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TORIC GEOMETRY OF CONVEX QUADRILATERALS

EVELINE LEGENDRE

We provide an explicit resolution of the Abreu equation on convex
labeled quadrilaterals. This confirms a conjecture of Donaldson in this
particular case and implies a complete classification of the explicit toric
Kéahler-Einstein and toric Sasaki-Einstein metrics constructed in [6,
14,22]. As a byproduct, we obtain a wealth of extremal toric (complex)
orbi-surfaces, including Kéhler—FEinstein ones, and show that for a toric
orbi-surface with four fixed points of the torus action, the vanishing
of the Futaki invariant is a necessary and sufficient condition for the
existence of Kahler metric with constant scalar curvature. Our results
also provide explicit examples of relative K-unstable toric orbi-surfaces
that do not admit extremal metrics.

1. Introduction

This paper classifies toric Kéhler metrics admitting Hamiltonian two-forms
on four-dimensional toric orbifolds. Apostolov et al. [4] pointed out that
these two forms underpin known explicit constructions of extremal Kéhler
metrics (in the sense of Calabi), see, e.g., Calabi [12] and Bryant [11],
which situate our work into the more central problem of finding (explicit)
extremal metrics on compact symplectic toric manifolds and orbifolds. A
closely related problem in Sasakian geometry is the study of compatible
toric Sasaki metrics which are transversally extremal [10]. The common
feature of these two problems is that, by using the toric assumption, they
can be reduced to a quasi-linear fourth-order PDE on a (convex, compact,
simple) polytope in R™, which we solve explicitly for convex quadrilaterals
in R2.

We now describe the more general setting of the problem, following the
work of Guillemin [23], Abreu [1] and Donaldson [16]. Let A C R"™ be a con-
vex, compact, simple polytope and u = {uy, ..., uq} a set of vectors in (R™)*
inward to A and respectively normal to the facets Fi, ... Fy of A. By slight
abuse of notation, we shall refer to (A, u) as a labeled polytope. In the case
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when there is a lattice A C R™ with u; € A, there is a unique positive integer
m; € N such that m%uz is a primitive element of A. Then (A, my,...,my) is
a rational labeled polytope in the sense of Lerman—Tolman [27] and describes
a compact symplectic toric orbifold.

The set S(A, u) of symplectic potentials consists of smooth strictly convex
functions, G € COO(A), whose inverse Hessian

-1
2?G
H = (Hy) = <)
O i O
is smooth on A, positive definite on the interior of any face and satisfies, for
every y in the interior of the facet F; C A,

(1.1) H,(ui,-) =0 and dHy(u;,u;) = 2u,.

These expressions use the standard identifications (R™)* ~ R", T,R" ~ R".
The boundary conditions (1.1) are elaborated in [6] and are equivalent to
the boundary conditions in [17] and [2]. When (A, u) is a rational labeled
polytope corresponding to a symplectic toric orbifold, S(A, u) parameterizes
the space of compatible Kéhler metrics. As computed by Abreu [1], the scalar
curvature of the metric associated to a symplectic potential G € S(A,u) is
the pull-back by the moment map of the function

(1‘2) Z 6,Uz 8“]

The extremal affine function (a4 is the L2-projection (with respect to
the euclidian measure) of S(G) to the finite dimensional space of affine-linear
functions on A. It turns out that ((a ) is independent of the symplectic
potential G € S(A,u) and may also be defined as the solution of a lin-
ear system depending only on (A, u), see Section 2.2. If (A, u) is a rational
labeled polytope associated to a symplectic toric orbifold, then the symplec-
tic gradient of the pull-back by the moment map of (s ,) is the extremal
vector field [20].

The general problem we are interested in is then

Problem 1.1. Given a labeled polytope (A, u), is there a symplectic potential
G € S(A,u) satisfying the extremal Kahler equation

(13) Z 8#26/1] C(A u)

If so, can one find it explicitly?
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Bryant [11] and Abreu [2] showed that on labeled simplices, the solution
of this problem is given (up to an additive affine-linear function) by

d
1
(1.4) G=3 (Z} tilogl; — log 1ogeoo>

where £;(-) = (-,u;) — ); is an affine-linear function such that F; c ¢;(0)
and o = 2?21 ¢;. Explicit solutions are also known to exist for trapezoids
corresponding to toric Hirzebruch surfaces, see [1,12].

Motivated by the conjectured link [16,32,33] between the existence prob-
lem for Kéahler metrics of constant scalar curvature lying in an integer Kahler
class and stability of the Kodaira embedding of the corresponding polarized
variety, Donaldson [16] gave a precise conjecture for the existence part of
Problem 1.1. It is expressed in terms of positivity of a linear functional LA ,,
called the relative Futaki functional in this paper, over a suitable space of
convex functions (on A). On a labeled polytope (A, u), the relative Futaki
functional is defined by

(15) Laulh = [ =5 [ faue

where dv is a euclidian measure on A and dv is a measure on any facet F;
defined by u; A dv = —dv.

Definition 1.1. A labeled polytope (A, u) is analytically relatively K -stable
with respect to toric degenerations if the associated relative Futaki functional
LA, is non-negative on any convex continuous piecewise affine-linear func-
tion on A, and vanishes if and only if the function is affine-linear.

Conjecture 1.1. Let (A, u) be a labeled polytope. There is a solution G €
S(A,u) to equation (1.3) if and only if (A,u) is analytically relatively K-
stable with respect to toric degenerations.

Donaldson proved Conjecture 1.1 for polygons (n = 2) when ((a ) is
constant, by using the continuity method [16—19]. Zhou-Zhu proved that
the existence of a solution of (1.3) implies analytical relative K-stability,
see [34, Proposition 2.2].!

In this paper, we consider the case where (A, u) is a labeled convex quadri-
lateral (C( A,u) 18 not required to be constant). We show that there is a com-
patible Kahler metric admitting a Hamiltonian two-form on any symplectic
toric orbifold whose moment polytope is a quadrilateral. Using the work
of [3,4] to separate variables in equation (1.3) in this case, we provide an
explicit solution by means of elementary techniques in the case when ((a )
is equipoised on A.

!The result is stated for toric manifolds but the proof goes through for any labeled
polytope.
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Definition 1.2. Let A be a quadrilateral with vertices s1, ..., s4, such that
s1 is not consecutive to s3. We say that the affine function f is equipoised

on A if
4

More precisely, our main result is
Theorem 1.1. Let (A, u) be a labeled conver quadrilateral with equipoised
extremal affine function (A ). Then there exist two polynomials of degree
at most 4, A(x) and B(y), from which one can construct explicitly a S*R?-
valued function Ha p = (H;j;) satisfying (1.1) and (1.3).

Moreover, (A,u) is analytically relatively K -stable with respect to toric
degenerations if and only if H g is the inverse Hessian of a solution G4 g €
S(A,u) of (1.3) which happens if and only if Ha p is positive definite.? In
particular, if (1.3) admits a solution in S(A,u) this solution is given by
GaB.

Note that our result provides a computable condition of relative K-
stability for the labeled polytopes we consider and gives an explicit solution
for the constant scalar curvature equation on labeled quadrilaterals. Indeed,
constant functions are equipoised on any quadrilateral. Another natural
class of examples is given by toric weakly Bochner-flat Kéhler orbi-surfaces
(see [3]), which must be either K&hler—Einstein, Bochner-flat (given by (1.4)
on weighted projective planes, see [11]) or given by the explicit solution of
the above form on certain labeled quadrilaterals with equipoised extremal
function, see Remark 5.3. Nevertheless, there exist labeled convex quadri-
laterals whose extremal affine function is not equipoised and which admit a
solution to Problem 1.1. Indeed, it follows from [18] that the set of inward
normals to a convex quadrilateral A for which (A, ) admits a solution to
Problem 1.1 is open in (R*)* and, when A is not a parallelogram, intersects
the hyper-surface of normals u for which (A, u) has an equipoised extremal
affine function (see Theorem 1.2 below).

One might wonder how restrictive it is to require the extremal affine
function of a labeled quadrilateral to be equipoised. A key point to answer
this (as well as to prove our main result) is the observation that fixing
the polytope A and varying the inward normals u the coefficients of the
polynomials A(z), B(y) depend linearly on u. More precisely, for a con-
vex quadrilateral A, denote by N(A) the four-dimensional cone of inward
normals v = (u1,ug,us,us) associated to the facets of A and its subset
E(A) (respectively C(A)) defined by the condition that ((a ) is equipoised
(respectively constant). Define ET(A) as the set of normals u € E(A) such

2This condition is expressed as A(x) and B(y) being positive on certain intervals.
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that (A, u) is relatively analytically K-stable with respect to toric degener-
ations. Studying these sets leads to the following result.

Theorem 1.2. Let A be a convex labeled quadrilateral which is not a par-
allelogram. C(A) is a codimension-one sub-cone of E(A) which is itself a
codimension-one sub-cone of N(A). Furthermore, ET(A) contains C(A)
and is a non-empty open subset of E(A), which is proper if A is not a trape-
zoid. Finally, there is a one-dimensional cone K(A) C C(A) such that the
corresponding solutions of (3) define (homothetic) Kdhler—Finstein metrics
on A x R2.

The above theorem implies that for convex labeled quadrilaterals, the
condition that ((a,) is constant implies the K-stability of (A, u). It also
provides an effective parametrization of the Kahler—Einstein solutions found
in [6,14,22] in terms of classes of affine-equivalent convex quadrilaterals.

One geometric application concerns symplectic toric four-orbifolds. Using
the well-known correspondence [15, 27| between compact symplectic toric
orbifolds and (convex, compact, simple) rational labeled polytopes, we
obtain as a corollary of Theorems 1.1 and 1.2 that a symplectic toric four-
orbifold whose labeled polytope is a quadrilateral with equipoised extremal
affine function admits (an explicit) compatible extremal metric if and only if
its labeled polytope is analytically relatively K-stable with respect to toric
degenerations. Moreover, it admits a constant scalar curvature metric if and
only if the Futaki invariant vanishes (i.e., {a , is constant).

The question whether or not a polytope A is of rational type, that is,
corresponds to the image of the moment map of a compact symplectic toric
orbifold, preludes the problem of constructing examples systematically. We
answer this question for convex polygons by giving an explicit criterion in
terms of the cross-ratio of the elements of RP!' corresponding to the facets
of A, see Theorem 6.1. We then show that for a strongly rational polytope
A (i.e., whose vertices lie in a lattice) the linear constraints on the nor-
mals introducing the cones E(A), C(A) and K(A) of Theorem 1.2 have
rational coefficients, thus we obtain a wealth of examples of both extremal
and unstable toric orbifolds. As corollary we obtain the following existence
result.

Corollary 1.1. Let A be a convexr quadrilateral. If A is strongly rational
then, up to homothetic transformations and finite orbifold coverings, there
erists a unique compact Kdahler—Einstein toric orbifold having A as moment

polytope.

Another geometric application concerns Sasaki toric five-manifolds. There
is a correspondence between connected compact co-oriented contact toric
manifolds of Reeb type and strictly convex good polyhedral cones [8, 28,
29]. Moreover, the Reeb vector field X defines a labeled polytope (Ax,ux)
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which is not rational unless the Reeb vector field is quasi-regular, see [8] and
Section 2.3. Theorem 1.1 leads to the following.

Corollary 1.2. Let (N®,g,T?3) be a compact Sasaki toric five-manifold with
constant scalar curvature, Reeb vector field X and momentum cone with four
facets. Then, the corresponding transversal labeled polytope (Ax,ux) is a K-
stable quadrilateral with respect to toric degenerations and (a ., constant. In
particular, the metric g is explicitly determined in terms of two polynomials
of degree at most 3.

Note that explicit Sasaki—Einstein metrics of this type have been found
in [14,22] and toric Sasaki-Einstein metrics have been systematically stud-
ied in [13,21].

In order to prove Theorem 1.1, we consider the cases of generic labeled
quadrilaterals (that is, quadrilaterals which have no parallel edges) and
labeled trapezoids.

In the first case, we use the notion of orthotoric Kahler structures intro-
duced by Apostolov—Calderbank—Gauduchon in [3]. We refer to Section 3.1
for definition and properties of such structures. Loosely speaking, these met-
rics provide a separation of variables in the expression of the scalar curvature.
On compact four-orbifolds, they also come with a Hamiltonian toric action
with three or four fixed points. The case of three fixed points corresponds
to triangles, that is, weighted projective spaces for which orthotoric Kéhler
metrics have been studied in great detail [2,6,11]. We prove in Section 3.1
that there exists an orthotoric Kahler metric compatible with the symplectic
form of any symplectic toric orbifold associated to a generic rational labeled
quadrilateral. Moreover, if such symplectic toric orbifold has an equipoised
extremal affine function, then any extremal compatible Kahler metric must
be orthotoric.

