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COMPACTNESS FOR PUNCTURED HOLOMORPHIC
CURVES

K. CiELIEBAK AND K. MOHNKE

Bourgeois, Eliashberg, Hofer, Wysocki and Zehnder recently proved
a general compactness result for moduli spaces of punctured holomor-
phic curves arising in symplectic field theory. In this paper we present
an alternative proof of this result. The main idea is to determine a pri-
ori the levels at which holomorphic curves split, thus reducing the proof
to two separate cases: long cylinders of small area, and regions with
compact image. The second case requires a generalization of Gromov
compactness for holomorphic curves with free boundary.

1. Introduction

In this paper we prove the following compactness result for holomorphic
curves under the splitting of a symplectic manifold along a stable hyper-
surface. See Section 2 for all the definitions.

Theorem 1.1. Let (X,w,J) be a closed symplectic manifold with a tamed
almost complex structure. Let M C X be a closed stable hypersurface on
which all closed Reeb orbits are Morse—Bott non-degenerate. Let Jy, be the
sequence of almost complex structures obtained by stretching the neck along
M. Let fr : (2, jk) = (X, Jk) be a sequence of holomorphic curves of the
same genus such that the areas fEk frw are uniformly bounded. Then a sub-
sequence of (f) converges to a stable broken holomorphic curve F'.

Here the notion of convergence includes the following;:

e convergence of the underlying Riemann surfaces to a decorated nodal
curve;
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e uniform convergence of maps (after reparameterizations) that is smooth
outside some collection of simple loops;
e convergence of areas and of homology classes.

This notion of convergence is relevant in symplectic field theory [5]. An
analogous compactness theorem was proved by Bourgeois et al. [3]. In fact,
Theorem 1.1 is only formulated for a closed manifold X instead of a general
symplectic cobordism. This special situation was chosen in order to keep
the notation simple and because it naturally arises in applications, e.g., [4].
Moreover, all the essential features are already present in this situation and
the proof immediately generalizes to a general symplectic cobordism, see
Remark 2.15.

So why bother to present a new proof of the result in [3]7 In fact, we
had developed the ideas for the present paper (in the contact case) before
[3] became available. It then became clear that our proof is orthogonal to
the one in [3]. Roughly speaking, the proof in [3] focuses on the domains,
ignoring the level structure in the image (and reconstructing it a posteriori),
while our proof focuses on the level structure in the image, ignoring the
domains (and reconstructing them a posteriori). More technically, the proof
in [3] is based on repeated bubbling off analysis at points where the gradient
explodes, while our proof follows the strategy of Gromov’s proof [6] in the
closed case. Analyzing changes of action and topology of sub-level sets, we
determine a priori the levels at which splitting occurs. This reduces the proof
to two separate cases: long cylinders of small area and regions with compact
image. The first case also arises in [3] and we quote the main technical
result in Section 4. The second case requires the following generalization of
Gromov compactness to holomorphic curves with free boundary, which is
proved in Section 3 (the precise statement is Theorem 3.2).

Theorem 1.2. Let fi : (Xk,jx) — (X, J) be a sequence of holomorphic
curves defined on compact surfaces with boundary of the same genus and with
the same number of boundary components. X is not necessarily closed here.
Suppose that the areas are uniformly bounded and the images are contained
i a compact subset. Moreover, suppose that the boundary circles have dis-
joint collars whose modulus is uniformly bounded below by a sufficiently large
constant and the differentials of fi on these collars are uniformly bounded
below and above. Then a subsequence of (fi) converges to a nodal holo-
morphic curve.

A similar situation was considered in [11]. The point here is that the
convergence is up to the boundary and no area nor topology is lost.

This paper was originally restricted to the case that the hypersurface
M is of contact type and separates X into two components. Following the
referee’s suggestion, we subsequently rewrote the paper to accommodate the
general situation of a stable hypersurface considered in [3].
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2. Statement of the compactness theorem

2.1. Hamiltonian structures. Let M be a (2n — 1)-dimensional closed
manifold. A Hamiltonian structure is a closed 2-form wys of (maximal) rank
n — 1 on it. This implies that the kernel Ker(wyr) = {v € TuM | wp (v, ) =
0} is a one-dimensional subspace of T, M for all x € M. We will call it the
Hamiltonian line field. Such a form wjs is said to be stable if there exists a
I-form A on M with Ker(wyr) C Ker(d)\) while Alker(w,,) 7 0 everywhere.
Notice that the form wys 4+ d(r)) is a symplectic form on (—e,e) x M, with
r € (—¢,¢e) for € > 0 so small that r d\ + wys is non-degenerate on Ker(\)
for |r| < e.

Example 2.1. Let A € Q}(M) be a contact 1-form. Then d\ is of maximal
rank and thus defines a Hamiltonian structure.

2.2. Reeb vector field. In particular, A uniquely determines a section of
the Hamiltonian line field, R, by the condition A(R) = 1 which we will refer
to as the Reeb vector field. A closed orbit « of the Reeb vector field is called
non-degenerate if the linearized return map on a transverse section has no
eigenvalue 1. The closed Reeb orbits are called Morse-Bott non-degenerate
in the sense of [2, 3] if the following holds: For all T > 0, the set Npp € M
formed by the T-periodic Reeb orbits is a closed submanifold, the rank of
d\|n is locally constant, and T,N7 = ker(T,¢r — 1) for all p € N, where
¢ is the Reeb flow. Note that the case dim N7 = 1 corresponds to non-
degeneracy of closed Reeb orbits. We will refer to this case as the Morse
case.

2.3. Stable hypersurfaces. A hypersurface in a symplectic manifold is
called stable if the restriction of the symplectic form is a stable Hamiltonian
structure.

Example 2.2. If the Hamiltonian structure of the hypersurface is defined
by a contact form A, i.e., w|pr = d\, we call it a hypersurface of contact type.

The name “stable” is explained by the following.

Lemma 2.3. For a closed hypersurface M in a symplectic manifold (X,w),
the following are equivalent:

(a) M isstable in the sense of [10], i.e., there exists a tubular neighborhood
(—e,e) x M of M = {0} x M such that the Hamiltonian line fields on
{r} x M are conjugate for all r € (—¢,¢).

(b) There exists a vector field Y transverse to M such that ker(w|par) C
ker(Lyw|M) .

(¢) (M,wnr :=wlpr) is a stable Hamiltonian structure.
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Proof.

(a) = (b): Let (—e,e) x M be a tubular neighborhood such that
ker(w|{ryxar) is independent of 7. Set Y := % on (—¢,e) x M and denote
by ¢; : (r,z) = (r+t,x) its flow. Then ker(¢jw|(o}xar) is constant in ¢ and
differentiation at ¢t = 0 yields ker(w|as) C ker(Lyw|pr).

(b) = (c): Set A :=iyw|p.

(¢) = (a): The closed 2-form

O i=wy +d(rA) =wy +dr AN+ 7 dA

is symplectic on (—¢, ) x M for ¢ sufficiently small. Its kernel ker (|1 r)
contains the Reeb vector field R and is thus independent of r € (—¢,¢). By
the coisotropic neighborhood theorem, a neighborhood of M in (X,w) is
symplectomorphic to ((—5,5) X M,cb). O

2.4. Symplectic cobordisms. A symplectic cobordism is a compact
symplectic manifold (X,w) with stable boundary X = M II M. Here
we allow one or both of M, M to be empty. A connected component
M of the boundary belongs to M if its collar is symplectomorphic to
((—€,0] x M,w|p + d(rX)) and to M otherwise. Notice that this specifi-
cation depends on the choice of A and can be reversed by replacing A by
—X. Let X be the manifold obtained by gluing R, x M and R_ x M to
X identifying the corresponding components of the boundary. X is diffeo-
morphic to X obtained by gluing [0,¢) x M and (—¢, 0] x M to X instead of
the infinite cylinders. On the collars of the boundary components, we have
w = wyr + d(rA). For ¢ small enough we can thus extend the symplectic
structure to X, and obtain a symplectic structure on X which will control
the almost complex structure introduced below. We usually refer to X as the
symplectic cobordism with positive end Ry x M and negative end R_ x M
although the symplectic structure on it is not determined by w on X. We
will not need to specify it nor should we due to the character of the control
by Hofer’s energy. Obvious examples of symplectic cobordisms are closed
symplectic manifolds and cylinders over manifolds with stable Hamiltonian
structures.

2.5. Almost complex structures. Let (M,wy) be a Hamiltonian
structure. Let J be a translation invariant almost complex structure on
the cylinder R x M. Denote by A € Q!(M) the 1-form which is uniquely
determined by w3,A(J(9/0r)) = 1 and A¢ = 0 for the CR-structure
E:=T({0} x M)NJ(T({0} x M)).

We call J tamed by was if
J(0/0r) = R is a vector field on M;

o wy(R,)=0;
b d)‘(Ra ) =0
o wys(v,Jv) >0 for all v € €.
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Notice that A(R) = 1 by the definition of A and the first requirement.
The existence of such structure implies that wys is stable. Note that there
exists an € > 0, such that (wps + rd\)(v, Jv) > 0 for all v € £ and |r| < e.
There also exists a (possibly smaller) e > 0 such that (wp; +rd\)(v, Jv) >0
for all v € T(R x M) and |r| < e.

An almost complex structure on a symplectic cobordism (X, w) is called
tamed if it is equal to a structure on the cylinders R x X tamed by w|s5 on
the cylindrical ends and w(v, Jv) > 0 for all v € TX. Tamed almost complex
structures exist and form a contractible space J (with the C'*° topology).

2.6. Punctured holomorphic curves. Consider an almost complex struc-
ture Jy;y on R x M which is tamed by a stable Hamiltonian structure wjy.
Let A be the corresponding 1-form. Let v : [0,7] — M be a (not necessarily
simple) closed orbit of the Reeb vector field R of period T'. A J-holomorphic
map f = (a,u) : D\O — R x M of the punctured unit disk is called positively
(resp. negatively) asymptotic to v if lim,_0a(pe??) = oo (resp. —oo) and
lim, o u(pe?) = y(T9/2r) (vesp. lim, o u(pe'?) = v(—T0/27)) uniformly
in 6.

