive whenever the
restrictions themselves are all positive (see Remark 3.3).

In Section 4, we show that we can reduce the number of paths whenever
there exists a cohomology class w whose restriction to H?(M;R) is in the
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closure of the Hamiltonian cone (see Definition 4.1) and has the property
that w(p) = w(q) # w(r) for some edges (p,q) and (g,r) in the canonical
graph. For example, if M is a GKM manifold that admits an invariant Kahler
structure, then it is enough to find a cohomology class in the closure of the
Kahler cone that vanishes on the two-sphere that corresponds to the edge
(p,q), but not on the two-sphere that corresponds to (g, ).

In Section 5, we show that our technique is particularly powerful when
the manifold is a “strong symplectic fibration” over another Hamiltonian
manifold; this class includes, for example, equivariant fiber bundles with the
property that the projection map intertwines compatible invariant complex
structures. Explicit computations are especially easy in this case. In partic-
ular, in Corollary 5.8 we give an inductive formula for the restrictions a,(q)
in terms of the paths in the base and the canonical classes on the fiber.
Finally, by Theorem 5.5, our formula is integral whenever M is a “tower”
of complex projective spaces, that is, a fiber bundle over CP" whose fiber
is also a tower of complex projective spaces. More generally, if the fibers F}
are not projective spaces, but do satisfy H*(F;; A) ~ H* ((CIP’"j : A) for some
subring A C R, then the contributions are all polynomials in the weights
with coefficients in A.

Since coadjoint orbits of type A,, and C,, are both towers of complex pro-
jective spaces, we immediately get manifestly positive integral formulas for
the restrictions in these cases. Similarly, since coadjoint orbits of type B,
are towers whose fibers satisfy H* (Fj; Z[%]) ~ H* ((C]P’"J';Z[%]), the contri-
bution of each path is integral when multiplied by a sufficiently large power
of 2. (In a more recent version of [Za], Zara also independently obtained
formulas for C),, and B, of this type as well.) Finally, coadjoint orbits of
type B, and D,, are sufficiently close to being towers of complex projective
spaces that we can manipulate the terms to get manifestly positive integral
formulas in these cases as well.

1. Canonical classes

The main goal of this section is to review the properties of canonical classes.
However, we also need to prove a slight variation of these results: Lemma 1.4.

Let’s begin by recalling a definition. Let A C R be a subring (with unit).
The equivariant cohomology of M with coefficients in A is

Hp(M; A) = H*(M xp ET; A);
it is a module over H*(BT; A). Moreover, the inclusion M — M xp ET

induces a natural restriction map H}.(M;A) — H*(M;A). Here, ET is a
contractible space on which T acts freely, and BT = ET/T.
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Let (M,w, ) be a Hamiltonian T-manifold with a discrete-fixed set. Given
a generic ¢ € t, the function ¢ = 1¢: M — R is an invariant Morse function;
the critical set of ¢ is exactly the fixed set M7T. Our convention for the
moment map implies that, for each p € M7, the weights in the negative
normal bundle v~ (p) of ¢ at p are exactly the positive weights of the isotropy
action on T, M, that is, the weights n such that (n,£) > 0. Hence, the index
of ¢ at p is 2A(p), where A(p) is the number of such weights. In particular,
HY(M;R) = 0. Finally, given o € H%(M; A) and ¢ € MT, let a(q) denote
the image of o under the natural restriction map H}.(M; A) — H;.({q}; A).

Throughout this paper, we will frequently need the following lemma, which
is identical to [GT, Lemma 2.8] except that here we consider coefficients in
any subring A C R instead of just Z. The proof goes through without any
change.

Lemma 1.1. Let (M,w, ) be a Hamiltonian T-manifold with discrete-fized
set, and let ¢ = ¢ be a generic component of the moment map. Given a

canonical class oy, € H%)‘(p) (M;A) atpe MT,
ap(q) =0 for all g € MT ~ {p} such that ©(q) < @(p).

Lemma 1.1 implies that ¢(r) < ¢(r') for all (r,7') € E. Hence, if v =
(V15 -+ Vy+1) 18 a path from p to ¢ in (V, E), then p(v;) < »(q) for all
1<i<|yl

The following result is due to Kirwan [Ki]; see also [GT, TW].

Lemma 1.2 (Kirwan). Let (M,w,) be a Hamiltonian T-manifold with
discrete-fized set, and let o = ¢ be a generic component of the moment

map. For every fized point p there exists a class 7, € H%A(p)(M;Z) so that

(1) (p) = A, and
(2) Yp(q) =0 for every g € M" ~ {p} such that p(q) < ¢(p).

Moreover, for any such classes, the {Yp},cpr are a basis for Hy(M;Z) as
a module over H*(BT; 7).

This has the following corollary, which we have adapted from [GT,
Corollary 2.6] and [T, Corollary 2.3].

Corollary 1.3. Let (M,w,v) be a Hamiltonian T-manifold with discrete-
fized set, and let o = ¢ be a generic component of the moment map. Fix
p € MT and B € H¥(M;A) such that 3(q) = 0 for all ¢ € MT satisfying
p(q) < ¢(p).
e 3(p) = xA, for some x € H?*=2X\P)(BT; A); in particular, if X(p) > i
then B(p) = 0.
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e Fiz cohomology classes {74},emr so that v, satisfies conditions (1)
and (2°) above for each ¢ € M. Then

8= Z ZqYq, where xy € H2i_2’\(’1)(BT; A) for all q.
©(a)>¢(p)
Here, the sum is over all ¢ € MT such that ¢(q) > (p).
We also need the following closely related fact.
Lemma 1.4. Let (M,w, ) be a Hamiltonian T-manifold with discrete-fized
set, and let ¢ = ¢ be a generic component of the moment map. Assume
that canonical classes oy € H%A(p)(M; A) exist for allp € MT. Fizpe MT
and 3 € HZ(M; A) such that 3(q) = 0 for all ¢ € MT so that A(q) < \(p).
Then
6= Z Tq0yq, where x4 € HQ"*Z)‘(q)(BT; A) for all q.
Ma)=X(p)
Here the sum is over all ¢ € M such that A(q) > \(p).

Proof. Since {ag},epr is a basis for Hj(M; A) as a module over H*(BT'; A),
we can write 3 = ) . Tq0q, Where x4 € H?=2M9) (BT} A) for all q. If the
claim does not hold, then there exists ¢ € M7T so that A(¢) < A(p) and
zq # 0, but x, = 0 for all r such that A\(r) < A(g). Hence, by the definition
of canonical class 3(q) = z4A, . Since 3(q) = 0 this is impossible. O

2. GKM spaces

We now restrict our attention to an important special case where it is
especially easy to calculate canonical classes. A Hamiltonian T-manifold
(M,w,?) is a GKM space if M has isolated fixed points and if, for every
codimension one subgroup K C T, the fixed submanifold M* has dimension
at most two [GKM)]. Equivalently, M is a GKM space if the weights of the
isotropy representation of 7' on T, M are pairwise linearly independent for
every fixed point p € MT.

Definition 2.1 The GKM graph of a GKM space (M,w, 1) is the labelled
directed graph (V, Egkm), defined as follows.

e The vertex set V is the fixed set M7T; we label each p € M7 by its
moment image ¢ (p) € t*.

e Given p # ¢ in V, there is a directed edge (p,q) € Egkm exactly
if there exists a codimension one subgroup K C T so that p and
q are contained in the same connected component N of M. We
label each edge (p, q) by the weight n(p, q) associated to the isotropy
representation of 7' on T, N ~ C.
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Observe that (p,q) € Egkm exactly if (¢,p) € Egkm. Moreover, n(p, q) =
—n(q, p), and ¥ ()~ (p) is a positive multiple of n(p, ¢) for all (p, q) € Ecxm-
Additionally, the set of weights of the isotropy representation on the tangent
space at any point p € V is

IT, = I,(M) = {n(r,p) | (r,p) € Eckm}

Example 2.2 The complex projective space CP™. The natural action
of (S1)"*! on C™*! descends to an effective Hamiltonian action of T =
(S1)n*+1/81 on CP™. The associated GKM graph is the complete graph

on n + 1 fixed points: p; = [1,0,...,0], p2 = [0,1,...,0],..., ppy1 =
[0,0,...,1]. Finally, the moment image of p; is n%rl ;‘;“11 (acj — aci), and the
weight associated to the edge (p;,p;) is x; — xj. Here, we let z1,..., 2,41 be

the standard basis for (R"*!)* and identify t* with {x € (R™*1)*| 3" p; = 0}.

Now fix a generic component of the moment map ¢ = 1¢. As we mentioned
in the previous section, the set of weights in the isotropy representation on
the negative normal bundle of ¢ at p is the set of positive weights in IT,(M).
Hence, A(p) is the number of edges (r,p) € Egkm such that o(r) < ¢(p),

and
b= 11 »
n€ll, (M)

(n,6)>0
It is possible to strengthen Lemma 1.1 when M is a GKM space. We say

that a path v = (71, .., 7}y41) in (V, Eckm) is ascending if o(7v:) < ¢(7i+1)
for all i.

Lemma 2.3. Let (M,w,v) be a GKM space, and let o = ¢¢ be a generic

component of the moment map. Given a canonical class oy € H?p)‘(p)(M; A)
atpe M7, ap(q) =0 for all q € M7 such that there are no ascending paths
from p to q in (V, Egkm)-

Proof. Consider any ¢ € M1 so that a,(q) # 0 but ay(r) = 0 for each edge
(r,q) € Egkm such that ¢(r) < ¢(q). Then ay(g) is a non-zero multiple of
n(r,q) for all (r,q) € Egkm such that o(r) < ¢(q). (To see this, recall that
for each (r,q) € Egkm there exists a sphere N C M containing r and ¢
which is fixed by the codimension one subgroup associated to 7.) Since these
weights are pairwise linearly independent, this implies that «;, has degree at
least 2A(g), that is, A(¢) < A(p). By the definition of canonical class, this is
impossible unless p = ¢. The claim follows. O

We say that ¢ is index increasing if A(p) < A(q) for every edge (p,q) €
Ecxum such that ¢(p) < ¢(q). In this case, integral canonical classes exist
and it is straightforward to compute the restriction of a canonical class «,
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to ¢ for any p and ¢ in M7 such that A(q) — A(p) = 1. Conversely, if there
exist canonical classes o, € H&(M;Q) for all p € MT, then ¢ is index
increasing [GT, Remark 4.2].

More specifically, let & = {5 € t* | (8,£) = 0}. Given n € t*, let
on: Sym(t*) — Sym(t") be the homomorphism of symmetric algebras

induced by the projection map which sends X € t* to X — ((i;f))n €& Ct.

Following [GZ], for any (p,q) € Egxm we define

On(p.)(Ay)
9(]77 q) — n(p,q) Ii

A
On(p.q) (n(pq,q)>
where Sym(t*)o denotes the ring of fractions of Sym(t*). Observe that

€ Sym(t*)o,

Qn(pvq)(%) is not zero, since by the GKM assumption the weights at
each fixed point are pairwise linearly independent. The theorem below was
proved in [GZ] over the rationals and then extended to the integers in [GT].

Theorem 2.4. Let (M,w,v) be a GKM space, and let (V, Eckm) be the
associated GKM graph. Let ¢ = ¢ be a generic component of the moment
map; assume that ¢ is index increasing. Then

1) There exist canonical classes o, € HZ® M;7Z) for allpe MT.
P T
(2) Given fixed points p and q such that A\(q) — A(p) = 1,

O(p, )
Ay (7, ) if (p,q) € Egkm, and
n(p, q)

ap(‘]) =

0 if (p,q) & Ecm-
(3) O(p,q) € Z ~ {0} for all (p,q) € Egkm such that \(q) — A(p) = 1.

In particular, the associated canonical graph has vertex set V = M7 and
edge set
E={(r,7") € Egkm | \(r") = X\(r) = 1}.

3. The most general theorem

In this section, we will prove our most general theorem, Theorem 0.3. As we
mentioned in the introduction, it is a generalization of [GT, Theorem 1.2].
More precisely, it is more general whenever H2(M;R) # R; see Remark 3.1.
The main advantage of our formula is that it usually allows us to express
a,(q) as a sum over fewer paths. For the reader’s convenience, we will recall
the statement of Theorem 0.3.

Let (M,w, ) be a Hamiltonian T-manifold with discrete-fized
set, and let ¢ = ¢ be a generic component of the moment map.
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Assume that canonical classes oy € H%A(p)(M;A) exist for all
p € MT. Given fired points p and q, let ¥(p,q) denote the set

of paths from p to q in the associated canonical graph (V,E).
Given classes w, € HA(M;R) for allr € M7,

o] ' e () (s
ap(q):Aq* Z vai(v(z;r)l) v (Vi) %(%Jr)j

NEX(prg) i=1 i —wy () A,

whenever the right-hand side is well-defined, i.e., wy,(q) #
Woy; (%) for all v € 2(]7, q) and1 <1< ‘fy|

Remark 3.1. By Lemma 1.1, ¢(v;) < ¢(q) for all v € ¥(p,q) and 1 < i <
|7]; @ fortiori, ¥(7;) # 1(q). Therefore, the right-hand side of the equation
above is well-defined if w; is a non-zero multiple of [w + ] for all » € MT.
(Here we are using the Cartan model for the equivariant cohomology of M.)
In this case, the theorem agrees with [GT, Theorem 1.2].

Note that a path v € ¥(p,q) contributes 0 to the formula above exactly
if there exists 1 < ¢ < |y| — 1 such that wy,(v) = w,,(7i+1) but wy,(q) #
W, (7i). Generally speaking, the best result will come from choosing each
class w, so that w,(r) # w,(q), but w,(r) = w,(s) for as many edges (r,s) €
FE as possible. In practice, instead of trying to pick the optimal class at each
fixed point, we will often fix an ordered list of classes. For each fixed point we
will just pick the first class that satisfies the hypotheses of Theorem 0.3. As
we show below, as long as the forms satisfy the technical condition (1), this
technique gives an elegant answer. In the next two sections, we will explain
natural geometric conditions which guarantee that (1) is satisfied.