To cover the case of labeled trapezoids, we first notice that for labeled par-
allelograms Problem 1.1 is trivially solved by taking the product of solutions
on labeled intervals given by (1.4). In the orbifold case, these solutions cor-
respond to product of extremal metrics on weighted projective lines. Notice
also that any affine-linear function on a parallelogram is equipoised. We then
introduce the notion of a Calabi toric metric on a toric orbifold, naturally
extending the construction of Calabi [12]. We show that any symplectic toric
four-orbifold whose labeled moment polytope is a labeled trapezoid (but
not a rectangle) admits a Calabi toric metric. Moreover, if such symplectic
toric orbifold has an equipoised extremal affine function, we show that the
extremal compatible Ké&hler metric (should it exist) must be Calabi toric.

As a byproduct, we obtain a classification of compact Kéhler toric four-
orbifolds admitting non-trivial Hamiltonian two-forms. These forms are
defined and studied in [3, 4, 6]. For instance, it is shown in these works
that orthotoric metrics are exactly those admitting Hamiltonian two-forms
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of maximal order and examples of non-trivial Hamiltonian two-forms on
weighted projective spaces are given. We obtain the following classification:
The moment polytope of a Kéhler toric four-orbifold (M, w, J, g,T) admit-
ting a non-trivial Hamiltonian two-form is either a triangle (so that (M, J)
is a weighted projective plane) or a quadrilateral. In this latter case, the
order of a non-trivial Hamiltonian two-form is 2 — p where p is the number
of pairs of parallel edges. Moreover, g is orthotoric if and only if p =0, g is
Calabi toric if and only if p =1 and g is a product of metrics if and only if
p=2.

2. Toric orbifolds and extremal metrics — a quick survey

2.1. Toric orbifolds and labeled polytopes. A polytope A in an affine
space is a bounded set given as the intersection of a finite number of (closed)
affine half-spaces, H; (1 < i < d). We suppose that d is minimal. The
polytopes we study in this paper lie in the underlying affine space of t*, the
dual of the Lie algebra t of a n-torus. Thus, for each H;, we can specify a
normal inward vector u; € t and a point z; € H;, so that H; = {z | (x —
x;,u;) > 0}. The polytope A is then described via the defining equations:

(2.1) A= {.TU et* ‘ <x,uz> >N for ¢ = 1, ce ,d} with \; = <£L'1,’U,Z>

We suppose that the interior of the polytope, A, is a non-empty open
subset of t*. A face of A is a non-empty subset F', for which there exists
I Cc {1,...,d} such that F = F; = Nies/H; N A. In particular, A = Fj is
a face and all faces are closed. The facets of A are n — 1-dimensional faces
denoted F; = Fy; while the vertices are faces of A consisting of only one
point. A polytope is simple if each vertex is the intersection of n distinct
facets, where n is the dimension of A.

From now on, we assume all polytopes to be simple, compact and convex.

Definition 2.1. A polytope A is rational with respect to a lattice A C t,
if each facet admits a normal vector lying in A, so we say that the pair
(A, A) is rational. A polytope A is of rational type if there exists a lattice
A C t* such that the pair (A, A) is rational; it is strongly rational if, up to
translation, its vertices lie in a lattice.

Definition 2.2. A labeled polytope (A, uq,...,uq) is a polytope A C t*
endowed with an inward normal vector attached to each facet. We call these
vectors normals and say that F; is labeled by u;. A rational labeled polytope,
(A, A uq,...,ug), is a labeled polytope together with a lattice A such that
u; € A. Since the polytope is simple, the normals of a rational labeled
polytope span a sublattice Apin, = spang{us,...,uq} C A.

Recall that a vector v € t is primitive with respect to a lattice A if it
generates Rv N A. A rational pair (A, A) may canonically be viewed as a
rational labeled polytope by using the primitive vectors as normals.
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Remark 2.1. The notion of rational labeled polytope was introduced
by Lerman and Tolman in [27]. The rational labeled polytope (A, A,
mq,...,mq) is defined as a rational pair (A, A), together with a positive
integer m; attached to each facet F;. From our viewpoint, (A, A,mq,...,mg)
corresponds to (A, A, mjwy, ..., mgqwg) where w; is the unique inward vector
normal to F; which is primitive with respect to A.

Definition 2.3. A Delzant polytope is a rational pair (A, A), such that any
vertex of A is the intersection of the facets whose (primitive) normals form
a Z-basis of A.

Definition 2.4. The polytopes A C t* and A’ C s* are equivalent if there
exists an affine isomorphism ¢ between the respective affine spaces so that
¢(A) = A’. Two labeled polytopes are equivalent if the underlying polytopes
are equivalent via an affine map, ¢: t* — s*, and whose differential’s adjoint
(dp)*: s — t exchanges the normals. Two rational labeled polytopes are
equivalent if they are equivalent as labeled polytopes via an affine map ¢
whose differential’s adjoint (d¢)* exchanges the respective lattices.

We use the definition of orbifolds appearing in [27]. We only consider
diffeomorphisms between orbifolds. In particular, these maps are good in
the sense of [9, Chapter 4]. We refer to the latter reference for a detailed
exposition about orbifolds and to [27] for an exposition of results about Lie
group actions on orbifolds.

Let (M,w) be a compact symplectic orbifold and T a torus with Lie
algebra t. Denote by t* the dual vector space of t. A Hamiltonian action of
T on (M,w) is a faithful representation p: 7" — Symp(M,w) together with
a T-equivariant smooth map p: M — t* satisfying du(§) = —tgpe)w- If the
dimension of T is half the dimension of M, (M,w,u,T,p) is a symplectic
toric orbifold. Two such orbifolds, (M, w, u, T, p) and (M’ o', 1/, T", p'), are
equivalent if there exists a symplectomorphism (of orbifolds) ¢: (M,w) —
(M',w') and an isomorphism h: T — T such that ¥ o p(t) o b= = p'(h(t))
for all t € T'. We shall omit the representation p from the notation when no
confusion is possible.

It is well-known, see [7,15,24], that the image of the moment map of
a toric manifold is a convex polytope in t*. This polytope is rational with
respect to the lattice A = ker(exp: t — T') and satisfies the Delzant condi-
tion of Definition 2.3. In the case of orbifolds, Lerman—Tolman [27] showed
that (Im p, A) is a simple rational polytope which is Delzant if and only if
M is non-singular and for every p € M, the orbifold structure group of p, say
'), only depends on the smallest face F' containing p(p). More precisely, if
F is A itself (that is, if p(p) lies in the interior of A) then I'y is trivial and if
F is a facet then I}, is isomorphic to Z/mpZ for some integer mp called the
label of F. Thus, any toric orbifold (M, w, u, T, p) naturally defines a labeled
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polytope, (Im u, A,{mp}), in the sense of [27]. This corresponds to a ratio-
nal labeled polytope, (Im p, A, {ur}), by taking, for each facet F' C A, the
normal up = mpwpr where wg is the primitive inward normal vector to F.

The Delzant-Lerman—Tolman correspondence [15, 27] states that the
symplectic toric orbifold is determined by its associated rational labeled
polytope, up to a T-invariant symplectomorphism (of orbifolds). Conversely,
any rational labeled polytope can be obtained from a symplectic toric orb-
ifold, via an explicit construction called Delzant’s construction. Two Hamil-
tonian actions (u, T, p), (1, T', p') on a symplectic orbifold (M,w) are equiv-
alent if and only if the associated labeled polytopes are equivalent, see Defini-
tion 2.4. In [26], this statement is proved in the smooth case, with 7/ = T.
The orbifold counterpart is formally the same with, in addition, special
attention paid to normals on one side and weights of the torus action on the
other.

Two rational labeled polytopes (A, A, u), (A, A,u) with A’ C A corre-
sponds (via the Delzant construction) to a finite orbifold covering with deck
transformation group A/A’. More precisely, A/A’ C T' = t/A’ is finite and
acts by symplectomorphisms on the symplectic toric orbifold (M’ ', T")
associated to (A, A’,;u). The quotient of M’ by A/A’ is then a symplec-
tic toric orbifold with respect to the torus T = t/A and is associated to
(A, A, u) via the Delzant-Lerman—Tolman correspondence. For studying 7T-
invariant K&hler metrics it is then not restrictive to consider the minimal
lattice Apin = spang{ui, ..., uq}. Minimal lattices correspond to simply con-
nected orbifolds, see [6] and [30]. We shall omit the lattice from the notation
of a rational labeled polytope when using the minimal lattice.

The cohomology class of the symplectic form of a symplectic toric orbifold
is rational if and only if the associated polytope is strongly rational with
respect to the lattice of circle subgroups of the torus. Indeed, this property is
a corollary of the original construction of Delzant [15] and holds for orbifolds,
see [27].

2.2. Compatible Kahler metrics and the extremal equation. We
consider a Kihler toric orbifold (M?",w,J, g, T, i), where g is T-invariant,
w-compatible Kahler metric and J is a complex structure such that g(J-,-) =
w(-,-). We denote by (A, uq,...,uq) the associated rational labeled poly-
tope. Recall [15,27] that M = pu~'(A) is the subset of M where the
torus acts freely. The Kahler metric provides a horizontal distribution
for the principal T-bundle p: M — A which is spanned by the vector
fields JX,, u € t = Lie T. This gives an identification between the tan-
gent space at any point of M and t & t*. Usually, one chooses a basis
(é1,...,en) of t to identify M ~ A x T using the flows of the induced vec-
tor fields Xe,,... X, , JXe,,...J X, (which commute thanks to the inte-
grability of J). The action-angle coordinates on M are local coordinates
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(U1y- -y gy tiy ... tq) on M such that p; = (i, e;) and X, = %. The dif-
ferentials dt; are real-valued closed one-forms globally defined on M as dual
of X, (i.e., dtz’(Xei) = 5ij and dti(JXej) = 0).

In the action-angle coordinates (y1, . .., fg, t1, - - ., tq), the symplectic form
becomes w = Y | dp; Adt;. It is well-known [23] that a Ké&hler toric metric
may be expressed with respect to these coordinates as follows:

(2.2) 9= Grsdpr @ dps + Hyydt, @ dts,

S,

where the matrix-valued functions (Gys) and (H,.) are smooth on A, sym-
metric, positive definite and inverse to each other. In particular, geq =
> Grsduy @dps is a Riemannian metric on ATt may be more convenient to
view these objects through the identification between tangent spaces of M
and t@ t* as above. Indeed, following [6] we define the S?t*-valued function
H: A =t @t by H,,p) (u,v) = gp(Xu, Xy), and put H,s = H(e,, e5). Sim-
ilarly, G: A — t®tis the metric Jred via the usual identification T,A ~ t*.
Given the expression (2.2), the integrability of the complex structure J is
equivalent to the relation
0 0

8“]' Cirs = 0 pr
or, equivalently, to the fact that (Gs) is the Hessian of a potential G €
C=(A).

Necessary and sufficient conditions for a S?t*-valued function H to be
induced by a globally defined Kéhler toric metric on M are established in
[2,6,17]. We will use in this paper the boundary conditions of [6], which we
recall below. For a face F' = F1 = N1 F; of A, denote ty = spang{u; | i € I}.
Its annihilator in t*, denoted %, is naturally identified with (t/tp)*.

Proposition 2.1 ([6, Proposition 1]). Let H be a positive definite S*t*—

°

(2.3) G,

valued function on A, whose inverse satisfies (2.3). H comes from a Kdhler
metric on M if and only if H is the restriction to A of a smooth S*t* ~valued
function on A, still denoted by H, which verifies the boundary conditions
(1.1) and such that the restriction of H to the interior of any face F C A

is a positive definite S%(t/tp)*—valued function.

Recall that the set of symplectic potentials S(A, u), defined in the Intro-
duction, is the space of smooth strictly convex functions on A for which
H = (Hess G)~! satisfies the conditions of Proposition 2.1. Notice that the
compactification condition (1.1) uses the normals and not the lattice. This
agrees with the fact that different lattices (but identical normals) lead to
orbifolds admitting a common finite orbifold covering.

Abreu [1] computed the curvature of a compatible Kéhler toric metric,
g, in terms of its potential G4 € S(A, ). More precisely, choosing a basis
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of t = Lie T as above and using the action-angle coordinates to express
the metric as (2.2), the scalar curvature on M is the pull-back by p of the
function S(Gy), defined by (1.2) via the symplectic potential G of g.