Now let (X,w) be a symplectic cobordism with tamed almost complex
structure J. A punctured holomorphic curve in (X, J) consists of the follow-
ing data:

e A Riemann surface (X,j) with distinct positive and negative points
Z:=(z1,...,%p), 2= (z1,...,2,). We denote by X* := ¥\ {Z;, 2} the
corresponding punctured Riemann surface.

e Corresponding vectors I := (7, ... p), L= (11, .. 71;;) of closed

Reeb orbits in M, M.
e A (j,J)-holomorphic map f : ¥* — X which is positively (resp. nega-
tively) asymptotic to 7, (resp. lj) at the punctures z; (resp. z;).

In a symplectization R x M, a cylinder over a T-periodic Reeb orbit ~
R
f:Rx = 2 RX M, (s,t) = (Ts,~(Tt))

is a punctured holomorphic curve with one positive and one negative
puncture.

Denote by ¥ the compactification of the punctured surface ¥* by adding
a circle at each puncture, and abusing notation by X the compactifica-
tion of the manifold X by adding a copy of M resp. M at the positive
resp. negative end. The latter space is indeed diffeomorphic to the original
symplectic manifold with boundary. In view of the behavior near the punc-
tures, the holomorphic map f : ¥* — X above extends to a continuous map
f:¥ — X. This extension represents a relative homology class

[f] € Hy(X,TUT).
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2.7. Neck stretching. Consider a closed connected symplectic manifold
(X,w) and a closed stable hypersurface M C X. Let A be the correspond-
ing 1-form on M and wy; := w|y. Fix a parameterization of a bi-collar
neighborhood by [—&,e] x M on which w = wy + d(rA). Pick a tamed
almost complex structure J on (X,w), i.e., w(X,JX) >0 for any X € TX.
Suppose its restriction Jys to [—¢,e] x M is the restriction of an wy;—tamed
structure on R x M with A\; = A.

Define a sequence of symplectic manifolds as follows. Denote by Xg :=
X\(—¢,¢) x M the manifold with boundary Xy = M, [[ M_, where M_ :=
{—e} x M and M, := {e} x M. For an integer k > 0, let

X = Xo Un_timy ([—k —6,5] X M)

where M_ is identified with {—k — e} x M while M, is identified with
{e} x M. This manifold is, of course, canonically diffeomorphic to X, but
X} is a more convenient domain for describing the deformed structures.
Define an almost complex structure on Xj by

J on Xo,
Ji =
Jy on [k —e,¢e] x M.

This almost complex structure is tamed by the symplectic form on Xp
given by

w on X(),
We =
wy +d(pA) on [k —¢e,e] x M,

where ¢ : [k —g,¢] = [—¢,¢] is a diffecomorphism with ¢/ = 1 near the end
points of the interval. Note that the cohomology class [wg] does not depend
on the choice of such a function ¢. As k — oo, an observer in X will see
either one of the following symplectic cobordisms arising as a limit: one of
the connected components of Xy (Xo completed with half cylinders over M
at their boundary components) or R x M. The almost complex structures
will converge to tamed ones on all of these cobordisms, wy;—tamed on the
ends and translation invariant on R x M. The symplectic forms, however,
will only converge in a certain sense if we carefully choose a sequence () of
such functions. Moreover, there is no canonical choice of symplectic forms
in the limit.

Example 2.4 [The contact case]. Let us consider the case that M C X is a
hypersurface of contact type and that M separates X into two components
Xo = )_(Sr il )_(a . In this case, we can define another sequence of symplectic
structures wj by setting

w on X,
wr =9 d(e"\) on [—k,0] x M,
e "w on XJ.
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Here we use a slightly different symplectic identification of a neighborhood
of M with ([log(1 —¢),log(1 +¢)] x M,d(e"\)). The results of the present
paper were originally restricted to this case. This explains why all our figures
show this feature.

In contrast to the general case, here the limits are equipped with natural
symplectic structures: FEach cylinder R x M is equipped with the symplectic
form d(e"\), and Xy = X(;r IT X is equipped with the symplectic forms
wt on X(;—L satisfying w® = w on X'SE and w® = d(e"\) on Ry x M. Notice
that to “see” these symplectic structures on R x M and X in the limit,
the observer has to rescale them. For example, w™ is obtained as the limit
of eFwy, on compact subsets of X, -

2.8. Broken holomorphic curves. We will now describe the limiting
objects of sequences of Jgp-holomorphic curves in the neck stretching pro-
cedure. We retain the setup of the preceding section. Assume for simplicity
that M is connected; see Remark 2.14 at the end of this section for the
modifications required in the disconnected case.

Given an integer N > 1, we set

(X(V) J(V)) — (XO, J) fOI' V= 0, N + 1
’ (Rx M,Jy) forv=1,...,N.
Define the disjoint union
N
x* .= xO 71 HX(V)’
v=1

equipped with the almost complex structures J* induced by the J* ). Glue

the positive boundary component of the compactification X () (by copies

of M) to the negative boundary component of X (#+1) to obtain a compact
topological space X.

Note that X is naturally homeomorphic to X (see the proof of Lemma 2.6
for a particular homeomorphism), so we can identify homology classes in X
and X. The natural inclusion X* C X is dense. Its complement consists of
a finite number of disjoint copies of M.

Let ¥ be a closed oriented surface, z = (21,...,29) € ¥ ¢ distinct points,
and A = A, UA, C Z\{z!,...,29} a collection of finitely many disjoint
simple loops divided into two disjoint sets. Denote by 3 the surface obtained
by collapsing the curves in A, to points. This way we think of A,, as the set
of nodes of 3. The points z!,...,2? will usually be referred to as marked
points. Write

N
o= S\A, = SO I T =%,

v=1
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as a disjoint union of (not necessarily connected) components »). Let j be
a conformal structure on ¥\ A such that (X\A, j) is a punctured Riemann
surface together with an identification of distinct pairs of punctures given
by the elements of A. This gives %* the structure of a nodal punctured
Riemann surface with a remaining identification of punctures given by the
loops {6 }ier = Ap. A broken holomorphic curve (with N + 1 levels)

F=FO FO FNY. (5% 5) = (X*,T)

is a collection of punctured holomorphic curves F*) : (2*) j) — (X®) j®))
such that F : ¥* — X* extends to a continuous map F : ¥ — X. Moreover,
we require that F is stable: For 1 < v < N, F(*) is not the union of cylinders
over closed Reeb orbits without any marked points on them. Moreover, ¥*
does not contain any sphere with less than three special points (punctures,
nodal or marked points), nor a torus without special points, on which F' is
constant.

See Figure 1 for the case N = 2 and Xy = Xar IT X consisting of two
connected components Xt and X~. In this case, we denote by Xio), j(EO)
the sets and maps which belong to either side of M.

Note that, by continuity of F, the number of positive punctures of F®*)
agrees with the number of negative punctures of F*+1) and the asymptotic

Reeb orbits at the punctures agree correspondingly: ™ = L+,

Remark 2.5. Every broken holomorphic curve has an underlying graph.
Its vertices are the connected components of ¥*, and each loop & defines
an edge between the corresponding components. Note that if ¥ has genus
zero, the underlying graph is a tree. See Figure 1 for a genus three case.

Pick a homeomorphism ® : X — X which is the identity on X\(—¢,&) x M
and of the form (r,z) € R x M — (¢(r),x) on the cylindrical parts, where
the homeomorphism

@ [—€,00] Ut [—00,00] Utoo * + Utoo [—00, €] = [—¢, €]

is a diffeomorphism outside the points +00 and ¢(r) = r near +e. Denote
by ¢ the restriction to the union of the first and last interval if v = 0 and
to the (v 4+ 1)st interval if v = 1,..., N. Note that ®*w defines a symplectic
form wy on X* which is of the form wys + d(¢A) on the cylindrical part.
Moreover, the continuous map ®o F : ¥ — X represents the homology class
A€ Hy(X;7Z).

Lemma 2.6. The homology class A := [F] € Ha(X;Z) of a non-constant
broken holomorphic curve F : (3*,j) — (X*, J*) satisfies

([w], A) = /*@ o F)tw = / Frwy > 0.

In particular, the integral of wg does not depend on the choice of .
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i 0 | (O)
x F
NS>
XORx M F®
XO>Rx M F)
\ U /
P / O
N

Figure 1. A broken holomorphic curve of genus 3 in the
setting Xo = X I X .

Proof. We first note that ®*w is tamed by J*. Hence

/*((I)OF)*w:/*F*w¢>O

for every non-constant broken holomorphic curve F': (X*,7) — (X*, J*).

For the proof of the equality, we first describe a situation were
Stokes’ theorem holds which is maybe well-known but included for sake of
completeness.

2.9. Claim. Let F': C — M be a continuous map from a smooth compact
manifold C with boundary dC' = B to another smooth manifold M. Suppose
that F|in ¢ and F|p are smooth and there exists an exhaustion C; C Cy C
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-+ C int C', where C; are smooth manifolds with boundaries B;, together
with diffeomorphisms ¢; : B — B; C C such that Fop; — F|p in C'. Then
Stokes’ theorem holds, i.e., for any k-form A on M, k = dim C' — 1, we have

/ d(F*A):/ P
int C B

whenever the integrand of the left-hand side is absolutely integrable.
Using the standard form of Stokes’ theorem the proof is very simple. Since
the C; are smooth manifolds, we have

/F*d)\:/ F* ).
C; B;

Now by assumption, both sides converge to the corresponding expressions
of the claim.