Corollary 3.2. Let (M,w,) be a Hamiltonian T-manifold with discrete-
fized set, and let o = ¢ be a generic component of the moment map. Assume
that canonical classes oy, € H;A(p)(M; A) exist for all p € M. Pick classes!
Wi, Wa, ..., Wy in HA(M;R) such that, for each j,

(1)  ap(q) =0V p,g € MT such that w;(q) # w;(p) and Wﬁ(q) < wﬁ(p) ,

where for each p € M7, Wg(p) denotes (w;(p),§).
Assume that for each (r,r") € E, there exists j € {1,...,k} such that
w;(r) # w;(r’), and define
h(r,r’") = min{j ‘ w;j(r) # Wj(T'/)} for all (r,7") € E.
In practice, there often exists a symplectic form w; € Q*(M) with moment map
¥;: M — t* such that [w;+1);] = w; € HZ(M;R) for each 5. In this case, w;(p) = 1;(p) for

all p € MT; in particular, W§ (p) = wf (p). However, we do not insist that such symplectic
forms exist; we allow the general case.
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Given p and q in M7, let Y (p,q) denote the set of paths in the associated
canonical graph (V, E) from p to q. Then

—A; Z H hsen) Vit1) = Wagy i) () g, (i)

- , where
h('sz"/H»l) (q> - Wh(’yi,’yi+1) (PYZ) A’YH—I

veC(p,q) i=1
Cp,q) = {7 €, q) | h(71,72) < h(y2,73) <+ < h(Yg)s Wyj41) } -

Remark 3.3 (Positivity). Note that, if a,.(r') is positive for every edge
(r,7’) in E, then the equation above is manifestly positive, in the sense that
every non-zero term is positive; a fortiori, the restriction oy (q) is positive
for all fixed points p and ¢. To see this, note that A is positive by def-
inition for all r € M7T, while w;(r’') — w;(r) is either positive or zero for
each edge (r,7") € E by assumption (1). Therefore, the formulas in Theo-
rem 4.2 and Theorem 5.5. that are both proved using the above corollary,
a manifestly positive whenever the restrictions themselves are manifestly
positive. In contrast, in general the restriction ay,(¢) might not be positive
(cf. [GT, Example 5.2]).

We are now ready to prove our claims.

Proof of Theorem 0.3. Since (w, —w,(p))(p) = 0 and «, is a canonical class
at p, the restriction ay(w, — wy(p))(r) is trivial for all 7 € M7 such that
A(r) < A(p). By Lemma 1.4, this implies that we can write

ap(wp — wy(p)) = Z Ty, where x, € HP)=220+2(BTR) V7.,
A(r)>A(p)

By the definition of canonical class, evaluating the above equation at r
implies that

(wp(r) — wp(p)) O[X( r) =z, € Rfor all 7 € M7 such that A(r) = A(p) + 1.

Moreover, by dimensional arguments, =, = 0 for all » € M7 such that
A(r) > A(p) + 1. Hence,

ap(wp — wp(p)) = Z (wp(r) — Wp(p))ap(r)ar.

(p,r)EE Ar

Restricting to ¢ and dividing by w;,(q) —wp(p) (which is not zero by assump-
tion), we have

ap(q) _ Z Wp(r) B Wp(p) O‘IJ(T) Oér(Q)-

(p,?“)EE Wp(q) - Wp(p) A’:

Since the claim is obvious if A(q) — A(p) < 1, the claim now follows by
induction. g
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Proof of Corollary 3.2. Definition 0.2 and hypothesis (1) in Corollary 3.2
imply that

either wg-(r) < W§(T’/) or w;(r) = w,(r') for all (r,7') € Eand 1 < j <k.

Therefore, if v is a path from r to ¢ with at least one edge then either
wﬁ(%) < wﬁ(q) or w;(7;) = wj(vit1) = w;(q) for each j and for each i < |y].
Since, by assumption, there exists j € {1,...,k} such that w;(y1) # w;(72),
this implies that wﬁ(r) < wg(q). A fortiori, wj(r) # wj(q), and so we can
define

h(r,q) = min{j | w;(r) # w;(q)} Vr € M < {q} such that X(r, q) # 0.

Moreover, if w;(7;) = w;(q) for some v € X(p, q) and i < ||, then w;(y;) =
wW;(vi+1) = w;(q) as well. Therefore,

(2)  h(v,q) < h(vit1,q) and h(7yi,q) < h(yi,yig1) forall 1 <i < |y| - 1.

The hypotheses of Theorem 0.3 will be satisfied if we let the class associ-
ated to 7 € M7 be

Wi(rq) if 7 # g and X(r,q) # 0, and
0 otherwise.

Therefore,

—A; Z H Wh(vi,9) %H — Wh(y:,9)(71) 0y, <7i+1).

HEN(prg) i=1 h(vi.a) Wiy (i) A

Moreover, a path 7 € X(p,q) contributes 0 to the formula above if
Wh(yi,q) (Vi) = Wh(y,,q) (Vi+1) for some i < [y]. Therefore, we only need to
consider paths v from p to ¢ so that

h(¥i, Yit1) < h(7vi,q) for all 1 <i < |yl
Combining this fact together with (2), we may restrict to paths v so that

h(71,72) < h(v2,73) < - < h(Vy), Yy141)  and

h(Vi,Yi+1) = h(7yi,q), forall 1 <7< |y|.
U

Finally, the lemma below, which we will use in Section 5, follows from
an argument nearly identical to the first three sentences of the proof of
Theorem 0.3.

Lemma 3.4. Let (M,w, ) be a Hamiltonian T-manifold with discrete-fized
set, and let ¢ = ¥¢ be a generic component of the moment map. Assume
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that canonical classes oy, € H%/\(p)(M; A) exist for allp € MT; let (V,E) be
the canonical graph. Given a class w € H%(M, A),

(w(r) — w(p))aj;(_r) €A forall(p,r)e€E.

4. The Hamiltonian cone

In this section, we give our first application of Theorem 0.3. Here, we use the
Hamiltonian cone to pick the closed equivariant two-forms and characterize
which paths contribute to the formula.

Definition 4.1 Let a torus T act on a manifold M. The Hamiltonian
cone is the set of classes H C H?(M;R), which can be represented by an
invariant symplectic form that has a moment map.

Theorem 4.2. Let (M,w,) be a Hamiltonian T-manifold with discrete-
fized set, and let o = ¢ be a generic component of the moment map. Assume
that canonical classes oy, € H%)‘(p)(M; A) emist for all p € MT. Pick classes
Wi, ..., W € H%(M;R) that restrict to classes in the closure of the compo-
nent of the Hamiltonian cone H C H?*(M;R) containing [w]. Assume that
for each (r,r'") € E there exists j such that w;j(r) # w;(r’), and define

h(r,r") = min{j | w;(r) #w;(r")} for all (r,7') € E.

Given p and q in M7, let X(p, q) denote the set of paths from p to q in the
associated canonical gmph (V,E). Then

Af Z H Wh(vivit1) (i41) — Wh(%ﬂiﬂ)(%) O‘%('Yi-i-l)

- , where
Y€C(p,q) i=1 Wh(yimien) (@) = Wh(y o) (%) Ay

Clp,q) = {7 € X q)] h(v1,72) < h(y2,73) < - < h(Yy s Vyl+1) } -

Remark 4.3. Assume that the following conditions hold:

(X) the restrictions of the w; form a basis for H?(M;R); and
(Y) the restriction of ), a;w; lies in H for every positive k-tuple a € R%.

In this case, Theorem 4.2 can also be proved using the limit techniques found
n [Zal, instead of Theorem 0.3. (The argument still relies on Lemmas 4.5
and 4.6.) Note that, in this case, we do not need to assume that for each
(r,r") € E there exists j such that w;(r) # w;(r’); this holds automatically.

Remark 4.4. Assume that the torus T' acts on a compact manifold M,
preserving a complex structure J: T'M — T M. If the fixed set is empty the
Hamiltonian cone H is empty, so assume that M7 # (). The Kihler cone of
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M is the set of classes in H?(M;R) which can be represented by a compatible
symplectic form. Since T is compact, we can represent every such class by
an invariant symplectic form by averaging. Moreover, by Frankel’s theorem,
the action is always Hamiltonian. Hence, the Kéhler cone is a subset of the
Hamiltonian cone. (Note that Lemma 4.5 is obvious if [w'] is in the Ké&hler
cone containing [w].) Analogous statements hold if J is an almost complex
structure and H*(M;R) = 0.

Note also that the Kahler cone is convex because any convex combination
of compatible symplectic forms is itself a compatible symplectic form. In
contrast, a convex combination of arbitrary symplectic forms may or may
not be symplectic.

Lemma 4.5. Let (M,w,v) be a Hamiltonian T-manifold, and let ¢ = ¢
be a generic component of the moment map. Let W' be a symplectic form
on M with moment 1’ so that [w'] lies in the component of H C H?(M;R)
containing [w]. Then (A})~, the product of the positive weights of the isotropy

representation of T on (T,M,w"), is A, forallp € MT.

Proof. Let ¢ = (¢/)¢. Tt is sufficient to prove the claim for all w’ such that
[] lies in some neighborhood of [w]. Therefore, we may assume that

o(r) < (s) = ¢ (r)<¢(s), forallrandse M.

Fix p € M7T. By applying Lemma 1.2 to ¢, there exists a class Yp €

H%A(p)(M;Z) so that y,(p) = A, and v,(q) = 0 for every ¢ € MT ~ {p}
such that ¢(q) < ¢(p). By the assumption above, this implies that v,(q) = 0
for every ¢ € MT ~ {p} such that ¢'(¢) < ¢'(p). By applying Corollary 1.3
to ¢', this implies that A = v,(p) is a multiple of (A})”. Since a nearly
identical argument shows that (A},)~ is a multiple of A, the claim follows
from the fact that these are both positive. [l

Lemma 4.6. Let (M,w, ) be a Hamiltonian T-manifold with discrete-fized
set, and let o = ¢ be a generic component of the moment map. Fiz a class
w € H%(M;R) that restricts to a class in the closure of the component of
H C H?(M;R) containing [w]. Given a canonical class o, € H%)‘(p)(M;A)
at p € M7 (with respect to ¢),

ay(q) =0 for all p and ¢ € MT such that w(q) # w(p) and wé(q) < wé(p).

Proof. By perturbing ¢ slightly, if necessary, we may assume that w(p) =
w(q) exactly if wé(p) = wé(q) for all p and ¢ in M7T. Hence, there exists
€ > 0 so that w&(q) < wé(p) — ¢ for all p and ¢ € M7 such that w(q) # w(p)
and w®(q) < w&(p). By assumption, there exists a symplectic form w’ with
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moment map 1’ so that
1
(3) |(¥)%(p) = wi(p)| < 5e forall pe M7,

and [w'] lies in the closure of the component of H C H?(M;R) containing
[w]. By Lemma 4.5, the latter fact implies that the product of the positive
weights for the isotropy action on (T,M,’) is A, for all p € M T Hence,
by the definition of canonical class, «, is also the canonical class at p with
respect to ¢’. By Lemma 1.1, this implies that

ap(q) =0 forall pand g€ M7 such that (@D/)g(q) < (zb/)g(p).

Finally, (3) implies that (¢")¢(q) < (¢')¢(p) for all ¢ € M7 such that wé(q) <
wé(p) — . O

Proof of Theorem 4.2. The claim follows immediately from Lemma 4.6 and
Corollary 3.2. O

Finally, we make the following observation, which we will not need in this
paper.

Lemma 4.7. Let (M,w,) be a Hamiltonian T-manifold. Let o' be a sym-
plectic form on M with moment map ¢’ so that [W'] lies in the component
of H C H?(M;R) containing [w]. Then c1(M) = cy(M), where c1(M) and
cy(M) € HA(M;Z) are the first equivariant Chern class associated to w and
W', respectively.

Proof. Let ¢ = 9¢ be a generic component of the moment map. Since the
weights in the representations (T,M,w) and (T,M,w") agree up to sign,
Lemma 4.5 implies immediately that c1(M)(q) = ¢} (M)(q) for all ¢ € M7
such that A\(q) < 1. By Lemma 1.4, this implies that ¢1 (M) —cj (M) =0. O

5. Fiber bundles

In this section, we show how to use Theorem 0.3 (and Corollary 3.2) to get
effective formulas for the restrictions ay,(q) in the case that our Hamiltonian
T-manifold is a fiber bundle over a Hamiltonian 7-manifold (and certain
technical restrictions hold). In certain very nice cases, such as when M is a
“tower of complex projective spaces” (see Definition 5.4) and the restrictions
of the canonical classes are positive, the contribution from each path will be
a positive integer muNltiple~of the product of positive weights. More precisely,
let (M,w, ) and (M ,@,w) be Hamiltonian T-manifolds. We will consider
the following maps.
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Definition 5.1 A map 7: M — M is a strong symplectic fibration? if

(1) the map 7 is an equivariant fiber bundle with symplectic fibers, that
is, the restriction of w to the fiber ]\/Zp = 7~ 1(n(p)) is symplectic for all
p € M; and

(2) as symplectic representations (T,M,w) =~ (Tp]/w\p,w|ﬁp) ) (Tﬂ(p)ﬂ,&)
for all p € MT.

Example 5.2 There are several situations where an equivariant fiber bundle
m: M — M is automatically a strong symplectic fibration.

(i) Let J and J be compatible almost complex structures on M and M,
respectively. If m: M — M intertwines J and J ie.droJ=Jo dm,
then 7 is a . strong symplectic fibration. The fibers are symplect1c
because T, Mp is J invariant for all Lpe M. For all p € M7, the
symplectic perpendicular H, = (TpMp)w is a complex subspace and
M =T, ]\7 @ H, as complex representations. Finally, 7 induces
an isomorphism of (H,,w|q,) and (
sentations.

(ii) If 7 has symplectic fibers and w,, = pw + (1 — p)7* (@) is symplectic
for all p € (0, 1], then 7 is a strong symplectic fibration. Since (0, 1] is
connected, (T,M,w,) ~ (T,M,w) as symplectic representations for
all p € (0,1] and allp € MT But by Lemma 5.14, for any sufficiently
small 1z > 0, (T,M, w,,) ~ (T,M,, )& (Tr(p )M @) forallp € MT.