It is well-known, see, e.g., [1], that the metric g is extremal if and only if
S(Gy) is an affine-linear function on A. In this case, this function must be
equal to the extremal affine function ((a ) which we now define. Choosing

a basis (e1,...,e,) of t gives a basis g = 1, pu1 = (e1,-), ..., tn = (€n,*)
of affine-linear functions. We define (A ) = > oio Gty where the vector
¢ =(o,...,C) € R™ ! is the unique solution of the linear system

n
(24) ZWijCj:Zia 7::0,...,71,

j=0
with

Wij :/ uiujdv and Zi = 2/ ,uidy,
A oA

where the volume form dv = duj A --- A du, and the measure dv on 0 A is
defined by the equality u; Adv = —dv on the facet Fj. In other words, ((a )
is determined by requiring that the linear functional (1.5) annihilates any
affine-linear function f.

Equivalently, the extremal affine function is the L?(A, dv)-projection of
S(Gy), for any compatible Kéhler toric metric g to the finite dimensional
space of affine-linear functions. Indeed, integrating (1.2) by part and using
condition (1.1) we get

Z; = / S(Gg)pidv = 2/ idu.
A oA

Remark 2.2. Let H = (H;;) be any S?*t*valued function on A satisfy-
ing the compactification condition (1.1) but which is not necessarily pos-
itive definite. Using integration by parts as above, one can show that the
L?(A, dv)-projection of the function

Zam

on the space of affine-linear functions on A is still equal to (( v)-

2.2.1. Uniqueness. Guan [25] showed the uniqueness, up to automor-
phisms, of compatible extremal Kéahler toric metrics on a smooth compact
symplectic toric manifold. In fact, he proved that a geodesic in the space of
compatible T-invariant Kéhler metrics corresponds, via the Moser Lemma,
to a straight line in the space of symplectic potentials S(A, ). Then, any
two Kahler toric metrics may be linked together by a geodesic and, by a
well-known argument using the convexity of the Guan—Mabuchi-Simanca
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relative K-energy £ over geodesics, any two extremal toric metrics must
coincide up to automorphisms.

Guan’s proof can be recasted in terms of symplectic potentials following
the work of [16]. Indeed, it is showed that the relative K-energy of a metric
associated to a potential G € S(A,u) is

E(G) = 2Ln.0)(G) - /A (log det Hess(G))dv

where L ) is the relative Futaki functional (1.5). One can check that the
critical points of £ are exactly the solutions of (1.3) by computing that

AEG(f) = 2L am (f) — /A (HL, Hess f)dv

(2.5) 32 H..
= _/ <C(A7u) + a”> fdv7
A i i b5

where H = (HessG)™! and (-,-) is the usual inner product of symmetric
matrices (i.e., the trace of their product). Moreover, for a segment G; =
tG1+ (1 —t)Gp in S(A, u), we compute

d2
(2.6) @S(Gt) = / <Ht(G1 - Go),Ht(Gl - G0)>dv,

A

where G; denotes the Hessian of Gy and H; = G, ! This implies that & is
convex along segments in S(A,u). Hence, if Gy and G; are two solutions
of (1.3) then & is constant along G; and %S(Gt) = 0. Due to (2.6), this
implies that G; — Gy = 0, that is, G; — Gy is affine-linear.

2.3. Sasaki toric geometry.

2.3.1. Contact toric manifolds. Recall that there is a correspondence
between co-oriented compact connected contact manifolds and symplec-
tic cones over compact manifolds. Indeed, to such a contact manifold,
(N?"*+1 D), one can naturally associate the symplectic cone (D%, &, ) where
D9 is a connected component of the annihilator in 7" N of the contact distri-
bution D without the zero section, @ = dA is the restriction of the differential
of the canonical Liouville form A\ of T*N, and ¢ is the Liouville vector field
defined as g, o) = %‘Szoesap, so that L.0 = w.

Definition 2.5. A (compact) contact toric manifold (N2"+1, D, T"1) is a
co-oriented compact connected contact manifold (N?"*1 D) endowed with
an effective action of a (maximal) torus 7' < Diff(N) preserving the con-
tact distribution D and its co-orientation. Equivalently, the symplectic cone
(DY, @,¢) is toric with respect to the action of T and the Liouville vector
field ¢ commutes with T. We denote by

fi: D — t* = (Lie T)*
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the contact moment map, which is the unique moment map of (D9 ,w,T)
which is homogeneous of order 1 with respect to ¢, see [29].

Definition 2.6. A polyhedral cone is good with respect to a lattice A, if
any facet F; has a normal vector lying in A and, for any face I = N F;,

(2.7) spang{u; |i € I} = ANspang{u;|i € I}
where 4; denotes the normal vector to F; which is primitive in A.

Lerman established [28,29] a correspondence between contact toric man-
ifolds and good polyhedral cones. The image, Im /i, of the contact moment
map of a compact contact toric manifold (N, D, T) does not contain 0 and
C =1Im U {0} is a convex, polyhedral cone which is good with respect to
the lattice of circle subgroups, A C t. C is called the moment cone. Con-
versely, any convex good polyhedral cone is the moment cone of a contact
toric manifold, unique up to contactomorphisms.

2.3.2. Reeb vector field and transversal Kahler toric geometry.

Definition 2.7. A contact toric manifold (NN, D, T) is of Reeb type if there
exists a contact form whose Reeb vector field is induced by an element of the
Lie algebra of T. Equivalently, (N, D, T ) is of Reeb type if the moment cone
C is strictly convex, that is, Ct = {a € t| Vo € C\{0}, (a,z) > 0} # {0}.

Let (N, D, T) be a contact toric manifold of Reeb type and with contact
moment map f. Let d be the number of facets of C and denote by a1, ..., Uq
the set of primitive vectors in A labeling C. For any b € C%, there is a
contact form, 7, for which X} is a Reeb vector field. We denote by P, the
hyperplane Py = {x € t*| (b,x) = 1}; A the polytope A, = CN P, and g
the quotient map gp: t — t/Rb. The polytope A is n-dimensional, simple
and compact [8].

Moreover, if b € C and RbN A # {0}, it generates a circle subgroup of
T: T, = Rb/(RbN A). This group acts on the cone (DS, @) via the inclusion
w: T, — T, with moment map wy: DY — R given by 7 o i. The space of
leaves Zp, of the Reeb vector field X, or equivalently the symplectic reduction
;lb_l(l) /Ty, is an orbifold naturally endowed with a symplectic form w and a
Hamiltonian torus action of T/ T}, such that the associated rational labeled
polytope is

(2.8) (A, 0p(@1), - -, o(tha))
with the affine identification (t/(Rb))* ~ P, see [8].

Definition 2.8. A Sasaki toric manifold (N, D, g,T') is a Sasaki manifold
whose underlying contact structure is toric with respect to 7" and whose
metric is T-invariant.
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The Sasaki toric manifold (V,D, g,T) corresponds to the Kéahler toric
cone (Di,d),@,g,ﬁ,&) where the metric § is the cone metric of g, that is g
is homogeneous of order one with respect to ¢ and restricts to g on the level
set g(s,¢) = 1. Recall that g is Kéhler, toric and homogeneous of order 1
with respect to the (holomorphic) Liouville vector field . Notice that J¢ is
induced by an element b € C} C i, so that X = J¢ restricts to a Reeb vector
field on N C M, where N is seen as the subset of M where §(s,s) = 1.

The transversal geometry of g refers to the metric §, induced on D, that
is, g = np ® Mp + g. Recall that dn, restricts to a symplectic structure on
D, so that (D, dny, §) defines a transversal Kéhler toric structure. When
the space of leaves Zj, of the Reeb vector field Xj is an orbifold (that is,
when RbN A # {0}), we can identify its tangent V-bundle (see [9]) with
D so that (23, dnp) is the symplectic toric orbifold associated to the labeled
polytope (2.8). We want to describe the transversal geometry of g using this
polytope, which is defined even when RbN A # {0}.

The Kéhler toric structure (w,g,J) is expressed on the set M =

A~1(C\{0}) where the torus acts freely with a S?t valued function G, hav-
ing an inverse H. The S%t*—valued function H must satisfy the conditions
of Proposition 2.1. Indeed, these conditions are local and correspond to the
smooth extension of the metric over the singular orbits of the action, see the
proof of [6, Proposition 1].

Lemma 2.1 ( [29]). The functions Gi; and H;j are homogeneous of respec-

tive orders —1 and 1 with respect to . Moreover, if b € t induces the Reeb
vector field Xy, = Jg, then for all i € C, Hy(b,-) = fi.

Recall that H is a map H : C — S%t* and we denote by fIﬂ its value at
pecC.
Proposition 2.2. Let C be a good cone with inward normals U1, ... u4q. Let
b € C} and H be a positive definite S2t*-valued function, satisfying the
conditions of Proposition 2.1 on the faces of C. For every fi € C, put
S =y
HY = H; - :
o ()
Then H is a positive-definite S?(t/Rb)*-valued function, satisfying the con-
ditions of Proposition 2.1 with respect to (Ap, 0p(t1), - .., 0p(0q)). Moreover,
if RbN A # {0} and H is associated to the cone metric of a Sasaki metric,
g, on N, then the transversal metric § induced by g on the orbifold Zy is
associated to the restriction of H® to Ay.

Proof. We denote by [a], the equivalence class of a in t/(Rb). Due to
Lemma 2.1,

b
e H,,(b,b)

H & I:Iﬂ(b") ®I:Iﬂ(b").
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This S?t*-valued function is well-defined on the quotient t/Rb since H?
(b,-) = 0. A facet F} lies in the annihilator of the attached normal vector
U} since its closure in t* contains 0. Thus, for y € Fj, using I:Iy(ﬂk, ) =0,
we get HZ([uk], ) = Hg(uk, ) =0 and

N N o YA oA <y7 ka> N <y,Uk> _
d, 1 ([ag], [ar)) = d,H (i, ax) — 2 ) g, + e b = 24y,

The S2t*-valued function associated to a toric metric § is defined by

HY(a,c) = (X4, X.)

for two vectors a, ¢ € . On the other hand, the Kihler metric § induced
on Zy by g is defined by gy, ([X], [X']) = §,(Z, Z') where Z (resp. Z') is the
horizontal projection of X (resp. X') at p and [ -] denotes the equivalent
class of points or vectors with respect to the local action generated by Xj.
For a € t, the horizontal projection of X, is

v H(a, b)X
R (1)
Then HY([a], [c]) = §(Xa), X|g) = §([Xal, [Xe)) = §p(Za, Zc) = HP((a], [d]),
which concludes the proof. O

As a corollary, we obtain the following well-known result [10].

Lemma 2.2. The metric § is extremal if and only if the induced metric §
18.

Proof. Fix a basis of t, eg = b, e1,...e,, and identify t/(Rb) with R” by
using the basis {e1,...,e,}. Then, the S%t*—valued function of the quotient
restricted to the hyperplane (ji, b) = 1 becomes H® = (H;;) = (Hy; — f1ifi;).
We then compute

n 2
SQ_Z AU—O"‘Z H;; —‘ZQHij+n2:8g+n2

1,5=1 B'MZMJ
by using Abreu’s formula (1.2). O

Combining Proposition 2.2 with the result of [34] we get the fol-
lowing corollary (where for simplicity we denote the labeled polytope

(Ap, 0p(ti1), - - -5 0p(a)) by (Ap,up)).

Corollary 2.1. Let (N?"*1 ¢ D, T”H) be a compact toric Sasaki manifold
with Reeb vector field Xy. If g is extremal (in the sense that § is) then
(Ap, up) is analytically relatively K -stable with respect to toric degenerations.
Moreover, if g has constant scalar curvature then ((a, .,) s constant.
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We expect the converse to be true for five-dimensional contact toric man-
ifolds with constant extremal affine function, in view of [16—19] but we do
not show this in the present paper.

3. Orthotoric structures and generic quadrilaterals
3.1. Orthotoric structures.

Definition 3.1. Let (M* w,J,g,T, 1) be a compact, connected, Kihler
toric® four-orbifold. It is orthotoric if there exist two positive smooth T-
invariant functions x, y € C°°(]\O4 ) with g-orthogonal gradients on M and
an identification between t* and R? through which the moment map is p =
(x +y,xy). We call x, y orthotoric coordinates on M.