Turning back to the proof of the lemma, note that in view of the asymp-
totic behavior of the F®) the assumptions of the claim are satisfied. More-
over, in some small neighborhood N®) of the corresponding set of Reeb
orbits ™ = L+ the form w)y is exact, i.e., there is a 1-form a®) on N*)
with do") = wys|ye). For R sufficiently large fg) = FW (W) n ({R} x
M) C N () consists of as many loops as f(y) and each of them is C'-
close to the corresponding Reeb orbit. Analogously, Eg) = F (”)(E(” )) N
({—R} x M) ¢ N®=V is a set of loops which is C'-close to I*). Now
75%”) = (F(”))*l(fg)) and zg) = (F(”))*l@g)) are small simple loops
around the corresponding positive and negative punctures, respectively. The
region between 7%’) and fygﬂ) in ¥ consists of a disjoint union A®) of annuli
bounded by one compor;ent of each set. So we can deform F to a smooth
map F : ¥ — X (ie., ®o Fis smooth) which agrees with F' outside these
annuli and maps each A®) into the corresponding neighborhood N*). Now
by the claim above,

[ o o= [ (re) (000

[ () 0 m),

since the integrals over the common boundaries of the annuli cancel each
other. But the integrals on the right-hand side are exactly the same as the
integral of F*(a) + $X) over the same set of loops. Thus by (ordinary)
Stokes’ theorem, we obtain

/A(D) F* (wM + d(gZS)\)) = /A(V) £ (wM + d(¢)\))
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Since F = F outside the annuli A®), we conclude that

/ Fe(w) = / Fo*(w) = (], [F]) = {[], A),

5
where [F] = [F] = A because I was a deformation of F. O

For A, = (0%)ic1, let I™) be the set of i such that §° is adjacent to X*)
and 2D Fix disjoint embedded annuli
; R
A2 [-1,1] x 7 C Y\A,
such that {0} x R/Z = ¢, and {—1} x R/Z c ®) for i € I,

2.10. Convergence to a stable broken holomorphic curve. Now we
return to the sequence of almost complex manifolds (X, Jy) defined above.
For R € R, denote by

Xk—>X0UM7]_[M+[—k—E—i—R,E—I—R]XM, r—x+ R

the map which equals the identity on Xy and is given by (r,z) — (r + R, x)
on [—e — k,e] x M. Consider sequences of numbers

—k = r,(co) < 7‘,(61) << T,ENH) =0
such that r,(:H) — 7",(:) — o0 as k — 0o. Define the manifolds

X,(CV) = Xo Un_ 1, [—e—k—r,(:),g—r,(:)] xM, v=1,...,N,

0. _[_F X e ml e Mk
X, ._[ 2,6] xMUM+X0UM[ 5’2] * k)2, 2) <2’x '

Note that for an observer in (0,z) € X,gy) with € M, we have X,S/) — X®)
on compact subsets containing (0,z) as k — oco. For maps fi : ¥ — X
define

f,gy) : Y — X,gy), f,g'/)(z) = fr(z) — 7’,(:), v=1,...,N.

For v =0, let f,go) HDIAE X,EO) be composition of f with the map X — X,go)
that equals the identity on [—k/2,e] x M U Xy and maps (r,z) — (r + k, x)
on [k —¢e,—k/2] x M. Denote by g : Rx M — Rand mp; : Rx M — M
the obvious projections.

Finally, let a sequence of diffcomorphisms ¢y : [—¢ — k,e] — [—¢,¢] be
given with ¢}, = 1 near the boundaries. Define

8 = on(+r) i [re—k =) e =] = [2.¢]
forv=1,...,N. For v =0, let

(=&, k/2]

(0) .
o) [—k/2,€] U ChR~ /3

— [—¢, €]
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be the map which equals ¢y on [—k/2,¢] and ¢x (- — k) on [—¢, k/2]. Suppose
that limy_,ee ¢ = ¢) in C2 for v =0,..., N, with ¢) as defined right
before Lemma 2.6.

Definition 2.7. A sequence of punctured holomorphic curves with ¢ marked
points fx : (X, Jk, 2r) = (Xk, Ji) converges to a broken holomorphic curve
with ¢ marked points F' : (X%, j,2) — (X*,J*) if there exist orientation

(0) (1)

preserving diffeomorphisms ¢y, : £ — ¥ and numbers —k = T <1l <
R r,(CNH) = 0 with r,(:ﬂ) — r,(:) — oo such that the following holds:

(a) (¢x)«jx — Jj in G, on X*\ A, and or(2L) = 2l forl=1,...,q.

(b) For every i € I, the annulus (A%, (¢)+jk) is conformally equivalent to
a standard annulus [—Lj, L}] x R/Z by a diffeomorphism of the form
(s,t) = (o(s),t), with L — oo as k — oo.

(c) flgy) o, = F® in C on S\ A, and in C0, on ©™).

(d) For every i € I™), mpr0 frop; b — mar o F uniformly on A?. Moreover,
for every R > 0, there exist p > 0 and K € N such that mg o fj o
©p(s,1) € [7“,(:) + R, r,(:H) — R] for all k> K and all (s,t) € A’ with
|s| < p. .

() Jg, fiwe, = Jsu Frwg = w([F)).

Remark 2.8.

(1) Condition (b) implies that the conformal structures (¢ ).ji converge

to j as a (partially) decorated nodal surface in the sense of [3].

(v)

(2) The sequence 7“,: is almost uniquely determined by condition (c): If

condition (c) also holds with r,(:) replaced by s,&y), then r,gy) - s,(:)

remains bounded as k — oco. Here we use the stability assumption.
(3) Condition (d) implies convergence of homology classes [fi o ;'] —
[F] € Hy(X;Z) under the canonical identifications Ha(X}) = Ha(X) =
Hy(X).
2.11. Compactness. We will actually prove the following more precise
version of Theorem 1.1 .

Theorem 2.9 (Gromov-Hofer compactness). Let (X,w) be a closed sym-
plectic manifold and M C X a stable closed hypersurface. Assume that
all closed Reeb orbits on (M, ) are Bott non-degenerate. Define (X, Ji)
as above. Let fr : (Bk, jk,2zr) — Xk be a sequence of Jx-holomorphic
curves of the same genus with ¢ marked points and with uniformly bounded

area fEk frw < Ey, where we identify Xy = X. Then a subsequence

of (fr) converges to a broken holomorphic curve with q marked points
F: (3% j,z) = (X*,J*) in the sense of Definition 2.7.

The proof of Theorem 2.9 is carried out in Section 5. As explained above,
the proof reduces to two separate cases: long cylinders of small area and
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regions with compact image. The first case also arises in [3] and we quote the
main technical result in Section 4. The second case requires a generalization
of Gromov compactness to holomorphic curves with free boundary, which is
proved in Section 3.

The following corollary is sometimes useful [4].

Corollary 2.10. In the situation of Theorem 2.9, assume in addition that
the genus is zero and all the fi represent a homology class A which cannot
be written as A = B 4+ C with B,C € Hy(X;Z) satisfying w(B),w(C) > 0.
Then F is a broken holomorphic curve without nodes, i.e., A, = 0 and the
convergence statements simplify accordingly .

Proof. Suppose F' has a node. Since the genus is zero, the node decomposes
the domain ¥ into two connected components Yo, ¥1. The restrictions of F
to these components define non-constant stable broken holomorphic curves
Fy, Fy representing homology classes Ay, A; € Ho(X;Z) with Ag+ Ay = A.
Then Lemma 2.6 yields w(Ag),w(A1) > 0, contradicting the assumption
on A. O

Next consider the case that M C X is a hypersurface of contact type
which separates X into Xg = Xg“ IT X, . Define the symplectic structures
wi on X, and wt on XOi as in Example 2.4. Denote by

FO: 50 5 xF c X

the components of F(©) in Xét. The following corollary is important for the
applications in [4]. It will be proved at the end of Section 5.

Corollary 2.11. In the situation of Theorem 2.9, assume in addition that
M is of contact type and separates X into two components XSE. Then with
the above notation, we have

I f = (F(O))* +,
k’;rgo Sk kak /;:(O) + w

2.12. Reformulation. Before turning to the proof, let us give a reformu-
lation of Theorem 2.9. Define the intervals

[0, 00) for v =0,
EW = (—o00,00) forv=1,...,N,
(—00,0] forv=N+1
and glue their compactifications along their endpoints to
E:=EM Usoo E® Uyino - Uiy ENHD),
Then the topological space X can be written as

X = XO Unr_1imy (E X M)
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Since F is homeomorphic to a closed interval, X has naturally the struc-
ture of a topological manifold. We can define a smooth structure on X
as follows. Set E* := H]VVZI E™) ¢ E. Pick a strictly increasing smooth
parameterization

®:E — [a,b]

onto a closed interval [a,b] C R whose restriction to E* is a diffeomorphism
onto its image. The induced homeomorphism ® : X — Y onto the smooth
manifold

Y = XO Unr_tinmy, [a,b] x M
(with the identity on Xj) induces a smooth structure on X. Any two such

smooth structures are obviously diffeomorphic. Fix a model Y and denote
the restrictions of ® to E®) by

0 . [0,00) — [a(U)’a(l)% dWN+1) . (—00,0] — (a(N),a(N""l)],

e . (—00,00) — (a(l’*l),a(”)), v=1,...,N,

where ¢ = a(® < ¢V < ... <« ¢NV+1) — .

Now consider sequences —k = 7“,(;]) < r,(f)

T}(;/Jrl) . T](:)

< o< eV — 0 with

— 00 as above. For diffeomorphisms @y, : [—k,0] — [a, b] define

o [k —r? ) s ab), M (@) = dp(x + ).
We impose the following hypothesis on the sequence (®y):
2.1 o) — o)
(21) e

inC onkE (). Note that the convergence makes sense because, by the hypo-

(v+1) ¥)
k

thesis r — 1, — 00, every compact subset of E®) is contained in the

domain of definition of <I>,(€V) for k sufficiently large. Denote by & : X, — Y
the map induced by ®; and the identity on Xj.

Proposition 2.12. Let fi : (Xg, jx) = (Xk, Ji) be a sequence of punctured
holomorphic curves and F : (¥*,5) — (X*,J*) a broken holomorphic curve.
Let @y, : [—k,0] — [a,b] be a sequence of diffeomorphisms satisfying hypo-
thesis (2.1). Then conditions (c) and (d) in the definition of convergence
fi = F are equivalent to

(/) ®po fro et = do F in CX on ©* (away from the nodes),
(d") dpo fi 0 901;1 — & o F uniformly on X.

Proof. The equivalence of (¢) and (¢) follows immediately from &y, o fj, =
<I>g’) oflgy) and hypothesis (2.1). We prove the implication (¢’), (d) = (d').
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Let € > 0 be given. By hypothesis (2.1) and monotonicity of <I>,(€V), there
exist R > 0 and Ky € N such that for all K > Kgand v =0,..., N,

<I>,(:) (r) > a®) — for r > R, (I),(:Jrl)(r) < a®) ¢ % for r < —R.

N ™

By the definition of <I>,(€V), this is equivalent to
Dy(r) > a(u)—g for r > 7’,(:)-1—& Op(r) < a(”)+% for r < r,E:VH)—R.

Consider now i € I¥). By (d), there exist pg > 0 and Ky > K| such that
for all k¥ > K and (s,t) € A’ with |s| < pg, we have g o fi o ¢; ' (s,t) €
[r,g,y) + R, r,(:ﬂ) — R], and hence

7R 0 B, 0 fi oaplzl(s,t) e la¥) — g,a(”) —1—2 .
By mgr o P o F(§") = a”) and continuity of g o d o F, there exists a 1 < po
such that for all ¥ > Kj and (s,t) € A® with |s| < p1, we have |mg o ® o
F(s,t) —a¥)| < ¢/2 and hence

R 0 ® 0 fr 00y (s, t) — TR O Do F(s,t)| <e.