TrpyM ,c~u) as symplectic repre-

w|Mp

Remark 5.3. Let 7: M — M be any equivariant fiber bundle with sym-

plectic fibers. Then (T, M,w) ~ (T,My,w|5; ) © (Hp,w|n,) for all p € MT,
p

where H, C T,M is the symplectic perpendicular to 71,M,. Moreover,

dm: H, — TrpM is an equivariant isomorphism, and so the weights in

the symplectic representations (Hp,w|n,) and (T, )M W) necessarily agree
up to sign. The map 7 is a strong symplectic fibration if they agree exactly.

Definition 5.4 Let {(1/; wj,w])}k o be Hamiltonian T-manifolds with

discrete-fixed sets and let {p] M1 — M; } be strong symplectic fibra-
tions. Assume that My is a point. Then, glven a subring A C R, My is a
tower of complex projective spaces over A if the fiber F} of p; satisfies

H*(Fj; A) ~ H* (CIF’% dim(F3), A) as rings for all j.

2Every map satisfying (1) is a symplectic fibration; see [MS, Lemma 6.2].
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Notation: Given a strong symplectic fibration 7: M — M and a generic
component of the moment map ¢ = ¢¢: M — R, let A, denote the equi-
variant Euler class of the negative normal bundle of the restrlctlon g0|A at

pE Mp, and let 2)\(p) denote the index of p in Mp, for all p € M™. (Since the
restriction of w to ]\/Zp is symplectic, the restriction of ¥ to J/W\p is a moment
map.) Similarly, let K; denote the equivariant Euler class of the negative
normal bundle of 3 = ¢ at ¢ and let 2X(q) denote the index of ¢ € M, for
all g € MT.

Finally, given a subring A C R, let A, ={t€ A |t >0} and let A C A

denote the set of units.
We can now state our main theorem in this section.

Theorem 5.5. Let {(M; wj,%)};f g be Hamiltom’an T-manifolds with
discrete-fized sets and let {p] M1 — M; } be strong symplectic fibra-

tions. Let i, = d)k be a generic component of the moment map. Fiz a sub-
ring A C R. Assume that My is a point and that canonical classes o, €

H2’\(p)(Mk,A) exist for allp € Mg Let? Tj = PjopPj+10---0pg—1: My — M;
and let % =7;(1;): My — t* for all j. Finally, define

h(r,r') =min{j € {1,...,k} | m;(r) # m;(")} for all distinct r,v' in MT.

1. Given p and q in MT', let $(p,q) denote the set of paths from p to q in
the associated canonical graph (V, E); then

al@)= 3 E(), where

vEC(p:q)
ol A , A
=(y q H q’bh(%%ﬂ (7it1) 7¢h(%%+1)<%) O‘%(:Vz—&-l) Yy € C(p,q), and
i=1 wh %,%4—1)( ) = n, "/u%+1)(%) A%H
Q) ={7=01- Y1) €SP a) | h(v1,72) < -+ < h(Yys Viyl1) }-

2. Assume that My is a tower of complex projective spaces over A. Then for
each path v € C(p,q),

e =(v) can be written as the product of positive weights in £* and a con-

stant C' in A; moreover, C' > 0 if a,.(r") is positive for all (r,7") € E.

o If (M,w,v) is a GKM space, then Z() can be written as the product

of distinct positive weights in I1,(M) and a constant C in A. Finally, if

3In this paper, our convention is that an empty composition or product is the identity.
Hence, m = idag, -
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O(r,r") > 0 for all (r,r") € E, then C > 0; similarly, if O(r,r') € A*
for all (r,r’) € E, then C € A*.

Remark 5.6. In fact, if M} is a GKM space, then our proof demonstrates
that claim (1) holds whenever p;: M1 — M; is a weight preserving map
for all j; (see Definition 5.10).

Remark 5.7. If M}, has a discrete-fixed set (or is a GKM space), then M;
has a discrete-fixed set (or is a GKM space) for all j. To see this, consider
any g € M jT . Since the fiber p].*l (¢) is a Hamiltonian T-manifold, there exists
r e MjT_H such that p;(r) = ¢. Since the differential dp; is surjective, the
set of weights in the representation T;M; is a subset of the set of weights
in Ter—i-l'

Theorem 5.5 has the following useful corollary.

Corollary 5.8. Let (M,w,) and (]\7,&, N) be Hamiltonian T-manifolds

with discrete-fixed sets, and let m: M — M be a strong symplectic fibra-

tion. Let ¢ = ¢ be a generic component of the moment map. Assume

that canonical classes o, € ng)‘(p) (M; A) exist for all p € MT. Fiz p and

qgin MT.

1. There exist canonical classes a5 € H%)‘(S)(]\/Zq;/l) on the fiber M, =
7 Y(x(q)) for all s € Mg.

2. Given s € Mg, let 3(p, s) denote the set of paths v = (71, ..., Yks1) from

p to s in the associated canonical graph (V, E) such that w(~;) # 7(vit1)
for all i. Then

o)=Y (X PO,

SEJ/\ZE ’)/Ei(p,s)
where for all s € ]\//.TqT and v € X(p, s),
vl = ~
~ Y(m (i) — ¥(() ay, (Yis1)
P(y) =A_, = ~ - .
o L o) s A

3. Assume that H* (]TI/, A) ~ H* ((C]P’% dim (M), A) as rings. Then for all s €
]/W\;f and each path v € X(p, s)

e P(v) can be written as the product of positive weights in ¢* and a con-
stant C' in A; moreover, C' > 0 if a,(r") is positive for all (r,r") € E.
o If (M,w,v) is a GKM space, then P(7y) can be written as the product
of distinct positive weights in I1,(M) and a constant C in A. Finally, if
O(r,r") > 0 for all (r,7") € E, then C > 0; similarly, if ©(r,r") € A*

for all (r,r") € E, then C' € A*.
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In Lemma 5.24, we give a different explicit description of PQ) in the case
that (M,w,v) is a GKM space and H*(M; A) ~ H*((CIP’% dim M. 4.

Proof of Claim 1 of Theorem 5.5. We are now ready to begin the proof
of the first part of our main theorem. We will begin with the special case
of GKM spaces, where the proof is easier and the main ideas are more
transparent. However, the proof in the general case on page 198 is self-
contained; the reader may skip directly to that case.

The case of GKM spaces. Let (M, w, ) and (]\7,&,{/;) be GKM spaces,
and let (V, Eqi) and (V, Egra) be the associated GKM graphs. If m: M —
M is an equivariant map, the following statements hold:

e Given a vertex p € V, m(p) € V.

e Given an edge e = (p,q) € Egku, either 7(p) = 7(q) € V or w(e) =

(7(p), 7(q)) € Eciym and n(w(e)) is a non-zero multiple of 7(e).

To see this, let K C T be the maximal subgroup so that p and ¢ are contained
in the same connected component N C M K Since 7 is equivariant, either

m(N) is a fixed point in M, or w(IN) is the connected component of ME for
some subgroup K’ ¢ T which contains K.

Definition 5.9 We will say that an edge (p,q) € (V, Egkm) is horizontal
(with respect to ) if 7(p) # m(q); moreover, we will say that a path ~ in
(V, Egkm) is horizontal if all its edges are horizontal.

If 7: M — M is an equivariant fiber bundle and e € Eqkym is a horizon-
tal edge, then n(e) = £n(w(e)). However, this need not hold for arbitrary
equivariant maps.

Definition 5.10 We will say that a map 7: M — M is weight preserving
if it is equivariant and n(e) = n(w(e)) for all horizontal edges (p, q) € Egkm.

Note that the composition of two weight preserving maps is itself weight
preserving. In contrast, the composition of two strong symplectic fibrations
may not be a strong symplectic fibration; indeed, it may not have symplectic
fibers. However, the following assertion is clear; cf. Remark 5.3.

Lemma 5.11. Let (M,w, ) and (]/\Zf/,fu,i) be GKM spaces. If m: M — M
1 a strong symplectic fibration then w is weight preserving.

To prove Claim 1., we need to check that the pull-back of a symplectic
form and moment map by a weight preserving map satisfies criterion (1) of
Corollary 3.2. We will do this in two steps.

Lemma 5.12. Let (M,w,v) and (M,CJ,{/;) be GKM spaces, and let m: M —
M be a weight preserving map. Let ¢ = 4% be a generic component of the
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moment map. Given a horizontal edge (p,q) in the GKM graph associated
to M,

Y (q) —¢(p) > 0, if and only if % (m(q)) — ¥ (n(p)) > 0.
Proof. Since (p,q) is a horizontal edge and 7 is a weight preserving map,

n(m(p), 7(q)) = n(p, q)- Therefore, 1¢(q) — 1% (p) and ¥¢(r(q)) — v (x(p)) are
both positive multiples of 7(p, q). O

Lemma 5.13. Let (M,w,1)) and (M,@,J) be GKM spaces, and let m: M —
M be a weight preserving map. Let ¢ = ¥¢ be a generic component of the
moment map. Given a canonical class o, € H%’\(p)(M; A) atpe MT,

ap(q) =0 forallqe M7 such that 7(q) # 7(p) and 1;5(71'((])) < QZE(T('(p)).

Proof. Assume that a,(q) # 0 for some ¢ € MT. By Lemma 2.3, there exists
an ascending path v from p to ¢ in (V, Egkm). By Lemma 5.12 and the
definition of ascending,

V() <Y (m(vie1)) or m(yi) =m(vip1) for each i.
O

We are now ready to prove Claim 1. Let w; = 77 (w;+¢;) € H2(Mg;R) for
each j € {1,...,k}. Since 7, = idpy,, it is obvious that wy, (1) # wy(r’) for all
(r,7") € Egkm. By Lemma 5.11, each p; is a weight preserving map, and so
7j is a weight preserving map for all j. Therefore, in the case of GKM spaces,
Claim 1. of Theorem 5.5 is an immediate consequence of Corollary 3.2 and
Lemma 5.13.

The general case. The proof in the general case is nearly identical, except
that it takes more work to prove Lemma 5.16, the analog of Lemma 5.13.

Lemma 5.14. Let (M,w,%) and (M,(Z,lz) be Hamiltonian T-manifolds,
and let w: M — M be a equivariant fiber bundle with symplectic fibers. For
all sufficiently small t > 0,

(1) the two-form wy = (W) + tw is symplectic; moreover,

(2) as symplectic representations (Tp,M,w;) =~ (Tp]\?p,w\ﬁp) ) (T,,(p)M,UJ)

for all p e MT, where ]\//.7]9 denotes the fiber 7= (m(p)).

Proof. Let V. C T'M be the kernel of the map dn: TM — T M. By assump-
tion, 7w is a submersion; hence, V' C T'M is a subbundle. Since we have
assumed that 7 has symplectic fibers, the restriction w|y is symplectic. Since
7*(@)|y = 0, this implies that the restriction w|y = tw|y is symplectic and
that (Vp,w;) ~ (Vp,w) for all p € MT and t > 0.
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Let H = V¥ C TM be the symplectic perpendicular to V with respect
to w. Since 7*(w)|y = 0, H is also symplectically perpendicular to V' with
respect to w; for all ¢ > 0. Moreover, since wl|y is symplectic, H C TM
is a subbundle and TM = V & H. Thus, the map dn: H — TM is
an isomorphism. Since w is symplectic, this implies _that the restriction
7 (@)| g is symplectic and that (Hp, 7*(@0)|n,) ~ (Tr)M, @) for all p € M7
Since being symplectic is an open condition and M is compact, analogous
statements hold for w; for all sufficiently small £ > 0. The claim follows
immediately. O

Lemma 5.15. Let (M,w,v) be a Hamiltonian T-manifold with discrete-
fized set. Let ¢ = ¢ be a generic component of the moment map, and let
©: M — R be an invariant Morse—Bott function. Assume that for all € > 0
there exists a symplectic form w' € Q?(M) with moment map 1" such that:

(a) |(Ye(x) —@(x)| < € for all x € M; and

(b) the product of the positive weights for the isotropy action of T on
(TyM,w') is A, for allp e MT.

If o € H?‘(p)(M; A) is the canonical class (with respect to ) at p € M7,

and M, is the critical component of ¢ that contains p, then

ap(q) =0 forallq € M so that q ¢ ]\/Zp and B(q) < (p).

Moreover, the restriction of ay, to o~ (—o0,®(p) — &) vanishes for all § > 0.

Proof. We may assume without loss of generality that (p) = 0. By assump-
tion, for any € > 0 there exists a symplectic form w’ with moment map v’
such that (a) and (b) hold. Let ¢’ be (). By (b) it follows that ay, is also
the canonical class at p with respect to ¢’; so Lemma 1.1 implies that

ap(q) =0 forall g € MT such that ¢/(q) < ¢'(p).

By injectivity, this implies that the restriction of a; to (¢')~1(—o00,¢'(p))
vanishes. Finally, (a) implies that

(@) (=00, —2€) C (')~ (—00,¢'(p)),

and so the restriction of oy, to P~ !(—00, —2¢) vanishes.

Since @ is a Morse—Bott function there exists € > 0 so that 0 is the only
critical value of @ in [—2¢, 2¢]. Since the restriction of ay, to 1 (—o00, —2¢)
vanishes, the restriction of ay, to ]/\/[\p is a multiple of the equivariant Euler
class of the negative normal bundle of @ at ]/\/[\p, and so there exists O‘fo €

H P (@)~ (—00,20): 4) 5o that a5 = aplg . but ajle = 0 for every
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other critical set C of ¥ so that B(C) < 2e. Moreover, since @ is invariant
and the fixed set is discrete, every fixed point is critical. Hence,

(4) a,(q) = ap(q) forall g € M\p NMT, and
5 al(q) =0 forallquTsuChthatqgl\//f and p(q) < 2e.
D P

)"t (—00,€) C (p) !(—00,2€). Hence, we can restrict aj, to
(¢")~(—00, €); moreover, this restriction satisfies (4) and

(6) a,(q) =0 forallge M7 such that q ¢ ]\/Zp and ¢'(q) < e.

By surjectivity, we can extend Oz; to a class (which we still call a;) on M
with the same properties. Moreover, by the definition of canonical class,

ap(q) =0 for all g € MT ~ {p} such that A(q) < \(p).
Therefore, by (4) and (6),
ap(q) = aj(q) forall g € MT such that ¢/(q) < € and M(q) < A(p).