In [4], it is shown that an orthotoric orbifold admits a Hamiltonian two-
form of maximal order. Recall that a two-form ¥ is Hamiltonian if, for any
vector field X,

2Vx VU = do /\w(X, ) + doq /\g(X, )

where o1 = tr,¥ = ‘I’w/\;". In complex dimension 2, the orthotoric coor-

dinates, x, y are the eigenvalues of J o ¥ (viewed as a field of complex
endomorphisms of (M, J) via the metric g). In particular,  and y are con-
tinuously defined on the whole M. Notice that 01 = x 4+ y and we set

U AW
w?

o9 = zy = det,,V =
The moment map of an orthotoric orbifold is

H = (0-1,0-2) = (:E + yvl‘y)
and its moment polytope A = Im p has a special shape which we shall
now describe. Since p is a moment map, it has rank 2 on M and so ¢ — y
does not vanish on M. Our convention is that x > y on M and we set
Im z = [a1,02] and Im y = [B1, B2], with ag > (2. The facets of A are
explicitly given as the image via o: (z,y) — (z + y,zy) of the facets of the
rectangle [y, ag] X [01, B2], that is, for i =1, 2:
Fo, ={o(ai,y) |y € [B1, 0]} and Fp, = {o(z,3) | x € o, az]}.
The normals of A associated to Fy,, Fo,, Fjg, and Fp, are, respectively

(3.1)

«a o
Ugy = Cq, <_11>a Ugy = Cay <_21)7 ug, = Cp, (fi)? ug, = Cg, <€21>

3Every compact orbifold admitting an orthotoric Kéhler metric in the sense of [3] is
toric, see [4].
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for some constants C,,, Cg, > 0 and Cy,, Cg, < 0, where the signs are
prescribed by the convention that the normals are inward vectors.

Remark 3.1. The case as = 31 has been extensively studied in [6] and
corresponds to triangles, that is weighted projective spaces. It is shown that
the only n-dimensional compact manifold admitting an orthotoric structure
is CP".

Definition 3.2. A quadrilateral A C R? is an orthotoric polytope if there
exists a rectangle [ag, ] X [81, B2] C R?, with 83 < a1, which is mapped on
A by the map o(z,y) = (z+y,zy). We denote such a polytope Aq, ay.8,,8:-
Thus, any labeled orthotoric polytope determines and is determined by eight
real numbers (a1, a2, 1,82, Cay, Cay, Cs,, Cp,) which we shall refer to as
orthotoric parameters.

Let A be a convex quadrilateral in t* and sq, s9, s3, S4 its vertices, such
that s; and s3 are not adjacent. By identifying so —s1 and s4 — s with a basis
of t*, A becomes the convex hull in R? of points (0,0), (1,0), (a,b), (0,1). We
denote the resulting polytope A,(a,b) and call it a normal form of A. Since
A is convex, a > 0, b > 0 and a+b > 1. Notice that if a, b # 1, A is generic,
that is, has no parallel edges. Obviously, the normal form is not unique.

Lemma 3.1. There exists an affine map of R? mapping A’( to A’(mb) if

al )
and only if (a’, V') belongs to
1 1 1
{(a’ b)7 E(a + b— 17 1)7 m(av b)a g(l,a + b— 1)7
(3.2) )
(b7a)75(17a+b_1)7m( b
In particular, a conver quadrilateral A is affinely equivalent to a unique

A'(ab)CR2 such thata, b>0,b<1<a anda-+b> 2.

Lemma 3.2. Any generic convex quadrilateral is equivalent to an orthotoric
polytope.

a,b)ﬁ(a—l—b— 1,1)}.

Proof. Let A’(a b) be a normal form of a convex quadrilateral A. The affine

transform
«_ (1=b a-1 1
v=(17 ")+ )

has an inverse if and only if A is generic. In that case, @*(A/(a b)) is the
convex hull of (1,0), (a,0), (2 —5b,(1 —b)) and (a + (1 —b),a(l —b)). In
particular, <I>*(A’(a b)) is orthotoric, as the image o([a1, ag] X [51, B2]), with

a; =min{l,a}, as =max{l,a}, {1 =min{0,1—b}, [z = max{0,1—b}.
Notice that B2 < a1, since a+b > 1 and a, b > 0. O
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Corollary 3.1. For any convexr quadrilateral A, there exists a unique pair
(a, B), satisfying 0 < B <1 < a and a — 3 > 1, such that A is affinely
equivalent to the normal form A/(a,l—ﬁ)' We call (c,3) the characteristic
pair of A. If A is generic then 3 > 0 (and thus o > 1) and it is affinely
equivalent to the orthotoric quadrilateral Ay g = ([0, 8] x [1,a]).

We now summarize and rephrase [6, Proposition 1| and [4, Propo-
sition 11] which together describe the space of orthotoric Kéhler metrics
compatible with a given toric symplectic orbifold.

Proposition 3.1 ([4,6]). Let (M,w,g,u,T) be an orthotoric orbifold with
orthotoric coordinates x and y and momentum coordinates o1 = x + y,
oo = xy. Let t1, to be the corresponding angle coordinates on M. Letting
Im z = [a1,a2] and Im y = [B1, B2], there exist functions, A € C* (a1, as))
and B € C*([01, $2]), such that A(x) and B(y) are positive on M,

(3.3)
_(z—y) (z—y) A(z) B(y)

9 = A7) dx? + B(y) dy® + x—_y(dtl + ydts)? + x—_y(dtl + zdty)?

and

(3.4) Aa;) =0, B(3;) =0,

Al(ai) = 2/Coéi7 B/(ﬂ%) = _2/Cﬁ¢‘

Conversely, for any smooth functions respectively positive on (aq, ) and
(61, 0B2) and satisfying (3.4), the formula (3.3) defines a smooth orthotoric
Kdahler metric on M compatible with w, with orthotoric coordinates x and y.

The S?R?-valued function H = (g(X,, X)) associated to the met-
ric (3.3) is
L (Al)+B(y)  yA(z) +2B(y) >
3.5 H = — .
e T (A0 Lo i Lty
Proposition 3.1 can be derived from (3.5) by using Proposition 2.1. The

integrability condition (2.3) is satisfied by construction. In particular, one
can give the explicit symplectic potential [4, Proposition 11]:

(3:6) Gap(z,y) = - /x (t_z)((tt)_y)dt + /y “_Z)g)_wdt.

From Lemma 3.2 and Proposition 3.1, we infer

)

Proposition 3.2. Let (M,w, T, 1) be a symplectic toric four-orbifold. There
exists an orthotoric metric compatible with w if and only if the polytope Im p
s a generic quadrilateral or a triangle.

Proof. For triangles, see [6]. An orthotoric quadrilateral is generic by def-
inition. Conversely, if Im p is generic, by Lemma 3.2, we can identify the
Lie algebra of T with R?, such that Im x be an orthotoric polytope. Thus,
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Im 4 is the image by o of a rectangle [ag, as] % [B1, B2] C R? with 32 < ay.

01—\/0%—402

209

o1+ a% —4o9
202

since z > y. Moreover, dxr and dy are linearly independent on M since W is
a moment map. Hence, taking positive functions satisfying condition (3.4)
leads to a smooth metric (3.3) for which dz and dy are orthogonal. O

The functions =z = and y = are smooth on M

3.2. Extremal orthotoric metrics. The “separation of variables”, men-
tioned in the Introduction, appears in the formula giving the scalar curvature
of an orthotoric metric ga g, [3]:

A"(z) + B"(y)
T—y ’
Remark 3.2. It is elementary to verify that if A and B are positive, the
inverse Hessian of the potential (3.6), with respect to o1 = z+y and o9 = xy,
is (3.5) and then that the scalar curvature is (3.7). It is not necessary to

notice the presence of a Hamiltonian two-form (orthotoric metric in this
case) but it gives a unified and geometric framework.

(3.7) S(Goan) =

Then, the condition for the metric to be extremal (which, in the toric
context, amounts to the fact that its scalar curvature is the pull-back by
the moment map of an affine-linear function on t* with respect to variables
o1 = x +y and oy = xy) gives rise to the following conditions on A and B:

Proposition 3.3 ( [3]). Let (M,w,g,J, u) be an orthotoric orbifold where g
is expressed on M as (3.3) with respect to orthotoric coordinates x,y. Then,
g is extremal if and only if A and B are polynomials of degree 4, say A(zx) =
Aozt 4 Ayx 4 Agx® + Az + Ay and B(y) = Boy* + B1y® + Boy? + B3y + By,
with

(38) AO == —Bo, A1 == —B1 and AQ == —BQ.

Moreover, assuming (3.8), g has constant scalar curvature if and only if
Ay = 0 and is Kdhler—FEinstein if and only if

(3.9) Ao =0 and A3 = —Bs.

Remark 3.3. Notice that for any extremal orthotoric metric

(3.10) S(Ggpp) = —12A0(z +y) — 641 = 124901 — 64;.

It follows that the scalar curvature of an extremal orthotoric metric is

equipoised in the sense of Definition 1.2.

Remark 3.4. Although we found it geometrically instructive to present
most of the material of this section in the setting of toric orbifolds, the
assumption that the corresponding labeled polytopes are rational is unnec-
essary for the results to hold true. For instance, if (A, ) is a labeled ortho-
toric polytope with orthotoric parameters (51, B2, a1, a2, Coy;, Cay, C3,,C3,)
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and if there exist polynomials A and B, respectively, positive on [a1, ag] and
[B1, (2], satisfying conditions (3.4) and (3.8), then the function G defined by
(3.6) is a solution of Problem 1.1 for (A, u). Moreover, via Propositions 3.1
and 3.3, the metric g4 p given by (3.3) defines an extremal Kéahler metric

on A x R" with boundary condition given by (1.1).

The next lemma states a condition on the orthotoric parameters for that
it exists a formal solution of Problem 1.1, that is a solution H4 p of equa-
tion (1.3) which is not necessarily positive definite. This is equivalent to
the fact that there exist polynomials A and B satisfying conditions (3.4)
and (3.8) but they are NOT necessarily respectively positive on [a, as] and

[B1, Ba].

Lemma 3.3. Let 31 < B2 < a1 < ag be real numbers and Cy,, Cq,, Cg,,
Cp, be non-zero real numbers. There exist polynomials of degree at most 4,
A and B, satisfying conditions (3.4) and (3.8) if and only if
(a1 + a2)? + 203 + (B1 + B2)* + 26182 — 2(202 + 1) (B1 + B2)
(a2 — a1)? Cq,

n (a1 + a2)® + 207 + (B1 4 B2)* + 28102 — 2(2a1 + 2)(B1 + fa)
(a2 — a1)? Ca,

Br+ B2)* + 2083 + (o1 + a2)? + 2a1a2 — 2(262 + Br)(oq + a2)
(B2 — B1)? Cp,

(B + B2)? + 267 + (a1 + a2)? 4 20100 — 2(261 + f2) (a1 + az)
(B2 = B1)* Cp,

L

+ = 0.

(3.11)

In this case, the polynomials A and B are uniquely determined by the ortho-
toric parameters. They are of degree 3 (i.e., Ay = 0) if and only if

(3.12) ! < ! + ! ): L <1+1>.
(az—0a1)* \Co;  Coy) (B2—P1)* \Cp  Cg

A and B satisfy condition (3.9) if, in addition to (3.11) and (3.12),

1 (OQ(ZOQ + OtQ) " a1(2a2 + a1)>

(g — a1)2 Co, Cas
(3.13) 1 ( 5261+ B) | Bi(28 + ﬂﬁ)
(B2 — P1)? Csy Ce, |

Proof. The compactification condition (3.4) implies that ai, ag and S1, Bo
are roots of A and B, respectively. So if such polynomials exist, they must
be of the form

A(z) = (x — a1)(z — a)(Agz? + Riz + Ry),

(3.14) B(y) = (y — B1)(y — B2)(—Aoy® + Sty + Sa),
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for some constant Ay, R1, Ro, S1,S2. The extremality conditions (3.8) imply

(3.15) Ry — Ao(an + ag) = =S1 — Ao(B1 + B2),
Ry + Aoy — Ri(ar + ag) = —S2 + AoB1B2 + S1(B1 + B2).
The compactification condition (3.4) reads, in terms of (3.14),

Al(a;) = (=1) (o — a1)(Apa? + Ry + Ry) = 2/C,,,
B'(8i) = (=1)"(B2 — B1) (Ao} + S18i + S2) = —2/Cy,,

for i = 1,2. Ry and Ry may be expressed as functions of Ag, by using the
condition (3.16)

(3.16)

1 ) 9
B ey <0a1 * ca) — Ao(as + a2),
(3.17) 1 . :
(&%) (051
T A
Ry (a2 — al)Q (Cal + Ca2> + Apaao,
and similarly,
S1=————w 7+t 7")+A(b1+f),
(3 ]_8) 1 (ﬁQ — ﬁl)Q <Cﬁ1 Cﬂg) 0(51 52)
. Gy— L (252 251) s,
(B2— 1) \Cps ~ Cg,

The condition (3.15), together with the fact that a; + aa — (61 + F2) # 0,
allows us to determine

A 1 < 1 ( 2 N 9 )
O pr—

(3.19) 2(on +az = (Br+B2)) \ (o2 —a1)* \Coy ~ Clay
The second line of (3.15) implies

T (et an)
(3.20)

2 <2a2+a1+2a1+a2> B 2 (252+51+251+ﬁ2>
(042 — 01)2 Cal C@Q (/82 - 51)2 Cﬁl C,@Z
= Ao((a1 + a2)?® + 20100 — (B + B2)> — 261 32)

which may be written as (3.11). Equation (3.12) comes directly from the
line (3.19). Finally, the condition (3.9) is A3 = — B3 assuming A = 0, that
is —Rianan+ Ro(ar+ag) = —S1 6182+ S2(61+452) is exactly equation (3.12).

g

Remark 3.5. Polynomials of degree 3 satisfying the compactification con-
dition (3.4) are automatically positive on (a, ) and (01, B2).
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4. Calabi toric structures and trapezoids

4.1. Kahler toric four-orbifolds with non-trivial Hamiltonian two-
forms.

Definition 4.1. A Kéhler toric four-orbifold, (M,w,J,g,T, i), is Calabi
toric with respect to a Killing vector field K, if there exists a Hamiltonian
two-form of order 1 whose non-constant eigenvalue is a Hamiltonian function

of K.