Together with the uniform convergence of the M-components in (d), this
shows that for k£ > K> sufficiently large and every ¢ € I, the maps Py, 0 fr o
cp,;l and ® o F' are uniformly e-close on some annulus [—pa, po] x R/Z C Al
By the C7X-convergence on ¥* in (¢’), the maps are also e-close on the
complement of these annuli for k > K3 sufficiently large. This proves (c),
(d) = (d’). The converse implication is proved similarly. O

Remark 2.13. Condition (d) implies properties analogous to (a) and (b)
for the almost complex structures (®j)«Ji. Consider the almost complex
structure ®,J* on Y \Q, where Q := H,],V:1{a(y)} x M. For the analog of

(a), note that the C°-convergence <I>l(:) — ®®) and J, — J* imply Cre -

loc
convergence (D), Jj, = (q)](c”))*Jk — @, J* on Y\Q. For the analog of (b),

note that in view of the C} -convergence <I>,(:) — &) the numbers

() | -1
v v)y—1( @ +a
b = (@) (k o )

remain bounded as k — oo. Thus qB,;l maps the cylinder

v v—1 v v+1
([aé | +2a§€ ), al(c | +2a§€ )] x M, (‘I)k)*Jk>
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bi-holomorphically onto the standard cylinder ([7‘,(:) + b,(:), r,(:ﬂ) + b,(:ﬂ)] X

M, Jyr), and the “modulus” (?”I(CVH) + b,(cwrl)) - (r,(cy) + bg)) tends to oo as
k — oo.

Remark 2.14. If the hypersurface M is disconnected, everything remains
valid with the following adjustments. Denote by M, the connected compo-

nents of M. For every ¢, take some number N, of copies XL(V) of R x M, and
define

N,
X =X U[]J[x".

L v=1
A broken holomorphic curve is now a collection F = (F(©), FL(V)) of stable

Qunctu;ed holomqrphic curves in XL(V) which extends to a continuous map
F — X, where X is obtained from X* as before. Now the definition of
convergence and Theorem 2.9 carries over with the obvious adjustments.

Remark 2.15. If X is not closed but already a symplectic cobordism, every-
thing remains valid with the following adjustments. In the hypothesis of
Theorem 2.9, the uniform area bound fEk frw < Ep must be replaced by
a uniform bound on the Hofer energy (Section 4). Then the discussion in
Sections 4 and 5 also applies to the ends Ry x M and R_ x M. In this
case, besides the components F(*) described in Theorem 2.9, the limit bro-
ken holomorphic curve F will also have finitely many levels of punctured
holomorphic curves in the symplectizations R x M and R x M.

3. Gromov compactness with free boundary

In this section, we extend Gromov’s compactness theorem to holomorphic
curves with boundary which satisfy gradient bounds near the boundary.
This extension is needed in the proof of the compactness Theorem 2.9. Our
proof follows Gromov’s original arguments and their exposition in [12]. How-
ever, the extension to the case with boundary is not entirely straightforward;
it involves a detailed analysis of embedded annuli in Riemann surfaces.

Throughout this section, (X, J, 1) denotes an almost complex, not neces-
sarily closed, manifold (X, J) with a Hermitian metric u, i.e., a J-invariant
Riemannian metric. To a map f : ¥ — X from a compact surface, we
associate its p-area area,(f).

Let ¥ be a compact surface of genus ¢ with m smooth boundary compo-
nents and ¢ distinct marked points z = (21,...,29) C int(%) in the interior
of ¥. Here g is by definition the genus of the surface obtained by filling in a
disk at each boundary component. Consider a finite collection A of disjoint
simple loops in the interior of ¥. Denote by ¥ the nodal surface obtained
by collapsing the loops in A. Thus X is a finite disjoint union of smooth
surfaces with finitely many pairs of points identified. As above, denote by A
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also the image of A under the projection 7 : ¥ — 3. A conformal structure
j on X is a conformal structure on each component of ¥.. The pair (X, j) is
called a nodal Riemann surface. A continuous map f : (X,5) — (X, J) is
called a nodal holomorphic curve if its restriction to each component of >
is holomorphic. Moreover, we require that there is no sphere with less than
three nodal or marked points on which f is constant. As before, we will
refer to this property as stability. Marked and nodal points will be some-
times called special points. Denote by f : ¥ — X its lift (which is constant
on each component of A).

Definition 3.1. We say that a sequence of holomorphic curves with ¢
marked points fx : (X, jk, 2x) — (X, J) converges to a nodal holomorphic
curve f : (X,7,2) — (X, J) if there exist diffeomorphisms ¢y, : X — % such
that

(a) (¢r)wjr — 75 in C2 on T\ A and gbk(z,lf) — 2

(b) frogpt — fin CX on T\ (A UIR);

() frog,' — fin CL_ on £\0%;

(d) areay(fr) — area,(f).
Here A C ¥ and f: ¥ — X are as above.

We will impose the following conditions on a holomorphic curve

f(E5) = (X, ).

(A1) ¥ is a compact Riemann surface of genus g with m boundary compo-
nents and ¢ distinct marked points z = {z!,..., 29} in the interior.

(A2) The p-area of f is at most C.

(A3) The image of f is contained in a compact subset K C X.

(A4) At the boundary components « of (X, 7), there exist mutually disjoint
conformal embeddings 37 : [0,5L] x R/Z — ¥\z mapping {0} x R/Z
onto ~y for some L > Ly(g,m,q,C, K) > 1.

(A5) For each boundary component ~y, the differential of f o 37 satisfies
1/D < ||T(f o B7)|| < D with respect to the Euclidean metric on
[0,5L] x R/Z and p, for some constant D > 0.

Here [0,5L] x R/Z is equipped with the conformal structure induced from
C. Now we can state the main result of this section.

Theorem 3.2 (Gromov compactness with free boundary). Let (X, J, ) be
an almost complex manifold with Hermitian metric. Let fy : (X, jk, 2x) —
(X, J) be a sequence of holomorphic curves with ¢ marked points satisfying
(A1-A5) with g,m,q,C, K, L, D independent of k. Then a subsequence of
(fx) converges to a modal holomorphic curve with q marked points f :
(2,75,z) = (X, J).

Moreover, we can choose the maps ¢ such that the restricted maps ¢y o
BL:10,L] x R/Z — X\A are independent of k for all .
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Remark 3.3. The constant Lo(g,m,q,C, K) in hypothesis (A4) is deter-
mined by Lemma 3.19. It depends only on g, m, C in (Al and A2) and
the constants g, Cyr,, Csi, associated below to the set K C X. These con-
stants depend on the injectivity radius of K, as well as on the Monotonicity
Lemma 3.17 and the Schwarz Lemma 3.18 on K.

3.1. Conformal modulus. The following discussion is borrowed from
Ahlfors [1]. Let (X, j) be a Riemann surface, possibly with smooth bound-
ary, and let I" be an isotopy class of simple smooth loops in ¥. A measurable
conformal metric p is a symmetric (0, 2) tensor that in local conformal coor-
dinates is a multiple of the Euclidean metric by a non-negative measurable
function. Define the minimum length of curves in I' by

L,(T) = inf L, (1),
Define the modulus of I' by

. area,(X)
M(T) = ugf L7
where the infimum is taken over all measurable conformal metrics with 0 <
L,(I") < co. Clearly, M(T") is a conformal invariant. Its reciprocal, 1/M(T"),
is known as the “extremal length.”

An annulus is a surface diffeomorphic to [0, 1] xR/Z. We restrict ourselves
to closed annuli, but the discussion below extends to open or semi-open
annuli. By the uniformization theorem, every conformal annulus is confor-
mally equivalent to an annulus [0, L] x R/Z with the standard conformal
structure induced from C.

Lemma 3.4. For an annulus A, let I' 4 be the class of simple loops isotopic
to a boundary component. If A is conformally equivalent to [0, L] x R/Z,
then

M(T4) = L.

Proof. Let A = [0, L] x R/Z with conformal coordinates s+1it. Any measur-
able conformal metric on A can be written as p = f(s,t)?(ds®ds+dt®dt) for
a non-negative measurable function f : A — R. Suppose that L,(I'4) > 1.

Then fol f(s,t)dt > 1 for almost all s and we compute

L< /Af(s,t)ds dt < (/A f(s,t)ds dt) v (/Al ds dt) v = \/E\/areap(A).

Thus L < area,(A) for every measurable conformal metric p such that
L,(T'4) > 1. This proves L < M(I'4). Moreover, in the computation above,
equality is attained if and only if p is a constant multiple of the Euclidean
metric. U
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The number M (I'4) is called the modulus of the annulus A and denoted
by Mod(A). This definition agrees with the one in [1] and differs from the
one in [12] by a factor of 27.

Lemma 3.5. Let ¥g C X be an embedded surface (with boundary) in a
Riemann surface (3,7) and set ¥ := X\ Xg. Let T be an isotopy class of
loops in 3 and set T; :={y €T |y C %;} fori=0,1. Then

M(To) + M(T'y) < M(T)
where M (T;) =0 if T; = ().

Proof. Let p be a measurable conformal metric on ¥ and p; its restriction
to ;. Then clearly area,,(3o) + area,, (X1) < area,(3). Moreover, since
L,.(v) = Ly(v) for every v € I';, L,,,(I';) > L,(I"). Hence

area,(X)
L,y(I)?

areay, (Xo) + area,, (X1)
min(L,,(T'0)?, L, (I'1)?)
area,,(Xo)  area, (¥1)

Lﬂo (FO)2 Lm (FI)Q
> M(To) + M(I').

>

Taking the infimum on the left-hand side, the lemma follows. (|

In particular, if an embedded annulus Ay C A in a conformal annulus A
is non-contractible, then Mod(Ap) < Mod(A). Note that this is generally
false if Ag is contractible. Lemma 3.5 also immediately implies

Corollary 3.6. For any isotopy class T of loops in a Riemann surface (3, 7),
sup{Mod(A) | A C ¥ embedded annulus containing a curve in I'} < M(T").

Remark 3.7. In fact, the inequality in Corollary 3.6 is an equality [13].
But we will not need this deeper fact.

The following lemma and its proof were explained to us by Kerckhoff, see
Figure 2.