Assume that there exists 7 € M7 such that a,(r) # o (r) and ¢/(r) < €
but ay(s) = af,(s) for all s € MT such that ¢/(s) < ¢/(r). By the equation
above, this implies that A(r) > A(p). Since 8 = a, — aj, has degree 2\(p),
this contradicts Lemma 1.3. Therefore,

ap(q) = aj(q) for all ¢ € M" such that ¢'(q) <.
Finally, since (%) 1((—00,0]) C (¢')~*(—00,€) by (a), this implies that

ap(q) = aj(q) forall g € M7 such that %(q) < 0.

Therefore, the claim follows immediately from (5). O

Lemma 5.16. Let {(M;,wj, ;) 9‘9:1 be Hamiltonian T-manifolds with
discrete-fizved sets and let {p;: Mj1 — Mj}f;ll be strong symplectic fibra-
tions. Let ¢, = wi be a generic component of the moment map. Let
T = p1opa0---opp_1: My — M. Given a canonical class oy, € H?F’\(p)(Mk; A)
atp € MkT,

ap(q) =0 forall g € Ml;f so that w(q) # w(p) and wf(w(q)) < wﬁ(ﬂ(p)).

Proof. Given q € M,z, let ¢; = (pjopjr10---0opr_1)(q) € M; for all j,
let X; = p;ti(gj—1) C Mj for j > 1, and let X; = M. By the definition of
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strong symplectic fibration and induction on k, as symplectic representations
(Tq My, wi) ~ (Ty, X1, wi]x,) ® -+ (Tg Xy wi] x;.)-
Therefore, by Lemma 5.14 and induction on k, for any ¢ > 0 there exists a
symplectic form wj, € Q%(My) with moment map 1}, such that:
o |(¥,)¢(x) — 7 (¢1)*(x)| < € for all x € My; and
e as symplectic representations (T,My,wy) =~ (TyMy,w;) for all
qge M.
Since M1 has a discrete-fixed set, ¢§ M; — R is a Morse function on M;
with critical set MlT . Since 7 is an equivariant fiber bundle, this implies that
7*(11)¢ is an invariant Morse-Bott function on M, and that the critical com-

ponent of 7*(11)¢ that contains p € M is the fiber 7—!(m(p)). Therefore,
the claim follows from Lemma 5.15. O

We are now ready to prove Claim 1. Let wj = [} (w; + ;)] € HF(My; R)
for each j € {1,...,k}. Since 7, = idys,, Lemma 1.1 implies that wg(r) #
wg(r') for all (r,r') € E. Therefore, Claim 1. of Theorem 5.5 is an immediate
consequence of Corollary 3.2 and Lemma 5.16.

Proof of Claim 2. of Theorem 5.5. Let a maximal subtorus 7' C SU(n+

1) act on (CP",w), and let ¢ be a generic component of the moment map
Y: CP" — t*. If [w] generates H%(CP™;Z) then

Ay =] %) —¢),
y)<e¢

o( (p)

where the sum is over all y € (CP™)T such that (y) < ¢(p). The next
lemma, which is the key ingredient in the proof of Claim 2. of Theorem 5.5
and Claim 3. of Corollary 5.8, generalizes this fact to other manifolds with
isomorphic cohomology rings.

Definition 5.17 Fix a GKM space (M,w, ) with GKM graph (V, Egkm)-
The magnitude of an edge (r,s) € Egkwm is

9(s) = 9lr)

) = e

Lemma 5.18. Let (M, w, ) be a Hamiltonian T-manifold with discrete-fized
set, and let ¢ = ¢ be a generic component of the moment map. Assume that

[w] generates H?(M;Z) and that H*(M;A) ~ H* ((CIP% dim M. A) as rings.
Given p € ML, fiz a subset S C {y € MT | p(y) < ¢(p)}. Then
o A, Hyes m can be written as the product of positive weights in
0* and a constant in Ay .



202 S. SABATINI AND S. TOLMAN

o If (M,w,v) is a GKM space with GKM graph (V, Eckm), then m(r, s)
is a unit in Ay for all (r,s) € Egkm such that o(r) < ¢(s). In
particular A, Hyes m can be written as the product of distinct
positive weights in IL,(M) and a unit in Ay.

Proof. Since the fixed set is discrete and ¢ is a perfect Morse function,
there is exactly one fixed point of index 2i for all i € {O, o 7%dim(M)}.
Therefore, there are exactly A(p) fixed points y with A(y) < A(p). Moreover,
by [LT, Lemma 2.7], the fact that [w] is integral implies that [w+1—(y)] €
H2Z(M;Z) for all y € MT. Therefore, we may define a class

o= Il w+v—vwl e HPV(M1:2),
A()<A(p)
where the product is over all y € M7 such that A(y) < A(p).
Since H? (M; R) = H% (CIP’% dim(M). R) for all ¢, [T, Proposition 3.4] (and
the fact that rational £ € t are dense) implies that
(7) o(y) < p(p) exactly if A(y) < A(p) for all y € M7T.

Since B(y) = 0 for all y € M7 such that A(y) < A(p), Lemma 1.2, Corol-
lary 1.3, and (7) together imply that we can write

g= Z LyYy,

Ay)>A(p)

where the sum is over y € M7 such that A(y) > A(p), v, € ng’\(y)(M;Z),
x, € HAP=220)(BT;7Z) for all y € M7, and {ytyenmr is a basis for
HY(M;Z) as a H*(BT;Z) module. Since p is the only fixed point with
index 2\(p), by degree considerations this implies that

(8) f = xpyp, where x, € Z.

Since [w]*®) is the image of § under the natural restriction map from
H}(M;7Z) to H*(M;Z), this implies that
(W) = z,y, forallpe MT
where 7,, the restriction of +,, generates H 2A(p) (M;Z). Moreover, since
we have assumed that [w] generates H?(M;Z) and that H*(M;A) ~
H* ((CIP% dim M. 4) as rings, [w]MP) generates H?*P)(M; A). Hence, the equa-

tion above implies that x, must be invertible in A. Therefore, evaluating
both sides of (8) at p,

1 1
Y A H ——— = €4
’ o(y)<p(p) Yp) —(y)
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Now observe that ¥ (p) — ¥(y) is the product of a positive integer and a
positive weight in £* for all y € M7 such that ¢(y) < ¢(p). This proves the
first claim.

If M is a GKM space, then since the GKM graph is % dim(M)-valent and
has %dim(M ) + 1 vertices, it is a complete graph. Therefore ¢(p) — ¥ (y) =
m(y, p)n(y, p) for all y € M™T; moreover m(y, p) € Z, and n(y, p) is a positive
weight in IL,(M) for all y € M7 such that ¢(y) < ¢(p). By (9) we have that

(10) = [I mu.p

¢(y)<e(p)
is a unit in A, which implies that m(y, p) is a unit in A, for all y,p € MT
such that ¢(y) < ¢(p). Finally, observe that the weights in II,(M) are all
distinct since M is a GKM space, and the second claim follows immediately.
(Notice that in the GKM case (7) directly follows from the fact that the
GKM graph is complete.) O

Remark 5.19. Fix a GKM space (M,w,) with GKM graph (V, Egkm);
assume that H*(M;R) ~ H*((CIF’%dimM;]R) and that [w] generates H?
(M;Z). Then by (10), the magnitudes of the edges of (V, Egkm) determine
the ring structure of H*(M;Z).

We also need a technical lemma.

Lemma 5.20. Let (M,w,) and (]Tj,fu,lz) be Hamiltonian T-manifolds,
and let w: M — M be a strong symplectic fibration. The natural restriction
map H}.(M;Z) — H* (]\/jp;Z) is surjective for all p € M, where J\/Zp is the
fiber 7= (m(p)).-

Proof. Let ¢ = 9¢ be a generic component of the moment map. Since M X7
ET i is c connected and 7 induces a fiber bundle M xr ET — M xp BT with
fiber Mp7 we may assume that 7(p) € M7 is the minimal fixed point. Hence,

Ay = 1

Consider any point ¢ € ]\/ZPT . By Lemma 1.2, there exists a class 7, €
H?F’\(Q)(M;Z) such that v4(q) = A, and ~4(r) = 0 for all » € MT < {q}
such that ¢(r) < ¢(q). By deﬁmtlon of strong symplectic fibration and

the paragraph above, A, = Aﬂ(q)A A,T(p)A_ = A . Therefore, if ﬂq

denotes the restriction of v, to Mp, then Bq(q) = A , and ﬁq( ) = 0 for

allr € ]\//.TqT ~ {¢} such thatﬁ(r) < ¢(q). By Lemma 1.2, this implies that

{ﬁ‘I}qu\Aﬂ is a basis for H}.(My;Z) as a H*(BT';Z) module. Hence, the map
P

HY(M;Z) — H:*;(]\/ip; Z) is surjective. Finally, since the fixed set is discrete,
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H*(MT;7) is torsion-free, and so the natural restriction map H}(]\/I\p; Z) —

H*(MP;Z) is surjective; see, for example, [T, Section 2. O

Proof of Claim 2. of Theorem 5.5. Let q; = mj(q) for all j, and let X; =
pjlll (gj—1) C M, be the fiber over g;_1. Note that the value of Z(y) does not
change if we multiply w; + %; by a non-zero constant or add any constant
to it. Moreover, by Lemma 5.20 the restriction map from HZ(M;;Z) to
H?*(X;;Z) is surjective. Therefore, since H*(X;;R) = R, we may assume
that [w;j + v;] lies in* HZ(Mj;Z) and that [w;|x,] generates H?(X;; Z).

Let JA\(;J denote the equivariant Euler class of the negative normal bundle
of ¢J£| x; at ¢ € Xj, and let Agj denote the equivariant Euler class of the
negative normal bundle of ¢§~ at g; € M;. By the definition of strong sym-
plectic fibration, Aq_], = Kq_jA;j_l for all j. Since My is a point, this implies
by induction that

k
A, =TT A,
j=1
Therefore, to prove the claim it is enough to prove that given h €
{1,...,k} such that the fiber X} satisfies H*(Xp;A) ~ H*((CIP’%dith;A)
as rings, r and s in M} such that 7,(s) = m,(¢) = qn, and a path 7 from r
to s such that h(vy;,vi+1) = h for all ¢ € {1,...,|v|}, if we define

[yl —

_ A- Vp(Vit1) — @h(%‘) Qi (Vis1)
w0 =4, 11;[1 Un(@) = n(v) Ay,

—
—
—_—

then

(al) Ep(7) can be written as the product of positive weights in ¢* and a
constant C' in A; moreover, C' > 0 if (') is positive for all (r,7') € E.

(bl) If (Mg, wk, ¥y) is a GKM space, then Zp,(y) can be written as the prod-
uct of distinct positive weights in I, (M) and a constant C in A. Finally,
if O(r,7") > 0 for all (r,r') € E, then C' > 0; similarly, if O(r,7’) € A*
for all (r,r') € E, then C' € A*.

To prove this, first note that since h(v;,vi+1) = h for all ¢ and 7(s) =
m(q), mh(7vi) € Xy, and 7 (y:) # mr(yie1) for all . So by Lemma 5.16 (or
Lemmas 5.11 and 5.13 if M}, is GKM)

(11) Uh() < P (yiq1) forall 1<i< ).

4Since the fixed set is discrete Hz(M;;Z) and H?(X;;Z) are torsion-free. Therefore,
we can identify these groups with their images in H%(M;;R) and H?(X;;R), respectively.
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Hence, m(vi) # mn(y;) for all i # j and @i(%) < Ei(s) for all 1 <
i < |y|. Therefore, since [w)|x,] generates H?*(Xj;;Z) and H*(Xp;A) ~

H* (C]P’% dim X . A), Lemma 5.18 implies that
(a2) K;h HM —L____ can be written as the product of positive weights

. =1 4y, (@)= (1i) .
in £* and a constant in A.

(b2) If (M, wk, Y1) is a GKM space then IA\;h Hllll m can be writ-
ten as the product of distinct positive weights in II;(M}) and a unit in
A+.

Here, in the case that M}, is a GKM space, we use the fact that by Remark 5.7

M; is also a GKM space for all j; moreover by Lemma 5.11 p; is a weight

preserving map for all j, hence m, is weight preserving as well and Iy, (X},) C

I1,, (My) is a subset of IT,(Mj).

Since [wp, + vp] is an integral class, Lemma 3.4 and (11) together imply
that for all 1 < i < |/,

A - Ay \Yi
(12) (n(vie1) = ¥n(v)) w
Yi+1
c A, and
Ay if a,(r)is positive V(r,r’) € E.

If My, is a GKM space then by Theorem 2.4, a;\(;/) = S((:”:,l)) for all (r,r') €

E. Moreover Lemma 1.1 implies that 5 (r) < 4 (1) and so 5(r, ') is positive
because it is a positive multiple of ¥y (") — ¢ (r). Therefore, if M}, is GKM,
then

(13) a,(r') is positive exactly if O(r,r") > 0 for all (r,7') € E.
Y (Vi 1) =5 (3i)

) n(Yi,¥i+1)
serving map. Hence by Lemma 5.18, we have that

Moreover, = m(mn (i), 7 (Vit1)) because my, is a weight pre-

(14) (n(vir1) — ¥n(n)) %A(%H) € AT & O(vi,vit1) € AX,

Yi+1
where A denotes the set of positive units in A. The claim now follows from
(a2), (b2), (12), (13) and (14). O

Proof of Corollary 5.8. The proof uses the following lemma.