From [6, Proposition 10] we know that, excluding CP?2, there is a unique
non-trivial Hamiltonian two-form up to addition of a multiple of the symplec-
tic form, on a toric four-orbifold. In particular, such Hamiltonian two-form,
as well as the symplectic gradient of its trace K, is T-invariant.

Proposition 4.1. The moment polytope of a symplectic toric orbifold
admitting a compatible Calabi toric metric is a trapezoid or a triangle.

Proof. Suppose that (M,w, J, g, K, T, u) is Calabi toric. Let v € t be such
that K = X,,, we know that such vector v exists since K is a Hamiltonian
Killing vector field commuting with the infinitesimal action of 7" on M. Let
x = p(v). Notice that dx = du(v) = —w(Xy, ) vanishes only on zero set of
K while, thanks to [4, Theorem 1], we know that ¢g(K, K) only depends
on the value x. In particular, critical points of x are only contained in the
preimage of the ends of the interval Im x. Hence, A Nev; ! (Im z) does not
contain any vertex of A. Thus, A is a trapezoid or a triangle. O

From now on, we assume that the toric action of a Calabi toric orbifold
fixes four points, so its polytope is a trapezoid and we exclude weighted
projective space of our consideration.

Proposition 4.2. The Kdihler toric orbifold (M,w, J, g, T, 1) is Calabi toric
with respect to K if and only if there exist two positive smooth T-invariant
functions x,y € C°°(M) with g-orthogonal gradients such that K = J grad =
and there is an identification between t* and R? for which

p=(z,zy).

Proof. Suppose first that (M,w,J, g, K,T, ) is Calabi toric and consider
the same notation as the one in the proof of Proposition 4.1. Recall that M
denotes the open dense subset where the torus acts freely. By the general the-
ory, M is a manifold diffeomorphic to AxT. Hence, the manifold M , when
endowed with the restriction of the Kéhler structure of M, is a connected
Kahler manifold admitting a Hamiltonian two-form of order one whose only
non-constant eigenvalue, say &, is a Killing potential for K. This situation
is exactly the one required to apply [4, Theorem 1]. Thus, we obtain the
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explicit description of the restriction of the Kéhler structure (w, J, g) on M:

x A(z) A(x)
= da? —2? Jdr = —-0
(4.1) 9= Fpy e Tt = o Jdv=—=0,
w=zxwyx+drAO, di=—w),
where A is the constant root of the Hamiltonian two-form so that = := |A—¢|

is positive on ]\;I, the one-form 6 satisfies (K ) = 1 and (gy,w)) is a Kahler
structure on a Rieman surface.

Adding a constant to p if necessary, we suppose that = u(v) > 0. Let
u € t be any vector for which the pair (v,u) is a basis of t. This choice gives
an identification between Lie T and R?, so that

p=p()v” + plu)u” = (z, p(w)).

Translating by v if necessary, one can choose u in order that the T-
invariant function

g
()’

be non-negative. One has Lx, f, =0, Lx, fu = 0 from T-invariance and

ﬁJvau - dQ(JXva Xu) = 07

(4.2) -1
ﬁJXufu = _d9<XU7 JXU) = ?(M(Xw JXU) + fudx(JXu))

using (4.1). The vector fields X, X, JX,, JX, commute so the formulae
above determine the differential df, = 1(du(u) — fudz) and then p(u) =
x fy + ¢ for a certain constant c.

The map fi = u — cu® is a moment map for the action of T" such that
f(v) = p(v) > 0 and

(4.3) fr=p()v" + (p(u) = Ju* = (2,2 fu).

In particular, the function f, may be defined on the whole M. Indeed, the
assumption that T fixes four points of M is equivalent to that Im [ is a
quadrilateral which can be true only if x > 0 on M. We set y = f,, so
i = (z,zy). Finally, notice that the first formula of (4.2) implies that dy
and dz are orthogonal.

Conversely, the fact that the moment map is p = (x, zy), with > 0 and
y > 0, implies that the rational labeled polytope associated to (M,w,T') has
a normal lying in Re;. In particular, the line Re; meets A (where T = R?/A)
and determines a circle, S C T, the generator of which is R-collinear to
K = J grad z and is a Hamiltonian Killing vector field on M. Consider the
set of action-angle coordinates (o1, 09,t,s) on M where (01,02) = (z,zy)
and dt(K) = 1 and the normal expression for the toric metric in terms of
matrices H = (H;;) and G = (G;j). The assumption that dr and dy are
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g-orthogonal implies the following relations:
(4.4)

G111+ 2yG12 + y2G22 = f(ac,y), iU(GlQ + yGQQ) =0 and $2G22 = h(l‘, y).

From these equations and the integrability of J, we infer

0 0 1 0 0
TGH - TGH =—0,f— y(ia G2 — Ton Ga2) =0,
(4.5) 52 gl "“’1 72 oL
7802G12 — 76016:22 = E(h — x@x h) =0.

Hence, there exist functions of one variable A and B such that f(z,y) =
z/A(x), h(z,y) = 2/B(y) and

(4.6)

2
Hyp=— , Gap=|A® _ =Bl «BW) |
AB = <yA<a:> #2B(y) + y?A(x) e R0

Hence, we obtain that the expression of the Kéahler structure on M associated
to Ha p and G4 p is exactly of the form (4.1) where § = dt+yds, wy = dyA

ds and g, = % + B(y)ds?. Using [4, Theorem 2], one gets a Hamiltonian

two-form of order one on M given explicitly by ¥ = z(w — a2w) ). This two-
form admits a unique extension on M since it is a parallel two-form with
respect to a connection [4, Proposition 4]. O

The classification of Hamiltonian two-forms on symplectic toric four-
orbifolds claimed in the Introduction follows from the following proposition
together with Proposition 4.2 and the fact that orthotoric metrics charac-
terize the ones admitting Hamiltonian two-forms of order two [4].

Proposition 4.3. Let (M,w, J,g,T) be a Kihler toric four-orbifold admit-
ting a non-trivial Hamiltonian two-form of order zero. Then, the moment
polytope is a parallelogram. In particular, (M,w, J, g) is a product of weighted
projective lines endowed with a product of toric Kahler metrics.

Proof. Let ¥ be a non-trivial Hamiltonian two-form of order zero on M.
Seen as an endomorphism using g, J¥ has two constant roots, say A1, As.
These roots are distinct since ¥ is non-trivial (that is, it is not a multiple
of the identity). The Kéhler structure restricts to a Kéhler structure on the
eigenspaces of ¥ and the induced splitting of the tangent space TM = V&V,
is invariant by the local action generated by t. Since W is parallel with respect
to the Levi—-Civita connection, the distributions V; are not only integrable in
the Frobenius sense but also closed for the Levi-Civita connection meaning
that Vy X (p) € (Vi), as soon as X is a section of V. Thus, a vector field,
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K, such that K = K; + Ky with K; € V;, is Killing if and only if each
vector field K; is. Hence, one can choose a basis (ej,ez) of t such that
9(Xe,, Xe,) =0 and X, (p) € (Vi) for all p € U. Taking any moment map,
w, of the action of T' on M, the functions = = u(e;) and y = p(e2) have
orthogonal gradients which are non-vanishing on M. With respect to the
basis (e1,e2), Im p is a rectangle since p = (z,y). The proposition follows
from the Delzant—Lerman—Tolman Classification of toric orbifolds. O

4.2. Calabi toric structures. In view of Proposition 4.2, an equivalent
definition of Calabi toric orbifold is

Definition 4.2. Let (M,w, J, g, T, it) be a compact, connected, Kéahler toric
four-orbifold. It is Calabi toric if there exist smooth T-invariant functions
xz and y € C°(M) with x > 0, y > 0 g-orthogonal gradients on M and
an identification between t* and R? through which the moment map is p =
(x,zy). We call z,y the Calabi coordinates.

The moment polytope A = Im p of a Calabi toric orbifold has a special
shape. Let Im = [a1, a2] and Im y = [51, f2], with a3 > 0 and 8; > 0. A
is the image of [a, aa] X [61, B2], by o: (x,y) — (z,zy). The normals of A
are

(6 «
Uqy = Oal <01>7 Uqy = CYOC2 <02>7 ugl = Cﬁl <f11>, uﬂg = 0,32 <_21>

with Cy,, Cg, > 0and Cy,, Cg, < 0. This leads us to the following definition.

Definition 4.3. A Calabi polytope is a polytope which is the image of a
rectangle [a1,as] x [B1,52] € R2, with oy > 0 and 1 > 0, by the map
o: (z,y) — (x,zy). Thus, any labeled Calabi polytope determines and is
determined by a eight-tuple (o, ag, 81, f2, Ca,, Cay, Cp,, Cg,) we shall refer
to as Calabi parameters.

Lemma 4.1. A Calabi polytope is a trapezoid and any trapezoid is equivalent
to a Calabi polytope.

Proof. Let a > 1 and A be the Calabi trapezoid given as the image by o of
[1, ] x [0, 1], the affine map

(1/(a0— 1) (1)> B <1/(a0— 1)>

maps A on A’(a 1)» the convex hull in R? of (0,0), (1,0), (1,a), (0,1). We
conclude the proof, by using normal forms of quadrilaterals of Corollary 3.1.
O

Remark 4.1. The Calabi trapezoid of parameters
(Olla o, B, 527 Cal > Cazv 0517 0/32)
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is equivalent to the Calabi trapezoid of parameters

(6%
(17 o = ()Tj, 0,1, O‘%Caua%Caw (62 - 61)041051, (/62 - ﬁl)O‘lC&) :

Proposition 4.4. Let (M,w,g,u,T) be a Calabi toric orbifold with Cal-
abi coordinates x, y and momentum coordinates o1 = x, o9 = xy. Let t1,
to be the corresponding angle coordinates on M. Letting ITm x = [ay, ag]
and Im y = [(1,P2], there exist functions, A € C*®([a1,a2]) and B €

o

C>([41,32]), such that A(z) and B(y) are positive on M,
dx? dy*  A(x)

— 2 2
(4.8) 9 = xA(x) —HCB(y) + . (dt + yds)* + xB(y)ds
and
Ala;) =0, B(B;) =0,
(4.9) T e
A (al) - Cai7 B (ﬂl) - Cﬁl .

Conversely, for any smooth functions, A, B, respectively positive on
(a1, a2) and (51, B2) and satisfying (4.9), the formula (4.8) defines a smooth
Calabi toric metric on M compatible with w, with Calabi coordinates x, vy.

Proof. The main part of the proof is a corollary of Proposition 4.2. We just
have to verify that the compactification conditions (1.1) on Hy p corre-
spond to (4.9): Then the proposition would follow from Proposition 2.1. We
compute that

_ Aai) _ 0
H(amyai)(uaw ) = COéz‘ <yA(Oéz)) and H(w»mﬁi)(uﬁw ) = Cﬂi <xB(ﬁz)>

Moreover, dH(q, ya,)(ta,, ta;) = Co. A' (o) idoy and

Yo
dH (x5, (ug;, ug,) = —C3, B (8;)(Bidor — do).