Lemma 3.8. Let v be a boundary component of a Riemann surface (X, 7).
Suppose that there exists a conformal embedding [0,L 4+ 1/2] x R/Z — %
mapping {0} xR /Z onto~y. Letp € ¥ be the image of a point (L, t) under this
embedding. Then for every embedded annulus A C X\{p} whose boundary
is isotopic to v in L\{p},

1

Remark 3.9. Note that the modulus of A is surprisingly close to L. If in
the hypothesis L + 1/2 is replaced by L + r with large r, the estimate can
be further sharpened. Ahlfors [1] shows that in the limit » — oo, one can
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o

Figure 2. Embedded annulus adjacent to a boundary
component.

replace 1/2 in the conclusion by In16/47. For our purposes, however, any
universal constant in place of 1/2 would suffice.

Proof. Denote the images of [0, L] x R/Z and [L,L + 1/2] x R/Z under
the embedding by Ay and A;, respectively. Note that Mod(Ag) = L and
Mod(A;) = 1/2. Consider the isotopy class I' of simple loops in ¥\ {p} that
are isotopic to v in ¥\ {p}. Corollary 3.6 implies

_ e areay(N\{p})
Mod(A) < M(T") = lI;f LIy
Thus we can estimate Mod(A) from above by picking a particular conformal
metric on ¥\ {p}. Let p be the measurable conformal metric on ¥ which
corresponds to the Euclidean metric on Ag U A; and equals zero outside.

Let A be a loop in I' (e.g., A could be a boundary component of the
annulus A in Figure 2).

If A is contained in Ag U Ay, its p-length is at least 1. Otherwise, A contains
two arcs in A; connecting its two boundary components dygA, d1 A1 and we
obtain L,(\) > 2dist(0gA1,01A1) = 1. This shows that L,(I') > 1. On the
other hand, the p-area of ¥ equals L + 1/2, and therefore

MOd(A) S areap(z\{p}) =T }

Loz Ty
O

3.2. Hyperbolic surfaces. Here we follow the discussion in Chapter IV
of [12]. A hyperbolic surface (X,h) is a complete oriented surface with
a metric of curvature —1 having geodesic boundary and finite area. Its
topology is determined by its signature (g,m,l). Here m is the number of
boundary components, [ is the number of ends and g is the genus of the
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l

Figure 3. Riemann surface of genus g with m boundary
components and [ cusps.

surface obtained by filling in a disk at each boundary geodesic and a point
at each end, see Figure 3. Denote by j the conformal structure induced by
h. Since each end is part of a standard cusp ([12], Proposition IV.3.6), j
extends uniquely to a conformal structure on the compact surface obtained
by adding a point at each end. Hence (X, j) is conformally equivalent to
a closed surface of genus g with m open disks and [ points removed. Its
Euler characteristic is given by x(X) =2 —2g — m — [ < 0. Conversely, by
the uniformization theorem, every closed Riemann surface of genus g with
m open disks and [ points removed carries a unique compatible hyperbolic
metric, provided that 2 —2g —m — 1 < 0.

Lemma 3.10. Let (X, h) be a hyperbolic surface and let A C ¥ be an embed-
ded annulus containing a simple closed (interior or boundary) geodesic ~y.

Then
—2mx(X)

Ln()* < Mod(4)

Proof. Since v minimizes the length in its isotopy class I' (see, e.g., Theo-
rem 4.3.2. in [14]), Corollary 3.6 yields

Lh(y)® = La(T) < M&@ < ah;‘j)ag(f)).

Now the lemma follows because by the Gauss-Bonnet theorem (see [12],
Proposition IV.2.8) the area of a hyperbolic surface equals —27x(X). O

The following lemma is proved in [12], Lemma IV.1.5, Lemma IV.1.6 and
Proposition IV.2.2; see Figure 3.
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Lemma 3.11. Let (X,h) be a hyperbolic surface. Then its boundary geo-
desics v possess mutually disjoint embedded collars Cp(y) = {z € ¥ |
dn(z,7) < wr(y)} whose widths wy(7y) satisfy

sinh wy () - sinh Ly, () = 1.

Next we recall the compactness theorem for hyperbolic surfaces. Consider
a surface 3 of signature (g, m,[) and a finite collection A of disjoint simple
non-contractible (interior or boundary) loops of ¥. Denote by ¥ the nodal
surface obtained by collapsing the loops in A. Thus ¥ is a finite disjoint
union of smooth surfaces with finitely many pairs of points identified. As
before, we denote by A also the image of A under the projection ¥ — .
A hyperbolic structure h on ¥ is a hyperbolic structure on ¥\ A. The pair
(3, h) is called a nodal hyperbolic surface.

We say that a sequence (X, hy) of hyperbolic surfaces converges to a
nodal hyperbolic surface (X, h) if there exist collections Ay C Xy of simple
hi-geodesics and diffeomorphisms ¢y : ¥j, — 3 with ¢(Ax) = A such that
(¢r)shi — h in C22 on £\ A where we denote by h the pull-back of h
under the projection ¥ — ¥. For the proof of the following result, see [12],
Proposition IV.5.1 (the result is formulated there only in the case where no
pinching of interior geodesics occurs; the general case follows by applying
this special case to all the pieces in a pair-of-pants decomposition, cf. [12],
Theorem IV.3.7).

Proposition 3.12 (compactness of hyperbolic surfaces). Let (X, hy) be
a sequence of hyperbolic surfaces of the same signature. Suppose that the
lengths of all boundary geodesics are uniformly bounded from above. Then a
subsequence converges to a nodal hyperbolic surface.

Remark 3.13. Consider a sequence (X, ji) of compact Riemann surfaces
of genus g with m boundary components. Fix an integer [ > 0 such that
2—2g—m—1 < 0. For each k, let F}, C Y be a set of [ non-boundary points.
Let hj be the unique hyperbolic metric on X;\F), and suppose that the
lengths of all boundary geodesics of (Xk\Fj, hy) are uniformly bounded from
above. Then Proposition IV.5.1 in [12] yields the following refined result.
After passing to a subsequence, there exists a compact surface ¥ of genus
g with m boundary components, a subset F C ¥ with |F| = |F}|, a finite
set A of disjoint simple non-contractible loops in ¥\ F' and diffeomorphisms
ok 2 X — X with ¢p(Fy) = F and ¢5(Ax) = A for collections Ay, of simple
hi-geodesics such that the following holds. Let ¥ be the nodal surface
obtained by collapsing the loops in A. Denote by A and F' also the images
of A and F'in ¥. Then there exist a hyperbolic metric h on ¥\ (FUA) and
a compatible conformal structure 7 on ¥\ A such that

e (¢r)+hi, — h in C7% on ¥\ (FUA) and

loc

o (Or)«gr — jin CL2 on X\ A.
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Define convergence to a nodal Riemann surface as convergence of nodal
holomorphic curves in X = pt. In view of Lemma 3.10, the preceding remark
implies

Corollary 3.14 (compactness of Riemann surfaces). Let (Xg,jr) be a
sequence of compact Riemann surfaces of the same genus and with the same
number of boundary components. Suppose that all boundary components are
contained in mutually disjoint embedded annuli whose moduli are uniformly
bounded from below. Then a subsequence converges to a nmodal Riemann
surface.

3.3. Thick-thin decomposition. Let (X, k) be a hyperbolic surface with-
out boundary. For 0 < § < arsinh(1), define the d-thin part of (X, h) as the
set of all points at which the injectivity radius is less than § and the d-thick
part as its complement. The following lemma is proved in [12], Proposition
IV.4.2 and Example 1.5.5.

Lemma 3.15. For 0 < § < arsinh(1), every component of the §-thin part of
a hyperbolic surface without boundary is conformally equivalent to a punc-
tured disk or an annulus. Moreover, for all 0 < § < arsinh(1) and L > 0,
there exists a &' > 0 (depending only on 0, L) such that every component
of the &'-thin part is contained in an annulus A of modulus Mod(A) > 5L
which is contained in the d-thin part.

For z € X, let B,(z) := {z/ € ¥ | dp(z,2') < p}. Note that B,(z) is
the image of an isometric immersion of a hyperbolic disk of radius p. The
following lemma is proved in [12] (replacing arsinh(1) by ¢ in the proof of
Lemma V.2.3), see Figure 4.

Figure 4. Jp-thick part (left) and dp-thin part (right).
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Lemma 3.16. For any positive constants C, L, 0, e, there exists a pg > 0
(depending only on C,L,6,¢) such that dg := 2,/po < & and the following
holds. For any hyperbolic surface without boundary (3,h), any point z €
Y, and any holomorphic map f : (X,h) — (X, J,u) to an almost complex
manifold with Hermitian metric with area, (f) < C, there exists an embedded
annulus A C X with the following properties.
(i) Bp,(2z) C A.
(ii) Mod( ) > 3L.
(iii) L, (f(8;4)) < e for both boundary components 0yA, 01 A of A.
(iv) If z lies in the do-thick part, then A C Bs,(z) is contractible and can
be chosen to enclose a given point 2 with dy(z,2") = 2pg.
(v) If z lies in the dy-thin part, then A is contained in the 6-thin part and
18 non-contractible.

3.4. Monotonicity and Schwarz Lemma. Let (X, J, ) be an almost
complex manifold with Hermitian metric © and K C X a compact subset.
The following two lemmas were proved by Gromov [6], see Chapter II in
[12] for more detailed proofs.

Lemma 3.17 (Monotonicity Lemma). There exist constants ey, Cyr, > 0
such that for any J-holomorphic map f : 3 — X from a compact Riemann
surface, passing though a point x € K and with f(0X) outside the p-ball
B,(x) of radius p < emr,, we have

area, (B,(x) N f(X)) > Cumwp®.

For amap f: D — X from the unit disk, denote by |7 f||, the norm of
its differential at 0, measured with respect to the hyperbolic metric on the
disk and the metric pu.

Lemma 3.18 (Schwarz Lemma). There exist constants esy,, Cst, > 0 such
that for any J-holomorphic map f : D — X whose image is contained in a
w-ball of radius eg1, centered at x € K,

ITofllu < Csi.

As in [12], Remark I1.4.3, we pick an g9 > 0 satisfying the following
conditions:

(i) o is smaller than the p-injectivity radius of K,
(ii) g¢ is smaller than the constants ey, esr, in the Monotonicity resp.
Schwarz Lemma,
(iii) every closed J-holomorphic curve in X whose image is contained in a
u-ball of radius g centered at x € K is constant.