Lemma 5.21. Let (M,w,v) and (Z\?,&,J) be Hamiltonian T-manifolds

with discrete-fixed sets, and let w: M — M be a strong symplectic fibration.
Let ¢ = ¢¢ be a generic component of the moment map. Given q € MT,
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consider the fiber ]\/Zq =71 Yn(q). If as € H%)‘(S)(M; A) is a canonical class
at s € ]\//_7;[, then there exists oy € H7.(My; A) such that

Ao

Proof. Define p = ﬂ*(i)f: M — R. Since M has a discrete-fixed set,

{/;’5 : M — R is a Morse function with critical set MZ. Since 7 is a fiber
bundle, this implies that @ is an invariant Morse-Bott function on M and

Ol :as|]\7[q.

that the critical component of ¥ that contains ¢ is the fiber ]\/4\ Moreover,
the index of ¥ at M, is 2X\(7(q )), and the equivariant Euler class of the
negative normal bundle of @ at M is A ()" By the definition of strong sym-
plectic fibration, Lemma 5.14 and Lemma 5.15 imply that for any s € ]\/ZqT
the restriction of o, to ! ( — 00, (g) — &) vanishes for all § > 0. Thus, by
a standard Morse theory argument, there exists ag € H%A(s)fz)‘(ﬂ(q))(ﬂ/fq; A)
such that A, & = a4l - O
m(q) My

Proof of C’omllary58 Since 7 is a strong symplectlc fibration, A =

A ()A* A ()AS and A(s) = M7(q)) + A(s) for all s € MT Hence,

//\\(r) < )\( ) exactly if A(r) < A(s) for all r and s in MqT.
By Lemma 5.21, for all s € ]/\4\qT there exists a class a, € H%/\(S)(M\q;A)
such that K;(q)as = ozs|]\7[q. Since o € H%)‘(S) (M; A) is a canonical class, the

paragraph above implies that a; is a canonical class at s on ]\/Zq with respect
to the restriction (| 17.- This proves the first claim. Moreover, applying The-
q

orem 0.3 (and Remark 3.1) to ]\/Jq, we have

11

(15)  as(q A* Z H il %H %7)1) a?\(?iﬂ) for all s € ]/\4\57

Yi+1

762

where E(s, q) is the set of paths from s to ¢ in the canonical graph associated
to ]\/Zq.

Now, we can apply Theorem 5.5 to m: M — M. Observe that a path
¥ = (V- Vy+1) from p to g lies in C(p,q) exactly if there exists j €

{1,...,]y|+1} such that 7(v;) # w(vi+1) for all i < j and 7(~;) = 7(7y;41) for
all ¢ > j, that is, so that (y1,...,7;) belongs to X(p,~;), and (v;, . . . s Yyl +1)

belongs to i(’yj,q). Hence, since A, A A ()’ the second claim follows

immediately from (15) and T heorem 5.5.
Finally, the third claim follows from (al) and (b1). O
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Remark 5.22. Claim 1. of Corollary 5.8 is much easier to prove for GKM
spaces. To see this, let (M,w,1) and (M,@,J) be GKM spaces, and let
m: M — Mbea strong symplectic fibration. Let ¢ = ¥¢ be a generic compo-
nent of the moment map. Assume that canonical classes o, € H, 2P )(M ; A)
exist for all p € MT. By Remark 4.3 in [GT], this implies that ¢ is index
increasing on M. Since 7 is a strong symplectic fibration, (M\q,w| i, Y| i, )
is a GKM space for all ¢ € M T, and its GKM graph is just t the restriction
of the GKM graph of M to MT Moreover, A(s) — A(r) = )\( ) — )\( ) for
all r,s € M, MT ; SO 90\ is also index increasing. Therefore, the claim follows
from Theorem 24.

In our final lemma, we show how to express the polynomials P(~y) appear-
ing in Corollary 5.8 in terms of the magnitudes of the edges of the GKM
graph associated to the base; see Definition 5.17.

Definition 5.23 Fix a GKM space (M,&, {bv) with GKM graph (‘7, EGKM),
and let 1)¢ be a generic component of the moment map. Given an ascending
path ¥ = (31, ...,75/+1), the set of skipped vertices of 7 is defined to be

SV(H) = {r eV ’@Zg(r) <t (V5141) } S A AR )

Lemma 5.24. Let (M,w,v) and (M,CD,{/;) be GKM spaces with GKM
graphs (V, Ecxm) and (V EGKM) and let 7: M — M be a strong sym-
plectic fibration. Let ¢ = ¢ be a generic component of the moment
map. Assume that ¢ is index increasing. Also assume that H*(M, A) ~

Given p and s € M and a horizontal path v = (71, . .. s V1) from p to
s in the canonical graph (V, E), define

el

W (( %+1 — (1)) o, (vir)
H w( ¢<7T(7z)) A';i+1 .

Then

o]
oy (), T (1)) O (i, Vi)
PO =110 =) 11

Proof. Observe that by Theorem 2.4, canonical classes o, exist for all
p € MT and (V,E) C (V, Egkum). By Lemma 5.11, 7 is weight preserving;
hence (Vi vi+1) = n(7(7), m(vi+1)) for all 4, and by the definition of magni-

tude (1 (i41)) (1 (%)) = (v, Yia1)m (%), 7(yi41))- Since H*(M; A) =

n(r,m(s)).
reSv(n(y))



208 S. SABATINI AND S. TOLMAN

o* (CIP’% dim(ﬂ); A), (‘7, EGKM) is a complete graph (see the proof of Lemma

5.18), and 50 ¢ (m(s)) = (m (7)) = n(w(y:), 7(s))m(w(7), 7(s)) for all i < |/,
Moreover, by Lemma 1.1, v is an ascending path; hence Lemma 5.12 implies

~ A7
that 7(7) is ascending as well (with respect to 1¢), and so H‘zl‘l TWET)(?T(S))) -
IL esv(n(y) n(r;m(s)). Finally observe that by Theorem 2.4 % -
©0iit1) for all . )

N(VirYit+1)

6. Positive integral formulas for Schubert classes

We are now ready to apply our results to the important special case of coad-
joint orbits. Our main goal is to get positive integral formulas for equivariant
Schubert classes on generic coadjoint orbits of type A,, By, Cy, and D,,.

Let G be a compact simple Lie group with Lie algebra g, and let (-,-)
denote the natural pairing between g* and g. Let T' C G be a maximal torus
with Lie algebra t, R C t* denote the set of roots, and W the Weyl group
of G. Let (-,-) be a positive definite symmetric bilinear form on g which is
G-invariant; we use it to embed t* in g*.

Given a point pp € t*, consider the coadjoint orbit O,, = G - pg. Let
P,, C G be the stabilizer of py; the map that takes g € G to g-po € O,
induces an identification Op, = G/ P,,. There is natural G-invariant complex
structure J and a compatible symplectic form w (the Kostant-Kirillov form)
on Op,; the moment map is the inclusion map O,, — g*. Hence, the moment
map v¥: Oy — t* for the T action is the composition of this inclusion with
the natural projection from g* to t*. Moreover, (O, w, ) is a GKM space.
(See [GHZ].) Finally, we will say that Oy, is generic if pg € t* lies in the
interior of a Weyl chamber.

6.1. The canonical graph of a generic coadjoint orbit. Fix a generic
coadjoint orbit O,. As we will see, in this special case, the canonical classes
exist and are exactly the equivariant Schubert classes. The main goal of this
subsection is to give an explicit description of the associated canonical graph,
including all labels.

Proposition 6.1. Let the maximal torus T of a compact simple Lie group G
act on a generic coadjoint orbit Op, C g* with moment map ¥ : O,y — t*. Let
© = 1Y% be a generic component of the moment map that achieves its minimal
value at py € t*, and let RT = {a € R | (a,&) > 0}. There exist canonical
classes oy € HZQF/\(p)(Opo; Z) for all p € (’);;FO. Under the identification of the

Weyl group W with (9;; given by w — w(py), the canonical graph is (W, E),
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where
Y(w) =w(po) for allw e W,
E={(w,wsg) e W x W ’ l(wsg) =l(w)+1 and B € R}, and
aw(PO)(w/(pO)) _ 1
Doy 0)
We begin by describing the GKM graph.

for all (w,w') € E, where w' = wsg and B € RT.

Lemma 6.2. Let the maximal torus T of a compact simple Lie group G
act on a generic coadjoint orbit Op, C g* with moment map ¢ : Op, — t*.
Let ¢ = ¢ be a generic component of the moment map that achieves its
minimal value at py € t*, and let Rt = {a € R | (a,&) > 0}. Under the
identification of the Weyl group W with (’)go given by w — w(pg), the GKM
graph is (W, Eqkm), where

w(w) = wipo) for all we W,
Eqxm = {(w,wsﬁ) eWxW ‘ 08 e R}, and
n(w,w’) = w(B) = —w'(B) for all (w,w') € E, where w' = wsz and B € RT.
Proof. As proved in [GHZ], the GKM graph (V, Egkm) of the coadjoint
orbit O, can be described as follows:

e The map from the Weyl group W to t* which takes w to w(pg) induces
a bijection between the elements of the Weyl group and the vertices
V= (9;{0 C t* C g*. The restriction of the moment map 1 to V is the
inclusion map, that is, ¢)(p) =p forallp e V.

e There exists an edge e € Egkym between two vertices p1 = wi(po)
and py = wa(po) if and only if wy = s,wy, where s, is the reflection
associated to some a € R. In this case, the weight n(p1,p2) is the
unique a € R such that wy = s,w; and (pa, o) > 0.

In particular, the set of weights of the isotropy representation on (7,0p,,w) is
(16) I,(Op) ={a € R| (p,a) >0} forallpeV.

Since pg is the minimum, (a,§) < 0 for every weight « € II,,(O,, ). By (16),
this implies that

(17) (po,a) <0 forall a € R,
Moreover, it is easy to check that
(18) Swgyw =wsg for allw € W and § € R.

Since the Weyl group takes R to itself, this implies that there exists an
edge e € Egkm between two vertices py = wi(po) and pa = wa(pg) if and
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Po Po

Figure 1. The GKM graph and the canonical graph of a
generic coadjoint orbit of SO(5).

only if wy = wysg for some 3 € RT. In this case, since (-,-) is G-invariant,
(17) implies that (p2,w2(5)) = (w2(po), w2(B)) = (po,B) < 0. Therefore,
n(p1,p2) = —w2(B) = —wis3(8) = wi (). O

In Figure 1, we draw the GKM graph of a generic coadjoint orbit of SO(5)
through the point pg = —2x1 — 2 (here every pair of edges (p, ¢) and (g, p) is
represented by one single edge), together with the canonical graph associated
to a component of the moment map, which achieves its minimum at pg.

We will need the following standard facts about root systems [Hum].
Given a set of positive roots R™, let Ry C R' be the associated simple
roots. Every element w of the Weyl group W can be written as a product
of simple reflections, i.e., w = s1,...,s,, where s; = s,, and o € Ry for
all i = 1,...,7 [Hum, Section 1.5]. The length of w, denoted I(w), is the
smallest r for which such an expression exists. Any such expression with
r = [(w) is a reduced expression for w.

1. Given w € W and 3 € RT, l(wsg) > l(w) exactly if w(f) € RT [Hum,

Section 5.7].

2. If w = s;---5, is a reduced expression for w € W, where s; = s,, for

some «; € Ry for all i, then (see [Hum, page 14])

R nw ' (=R") ={p,...,B.} where 8 = s, s5;11(c;).
Moreover, the 3; are distinct.

Lemma 6.3. Let the maximal torus T of a compact simple Lie group G
act on a generic coadjoint orbit Op, C g* with moment map ¥: Oy — t*.
Let ¢ = ¢¢ be a generic component of the moment map that achieves its
minimal value at py € t*, and let Rt = {a € R | (o,&) > 0}. Then for any
w € W with reduced expression w = 81 ...8,

H;(po)(opo) ={m,...,nr},  wheren; = s1---si—1(a);
moreover, the n; are distinct. Therefore,
Ap) = l(w), for allp=w(py) € V.
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Proof. By Lemma 6.2, I,y (Op,) = w(—R"). Thus, since the set of weights
I1; (Op,) in the negative normal bundle at p is the set of positive weights in
the representation (1,0,,,w),

(19) I (Opy) = R" Nw(—R") = —w (R* Nw™ ' (~R"))
for all p=w(pg) € V.

Hence, the first claim follows directly from Fact 2. above. Since A(p) =
ITL, (Op, )|, the next claim is immediate. O

By Theorem 2.4, the next lemma demonstrates that canonical classes
exist on Oy, thus proving the first claim of Proposition 6.1. Recall that ¢
is indez increasing exactly if A\(p) < A(q) for every (p,q) € Egkm such that

e(p) < »(q).

Lemma 6.4. Let the maximal torus T of a compact simple Lie group G act
on a generic coadjoint orbit Op, C g* with moment map : Oy, — t*. Then
each generic component of the moment map, @ = ¥, is index increasing.

Proof. Assume that ¢ achieves its minimum value at py € t*, and define
Rt ={a € R| (a,&) > 0}. Consider an edge (p1,p2) = (w1(po), w2(po)) €
Egkum so that ¢(p2) > ¢(p1). By Lemma 6.2, there exists 8 € RT so that
wy = w8z and N(p1, p2) = wi(B). Since Y(p2) — ¥ (p1) is a positive multiple
of n(p1, p2), the fact that p(p2) > ¢(p1) implies that wy(3) € RT. By Fact
1. above, this implies that [(w2) = l(wisg) > {(w1). Therefore, Lemma 6.3
implies that A(p2) > A(p1), as required. O

Given a choice of positive roots R*, O, can be identified as a T-space with
the flag variety G¢ /B, where G is the complexification of G and B is the
Borel subgroup associated to RT. In the Schubert calculus literature, there
is a well-know basis for H7(Gc/B;Z), whose elements are called equivariant
Schubert classes.

Define

(20) Ay =][fne R |w'(n) e -R'}.

For every w € W there exists a unique element K, € H%l(w)(G(C/B;Z)
satisfying the following conditions:

(1) Ky(w') =0 for all w’ € W\ {w} such that [(w") < l(w).

(2) Ky(w) =Ag,.

Moreover the set {Ky }yew is a basis for H}.(Gc/B;Z) as a module over
H*(BT;Z) (see [Kul).

Proposition 6.5. Let the maximal torus T of a compact simple Lie group
G act on a generic coadjoint orbit Op, C g* with moment map : Opy — t*.
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Let ¢ = ¢¢ be a generic component of the moment map that achieves its
minimal value at pg € t*, and let {ap}peog“o be the canonical classes. Let G¢

be the complexification of G, B the Borel subgroup associated to RT = {«a €
R | (o,&) > 0}, and {Ky}wew be the set of equivariant Schubert classes.
The canonical classes are the equivariant Schubert classes, i.e.,

O‘w(po)(w/(po)) = Ky(w')  for allw,w' € W.

Proof. Since, by [GT, Lemma 2.7], canonical classes are characterized by
properties (1) and (2) in Definition 0.1, it is sufficient to prove that the
equivariant Schubert classes also satisfy these properties. But this follows
immediately by observing that Lemma 6.2, Lemma 6.3, and (20) imply that
(1) is equivalent to (1) and (2) to (2'). O

The explicit description of the canonical graph given in Proposition 6.1 fol-
lows immediately from Theorem 2.4, Lemmas 6.2 and 6.3, and the following
proposition, which describes the integers ©(p, q) that appear in Theorem 2.4.