Finally, we have ug, = Cg,(Bido1 — doa) and u,, = Cq,0idoy via the

standard identifications T),A ~ t* and t* ~ t, given by the basis (01,02). O

Corollary 4.1. A symplectic potential of the Calabi toric metric gap 1s
given by

o= ([ g ([ i)

It is unique, up to addition of an affine-linear function of the variables x,
xy.

With a similar argument as in the generic case, see Proposition 3.2, we
derive from Proposition 4.4 the following proposition.



TORIC GEOMETRY OF CONVEX QUADRILATERALS 369

Proposition 4.5. Let (M,w,T) be a symplectic toric four-orbifold with
moment map p. There exists a compatible Calabi toric metric on (M,w)
if and only if Im p is a trapezoid which is not a parallelogram.

4.3. Extremal Calabi toric metrics. Using the Abreu formula (2.2) and
the expression of g = g4 p with respect to the moment coordinates o1 = x

and o9 = xy, one computes that
82 B//(y) 4 A”(w)
(4.10) S(Ggpp) =— %: WHU = — 7 =

X

In particular, the extremality condition for such a metric may be expressed
as conditions on A and B. More precisely, since, on the manifold M , the
metric g4 g is a smooth Calabi-type metric, we can apply [3, Proposition
14] to obtain

Proposition 4.6 ([3,12]). Let (M*,w, J,ga.5,T) be a Calabi toric orbifold
with coordinates x,y. The metric gap is extremal if and only if A is a
polynomial of degree at most 4, say A(x) = Aozt + A12® + Agx® + Azx + Ay,
and B is a polynomial of degree 2 such that

(4.11) B"(y) = —24,.

Moreover, assuming (4.11), ga g has constant curvature if and only if Ay = 0
and is Kdhler—FEinstein if

(4.12) Ay =A3=0.

In particular, if g4 p is extremal, then
(4.13) S(GQA’B) = —12Apx — 641 = —12Ap01 — 64,
is equipoised. Thus, we deduce
Corollary 4.2. If the Calabi toric metric ga p is extremal, then ((a ) is
equipoised and the metric gs, = % + B(y)ds® has constant (positive) scalar
curvature 2k = —B" (y).

The following is the counterpart of Lemma 3.3 in the Calabi toric case.

Lemma 4.2. Let (A, u) be a labeled Calabi trapezoid with Calabi parameters
(a1, a2, B1, B2, Cayy Cay, Cp,, Cp,) € RE. There exist polynomials A, B of
respective degree at most 4 and 2, satisfying (4.9) and (4.11) if and only if
(4.14) Cg2 = _061'

In that case, the polynomials A and B are uniquely determined by the Calabi
parameters. A is of degree 3 if and only if

1 <2a2+a1+2a1+a2>__ 1
(ag — a)? Coy Cas (B2 — 1)Cs,’

(4.15)
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and satisfies, in addition, (4.12) if and only if
(2a1 + Ozg)ag (2042 + 1)y
Co, Coay,

Proof. From the boundary conditions (4.9) and the fact that B”(y) = —2k
must be constant (see Proposition 4.6), we infer that B(y) = —x(y—£1)(y —
(2). Hence,

(4.16) = 0.

44
(B2 = B1)Cs, (B2 — $1)Cp,

is negative. Similarly, the conditions (4.9) and the fact that A(z) must be a
polynomial of degree 4 (see Proposition 4.6) lead to

Alr) = (x — ar)(z — 2)Qa()
for some degree 2 polynomial Q4(z) = Agx? + Rix + Ry. Thanks to the

boundary condition on A we obtain three linear equations for the variables
Ao, R1, Rs.

(4.17) B"(y) = =2k =

A1) = (1 — a2)Qa(ar) = 2/Ca,,
Al(ag) = (a2 — a1)Qa(ag) = 2/Ca,,
Ao = Ry — Rl(al + Ckg) + Agaiag = k.

The solution is

(4.18)
1 2 2
Ry = — A
! (a2 — a1)2 <Ca1 - Caz) oz + ),
-1 2009 20
Ry = A
? (2 — al)Q (Coq - Cocz) Aoaza,

2 2009 + « 200 + «
Ao((a2+a1)2+2a1a2): ( 2 ! ! 2)4—&.

+
(Ctg - a1>2 C’Cn COQ

Notice that (ag +a1)? + 2709 > 0 since ag > a7 > 0 by assumption. Thus,
we can derive the expression of coefficients Ag, A1, A2 = k, A3 and Ay in
terms of Calabi parameters. The equation (4.15) is equivalent to Ag = 0
while (4.12) is equivalent to (4.16). O

5. Proof of the main results

5.1. Equipoised functions and existence of solutions. As explained
in the Introduction, the solution of Problem 1.1 for parallelograms is the
product of solutions on labeled intervals given by formula (1.4). Notice also
that any affine-linear functions are equipoised on a parallelogram. Indeed,
this is true on a square and any parallelogram is affinely equivalent to a
square.
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We have established in the previous sections that any quadrilateral which
is not a parallelogram is affinely equivalent to either an orthotoric polytope
or a Calabi polytope. More precisely, for any convex quadrilateral A which
is not a parallelogram there exists an affine invertible map sending A to a
quadrilateral in R? which is the image of a rectangle [a1, as] x [B1, B2 via
the map o(z,y) = (z + y,zy) if A is generic and o(z,y) = (z,zy) if A
is a trapezoid, see Definitions 3.2, 4.3. We fix such a representative of A
and a set of normals u = (u1, ug, us, uq). Any other choice of normal inward
vectors is obtained from u by

(5.1) u(r) = ( uz U “4)

with r € R%,. In the orthotoric (resp. Calabi) case, we choose u such that
u(r) gives the normals (3.1) (resp. (4.7)) for

(5.2) r=(r r3,74) (1 -1 1)

. 1,72,73,74 Cal’Cag’Cﬁl’Cﬁg .
5.1.1. The space of normal inward vectors and formal solutions.
In Sections 3 and 4, we introduced two kinds of solution of equation (1.3)
in terms of a S?R2-valued functions H A,B depending on two polynomials A
and B, respectively, given by (3.5) if A is generic and (4.6) if A is a trapezoid.
In both cases, we obtained a criterion on normals u(r) for (A, u(r)) to admit
such a solution, expressed as a homogeneous equation with respect to the
variables (r1,72,73,74), see Lemmas 3.3 and 4.2. Let X(A) be the cone of
inward normals (labeling A) satisfying this criterion. More precisely, using
the parametrization above, if A is generic

(5.3) X(A) = {(r1,72,73,74) € R:,| (3.11) holds },
and if A is a trapezoid
(5.4) X(A) = {(7’1,7’2,7”3,7‘4) € Rio | ry = 7‘4}.

Lemma 5.1. For any convex quadrilateral A which is not a parallelogram,
X(A) is a three-dimensional cone.

Proof. Letting X'(A) be the vector space spanned by X(A), we have
X(A) = R, N X/(A). If A is a trapezoid, Lemma 5.1 obviously follows
from the definition and Proposition 4.2. If A is generic, we denote by (a, 3)
its characteristic pair, see Corollary 3.1, and identify A with a([l, a] x 10, B])
Using the notation (5.2), equation (3.11) becomes

T3

i

T4

+D4@

(5.5) D -D =0,

-1 P
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where
Dy = (14 a)? +2a” + 2 — 2(2a + 1)(B),
Dy=(1+a)?+2+ 5% —22+a)p,
D3 =332+ (14 a)® + 20 — 48(1 + a),
Dy=pB*+(1+a)?+2a—-23(1+a).

The lemma follows from the fact that Dy > D4 > D3 > Dy > 0 which in
turn follows from 0 < 8 < 1 < « as stated in Corollary 3.1. O

5.1.2. The space of normal inward vectors with equipoised
extremal affine function. Recall that an affine function f is equipoised
on A if Z?Zl(—l)if(si) = 0, where s1,..., s4 are the vertices of A and s; is
not adjacent to s3. Moreover, we can assume (without loss of generality, see
Lemmas 3.2 and 4.1) that any quadrilateral, unless parallelogram, is either
an orthotoric polytope or a Calabi polytope. Note that orthotoric and Calabi
polytopes come with a fixed affine embedding A € R? = {(01,02) | 0; € R}
having as common feature that the function (o1, 02) +— o7 is equipoised on
A while (01,09) +— o9 is not. Hence, an affine-linear function f: A — R is
equipoised on A if and only if f is constant with respect to os.

Hence, from the linear system (2.4), for a given labeling u = (u1, ug, us, u4),
the extremal affine function (. is equipoised if and only if the linear
System

Wo1¢1 + Woolo = Zo,
(5.6) W11 + Woir o = Z1,

Wa1C1 + Woalo = Zo,
admits a solution, that is if and only if

(5.7)
(WooW11 — W) Za = (WoaWi1 — WiaWor)Zo + (Wi1aWoo — WoaWoi) Zy.

Notice that in the system (2.4) (and hence (5.6)), only the right-hand
side depends on the normals: For any other inward vectors u(r), see (5.1),
with r € RY ), the matrix W remains unchanged while Z(r) depends linearly
on r = (ry,ra,r3,74). Hence, equation (5.7) is homogeneous and linear with
respect to r. Denote a;; = fFj pidv; where uj A dvj = duq A dug on Fj, so
that Z;(r) = >_; a;;r;. Equation (5.7) can be rewritten as Z?Zl E;r; =0,
where

E; = agj(WooWi1 — W) —ao; (WoaWi1 — WiaWor ) — a1 (W12 Woo — Woo Won ).
We define the vector space E'(A) = {7’ c R? ‘ 2?21 Ejr; =0 }, so that

E(A)=E'(A)n Rio ={re Rio | ¢(A,u(r)) is equipoised on A}.
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The next lemma will be the key for the main result of this paper. It follows
from the fact that we linearized the PDE of Problem 1.1 in Lemmas 3.3
and 4.2.

Lemma 5.2. For any convex quadrilateral A which is not a parallelogram
E(A) =X(A).

Proof. Since E(A) = E'(A)NRY ;, X(A) = X'(A)NRY ; and since we proved
that X’(A) is a three-dimensional vector space, we only have to prove that
X(A) C E(A) and that E'(A) is a three-dimensional vector space.

Firstly, X(A) € E(A). Indeed, for a point r € X(A) one can construct
a matrix-valued function Hyp = (H;;) satisfying the boundary condi-
tions (1.1) and (1.3) by Lemmas 3.3 and 4.2. The latter condition means
that the function

0* Hyj

O i O
is affine-linear and thus coincides with ((a 4(r)), see Remark 2.2. In partic-
ular, due to the construction ((a () is equipoised and then r € E(A), see
Remark 3.3 and Corollary 4.2.

Secondly, E'(A) has dimension 3 since the coefficients E; of the defining
equation 2?21 Ejr; = 0 are not all zero. We prove this fact separately for
both cases.

(i) Suppose that A is generic, we identify A with an orthotoric polytope
with parameters 31 < 2 < a1 < aa. Recall that the (fixed) inward normal
vectors u are given via (5.1) and (5.2), that is,

an(2) (3 - (%)

We compute
Zo(r) = 2(B2 — B1) (r2 +71) + 2(2 — a1) (14 + 73),
Zi(r) = (B2 — 1) (202 + B2 + B1)r2 + (201 + B2 + B1)71)
+ (a2 — a1) (282 + az + a1)ra + (261 + a2 + a1)rs),
Zo(r) = (83 — B7) (agra + cur) + (a3 — o) (Bara + Pir3).

In particular, at least one coefficient is not zero as the alternating sum
—F1+FEy— FE3+ Eyis

(5.10) (a2 — a1)(B2 — B1) (WooWi1 — W5y) (aa + ar — o — B1) # 0.

Indeed, recall that Wi; = [\ pip;dv is an inner product on L?(A) and
that po and p; are everywhere independent as functions on R?. Hence, the
Cauchy—Schwarz inequality is strict for them, showing that W021 > WooWis.
Thus, (5.10) holds since 1 < ff2 < ag < .