3.5. Gradient bounds. Let (X, J, ;) be an almost complex manifold with
Hermitian metric u. Let f: (3,7) — (X, J) be a holomorphic curve satis-
fying conditions (A1-A5). Note that since f o 37 is holomorphic, condition
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(Ab) is equivalent to

v 1
et < 7 0 87) - il < Dol
for all v € T([0,5L] x R/Z).
Let ¢, Cwmr, Csi, be the constants associated above to the compact set
K C X (arising in the Monotonicity and Schwarz Lemma). For 0 < < 5L,
set

Al(’y) = ﬁﬂy<[0,l] X ]12), A= UWAI(’Y)

Now we proceed as in Gromov’s original compactness proof, following
Chapter V of [12]. For z € X, denote by U(z) the connected compo-
nent of f_lBso/ls (f(z)) containing z. Pick a maximal set F' of points in
Y\ (int Az U z) such that for any z € F, U(z) is disjoint from U(z") and
U(z%) for any 2z’ € F\{z} and any marked point z* € z. By the Mono-
tonicity Lemma 3.17, the number of points is bounded by (18/e0)?C/Cr,
where C' is the constant from (A2). Now enlarge F' so that it contains
points of 0AL (), 0Aar(y) and 9A4L(7y) for each boundary geodesic v and
all marked points. Moreover, pick enough points such that the punctured
surface Y := ¥\ F' has negative Euler characteristic. The cardinality |F| is
still bounded by a constant depending only on m, ¢, C, g9 and Cyr,. Notice
that the Riemann surface ¥ depends on L. Let h be the unique hyperbolic
metric on ¥ compatible with the conformal structure.

Lemma 3.19. There exist constants Lo > 1 and 1, w_ > 0 depending
only on g,m,q,C,eq and Cy, and for every L > Lg, there exist constants
l_,wy > 0 depending only on L, such that the following holds. For every
J-holomorphic curve f satisfying (A1-A5) and (3, h) as above, there exist
mutually disjoint collars C,(vy) C X around the boundary geodesics of (3, h)
of width wp(7y) such that for all boundary geodesics -,

I- < Lp(y) <y, w- < wp(y) < wy
Moreover, we may assume Cp(7y) C AL(7).

Proof. By hypothesis, each boundary geodesic v of (Z,h) is contained in
an annulus of modulus Ly. Hence by Lemma 3.10, its length is bounded

from above by Iy := y/—27x(2)/Lo. By this bound and Lemma 3.11, the
boundary geodesics possess mutually disjoint collars Cp(y) whose widths
are bounded from below by a constant w_ depending only on [;. Note that
l+ = 0and w— — oo as Ly — co. Moreover, the width and the modulus of
a collar are related by an increasing bijective function Ry — R (see [12],
Proposition IV.2.2 and Example 1.5.5). So if Lo is sufficiently large, then
each collar will have modulus at least 1.
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Consider a collar C = Cp(y). Let Cp C C be a smaller collar such that
Mod(Cp) < Lo—1/2 and Mod(C\Cy) > 1/2. Suppose that Cy is not contained
in Az (7). Then there exists a point p € 9Cp which is not contained in
Ar, (7). Applying Lemma 3.8 with A = Ar, (y) and L = Mod(Cp), we
conclude Ly = Mod(Ar,(v)) < Mod(Co) + 1/2, contradicting the choice of
Co. Hence Cy C Ar,(7), so after replacing the Cy(y) by smaller collars, we
may assume Cp(y) C AL, (7).

Now let L > Lg. Remember that in 3. we have removed a point of 9A ()
for each boundary geodesic v. Hence by Lemma 3.8, applied to the non-
punctured surface (X, j), every embedded annulus A in 3 with one boundary
component v has modulus Mod(A) < L + 1/2. Applying this to the collar
Ch(7) C ¥ at v, we see that its modulus is at most L+ 1/2. Since the width
and the modulus of a collar are related by an increasing bijective function
R4+ — R4, the width is bounded from above by a constant w4 depending
only on L. Now again by Lemma 3.11, the length of each boundary geodesic
is bounded from below by a universal constant [_ depending only on L. [

Lemma 3.20. Let A C ¥ be an annulus such that neither of its bound-
ary components OgA, OhA is entirely contained in Az and such that
L.(f(8;A)) < € := min(eo/6,L/D). Then A C X\ Ay and f(A) has

w-diameter smaller than gg.

Proof. First suppose that some boundary component 0; A meets Ay. Since
0; A is not contained in Aoy, there exists a boundary geodesic v such that 0; A
meets Az () and is not contained in Asy (7). Let A be an arc of (87)71(9;A)
that connects the two boundary components in [L,2L] x R/Z. Then by
condition (Ab),

L

D )
contradicting the hypothesis L, (f(8;4)) < L/D. This shows that both
boundary components of A, and therefore A itself, are contained in Z\A L.

The remaining argument carries over without changes from Chapter V of
[12]. We first show that d(f(z), f(DA)) < £0/6 for every z € A. Indeed, if
U(z) intersects A, then d(f(2), f(OA)) < g9/18. Otherwise, by maximality
of F, there exists a point zp € F with U(z9) N U(z) # 0. Since zy ¢ A,
there exists a point 2/ € U(z9) N OA and we conclude d(f(z), f(0A)) <
d(f(2), f(20)) + d(f(20), f(2')) < €0/6. Since A is connected,

(s eatdte o) < Thnlsealdre o) < 340

and therefore d(f(00A), f(814)) < £0/3. Combining the estimates, we find
d(f(2), f(z)) <eo for all z,2' € A. O

F(0:4)) Lﬂ‘fﬂV Hﬁ> L L)) >
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Let 3 Ups 3 be the hyperbolic surface without boundary obtained by
gluing two copies of ¥ along their boundary. For 0 < § < arsinh(1), define
the d-thin part of (¥, h) as the set of all points at which the injectivity radius
of ¥ Ugs, 3. is less than § and the §-thick part as its complement. Following
Chapter V of [12], we shall call a constant universal if it depends only on
€0, C’MLa CSL) g,m,dq, Ca L and D.

Lemma 3.21. There exists a universal constant po > 0 with the following
property. Every point z € X\ Agp is the center of an immersed h-disk
B C ¥\ AL of radius py such that f(B) has p-diameter < gq.

Proof. Pick 0 < § < min(w_,[_/2). In view of Lemma 3.19, the condition
0 < 1_/2 ensures that 0¥ belongs to the d-thick part. Let € > 0 be the
constant defined in Lemma 3.20, and let C'; L be the constants in hypothe-
ses (A1-A5). Let pp > 0 and dg := 2,/po be the constants provided by
Lemma 3.16.

Consider first a point z € ¥\ Aoy, in the o-thick part of 3. By Lemma 3.19,
z ¢ Ar, implies z ¢ U,Cp(y). From this and dp < w—_, we conclude Bs,(z) C
>\ d¥. Pick a point 2’ € ¥\ Ay, with dj,(z,2') = 2pg. Let A C Bj,(2) C
2\82 be the annulus provided by Lemma 3.16, enclosing the point 2’. It
contains the hyperbolic disk B = B, (z) and satisfies L, (f(8;4)) < e. If one
boundary component of A was contained in Aoy, we would have 2/ € Asy,
contradicting the choice of z’. So A satisfies the hypotheses of Lemma 3.20
and we conclude that f(A), and therefore also f(B), has diameter < &g.

Next consider z € S\AQL in the Jp-thin part. Let A C )y Uss ¥ be the
annulus provided by Lemma 3.16. It is contained in the d-thin part. Since
0Y. belongs to the d-thick part, this ensures A C 2\82. Moreover, A is
non-contractible in ¥, it contains the immersed hyperbolic disk B = B,,(2),
and it satisfies Mod(A) > 3L and L, (f(9;A)) < . Now there are two cases.

Case 1. A is non-contractible in Y. Then if one boundary component 0; A
is contained in Asy, it is isotopic to some boundary geodesic v in Asp (7).
Now remember that the set F' contains a point p € dAsr(7y), thus A C X\{p}
with boundary isotopic to 7. But then Lemma 3.8 yields Mod(A4) < 2L+1/2,
contradicting Mod(A4) > 3L. So A satisfies the hypotheses of Lemma 3.20
and we conclude that f(A), and therefore also f(B), has diameter < &g.

Case 2. A is contractible in 3. Denote by 91 A the outer boundary com-
ponent. Since z ¢ Ay, 01 A cannot be contained in Asr. A length estimate
as in the proof of Lemma 3.20 shows that 91 A C Z\AL. This implies
A C ¥\ Ar. Now the last part of the proof of Lemma 3.20 shows that f(A),
and therefore also f(B), has diameter < . O

By the Schwarz Lemma 3.18 and rescaling, the differential of f at the
center of B in the preceding lemma is universally bounded with respect to
the metrics A and p. This proves



616 K. CIELIEBAK AND K. MOHNKE

Proposition 3.22. Let f: (3,7) — (X, J,u) satisfy (A1-A5). Then there
exists a finite set F' C Y\Ar such that the differential of f on X\(FUAar) is
universally bounded with respect to the hyperbolic metric h and the Hermitian
metric . Moreover, the number of points in F' is universally bounded.

Corollary 3.23. There exists a universal constant 61 > 0 such that no sim-
ple loop A in ¥ with Lp(X) < 261 which is non-contractible in ¥ meets Asr,.

Proof. Let § be the constant defined in the proof of Lemma 3.21. Pick
01 < ¢', where ¢’ is the constant provided by Lemma 3.15. Let A be a
simple loop in ¥ with Lj(\) < 26; which is non-contractible in ¥. Suppose
first that A is contained in A4;. Since A is non-contractible in X, it must
be isotopic to some boundary geodesic v in A4z, (). Hence by Lemma 3.8,
Mod(A) < 4L+1/2 for every annulus in ¥ containing X\. On the other hand,
A is contained in the d;-thin part and §; < ¢’. Hence, by Lemma 3.15, A
is contained in an annulus A C ¥ Upy, ¥ of modulus Mod(A) > 5L which
is contained in the é-thin part. Since (by the choice of d) 9% belongs to
the §-thick part, it follows that A C 2\82, and we get the contradiction
Mod(A) < 4L+ 1/2.