Proposition 6.6. Let the maximal torus T of a compact simple Lie group
G act on a generic coadjoint orbit Op, C g* with moment map ¢ : Op, — t*.
Let o = ¢ be a generic component of the moment map. Then

O(p,q) =1 for all (p,q) € Eckm with X(q) — A(p) = 1.

Proof. Assume that ¢ achieves its minimum value at pg € t*, and let RT =
{a € R | (&) > 0}. Consider an edge (p,q) = (w(po),w'(po)) € Eckm
such that A(q) — A(p) = 1. By Lemma 6.2, there exists 3 € Rt so that
w' = wsg and n(p, q) = w(F). By (18), we can also write w’ = sqw, where
o = w(B) = 1(p.q).

Let IL; (Op,) and 11 (Op, ) denote the set of weights in the negative normal
bundle of ¢ at p and ¢, respectively. In order to prove that O(p,q) = 1, it
is sufficient to find a bijection f: IL;(Op,) — I (Op,) \ {a} such that for
each n € I, (Op,), n = f(n) mod a, i.e. there exists an integer n such that
70p) = =nav

Let w' = s182--- s, be a reduced expression for w’, where s; = s,, for
some «; € Ry for all i. By Lemma 6.3 [(w') = [(w) +1 > I(w). Therefore, by
the Strong Exchange Condition (see [Hum, Section 5.8]) w = s1---5j---s,
for some (unique) j, where §; indicates that we are omitting the j’th term.
Let w = sys2---sj—1. Then by (18) we have that for all j <k <,

8182 S = WS;j8541 Sk = Sﬁ(aj)ij_;_l e S = Sw(aj)slsg cr S5 Sk
: ! __ —
In particular, w’ = $g(q,)w, and SO Sg(a;) = Sa- Hence,

5182+ Sg(agp1) = 818255+ Sp(agy1) mod a forall j <k <7
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Moreover, the fact that I(w') > Il(w) implies that « > 0. Therefore,
Lemma 6.3 implies that w(o;) = «,

H; ~ {Oz} = {041, R TR Sj_g(aj_l), 81> sj(aj+1), e, 81 sr_l(ar)},
and

I, ={o, ..., 81 sj-a(ej-1), 81+ 8j-1(j41), 8100+ 55 -+ - Sp—1(ay) }
The claim follows immediately. ]

Remark 6.7. Let w; and wy be two elements of the Weyl group W such
that [(w1) < I(w2) and wy = wisg, for some B € R; in this case, we will
write w1 — wo. The Bruhat order is the transitive closure of this order, i.e.,
w < w in the Bruhat order if there exists a sequence of elements of the Weyl
group wg, Wi, . .., Wy, such that wy = w, w,, = v’ and w; — w;y; for all
1=0,...,m— 1. By Lemma 6.2, 6.3 and 6.4, w < w’ exactly if there exists
an ascending path from w to w’ in (V, Egkm).

6.2. Maps between coadjoint orbits. Before turning to consider indi-
vidual Lie groups, we need to establish a few facts about the maps between
different coadjoint orbits.

Consider two points pg and pg € t* such that P5, D P, where P, and Pj,
are the stabilizers of pg and py, respectively. Let O, and O, be the coadjoint

orbits through pg and py, respectively, and let (V, Egxm) and (‘N/, EGKM) be
the GKM graphs associated to O, and Oj,, respectively. Since Op,, = G/ Py,

and Oy, ~ G/P;,, there is a natural projection map

o Op —  Op
g-po — g-Do-
Proposition 6.8. The natural projection w: Op, — Op, described above is
a strong symplectic fibration.

Proof. 1t is well known that m is a T-equivariant fiber bundle with sym-
plectic fibers, isomorphic to Py, /P,,. Moreover, we can choose the complex

structures J and J on Op, and Oy, so that 7 intertwines them. Hence, the
claim is a direct consequence of the discussion in Example 5.2 (1). ]

Given any fixed point ¢ € Ogo, let @q = 7~ 1(n(q)) be the fiber over 7(q).
It is a GKM space; the associated GKM graph is just the restriction to the
fiber of the GKM graph associated to O,,. These fibers are equivariantly
symplectomorphic, but only with respect to a non-trivial automorphism of
the torus. In [GSZ], the authors analyze projections of GKM spaces from a
combinatorial point of view, and describe how the GKM structure of different
fibers changes. As our next result shows, this is particularly well behaved
when O, is a generic coadjoint orbit.
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Proposition 6.9. Assume that Oy, is a generic coadjoint orbit. Let ¢ = s
be a generic component of the moment map that achieves its minimal value

at pg € t*. Given any s € O;;FO, let ag € HZQF)‘(S)(@S;Z) be the canonical
class® at s with respect to 90’(557 regarded as a map from @sT to H*(BT;Z).
Let 7 € W be an element of the Weyl group such that 7(pg) is the point in
O ) at which g0|@T(p0) achieves its minimum value. Then

O

7(po
Gr(r)(7(8)) =7 (@,(s))  for allr,s € OF .

Here, by a slight abuse of notation, 7: H*(BT;Z) — H*(BT;Z) is the map
induced by T: t* — t* under the identification H*(BT;R) ~ Sym(t*).

Proof. To begin, consider any element g in N(T'), the normalizer of T. With
respect to the automorphism of T' given by ¢ — gtg~', the maps f: Opy —
Op, and f: Oz, — O, given by left multiplication by g are equivariant
symplectomorphisms; moreover, f~'07r = mof. Hence, f induces an equivariant
symplectomorphism from @po to @g-po-

So assume that g represents 7 € W = N(T)/T), that is, 7 = Ad,: t* —
t*. Since Adz,l is the transpose of Ady, the homomorphism ¢ — gtg™?
and the linear transformation Adz,l = 71 induce the same automorphism

of H*(BT;Z) C Sym(t*). Hence, if we fix any r € O] ,

H*(BT;Z) defined by s — 7 1(a;((7(s))) is an equivariant cohomology

AT
the map O, —

class on 6100' In fact, this class is the canonical class on 5p0 at r with respect
to the restriction of 1%, where ¢ = Adg-1(8).

Finally, since O, is a generic coadjoint orbit, the set of weights II;(Op,)
of the isotropy representation on the tangent space at the fixed point s € Op,
agrees with I, (O,,) up to sign, that is, II;(Op,) U —115(Opy) = IL,, (Op,) U
—I1I,,,(Op, ). Since  is a strong symplectic fibration, this implies that — up to

sign — I15(O,,) agrees with II,,, (Op, ) for all fixed points s € Op,. Because pg
is the point in O, where both ¢¢ and ¢¢ achieve their minimum value, this

implies that (a,&) > 0 exactly if (o, &) > 0 for every weight a € Hs(@po)
and each fixed point s € Op,. Hence, by [GT, Remark 2.4] the canonical
classes on O, with respect to the restriction of Yt are exactly the canonical

classes with respect to the restriction of v%. (I

Finally, given the projection m: Oy, — Op,, we can describe explicitly

how to lift ascending paths in (17, EGKM)

5These classes exist by Corollary 5.8 and Proposition 6.8. Here, 2X(s) is the index of
@l 5, at s.
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Lemma 6.10. Let ¢: Oy — R be a genemc component of the moment map.
Givenp € V and an ascending path 5 in (V, Eqxwm) that begins at 7(p), there
exists a unique path v of length |5| in (V, Egxm) such that

o v begins at p,

o V(n(v)) =V(7), and

® AMi+1) > A(yi) for all i
If Yiy1 = sp,(%i) for Bi € R for each 1 < i < ||, then the endpoint of v is
w(p), where

W= S8 S35 _y - 5B

Proof. Fix p € V. Since 7 is an equivariant fiber bundle, there is a unique
lift v of each path 7 starting at p, that is, a unique path ~ of length |7
n (V,EgkMm) that starts at p such that 7(v;,vir1) = (3i,Yit1) for all i.
By Lemma 5.12 and Lemma 6.4, A\(vi+1) > A(v;) for all 7 exactly if 7 is
ascending; this proves the first claim. The second claim is an consequence of
the fact that 7: O,y — Op, satisfies 7(w(po)) = w(m(po)) for allw € W. O

6.3. Generic coadjoint orbits of type A,.As we will see below, a
generic coadjoint orbit of SU(n) is a tower of complex projective spaces over
Z. Therefore, Theorem 5.5 (together with the results of Section 6.1) imme-
diately implies that in this case each restriction of any equivariant Schubert
class can be expressed as a sum of terms Z(vy) over certain paths 7, where
each term is the product of distinct positive roots. In Proposition 6.11 below,
we give this description explicitly; this formula is equivalent to a particular
case of the combinatorial formula given in [AJS] (Appendix D.3) and [B],
as proved by Zara in [Za)].

Let G = SU(n+ 1), and let T C G be the subtorus of diagonal matrices.
Under the natural identification of the dual of the Lie algebra of T as t* =
{,u € (R™+1)* ‘ Z:‘Jrll Wi = O} the roots are the vectors z; — x; € t* for all
1 < i # j < n. Here, and throughout this section, {x;}/"]' is the standard
basis of (R"*1)*. The Weyl group S,,+1 of G is the group of permutations of
n + 1 elements.

Proposition 6.11. Let B C G¢ be the Borel subgroup associated to the posi-
tive roots Rt = {x;—x; | 1 <i < j < n+1}, where Gg is the complexiﬁcation
of G = SU(n+1). Given w and w' in Sp41, let Ky, EH ( c/B;Z) be
the equivariant Schubert class associated to w. Let C(w, w) be the set of
tuples ¢ = (01,...,0)g|41) € (Spy1)l2H such that oy = w, Olgl+1 = W', and
the following properties hold for all 1 < i < |g|:

o l(0it1) =l(oy) + 1;

® Tit1 = 0 Sz, —ay, for some 1 < h; <k; <n+1; and

o h; < hiqq.



216 S. SABATINI AND S. TOLMAN

1) For all w and w' in Spi1,
+

Ky(w') = Z E(g), where

E(o) =A, |1 for all g € C(w,w').

i—1 Loi(hi) = Lo (ha)

(2) For all o € C(w,w"), Z(0) is the product of distinct positive roots.
Proof. For each 0 < j < n, fix a point
J * J J J R
p € t" such that py <--- <y <pjg == s

for simplicity assume that 7, = p} + 1. Let (O,;,w;, ;) be the coadjoint
orbit through p’ for each j. Observe that O, is a single point and that
O, is isomorphic to FI(C"T1), the variety of complete flags in C"*!. The
stabilizer of p/ is

Py=SU@1)x--xUQ1)xU(n—j+1)) forall j;

in particular, P,;+1 C P,;. By Proposition 6.8, the natural projection map
pj: O#j+1 — (’)#j is a strong symplectic fibration with fiber PM /P#jJrl ~
CP™ 7 for all 0 < j < n. So O,n is a tower of complex projective spaces
over Z.

Fach element o € S,41 can be represented in one line notation by o =

o(1),...,0(n+1); the action of o on a point y = Z?:Jrll piz; € t* is given by

o(u) = Z?jll HiTo(s)- Let 5 = pjopjp10---0py1: Oyn — O, and define

h(o,0') =min{j € {1,...,n} | m(o(p™)) # 7j(c' (1))} Vo # ¢’ in Sp1.

Fix any distinct o and o’ in S,,41. Since 7j(o (")) = o(p/) and ,ug = “§+1
exactly if i > j, mj(o(pu™)) = mi(o’(u™)) exactly if o(i) = o’(i) for all 0 <
1 < j. Hence,

h(o,0') =min{j € {1,...,n} | o(j) # 0'(4)}; in particular
ho,08z,—2,) =h foralll<h<k<n-+1.

Let @j = 1 (1)j): Opyn — t* for all j. Since ;: (9/7;]. — t* is the inclusion

map, ¥, (o(u") = S plagq for all j. Since S (2,0(m) — To(m)) = 0
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and ,u? +1= ,u§+1 =...= ,uijﬂ, this implies that for all j

j
= Z (ul, — u§+1)(wal(m) — Ty(m)); therefore,

U0 (1) = P(a(u™)) = T4y — Tor(j) for all j < h(o,a’).
Thus, for all 1 < h < k <n+1 we have

V1 (082, -2, (1)) = p (0 (1) = To(ny — Tok) = o (Th — k).

To conclude, let p = ¢$L: O,n» — R be a generic component of the moment
map that achieves its minimum value at p'. By the definition of y™, the set
R coincides with {a € R | (a,&) > 0}. So by Proposition 6.5, canonical
classes on Oyn correspond to equivariant Schubert classes on G¢/B through
the usual identification of (’)En with W. Both claims now follow directly
from Theorem 5.5 and Proposition 6.1. (Here, we also use the fact that
h(Ji, Ui+1) < h(Ui,O"gH_l) for any g = (01, R vU\g|+1) S C(w,w').) O

6.4. Generic coadjoint orbits of type C,,. Let G = Sp(n) be the sym-
plectic group, i.e. the quaternionic unitary group U(n;H). As we will see
below, a generic coadjoint orbit of Sp(n) is a tower of complex projective
spaces over Z. Therefore, Theorem 5.5 (together with the results of Sec-
tion 6.1) immediately implies that in this case each restriction of any equi-
variant Schubert class can be expressed as a sum of terms =(-y) over certain
paths v, where each term is the product of distinct positive roots. In Propo-
sition 6.12 below, we give this description explicitly, cf. [Za].