(5.8) S(Hap) =

(5.9)
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(7i) Suppose that A is a trapezoid, it corresponds to a Calabi polytope
with parameters fo > 81 > 0 and as > a1 > 0. The fixed inward normals

are
0= (§) = (6) = () = ()

and we compute
Zo(r) = (B2 = B1) (2r2 + 2r1) + (a3 — af) (ra + r3),

Zi(r) = (B2 = Br) (2agrz + 20071) + ;(a% —a?) (ra +73),

2
ZQ(T) = (522 — ,3%) (0427"2 -+ OélT’l) + g(ag’ — a?) (ﬂ2T4 + 517’3).
Notice that
2
E,— FE3= —g(@ — 1) (WooW11 — W) (o — af) #0
as above. It follows that at least one coefficient is non-zero. O

5.2. Proof of Theorem 1.1. The proof given below is similar to the one
of [5, Theorem 3].

Let (A,u) be a labeled convex quadrilateral with a equipoised ((a -
Suppose that A is not a parallelogram. From Lemma 5.2 we know that
there exist polynomials A and B for which the matrix Hy g, given by (4.6)
for trapezoids and (3.5) for generic quadrilaterals, satisfies the boundary
conditions (1.1) and S(Ha p) = (A Thanks to the uniqueness of the
solution of Problem 1.1, see Section 2.2.1, to prove Theorem 1.1 we only
have to show that Hx p is positive definite if and only if (A, u) is relatively
analytically K -stable with respect to toric degenerations.

Denote by P(A) the set of strictly convex piecewise affine-linear functions
on A. Suppose that f € P(A) has only one crease, meaning that A is cut into
two pieces A = AjUA; on which f is affine-linear (thus f; = f|a, is smooth).
Denote by Sy = 0 A1 N As, the segment passing through the interior of A,
determined by the crease of f. A normal vector to Sy is given by

g o)
up = @fl - Tﬁ”h _ (an — a21>’
Dzl — mf2 a12 — a2
where a,; = E%jfs are constants. This vector is inward to A;. Denote by dvy

the (positive) volume form on the oriented segment Sy for which uy Advy =
dv = dpy A dpg. Substituting ((a ) by S(Ha p) (even though Hy p is not
necessarily positive definite), we get

(5.11) Liaw(f) :/s Ha,p(us, ug) dvy.
!
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For functions with more than one crease, the relative Futaki functional
decomposes into a sum over the creases of expressions of the type (5.11).
Indeed, the integration by part leading to (5.11) may be used successively,
as in [34], showing that if Hy p is positive definite then (A, u) is relatively
analytically K-stable with respect to toric degenerations. It remains to prove
the converse.

From Lemmas 3.2 and 4.1, we can assume that A is the image of a rectan-
gle [a, ag] x [B1, B2] via the affine map o, see Definitions 3.2, 4.3. Let Cy,,
Cas,, Cp, and Cp, be the constant determining the normals, respectively,
as in (3.1) (resp. (4.7)). Then, to every = € [a1, ] corresponds a segment
Sy C A, given by the image of [31, B2] by o(z,-). We define similarly seg-
ments S, for every y € [(1, F2]. For any function f whose only crease is Sy,
we compute

(5.12) Liaw(f) = g Ha p(us,uy) dvy = A(x)(B2 — 1),
up to a positive multiplicative constant. Similarly, if Sy is the only crease of
f, we get that, up to a positive multiplicative constant,

(5.13) Liaw(f) = : Hyp(us,up) dvy = B(y)(a2 — ay).
Yy
Then, from (5.12) and (5.13), L(a)(f) > 0 for any non-affine-linear
function f € P(A) implies that A and B are positive on the respective open
intervals (a1, a2) and (31, B2), and thus Hy p is positive definite.

Remark 5.1. Of special interest is the case when the parameters aq, as,
B1, B2, Cay,s Ca,, Cp,, Cp, are rational. One then gets a rational labeled
polytope (A, A,u) with vertices lying in A*, see Lemma 6.2. Presumably,
this would be the case where the algebro-geometric setting of the problem
makes sense, see [16] for the case of smooth varieties and the work of [31]
for the case of orbifolds with cyclic orbifold structure groups. In this setting,
rational convex piecewise functions would arise from toric degenerations of
the toric orbifold.

It is worth noticing, as in [5, Theorem 3|, that under this assumption
the polynomials A and B have rational coefficients and two simple rational
roots. Therefore, they cannot admit double irrational roots, showing that
H 4 p is definite positive as soon as L(a ,)(f) > 0 for any rational function

in P(A).

5.3. Proof of Theorem 1.2. We prove Theorem 1.2 in three steps.

First, we show the last part of the statement concerning C(A) and K(A).
Then we prove that ET(A) and E(A)\E*(A) are both non-empty for generic
quadrilaterals and, finally, ET(A) is non-empty for trapezoids. We begin by
recalling and giving alternative definitions for ET(A), C(A) and K(A).
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Let A be a convex quadrilateral which is not a parallelogram. We sup-
pose, without loss of generality, that A is embedded in R? as an orthotoric
quadrilateral if A is generic and as a Calabi trapezoid otherwise. In both
cases the associated parameters are denoted g, o, fB1, B2.

Let N(A) be the four-dimensional cone of inward normals associated to
the facets of A. We fix inward normal vectors u = (uj,ug,us,uq) so that
any other normal inward vectors can be expressed as u(r) for some r € R%,
using conventions (5.1) and (5.2). Via this parametrization, N(A) = R% .

We know from Lemmas 5.1 and 5.2 that the condition that () is
equipoised defines a codimension-one sub-cone E(A) C N(A) which can
be equivalently defined as the cone X(A) of normals for which there exist
polynomials of degree 4, A and B, such that Hq g (given by (3.5) if A is
generic and (4.6) otherwise) is a solution of (1.3) satisfying the compactifi-
cation condition (1.1). Recall that A and B are uniquely defined by these
conditions. Letting A(z) = Agz* + A123 + Asx? + Azx + A4 and going back
to the proof of Lemma 5.2, we get

E(A) = {r € N(A) [{(au@) = —124001 — 64; }.

In particular, noticing that a constant function is equipoised on any quadri-
lateral, the set of normals C(A) for which (A ,) is constant is a subset of
E(A), and is equivalently defined as

C(A) = {r e E(A) | Ag=0).

The subset ET(A) of normals for which (A, u) is relatively analytically K-
stable corresponds, via Theorem 1.1, to the subset of E(A) for which A and
B are positive, respectively, on (a1, ag) and (31, B2).

Step 1. For any normals in C(A) C E(A), A is of degree 3 and has aq,
ay as roots. The conditions A’(a;) > 0 and A’(az) < 0 ensure that A is
positive on (aq,as). For similar reasons B is positive on (81, 32). Hence,
C(A) C ET(A).

By using Lemmas 3.3 and 4.2 the sets C(A), E(A) are defined by linear
equations with respect to r1,79,73,74. We already know from Lemma 5.1
that E(A) is three-dimensional. Similarly, the set of normals C(A) for which
((A,u) 1s constant is defined by

C(A) = {r € N(A)

(3.11), (3.12) hold, if A is generic
(4.14), (4.15) hold, if A is a trapezoid |’
while the set of Kdhler—Einstein metrics is

(3.11), (3.12), (3.13) hold, if A is generic

(4.14), (4.15), (4.16) hold, if A is a trapezoid |~

We infer from Lemma 5.2 that E(A), C(A) and K(A) are sub-cones of
N(A) of respective codimension one, two and three.

K(A) = {7’ e N(A) ‘
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It remains to prove that ET(A) is proper and is a non-empty open

subset of E(A). It is clearly open by definition. Recall from the proofs
of Lemmas 3.3, 4.2 that A(x) = (z — a1)(x — a2)Qa(x) and B(y) =
(y — Bi)(y — B)Qu(y) where Qa(x) = Agz® + Raz + Ry and the degree
of @p depends whether or not A is generic. The polynomial A (resp. B) is
positive on (aq, ag) (resp. (51, 2)) if and only if Q 4 (resp. @) is negative on
these intervals. The compactification conditions imply that Q4 (resp. Qp)
is negative at the ends of the interval (i, ag) (resp. (51, 52)). In particular,
if Ap > 0 then A is positive on (a1, as).
Step 2. If A is generic then Qp(y) = —Agy?+S1y+Sa. The fact that ET(A)
is a non-empty open subset of E(A) will follow if we can find r € E(A) for
which Ag > 0 and @p has imaginary roots. Indeed, Ay > 0 implies A > 0
on (a1, as) as above, and since @p has no real root and is negative at (3,
Q@ p is always negative. Thus, r is in the open subset of E(A) (included in
E*(A)) defined by Ay > 0 and S7 445240 < 0. On the other hand, the fact
that ET(A) is a proper subset of E(A) would follow from the existence of
r € E(A) for which Ag > 0 and @p has a double root in (51, 32). We now
show the existence of such r.

Assume (without loss of generality, see Corollary 3.1) that A is the ortho-
toric quadrilateral with characteristic pair («, 3), where 0 < 3 < 1 < a and
a — (> 1. We use the notation introduced in the proof of Lemma 5.1. Let

r = (r1,re,7r3,74) € RY,. Letting a = % and b= "z2, 1€ E(A) if and

only if

1

614

”
Dy — D) = —ﬁ%(m — Ds) +aDy — bDy.
Recall from Lemma 5.1 that Dy > Dy > D3 > D9 > 0.

Now r € ET(A) and Ag > 0 if and only if, assuming (5.14), the following
conditions hold:

(5.15)

a > —(aiill)z, % > max{0,—b} and %(D4 — D3) < aDy —bDy,
(5.16)

a>b.

Moreover, Qp has conjugate imaginary roots if and only if S? + 4452 < 0,
that is, if and only if

s Plat1-6) . (a-b)s
47 B 2a-0p Sari-p "

with equality if and only if @5 has the double (real) root A = 25710.
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Claim 5.1. For any b < 0, there exists ag > 0 such that for all a > ag, we
have

1 b2(a+1—ﬂ)+ (a—0)p
D4—D3 Q(Q—b)ﬁ 8(Oé+1 —ﬁ)
Step 2 will be complete as soon as we prove the Claim 5.1. Indeed, taking

b and a > ap satisfying this Claim we have that a > 0 > b implies (5.16)
and the inequality (5.18) allows us to pick r3 such that

(5.18) (CLDQ — bD4) > —b.

1
(5.20) rs V(a+1-7) (a—b)B o

2= 2a-b)p  8a+1-7p)
Thus, (5.20) implies that % > —b while (5.19) together with equation (5.14)
imply that r; > 0, so the condition (5.15) holds. Picking r3 such that the
inequality (5.20) is strict implies that the strict inequality of (5.17) holds (so
that @ p has no real roots) while picking r3 such that the equality of (5.20)
holds implies that @ p has the double root A\. We have A € (0, ) if and only
if S1 € (0,2403) which means (by virtue of (3.18)) that —AS < 2b < Apf.
Thus, @p has a double root in (0, 3) if and only if
Bla—1b) Bla—1b)

5.21 __PATY oy AT
(5:21) 20a+1-p) 2(a+1-0)
which, in turn, is verified as soon as a is big enough. Hence, it remains to
prove Claim 5.1.

Remark 5.2. It is easy to see that once given r € E(A)\ET(A) such that
Ap > 0 and @ p has a double root, there is a three-parameter family of such
solutions.

Proof of the Claim 5.1. We compute that
1 - — B)? 200 — 40 + 2b(1 — B —
Dy — D3 28(a+1-p)
One can assume that a > b so the inequality (5.18) holds if and only if
- B)? 12 — 163 — 32
[4(04 B)* + 8a + 66 — 0 ] (a—b)?

8B(a+1—-p
2b(1 —ﬁ(ﬁ—a) ) b(a+1-0)
(5.22) [Qﬁ(aﬂ_ﬁ)m] (a—b)—T > 0.

Fixing b < 0 the left-hand side is a polynomial, say P(a — b), of degree two
with respect to a — b for which the main coefficient
4(a—B)? +8a+ 12 — 163 — 3
8B(a+1—p)
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is positive. Thus P is a convex function. Hence, there exists a > 0 big enough
to ensure P to be positive at a — b. O

Step 3. If A is a trapezoid, then Qp(y) = —k = —2r3 and E(A) = {r €
RY,| 73 = r4}. Using the formulae of Lemma 4.2, we express Aj in terms
of the variables r = (r1,r9,73,74) and the Calabi parameters aq, a9, 31, F2.
In particular, for any number r3 = r4 > 0, there exist 71,79 > 0 such that
(ri,7m9,73,74) € E(A) and Ag > 0. Thus, for such r, A is positive on (a7, az).
We then infer that ET(A) is not empty.