Now suppose that A is not contained in Ay () and meets Asp (7). Let
A1 be an arc of (87)~! o A that connects the two boundary components in

[3L,4L] x R/Z. Then
L
dt > LEucl(Al)

d)\l
La(orow) = [ 1o m)- = =

On the other hand, by Proposition 3.22, the differential of f with respect
to the hyperbolic metric satisfies | Tf|| < U on X\ Agr, for some universal
constant U. Thus

Lu(foB"(M\)) <ULy(N) <2U 6.
For &1 small, these two inequalities contradict each other. O

Proof of Theorem 3.2. Let (X, J,u) and fi : (3g,jk) — (X,J) be as in
Theorem 3.2. For 0 < [ < 5L, let Z; be the disjoint union of m copies of
[0,1] x R/Z. Denote by B, : Zs;, — %) the embedding induced by the 5.
For each k, pick a finite subset Fj, C Xx\0k(Z1) as in Proposition 3.22 and
a constant d; as in Corollary 3.23. After passing to a subsequence, we may
assume that the cardinality |F}| is the same for all k. By Lemma 3.19, the
lengths of the boundary geodesics for the hyperbolic metrics hy on 3 \ Fj,
are uniformly bounded. Hence, by Proposition 3.12, a subsequence of (X \
Fy, hi,) converges to a nodal hyperbolic surface (X, k). More precisely, by the
remark following Proposition 3.12, the following holds. After passing to a
subsequence, there exists a compact surface ¥ of genus g with m boundary
components, a subset F C ¥ with |F| = |Fy|, a finite set A of disjoint
simple non-contractible loops in ¥\ F and diffeomorphisms ¢y, : ¥ — &
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with ¢r(Fy) = F and ¢r(Ax) = A for collections Ay of simple hy-geodesics
such that the following holds. Let 3 be the nodal surface obtained by
collapsing the loops in A. As above, denote by A and F' also the images in
Y. Then there exist a hyperbolic metric h on 3\ (F' U A) and a compatible
conformal structure j on ¥\ A such that

o (¢p)shi — hin C° on X\ (F UA) and

C

o (dr)wjr — j in CX on T\ A,

loc

with the same conventions for h and j as above. Define

by := (k) b, Tk = (Or)«Jk,

and consider the holomorphic maps

f_k = fk; Oqslzl : (E\Aajk) - (X7 J)’
B = ¢k 0 B : (Zsr,1) = (E\A, J).

By Proposition 3.22, the differential of f}, is uniformly bounded with respect
to hy and pon Xg := i\(FUAUBk(ZgL)). By the Arzela—Ascoli theorem and
standard elliptic estimates, it follows that a subsequence of f; converges in
CRe. on Yo to a holomorphic map f : (£¢,5) — (X, J). By the uniform area
bound and removal of singularities (see [12], Theorem III.2.1), f extends
smoothly over the points of F' and f; — f converges in CRe. on i\(A U
Br(Z2)).

By Corollary 3.23, 3(Z4r) does not meet any component of the §;-thin
part of (X, h) containing a geodesic from Ay. Thus the 34(Z41) are con-
tained in a uniform compact subset of ¥\ A. Hence a subsequence of (3
converges in C™ on Zz;, to a holomorphic map 3 : (Z3p,i) — (Z\A, ).
(This is a special case of Gromov compactness with Lagrangian boundary
conditions with the Lagrangians being curves in surfaces). Since the 3} are
embeddings, so is 3 (otherwise  would be a branched covering, contradict-
ing injectivity of 3y for large k).

By hypothesis (A5) and the Arzela—Ascoli theorem, a subsequence of
fi o B converges in Cr. on the interior of Z3y. Since Bi converges to an
embedding (3, this implies C -convergence of fx on the interior of 3(Z31) to
amap f which agrees with the previous map on 3(Z3z\Z2r). Altogether, we
have shown Cf°-convergence f, — f on £\ A to a (j, J)-holomorphic map
f. This proves properties (a) and (b) of the convergence to the nodal holo-
morphic curve f. Now properties (c) and (d) follow as in Chapter V of [12].

It remains to show that we can make the maps ¢ o B : Z; — X\ A
independent of k. Recall that the embeddings 3, converge in C™ on Zs,
to an embedding 3 : Z3; — L\ A. So we can modify the 3; to embeddings

Bk : Z5L — ) Satisfying Bk = Bk on Z5L\Z2L, Bk = ﬂ on Zj and Bk’ — ,8 in
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C™ on Zsy. Define maps ¢, : X — X by

i = Q?k on Y\ B (Z2L),
C | Beo Byt on Bi(Zsr).

Note that the two definitions agree on [(Zs51\ Z2r), so the o lift to diffeo-
morphisms ¥, — . Moreover, on Zy, the maps gz@k o, = [ are independent
of k. The conformal structures j := (Cng)*]k agree with 7, on X\3(Z21) and
with (3g)+i on Bi(Zsz). In particular, j — J in C on £\ A. Now replace
o1 by g?)k and 7; by 75 and conclude the proof as before.

There is one more subtlety to consider. It could happen that the limit
curve f obtained by forgetting the additional marked points in F' is unstable.
By construction, even the domain ¥ of the limit is stable if we include all
points of F' into the set of marked points. Forgetting all but the ¢ marked
points in F', a sphere on which f is constant may end up with less than
three special points. By the choice of F, such a sphere contains at most
one point of F. Hence the image of the constant sphere can only be a
double point in the image. To solve this problem, we remove these unsta-
ble components from the limiting curve while the two corresponding nodal
points on the adjacent components fit into one pair of nodal points of the
new curve which we will also denote by f : (X,7,2) — (X, J). Notice that
the corresponding surface 3 is diffeomorphic to the old one. However, the
set A C ¥ of nodal curves has changed. An unstable sphere corresponds
to a pair of nodal curves which bounded an annulus A C ¥ parameter-
ized by S! x [~1,1], say. Let the neighborhood of A be parameterized by
[-1—¢,1+¢] x S extending that parameterization and the neighborhood
of the new single nodal curve v be parameterized by [—¢, +¢] x S*. Pick a
sequence of diffeomorphisms 1, : [-1—¢,1+¢] x St — [—¢, +¢] x S, which
are given by diffeomorphisms of the intervals, which are simply translations
by +1 near the boundaries, and which converge uniformly to

s+1 se[-1—¢g,—1]
YP(s) =40 s e [—1,1]
s—1 se[l,1+¢]

Then 9y o ¢, fr and the new stable f : ¥ — (X, J) with its model ¥ will
satisfy Definition 3.1. Since v, converges in C'* to a diffeomorphism outside
A, it is clear that (wk_l)*o(qﬁ;l)*]‘k and fj o gb;l o wk_l converge in Cp% in the
complement of v in a neighborhood of it and therefore in the complement of
the new set A. The issue here is uniform convergence across A which is satis-
fied since the sequence fio¢i|A uniformly converges to the nodal point corre-
sponding to the unstable sphere. This finishes the proof of Theorem 3.2. [J
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4. Holomorphic cylinders of small area

In this section, we establish uniform convergence of holomorphic cylinders
of small area (Theorem 4.18). The main technical ingredient for this result,
Proposition 4.5, is proved in [9] in the Morse case and in [3] in the Morse—
Bott case. Moreover, we estimate the conformal modulus of a holomorphic
cylinder from below (Lemma 4.20).

Throughout, (M,w,J) is a compact odd-dimensional manifold with a
stable Hamiltonian structure w and J is an w-tamed, translation invariant
almost complex structure on R x M. Let A = A\; be the associated 1-form.
We assume that the closed Reeb orbits are Morse-Bott non-degenerate as
defined in Section 2. Throughout this section, we fix an € > 0 such that

(rd\+w)(v,Jv) >0 for 0# v €ker A and |r| <e.

4.1. Various notions of energy. For a collection of (not necessarily
embedded) smooth curves I' in M, let us denote by Ax(I") its A-action:

AN(T) = /F/\.

To a smooth map f: ¥ — R x M from a (not necessarily closed) surface 3,
we associate the following quantities:

its w-energy (or area)
) Z/f*w;
b

its A\-energy and its (e, \)-energy

—sup/f dr/\)\) :—sup/fd

PES PES:

where S resp. S; denotes the set of all smooth non-decreasing functions
¢ : R —[0,1] resp. ¢ : R — [—¢,¢]; its Hofer energy and e-energy

E(f) == E,(f) + Ex(f),  E°(f) = Eu(f) + EX(f)-
Note that Ey\(f) and E5(f) are nonnegative by definition (since ¢ = 0 is
allowed) and E,(f) > 0 if f is J-holomorphic. Here J-holomorphicity of a
map

f=(a,u):(X,j) > Rx M
translates into the equations
u*\oj = da, mTuoj= JyonTu,
or in local holomorphic coordinates s + it on 3,
as = Mug), ar = —A(us), mus + Jrug = 0.

Here as etc. denotes partial derivatives and 7 : T'M — £ is the projection
along the Reeb vector field. Denote by R the set of regular values of the
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map a : ¥ — R. We always orient a non-empty regular level set a~!(R) as
the boundary of the region {a < R}.

The following lemma shows that for holomorphic maps, the energies F(f)
and E°(f) are equivalent.

Lemma 4.1. For a J-holomorphic map f = (a,u) : (X,5) = R x M, the
following holds.
a) fa*l(R) u*A > 0 for every R € R with a=*(R) # 0, and

ReR Ja—1

E\(f) = sup/ " u*A.

(b) The energies with and without € are related by
2¢EX(f) = Eu(f) < EX(f) < 2¢EX(f) + Eu(f),

2e
1+ 2¢

E(f) < E°(f) < 2max(L,)E(f).

Proof.

(a) The orientation of a1 (R) as the boundary of the region {a < R} means
that a tangent vector v to a~!(R) is orienting the level iff da(—jv) > 0.
Since u*A(v) = da(—jv), this shows fa,l(R) u*A > 0. For the second
statement, we compute for ¢ € S and regular values R < S of a:

o) [ wrmom [ was [ pa(een)

— [ rE@daN [ peea.
a=1([R,9)) a~([R,S])

Since its integrand is non-negative, the first term in the last line is
< E)(f). The second term in the last line becomes arbitrarily small
if we choose R close to S. Taking ¢(R) = 0 and ¢(S) = 1, this shows
fa_l( R) uw*N < E)(f). The converse inequality follows from the

following estimate for ¢ € S:

[ ey =[ o0 ( /[ m) "

< sup/ u )\/ ¢ (r)dr < sup/ u* .
ReR Ja=—1( ReR Ja—1(R)
(b) Write the (e, A)-energy as

55 = s ([ 5 @00+ [ 0

The absolute value of the second integral on the right-hand side is not
bigger than [y, f*w = Ey(f) by definition of & while the supremum
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of the first integral equals 2¢E)(f). This shows the first statement
|ES(f) — 2eEX(f)] < Eu(f). Rewrite this as 2¢Ex(f) < E°(f) and
E5(f) <2eE\(f) 4+ 2E,(f). The second statement follows from these

inequalities:
(14 2e)E°(f) = E°(f) + 2eEu(f) = 2¢E(f),
E°(f) < 2eEX(f) + 2E,(f) < 2max(1,e)E(f). O

The following lemma gives a lower bound for the area of an arbitrary
punctured holomorphic curve with no negative punctures.