Let T' C G be a maximal torus. We can identify the dual of the Lie algebra
of T as t* = (R™)*; the roots are the vectors +x; +x; € t* and +2x; € t* for
all 1 <i# j <n. Here, and throughout this section, {x;}?" ; is the standard
basis of (R™)*. The Weyl group W of G is the group of signed permutations
of n elements. Each element 7 € W can be represented in one line notation
by 7= (-1)0(1),...,(=1)"c(n), where ¢; € {0,1} for all i and ¢ € S,,.
Proposition 6.12. Let B C Gg¢ be the Borel subgroup associated to the
positive roots Rt = {z; £ a; | 1 <i < j <n}U{2z |1 <i<n},
where G¢ is the complezification of G = Sp(n). Given w and w' in W, let
Ky € H%l(w)(Gc/B; Z) be the equivariant Schubert class associated to w. Let
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C(w,w') be the set of tuples T = (T1,...,Tjz|+1) € Wt such that 71 = w,
Tizj41 = w' and the following properties hold for all 1 <i < |z|:

° l(TZ’_;,_l) = Z(Tz) +1;

o cither T4, = TiSay,, +ay, for some 1 < h; < k; <n or iy = TiS2ay,,

for some 1 < h; < n; and

o hy < hiy.
Let 7; = (—1)%0;(1), ..., (=1)%0;(n), where o; € Sy and 6;" € {0,1} for all
iand j.
(1) For all w and w' in W,

||

E(r) = A, H ! : for all T € C(w,w").

w 1
i+

i=1 (=1)™ Lojpi41(hi) — (_1)€hixai(hi)

(2) For all T € C(w,w'), 2(1) is the product of distinct positive roots.
Proof. For each 0 < j < n, fix a point
p? €t such that ,u{ <~-<u§ <0:,u§+1:-~:,u{'1;

for simplicity assume that ,u; = —1. Let (O,;,wj, ;) be the coadjoint orbit
through p/ for each j. Observe that O, is a single point. The stabilizer of
w s
M—Sl xSt x U —j;H) forall j;

in particular, P,;+1 C P,;. By Proposition 6.8, the natural projection map
pj: Ouiv1 — O,; is a strong symplectic fibration with fiber P, /P, ;1 =~
CP>=)=1 for all 0 < j < n. So O, is a tower of complex projective spaces
over Z.

Let 7 = (—1)%0(1),...,(—1)"0(n), where ¢; € {0,1} for all i and o €
Sp; the action of 7 on a point p = Y1, pz; € t* is given by 7(u) =
i (1), Let mj = pjopji10---0pp_1: Opn — O, and define

h(r. ') = minfj € {1,....n} | my(r(u") # ()} YT 7 7 in W.
(1)’ (1),. (~1)o’(n) in

du —,uJH—Oexactlylf1>],
o'(i

Let 7= (—=1)“0(1),...,(—=1)"o(n) and 7
)
=o'(i)and ¢, = ¢, forall 0 <i <j .

W be distinct. Since m;(7(p")) = 7(1?
7y (r(u) = (7 (")) exactly if o (i)
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Hence,

h(r,7") =min{j € {1,...,n} | 0(j) # 0'(j) or € # €;}; in particular,
(T, TSg,+a,) =h foralll<h<k<mn, and
h(7,7s25,) =h forall 1 <h<mn.

Let @j = 1 ()j): Oyn — t* for all j. Since ;: OZj — t* is the inclusion
map, 1/Jj(7'(,u”)) =3, pg(—l)eixa(i) for all j. Hence,

J
@j(T/(:u’n)) _@j@—(:u’n)) - Z /dn ((_1)6%1'0'/(770 - (_1)6mxa(m)) for all Js
and so

(7' (p") — (T (p")) = ((_1)ija(j) - (—1)69%/(;‘)) for all j < h(r,7');
therefore

O (T8t (1) = Vp(T(1") = (1) 2o F (1) * 2oy = o(zh £ 1)
foralll1 <h <k <n,and

D (7820, (1) = B (T (1) = (~1)* (225)) = 0(22) for all 1 < h <.

To conclude, let ¢ = wﬁz O,» — R be a generic component of the moment
map that achieves its minimum value at u”. By the definition of ", the set
R™ coincides with {a € R | (o,€) > 0}. So by Proposition 6.5, canonical
classes on Oyn correspond to equivariant Schubert classes on G¢/B through
the usual identification of O;‘fn with W. The claim now follows directly from
Theorem 5.5 and Proposition 6.1. (Here, we use the fact that h(7;, 7i41) <
h(Ti, Tig|41) for any 7 = (71,...,7jr41) € C(w,w').) O

6.5. Generic coadjoint orbits of type B,. The main result of this sec-
tion is an inductive positive integral formula that expresses the restrictions
of the equivariant Schubert classes on a generic coadjoint orbit of type B,
in terms of products of distinct positive roots with positive integer coeffi-
cients, and the restriction of equivariant Schubert classes on a generic coad-
joint orbit of type B,_1. To find this formula, we will apply Corollary 5.8
to the natural projection from a generic coadjoint orbit of SO(2n + 1) to
Gry (R?"*1)] the Grassmannian of oriented 2-planes in R?"*1,

Let G = SO(2n+1), T C G be a maximal torus, and W be the associated
Weyl group; assume n > 1. We can identify the dual of the Lie algebra of T’
with (R™)* so that the set of roots is

R={xx;+z; |1<i<j<njU{zxz;|1<i<n}Ct.



220 S. SABATINI AND S. TOLMAN

Let G = SO(2n — 1). We can identify the dual of the Lie algebra of a
maximal torus T' of G with the set of (ay,...,a,) € t* such that a; = 0.
This identifies the roots of G with the set

R={4z+z;|2<i<j<n}U{tz;|2<i<n}CR,

and the Weyl group W Of G with the subgroup of W generated by reflec-
tions across the roots in R moreover, it induces a map from H *(BT Z) to
H*(BT;Z). Equivalently, let V= {£z1, £x9, ..., £ }; W is the kernel of
the map m: W — V defined by m(w) = w(—z1).
To state our main theorem, we will need several additional definitions. Let
t={mitzj|1<i<j<n}U{z;|1<i<n}CR
be the set of positive roots. Define

(21) E={(r,753) e W x W |l(rsg) =1l(7) + 1 and § € R}.

Given w and w’ € W, let X(w, w’) denote the set of paths v = (y1,. .., Vjy+1)
from w to w' in (W, E) such that w(y;) # 7(vit1) for all i. Equivalently,
3 (w,w') is the set of paths from w to w' such that each edge is of the form
(1,753), where [(1s3) =l(17) + 1 and B € R\ R. Given a sequence 5 € V¥,
let V(¥) be the set of “vertices” of 7:

VA = {1, c V.
We need the following lemma, which we prove on page 222.

Lemma 6.13. Given any path v = (71,72, .-,V y41) € D(w,w’), the

sequence ¥ = w(y) = (m(11),7(12)s---»T(Vy41)) @8 a subsequence of
(=21, =Xy« oy =Ty Ty e v+, T2, X))

Definition 6.14 A path v € X (w, w’) with m(y) =7 is incomplete if both
the following conditions are satisfied:
(1) {m(w’), =w(w)} C V(7), and
(7i) v does not contain any edge e of the form (7,7s,,), that is, an edge
such that 7(e) = (—x;,x;) for some j € {1,...,n}.
Otherwise v is complete.
Definition 6.15 A path v € X(w,w’) with 7(y) = 7 is relevant if either it

is complete or if it is incomplete and ;)11 € V(7), where® k(y) = max{j |
{=zj,z;} CV()}-

S0Observe that if 7 is incomplete then condition (i) in the definition above implies that
{j | {—zj,z;} CV(H)} # 0 and—by Lemma 6.13—condition (ii) implies that k(y) < n.
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Finally, given a path v € ¥(w,w’), define

o7

o 1 m(Yit1) = 7(7i)
P(FY) - Afr(w’) E W(w’) — 7T(’YZ) 77(71’7 7i+1)

where K;(w,) is the product of the & € R" such that (r(w'),a) > 0 and
(sa(w')) # m(w').

The main theorem of this section can be stated as follows.

Theorem 6.16.ALet B c G¢ and Bc CAT’(C be zhe Borel subgroups associated
to R™ and R"NR, regpectively, where Ge and Ge are the complexifications of
G = SO(2n+1) and G = SO(2n—1), and other symbols are defined as above.

Given w and w' in W, let K, € H%l(w)(G(C/B; Z) be the equivariant Schubert
class associated to w, and let T € W be the shortest element such that w(7) =

m(w'). For all W € W, let Kg € H;l(@)(@(c/g; Z) be the equivariant Schubert
class associated to W, and let R(w,T7w) C X(w,TwW) denote the set of relevant
paths from w to Tw in (W, E).
(1) For all w and w' in W

k)= (X o) 7 (Ralru).

@eW YER(w,TD)
where for every v € R(w, TW)
P(v) if v is complete,
Q(v) = () 27 (w')
T(w') + Tp(y)+1

(2) Q(v) is the product of distinct positive roots and a constant which is
either 1 or 2 for all v € R(w, 7).

if v is incomplete.

Example 6.17 Consider the case that G = SO(5). Let w = s and w' =
51828182, where §1 = Sy, s, and sy = s,,. We want to compute K, (w’) using
Theorem 6.16. Since 7! (7(w')) = {r,w'} C W, where T = s1s951, T is the
shortest element in 7 !(m(w’)). Since W= {Id, s2} and 752 = w’, we need
to find the sets of relevant paths R(w,7) and R(w,w’). It is straightforward
to check that the following hold:

o S(w,7) = {1,74%}, where 7 = n(3)) = (~a1,22,21) and 7 =
(—x1, —w2,71); so the paths v! and 72 are incomplete, and v! is rele-
vant. Hence R(w,T) = {v'}; moreover, Q(y!) = x1.

o Y(w,w') = {7*}, where 33 = 7(y3) = (—x1, —x2, T2, 21); so the path
73 is complete and hence relevant. So R(w,w’) = {73} and Q(7?) = 1.
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Moreover I?Id =1, IA(SZ (s2) = x9 and 7(x2) = wo. Therefore, Theorem 6.16
implies that

Kp(w') = QY )T (Ka(s2)) + Q(v%)7(Key(52)) = 1 + 22

To prove Theorem 6.16, we need to translate it into geometrical language.
Fix a point

Woet suchthat,u{<~-<u§<0:,u§+1:'~:,u¥b for each 0 < j < n;

for simplicity assume that ,ug = —1. Let (O,;,wj, ;) be the coadjoint orbit
through i/ for each j. The stabilizer of 1/ is

SO(2) x -+- x SO(2) x SO(2n —2j +1) for all j;

in particular, P#i - P“j for all 1 < j < ¢ < n. Moreover, let ¢ = @Z)ﬁ: Oyn —
R be a generic component of the moment map that achieves its minimum
value at ™. Observe that, by the definition of ", the set R coincides with
{a € R | (o,&) > 0}. By Proposition 6.1, there exists a canonical class
ap € H%’\(p)(Oun;Z) for each p € (’)En. The map from W to Ogn given
by w +— w(u™) identifies the canonical graph of O,» with (W, E); we shall
identify these without further comment. Moreover, by Proposition 6.6 and
Lemma 6.3, O(r,7") = 1 for each edge (r,r’) in E.

Let m: Oyn — O,;1 be the natural projection. Note that X(w, w') is exactly
the set of horizontal paths (with respect to ) from w to w’; see Definition 5.9.
Moreover, given any v € S(w,w'), the projection ¥ = 7(7) is an ascending
path in the GKM graph (V,EGKM) associated to (O,1,w1,%1) by Lem-
mas 5.11 and 5.12; this proves Lemma 6.13. Finally, note that (17, EGKM) is
a complete graph, where V = {£z1, £29,...,+2,}, and that K;(w,) is the

equivariant Euler class of the negative normal bundle of ¢ = w%: Op —R
at m(w').

Remark 6.18. By Proposition 6.8, the natural projection map p;: O,j+1 —
O, is a strong symplectic fibration with fiber the Grassmannian
P,i/P,+ ~ Gri(R* 2t for all 0 < j < n. Hence, since H*
(Gry (R2n=2+1): Z[1]) ~ H*(CP*"%~1Z[3]) and O(r,1’) = 1 for each
edge (r,7’) in E, Theorem 5.5 (together with Proposition 6.5) immediately
implies that, for any w,w’ € W we can express the restriction K,,(w') as a
sum of terms =(vy) over paths v € C'(w, w’) where each term is a polynomial
in the simple roots with positive rational coefficients; more precisely, Z(vy)
is the product of distinct positive roots and a constant that is a (possibly
negative) power of 2; cf. [Za].
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To prove the theorem, we need to analyze how the expression of P(7)
changes depending on whether ~ is complete or incomplete.

Proposition 6.19. Let v = (71,...,Vy+1) be a path in S(p,s). Let ¥ =
7(7y) and let SV () be the skipped vertices of ; see Definition 5.23. Then

1 or2 if~ is complete, and

P(y)=c H n(r,m(s)), wherec=< 1 S
reSV ) 3 if v is incomplete.

More precisely, ¢ = 2 exactly if neither condition in Definition 6.14 is satis-

fied.

Proof. The edge (—xzj,z;) € EGKM has magnitude 2 for all j; all the other

edges (r,7") € Egkm have magnitude 1; see Definition 5.17. Moreover, by
Lemma 6.13, 7 can have at most one edge of type (—z;, z;). Therefore, since
O(r,r") =1 for all (r,7’) € E, the claim follows from Lemma 5.24. O

We also need the following two lemmas.

Lemma 6.20. Let 7 be a path in X(p,s). If {—x;,2;} C V(n(y)) for some
I <mn, then {—zi31, 2101y NV (n(y)) # 0.

Lemma 6.21. Let v be a path in X(p,s) such that {—x;,2;} C V(m(v))
for some 1. If {—zi41, 241} NV (7(y)) = {x41} for some I, then there
exists a unique path v € X(p,s) such that V(mw(v')) is obtained from
V(m()) by replacing the vertex x;41 with —x;11. That is, —x111 € V(7 ()
and V(r(y) ~ {—zi11} = V(r(y)) ~ {xip1}. A similar claim holds if
{—zi11, 2} NV (7 (7)) = {—2i31}-

To simplify the proof of these lemmas, let s; = sy, —4,,, denote the reflec-
tion across the root z; — x;4q for all l € {1,...,n — 1},

We recall the following relations; for all I € {1,...,n — 1} and j €
{1,2,...,n} with j ¢ {[,l + 1}

Sx; = 8l5x1+1sla
(22) le:tzj = Slsiﬂl+1:t27jsl7
Swi4ai41 = SISxy+wyy1 Sl

Proof of Lemma 6.20. Let ¥ = m(y). Suppose that, on the contrary,
{=z,x;} € V(7) but {—z11, 2141} NV (5) = 0. Let 7' be the ascending
path in (V, Egkm) such that V(3') = {—zi11, 2141} U V(). There exists
Bi € R such that 3,41 = sg,(7;) for all i =1,...,|7|, and there exists 6; € R
such that 7, , = s5,(7;) for all i = 1,...,[7|. Define w and w’ in the Weyl
group W of G by

— “ e / — “ e
W =53 88_, """ 5B and w 8851585 _y " 581
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o If ¥ = (...,—x,,...), then w = wys,wy and w' = W18z, | SIW2
for some wy and we € W. Hence w = w’ by (22).

o If (—z;,x;) is not an edge of 7, then there exists ¢ and h > [ so
that w = w18y, 40, WSy 4z,w2 and w' = W181Say,q +ay, WSz 1 a; SIW2
for some wg,wy, and we € W such that wy commutes with s;.
Hence by (22) we again have w' = w15;Sz, | +a, SIW0SI1Sz;, 2, SIW2 =
W1Sg;da), WSz +2; W2 = W.