Remark 5.3. The classification presented in this paper provides automati-
cally a classification of toric weakly Bochner-flat metrics (i.e., with co-closed
Bochner tensor). Indeed, weakly Bochner-flat metrics are extremal and an
alternative definition is that (g, J,w) is weakly Bochner-flat if the form

_ Scal,

Pa = Pg 2m(m + 1)w,

where pg is the Ricci form, is a Hamiltonian two-form, see [4]. In particular,
if (g, J,w) is a toric weakly Bochner-flat metric then it is a toric Kéhler—
Einstein metric or admits a non-trivial Hamiltonian two-form, p,.

In the setting of toric geometry, this latter case implies that the moment
polytope A is either a triangle or a quadrilateral, see Sections 3.1 and 4.2. If
A is a triangle, using the uniqueness of extremal metrics the metric g should
be a Bochner-flat metric on a weighted projective space as classified in [11],
with symplectic potential given by (1.4). If A is a quadrilateral, depend-
ing on the number of its parallel edges, the metric g is either a product of
metrics, a Calabi-type metric or an orthotoric metric. Moreover, if A is a
quadrilateral which is not a parallelogram, using again the local character-
ization of metrics admitting Hamiltonian two-form of [4] the condition of
being a weakly Bochner-flat metric is a linear condition on the coefficients
of the polynomials A and B. More precisely, the normals u leading to a (for-
mal) weakly Bochner-flat metric H4 p form a sub-cone in E(A), defined via
the linear equation A3 = —Bsg if A is generic and Az = 0 if A is a trapezoid
(without assuming A = 0).

6. Geometric applications

A labeled polytope (A, u) is associated to a symplectic toric orbifold via the
Delzant—Lerman—Tolman correspondence if and only if (A, u) is a rational
labeled polytope with respect to a lattice A. The first part of this section
gives an intrinsic criterion for testing rationality of polygons. In this paper,
polygon refers to two-dimensional polytopes. In particular, they are compact
and convex.
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6.1. The rational type condition. Recall that (A,u) is rational with
respect to a lattice A if u; € A and A is of rational type if there exists a
lattice A and a set of normals u such that (A, w) is rational with respect
to a lattice A, see Definition 2.1. Let A be a polytope with d facets in a
two-dimensional affine space, (A, V'). There is a canonical way to associate
d (not necessarily distinct) points of P(V*): To each facet, we associate its
normal line.

Recall that the cross-ratio is defined on ordered sets of four distinct points
of the real projective line, P; = [z; : y;] € RP', 1 < i < 4, with P; # pP; if
i # j, by the formula

(3612/3 - y1x3)(x2y4 - y2$4)
(T1ya — y124)(T2y3 — Y23)

r(Py, Py; P3, Py) =

This definition does not depend on the chosen representatives and is invari-
ant under projective transform. The cross-ratio may alternatively be defined
for an ordered set of four, non-zero, distinct vectors.

Remark 6.1. For any permutation v € Sy and four distinct points Py, Ps,
Ps, Py € P(V), the number r, = r(P, 1), Py(2); Py(3), Py)) lies in the set

-1
{r,rl,l—r,(l—r)l, r 71' },

r—1 r
where r = riqg = r(Py, P»; P3, Py). Hence, r, is rational if and only if r is.

Remark 6.2. Since PGL(2,R) acts simply three-transitively on RP!, for
any ordered distinct three points P, Pp, P3 € RP!, there exists a unique
A € PGL(2,R) such that AP, =[1:0], AP, =[0:1], AP3 = [1 : 1]. Then,
for any P, € RP!

I‘(Pl,Pg;Pg,P4) = I‘([l : O], [O : 1]; [1 : 1],AP4) = slope(AP4).

Proposition 6.1. Let A be a polytope with d edges in a two-dimensional
affine space. A is of rational type if and only if A has either

(1) at most three distinct normal lines,

(2) four distinct normal lines with rational cross-ratio,

(3) at least four distinct normal lines and the cross-ratio of any four of
them is rational.

Proof. Let A be a convex polygon in R?. For at most three points of
RP', there obviously exists a lattice intersecting non-trivially each of them,
see Remark 6.2. Thus we suppose that A has at least four normal lines
81,...0; € RPL.

Suppose there exists a lattice A intersecting non-trivially d1, . .. dg. Then,
there exists A € GL(2,R) such that A(A) = Z2. Since (A§; N Z?) # {0} for
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all 7, we can choose a non-zero integral point in each real line §; to compute
the cross-ratio: For any four distinct indices i, j, k, [, we get

r(6;,0; 0k, 6;) = r(Ad;, Adj; Ady, Ady) € Q.

Conversely, fix three of the normal lines, say d1, 2 and d3. By Remark 6.2,
there exists a unique [A] € PGL(2,R) such that [A]d; = [0: 1], [A]d2 = [1:
0] and [A]d3 = [1 : 1]. Thus, by assumption and Remark 6.2,

r(d1, 02,03, 0;) = slope([A]d;) € Q,

for any ¢ > 4. So, the normal lines [A]d1,...[A]d; meet (non-trivially) the
lattice Z2. Thus, for any representative A € GL(2,R) of [A], the lattice
A~172 intersects non-trivially each of the lines 61, . .. 0. U

Corollary 6.1. A quadrilateral is of rational type if and only if the
cross-ratio of its normals is rational or infinite. Moreover, the set of quadri-
laterals of rational type is dense in the family of quadrilaterals and contains
connected subfamilies.

Corollary 6.2. An orthotoric polytope with parameters 1 < (o < a1 < Qo

18 of rational type if and only if r = % 1s rational.

Consider the orthotoric quadrilateral A, 3 = o([0,6] x [1,a]), where
o(xz,y) = (xr + y,xy), given by the characteristic pair (o, ) with 0 < § <
1< a,a— [0 >1,see Corollary 3.1. The condition of being of rational type
then reads

_a(f-1)

r(a, ) Ga-1) <

Proposition 6.2. A labeled orthotoric quadrilateral associated to orthotoric
parameters (o, aa, B1, f2, Cay, Cay, Cp,, Cs,) is a rational labeled polytope if
and only if
_ (B2—a1)(aa—p1)
(1) r= (B—B)az—a1) © Q,
(2) Cp, > 0 and there exist positive rational numbers pg,, Das, Pa: Such

that ps,Cp, = Effl:%igcﬁw PazCay = _égi:g’BC@ and pa,Co; =

(B2—P1)

(al—ﬁl)CﬂQ'
Proof. In order to prove the proposition, we start with the following easy
lemma.

Lemma 6.1. Let ug, ui, us be pairwise linearly independent vectors of a
two-dimenstonal vector space V. They generate a lattice if and only if there
exist mon-zero integers ng, ni, ng such that noug + niu; + naug = 0.

Using Lemma 6.1 for both {uc,, ,uc,,. ucs, } and {uc,,,uc,, uc,, }, we
obtain the homogeneous linear system

nlozlcal + n2a20a2 + no,B1Cgl =0, n1Ca1 + TLQCOQ + nngl =0,

/ﬁozlcal + kQﬂQCBQ + koﬂlcgl =0, leal + k’QCgQ + /600/31 =0,
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for the unknowns Co,, Ca,, Cs,, Ci,. It follows Cp, = 242200y, €, =

__ngky (B2— Otl)C C — k2 (B2— 51)0 and

kona (a1 —a2) k1 (c1—p1)

o kang (ag — 1) (B2 — 061)0 B rk2n0 (B2 — 1)
T kony (a1 — B1) (o1 —ag) 2 komy (ar — Br)

from where we get the cross-ratio condition (1) (since r = Zlﬁo

Cﬁz )

). The expres-
sion of the coefficients of condition (2) follows easily.
Conversely, if conditions (1) and (2) are satisfied, the equations

PpiUCy, +PayUc,, +ucy,, =0 and  pguc, +TrPauc,, +TPaytc,, =0

have rational coefficients. Then UCy, s UC,, > UCy, UC,, are all contained in
a lattice. O

From Proposition 6.1 we know that any trapezoid is of rational type.
However, normals of a trapezoid must satisfy some condition in order to be
contained in a lattice. The following proposition gives these conditions. The
proof is similar to the proof of Proposition 6.2.

Proposition 6.3. A labeled Calabi trapezoid with Calabi parameters

(0417 ao, 31, B2, Comcom CﬁﬂCﬂQ)

is a rational labeled polytope if and only if Cg, > 0 and there ewist positive
rational numbers pg, , Pay, Pay such that —pg, Cg, = Cp,, Pay2Cay = (B2 —
/Bl)oﬁz (lnd _palalcal — _(62 - Bl)cﬁg

Lemma 6.2. A is strongly rational if and only if a, B € Q.

Proof. Recall that a polytope A sitting in a vector space V is strongly
rational if there exists a lattice A* C V such that, up to translation, all the
vertices of A lie in the lattice A*. Notice that, in this case, if one vertex
lies in A* then all the vertices do and, seen as vectors with respect to the
origin, the vertices generate a sublattice. Suppose that A is a quadrilateral
and take a normal form of A. The vertices (0,0), (0,1), (1,0) and (o, 1 —53)
belong to one lattice if and only if o, G € Q. O

6.2. Existence of extremal orthotoric and Calabi toric metrics.
Corollary 1.1 from the Introduction is a particular case of the following
more general result.

Proposition 6.4. Let A be a strongly rational convexr quadrilateral which
1s not a parallelogram.

e If A is generic, there exists a family, parameterized by three positive
rational numbers, of unstable symplectic toric orbifolds admitting no
compatible extremal metric and whose moment polytope is A.
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o There exists a family, parameterized by three positive rational num-
bers, of orthotoric extremal Kdhler orbifolds whose moment polytope
is A. Moreover, this family contains a two-parameter subfamily
of constant scalar curvature Kdahler orbifolds and a one-parameter
(sub-)subfamily of homothetic Kdhler—FEinstein orbifolds.

Proof. Let A be a convex quadrilateral which is not a parallelogram. Denote
by N(A) the four-dimensional cone of inward normals associated to the
facets of A. We fix inward normal vectors u = (u1,ug, us, us) so that any
other normal inward vectors can be expressed as u(r) for some r € R,
using conventions (5.1) and (5.2). Let us define

R(A)={re RA;O | (A, u(r)) is a rational labeled polytope},

so that the extremal orthotoric orbifolds with moment polytope A are in
bijective correspondence with the elements of ET(A)NR(A). Unstable toric
orbifolds with moment polytope A are in bijective correspondence with ele-
ments of (E(A)\E™(A))NR(A). Similarly, constant scalar curvature Kahler
(resp. Kéhler—Einstein) toric orbifolds with moment polytope A are in bijec-
tive correspondence with the points of ST(A)NR(A) (resp. KT (A)NR(A)).
Proposition 6.4 follows then from Lemma 6.3. U

Lemma 6.3. If A is strongly rational then R(A) contains dense subsets of
ET(A), C(A), K(A) and, if A is generic, E(A)\ET(A).

Proof. Recall that a convex quadrilateral determines and is determined by
its characteristic pair (o, 3) € R? with 0 < <1 < a and a — 3 > 1, see
Corollary 3.1. Thanks to Lemma 6.2 we know that under the hypothesis of
the lemma (that is A is strongly rational) «, 8 € Q.

Suppose first that A is generic. Recall that R(A) # 0 if and only if
r(a, ) = gggjg € Q, see Corollary 6.2. Moreover, thanks to Proposition 6.2,
if R(A) # () then

$q1 asq2 543 q1,92,93,94 € Q>07
R(A) = — , ,S .

(8) {<5 B 1-p Q4> s € Ry }
If A is a trapezoid, then, thanks to Proposition 6.3, R(A) # () and

q1,92,43,q4 € Q>0)
S € ]R>0 ’

R(A) = {(3q17 542, 43, SQ4)

Hence, Lemma 6.3 follows from Theorem 1.2 together with the fact that
if a, 8 € Q then R(A) contains Q? ; and the equations defining E(A), C(A)
and K(A) have rational coefficients. O

Remark 6.3. The strong rationality is necessary. For instance, suppose
that A is a generic polytope of rational type. Equations (3.11) and (3.12)
defining C(A) N R(A) in N(A) may be turned into equations involving
polynomials of one variable with rational coefficients using the fact that



384 E. LEGENDRE

r = Zgjg € Q and the parametrization of R(A) by rational numbers. In

particular, the existence of a point in C(A) N R(A) implies that «, 3 are
algebraic of degree at most 3. Notice also that the condition r € Q implies
that «, 8 have the same algebraic degree. Similarly, if A is rational but not
strongly rational then K(A)NR(A) is empty. This fact can also be inferred
from the general theory since it is well-known that the moment polytope of
a Kéhler—Einstein orbifold is strongly rational.
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