Moreover, by Lemma 6.10 there exists a path 4’ of length |7/| in (V, Eqkm)
that starts at p such that V(7(v')) = V(7') and A(v;,;) > A(v;) for all 1 <
i < |¥'|. Moreover, since w = w’, the endpoints s = w(p) of v and s’ = w'(p)
of o/ are equal. On the other hand, the fact that v € X(p, s) C X(p, s) implies
that A(s) — A(p) = [7]. Moreover, (v, ;) > A(y;) for all 1 < i < [§'|. Hence,
A(s") = Mp) > |7'| = |7] + 2. Since s = ¢/, this is impossible. O

Proof of Lemma 6.21. Let 7 = m(7y). Assume that {—z;1, 2141} NV () =
{z141}. Let 7' be the ascending path in (V,Egky) such that V() is
obtained from V(%) by replacing the vertex z;11 with —x;1. As before,
there exists 3; € R such that vj41 = sg,(y;) for all i = 1,...,|y|, and there
exists ; € R such that v; | = ss,(7;) for alli = 1,...,|7'|. By Lemma 6.10,
this implies that ;41 = sg,(3;) and ¥;,; = s5,(7;) for all 4. Define w and
w' € W by

f— [P / f— ven
W= 5388 _, """ SB and w 8851585 _y " 581

o If 7 = (..., =, w41, %,...) then w = w18S4,44,,, w2 and W' =
W1 Sg)+ay,, S1W2 for some wy, wy € W. Hence w = w' by (22).

o If (—x1,x;41) is not an edge of 7, then there exists h and i > [+ 1 so
that w = w1818z, | +a), WoSz,+e;, w2 and w' = W1 Sgyta), WOSx,, +a; SIW2
for some wp,w;, and we € W such that wy commutes with s;.
Hence again by (22) we have w = w158z, 4z, SIW0S1Sz +e; W2 =
W1 Syt WSz 1 +a; SIW2 = W'

One the other hand, the fact that v € X(p, s) implies that A(s)—A(p) = |7].
Moreover, since 7’ is an ascending path, Lemmas 5.12 and 6.4 together imply
that A(vj,) — A(y;) > 1 for all 1 < i < |y| = |y|. But this is impossible
unless A(7/,1) — A(7}) = 1 for all 4, which implies that 7' € X(p, s). O

We are now ready to prove Theorem 6.16

Proof of Theorem 6.16. Let p = w(p™) and ¢ = w'(p™). For all s € @g, let

Qs € H;’F(@q;Z) be the canonical class on the fiber @q =1 1(m(q)) C Opn.
Since Proposition 6.8 implies that 7 is a strong symplectic fibration and v, is
the inclusion, Corollary 5.8, Proposition 6.1 and Lemma 6.2 together imply
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that

s€OT  ~€X(p,s)

If v € 3X(p,s) is complete, then v is relevant and P(y) = Q(v). On the
other hand, by Lemmas 6.20 and 6.21, the set of incomplete paths can
be decomposed into pairs of paths v and +/, so that V(3') = V(n(y')) is
obtained from V(¥) = V(m(v)) by replacing ()41 by —Ty(y)4+1, where
k(v) = max{j | {—z;,7;} C V(¥)}. In particular, SV (¥) \ {=Zp(y)41} =
SV (') ~A%k(y)41}- Additionally, by the definition of k(v), 7(s) # tp(y)41,
and 50 1(£Ty(y)+1, 7(s)) = 7(8) F Tp(y)41- Hence, by Proposition 6.19

Q) ==(s) JI  nlrm(s)

reSV(HF)NSV ()

_ 7 - ;

_ N(—=Tk(y)+1 W(S))Q (@ k)41, 7(8) H n(r,m(s))
resSV(F)NSV(¥')

= P(y) + P(v).

Since 7 is relevant, but 7 is not, this implies that

Yo Ply= > QW)

YEX(p,s) YER(p,s)

By Propositions 6.5 and 6.9 , this proves part (1) of Theorem 6.16. Finally, by
the definition of SV (¥), n(r,m(s)) is a positive root for all » € SV (7). Hence,
if v is complete then Q(v) = P(v) is the product of distinct positive roots
and a constant which is either 1 or 2. On the other hand, if v is incomplete
then, by definition of incomplete path, 7(s) must be a positive root. and so
again () is the product of distinct positive roots. O

6.6. Generic coadjoint orbit of type D,,. The main result of this section
is an inductive positive integral formula that expresses the restrictions of
the equivariant Schubert classes on a generic coadjoint orbit of type D, in
terms of products of distinct positive roots with positive integer coefficients,
and the restriction of equivariant Schubert classes on a generic coadjoint
orbit of type D,_1. To find this formula, we will apply Corollary 5.8 to the
natural projection from a generic coadjoint orbit of SO(2n) to Gry (R?"),
the Grassmannian of oriented two-planes in R?*" for all n > 4. (If n = 3
then a generic coadjoint orbit of type D,, is also the complete flag on C?,
and so we can use the techniques of Section 6.3.) Despite the fact that
H»2(Gr] (R?");R) = R? # R = H?""2(CP*" % R), we will then proceed
as in Section 6.5.
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Let G = SO(2n), T C G be a maximal torus, and W be the associated
Weyl group; assume n > 1. We can identify the dual of the Lie algebra of T’
with t* = (R™)*, so that the set of roots is

R={tz,+z;|1<i<j<n}Ct.

Let G = SO(2n—2). We can identify the dual of the Lie algebra of a maximal
torus T of G with the set of (a1, ...,a,) € t* such that a; = 0. This identifies
the roots of G with the set

R={+z;+z;|2<i<j<n}CR,

and the Weyl group W of G with the subgroup of W generated by reflec-
tions across the roots in R moreover, it induces a map from H *(BT Z) to
H*(BT};Z). Equivalently, let V= {xz1, £29, ..., £, }; W is the kernel of
the map m: W — V defined by 7(w) = w(—x1).

To state our main theorem, we will need several additional definitions. Let

t={ritzj|1<i<j<n}CR

be the set of positive roots. Define
(23) E={(r,1s3) e W x W | l(rsg) =1l(t) + 1 and § € R}.

Given w and w’ € W, let X(w, w') denote the set of paths v = (71,. .. s Vyl+1)
from w to w' in (W, E) such that w(v;) # m(vi+1) for all i. Equivalently,
3 (w,w') is the set of paths from w to w’ such that each edge is of the form
(1,753), where [(7s3) = l(7) + 1 and f € R\ R. Given a sequence 7 € V¥,
let V(7) be the set of “vertices” of 7:

V@A) = G- 3} C V.
We need the following lemma, which we prove on page 228.

Lemma 6.22. Given any path v = (71,72, .-,V y41) € D(w,w’), the

sequence ¥ = w(y) = (m(11),7(72);---»T(Vy|4+1)) 8 a subsequence of
(—x1, —T2, ..., —Tn, Tpy ..., T2, T1).

Definition 6.23 A path v € X(w,w’) with 7(y) = 7 is incomplete if
{—=m(w),m(w")} C V(7). Otherwise v is complete.

Definition 6.24 A path v € X(w,w’) with 7(y) = 7 is relevant if either it
is complete or if it is incomplete and ()11 € V(7), where” k() = max{j |

{=zj, 253 V()

"Observe that if v is incomplete then by definition {j | {—z;,z;} C V(3)} # 0. More-
over, since +x; is not a root y cannot contain any edge whose projection is (—zn, z»), and
so—by Lemma 6.22 — k(y) < n.
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Finally, given a path v € ¥(w,w’), define

o7 1

L T(Vig1) — 7(7:)
P(y) = A7r(w’) Zl_[l m(w) —7(vi)  n(VisVig1)

where K;(w,) is the product of the & € RT such that (r(w'),a) > 0 and

m(sa(w) # T(w).

The main theorem of this section can be stated as follows.

Theorem 6.25. Fizn > 3. Let B c G¢ and Bc GC be the Borel subgroups
associated to RT and RT N R respectwely, where G¢ and G(c are the com-
plexifications of G = SO(2n) and G = SO(2n — 2), and other symbols are

defined as above. Given w and w' in W, let K,, € H%l(w)(GC/B;Z) be the
equivariant Schubert class associated to w, and let T € W be the shortest ele-

ment such that ©(7) = m(w'). For all @ € W, let Kg € Hzl(w (Gc/B;Z) be

the equivariant Schubert class associated to w, and let R(w, T0) C X(w, T0)
denote the set of relevant paths from w to Tw in (W, E).

(1) For allw and w' in W
K=Y (5 am) 7 (Retr ).
weW  YER(w,TD)

where for every v € R(w, TW)

P(v) if v is complete,
QM) = py 2m()
(W) + Tp(y)41
(2) Q(7) is the product of distinct positive roots for all v € R(w, 7).

if v is incomplete.

To prove Theorem 6.25, we need to translate it into geometrical language.
Fix a point

Woet suchthat,u{<---</¢§<0:,u§+1:-~-:,uf1 for each 0 < j < n;

for simplic'ity assume that ,u;: = —1. Let (Ouj,Wj, ;) be the coadjoint orbit
through p? for each j. The stabilizer of p/ is

SO(2) x -+ x SO(2) x SO(2n — 2j) for all j;

in particular, Pui - P“j for all 1 < j < ¢ < n. Moreover, let ¢ = wﬁ: Oyn —
R be a generic component of the moment map that achieves its minimum
value at p". Observe that, by the definition of u™, the set R™ coincides with
{a € R | (o, &) > 0}. By Proposition 6.1, there exists a canonical class

ap € H A )(Ou ;Z) for each p € OT The map from W to OF, un glven
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by w +— w(u™) identifies the canonical graph of Oy» with (W, E); we shall
identify these without further comment. Moreover, by Proposition 6.6 and
Lemma 6.3, O(r,7") = 1 for each edge (r,r’) in E.

Let m: Oyn — O,1 be the natural projection. Note that S(w,w') is exactly
the set of horizontal paths (with respect to ) from w to w'; see Defini-
tion 5.9. Moreover, given any v € %(w,w’), the projection ¥ = () is an
ascending path in the GKM graph (‘N/,EGKM) associated to (Op1,w1, 1)
by Lemmas 5.11 and 5.12; this proves Lemma 6.22. Note that (‘N/,EGKM)
is not a complete graph, because it does not contain the edge (—x;, ;) for

any j, but it does contain all other edges. Finally, observe that A_, . is the
m(w’)

equivariant Euler class of the negative normal bundle of @ = 1/1?: Opn —R
at m(w').

Remark 6.26. By Proposition 6.8, the natural projection map p;: O,;+1 —
O, is a strong symplectic fibration with fiber the Grassmannian
Pi/P+ ~ Gry (R?"=27) for all 0 < j < n. However, since H?" 22
(Gry (R?"=27);R) = R?, we can not use Theorem 5.5 to express the restric-
tion K, (w') as a sum of polynomial terms.

To prove the theorem, we need to analyze how the expression of P(7)
changes depending on whether ~ is complete or incomplete.

Proposition 6.27. Let v = (71,...,7}y41) be a path in X(p,s). Let 5 =
(), and let SV (7) be the skipped vertices of 7; see Definition 5.23. Then

H n(r,m(s)) if v is complete, and

reSVN\{—=(s)}
Py) =4 4 o
27 (s) HN n(r,m(s))  if v is incomplete.
reSvV(v)

Proof. All the edges (r,7') € Eckw have magnitude 1; see Definition 5.17.
Therefore, since O(r,r’) = 1 for all (r,7’) € E, the claim follows from an
argument similar to the proof of Lemma 5.24. (Il

We are now ready to prove Theorem 6.25.

Proof of Theorem 6.25. Let p = w(p™) and ¢ = w'(p"). For all s € @g, let

Qs € H}(@Q;Z) be the canonical class on the fiber @q =71 (n(q)) C Opn.
Since Proposition 6.8 implies that 7 is a strong symplectic fibration and 1) is
the inclusion, Corollary 5.8, Proposition 6.1 and Lemma 6.2 together imply
that

s€OF  ~veX(p,s)
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If v € X(p,s) is complete, then 7 is relevant and P(y) = Q(v). On the
other hand, Lemmas 6.20 and 6.21 still hold when G = SO(2n) instead
of SO(2n + 1). Indeed, the proof is identical, except that in the proof of
Lemma 6.20 we no longer need to consider the case that (—z;, x;) is an edge of
~. Hence, as before, the set of incomplete paths can be decomposed into pairs
of paths v and v/, so that V(3') = V(7 (7)) is obtained from V' (7) = V(7 (y))
by replacing Ty(y)+1 by —Tk(y)41, Where k(y) = max{j | {—=z;,z;} CV ()}
In particular, SV(3) \ {=2g(y)+1} = SV(V') ~ {zg(y)4+1}- Additionally, by
the definition of k(v), 7(s) # *p(y)41, and so n(E£xp)41,7(s)) = 7(s) F
Tp(y)+1- Hence by Proposition 6.27

Qly) = I1 n(r,m(s))

reSV(H)NSV ()

(= T(y)+1, () + 0(@h(y) 11, 7(S))
- o 27 (s) = 11 n(r;m(s))

reSV(F)NSV ()

= P(y) + P(¥).

By Propositions 6.5 and 6.9, this proves part (1) of Theorem 6.25. The proof
of part (2) also proceeds analogously to the proof of Theorem 6.16 (2) in the
previous subsection. O
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