Lemma 4.2. There is a number 31 > 0, depending only on (M,w,J), such
that for any punctured holomorphic curve f : 3 — R x M without negative
or without positive punctures

Ew(f) > ,61-

Note that the statement includes J-holomorphic curves without any punc-
tures at all and that 8; does not depend on the number of punctures, the
genus of ¥, nor the Hofer energy of f.

Proof. Assume that f = (a,u) has no negative punctures. We apply the
Monotonicity Lemma 3.17 to R x M equipped with the product metric
w(:, J-) +dr? 4+ A%, which is J-invariant by assumption. Pick any point f(z)
on the curve. Then the area of (a connected component of) the pre-image
C of a ball B of radius p < eny, satisfies

/ (w*w 4 da A u*X) > Cywp®.
C

Let p := min(e,enp)/4. Pick a function ¢ : R — [—¢/2,0] with ¢/ > 0 and
o(r) = 0 asr — oo with ¢’ =1 on [a(z2) — /4, a(2) + £/4]. Then we have

Eu(f) = /Z (u'w + fd(6N))
> /C (ww + F*d(6)))

> / <;uw - (do A A))
C

= / (;u*w +da A u*/\>
C

> OnvLp?/2.

Here, in the first line, we have used [y f*d(¢\) = 0; in the second line the

positivity of the integrand on ¥; in the third line the positivity of f*(¢d\)+

Tu*w which is due to |¢| < £/2 and the definition of £; in the fourth line
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¢'(a) = 1 on C which holds because |a — a(z)| < /4 on Cj; in the last line
the positivity of da A u* .

The case that f has no positive punctures is similar. Here we choose
¢:R—[0,e/2]. O

4.2. Estimates for holomorphic cylinders. Set S! := R/Z, so an annu-
lus [R, S] x St (with the standard conformal structure) has modulus S — R,
cf. Section 3, Lemma 3.4.

Lemma 4.3. For every J-holomorphic cylinder f = (a,u) : [-L, L] x St —
R x M satisfying E(f) < Ey and E,(f) < B1 and every 6 > 0, all derivatives
of f (of order > 1 for a) on [~L + §,L — 6] x S' are bounded by constants
depending only on M,w, J, Ey and 6.

Proof. By elliptic bootstrapping, it suffices to prove uniform gradient
bounds. Suppose by contradiction that there is a sequence of J-holomorphic
cylinders f : [~Lg,Li] x St — R x M satisfying E(fx) < Ep and
E.(fx) < 1 whose gradients are unbounded at points in [—Ly + §, Ly, — ¢].
Then standard bubbling off analysis as in [7] (see also [3]) yields a non-
constant punctured J-holomorphic plane f with E(f) < Ey and E, (f) < (1.
Hence the singularity at oo is either removable or gives rise to one (positive
or negative) puncture. Hence Lemma 4.2 implies E,(f) > (1, which is a
contradiction. O

Recall next the asymptotic behavior of holomorphic curves with finite
energy. The following result was proved in [7] in the Morse case and in
[2, 8] in the Morse-Bott case.

Proposition 4.4. Let f = (a,u) : Ry x S' — R x M be a J-holomorphic
half-cylinder of finite Hofer energy such that a is not bounded from above.
Then there exists a closed Reeb orbit v of period T' > 0 and a constant ag
such that

(a(s,t) —ap — Ts,u(s,t)) — (O,y(Tt))

S§—00
uniformly in t with all derivatives.

The following proposition shows that the M-components of long holo-
morphic cylinders approach closed Reeb orbits. It was proved in [9] in the
Morse case and in [3] (Proposition 5.7) in the Morse-Bott case. Let d be
any Riemannian distance on M.

Proposition 4.5. For all Ey,é > 0, there exist 3,¢ > 0 (depending only on
M,w,J, Ey and &) such that for every J-holomorphic cylinder f = (a,u) :
[-L,L] x S' — R x M with L > ¢ satisfying E(f) < Ey and E,(f) < 3,
we have

d(u(s,t), u(O,t)) <
for all (s,t) € [-L+ ¢, L — /] x S*.
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The following lemma guarantees that the area of a J-holomorphic cylin-
der (a punctured holomorphic sphere with one positive and one negative
puncture) cannot be arbitrarily small. It was proved in [3] (Lemma 11.8.).
We include the proof here for sake of completeness.

Lemma 4.6. For every Ey > 0, there exists a constant B2 > 0 (depending
only on M,w,J and Ey) such that the area of every J-holomorphic cylinder
f:RxS'— R x M with E(f) < Ey and E,(f) > 0 satisfies

Ew(f) > /62-

Remark 4.7. If w = d)\ for a contact form A, this statement follows
immediately from discreteness of the action spectrum (which is an easy
consequence of the Morse-Bott hypothesis). In the general case, discreteness
of the values of E,, still holds as a consequence of Gromov—Hofer compact-
ness. However, as we want to use Lemma 4.6 in the proof of this compactness
theorem, we cannot use discreteness here.

Proof. Assume on the contrary that there is a sequence f, = (an,un) :
R x S' — R x M of J-holomorphic cylinders with E(f,) < Eo and positive
areas 0 < E,(f,) = 6, — 0. Denote the asymptotic orbits of f,, by 7;F. By
Proposition 4.4, there exist L, > 0 such that

d(un(s,t),%f(t)) < l for s € [Ly, 00),
n

d(un(s,t),7, (1)) < % for s € (—o0, —Ly).

Let £, 3, be the constant in Proposition 4.5 corresponding to Fy,d = 1/n.
By relabeling the sequence {f,}, we may assume that d,, < 3,. The maps
fn|[,Ln,gn7Ln+gn]X51 have energy < Ej and area < §,. Hence, by Proposi-
tion 4.5,

1
d(un(s,8), un(0.1)) < =
for all s € [—Ly, Ly]. It follows that

A(ua(s. )25 (1)) < %

for all s € R, so u,, stays in the 4/n-neighborhood of 4 in the loop space AM
of M (equipped with the C-topology). In particular, d(y*(t),v(t)) < 4/n
for all ¢t € S'. By compactness of M and the Morse-Bott assumption,
there are only finitely many connected manifolds of closed Reeb orbits of
A-action smaller than Ey. Pick n so large that the 4/n-neighborhoods of
these manifolds in AM are disjoint. Then the asymptotic orbits 7;" must
belong to the same connected manifold C of closed Reeb orbits. Moreover,
the path u, : R — AM in the loop space stays in the C/n-neighborhood of
C for a constant C' that only depends on the compact submanifold C C AM.
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Therefore, for n sufficiently large, we can project u, onto a smooth path
vy, : R — C connecting ¥* in the manifold C. Since vy(s,-) is a closed Reeb
orbit for all s, we have v;w = 0 and thus [, ¢ vhw = 0. Since w is closed
and the cylinders u,, v, : R x S' — M are homotopic with fixed loops at
+o0, it follows that

= Eulf) = | viw=0.
RxS?t
contradicting the assumption 9,, > 0. Il

Corollary 4.8. Let f: R x S' = R x M be a holomorphic map with Hofer
energy E(f) < Eo and action E,(f) < p1. Then f must be constant or has
exactly one positive and one negative puncture. Moreover, if E,(f) < B2, f
s a cylinder over a closed Reeb orbit.

Fix a number Ey < oo. We will study J-holomorphic curves (in fact,
cylinders) f: (X,5) — (R x M, J) satisfying the following hypothesis:

(B1) E(f) < Ey, E,(f) £ Bo := min(B1, f2),

where (1, B3 are the constants from Lemma 4.2 and Lemma 4.6, respectively.
We first note a sharpening of Proposition 4.5.

Corollary 4.9. For all Ey,6 > 0, there exists an £ > 0 (depending only on
M,w,J, Ey and &) such that for every J-holomorphic cylinder f = (a,u) :
[-L,L] x S* = R x M with L > ¢ satisfying hypothesis (B1), we have

d(u(s,t),u(O,t)) <0
for all (s,t) € [-L+ ¢, L — /] x S*.

Proof. Assume that, on the contrary (after replacing ¢ by 2¢), thereisa d > 0
such that for any ¢ > 0, there is an L > 2¢ and a J-holomorphic cylinder
f=(a,u): [-L,L] x S* = R x M with E(f) < Ey and E,(f) < (B such
that d(u(s,t),u(0,t)) > 6 for some (s,t) € [-L+2¢,L—2¢] x S*. Let 3 >0
and ¢ > 0 be the constants corresponding to 6 and Ey in Proposition 4.5.
Applying Proposition 4.5 to the restriction g := f‘[_L_;'_g’L_g]XSl for £ > ¢,
we conclude that E,(g) > 3. Write g = (b,v) : [-c,c] x St = R x M with
c:=L—1¢.

Now we argue as in the proof of Lemma 4.6. By the Morse-Bott assump-
tion, there are finitely many connected manifolds of closed Reeb orbits of
A-action smaller than 2Fy. Fix p > 0 so small that the p-neighborhoods of
these manifolds in the loops space AM (with the C°-topology) are disjoint.
Suppose that v(s, -) is p-close to a closed Reeb orbit for all s € [—c¢, ¢]. Since
E(f) < Ey, this implies that v(s, ) is p-close to one connected manifold C
of Reeb orbits for all s € [—¢,¢|. As in the proof of Lemma 4.6, we project
v onto a path ¥ in C. Let vy be the shortest path connecting v(=+e,-) to
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its projection o(=c,-). Then v,o and v* form a null-homotopic loop ¥ in
AM, so [v*w = 0. Now [©*w = 0 because v consists of Reeb orbits, and
[ viw < Cp for a constant C only depending on C because w = dAy is
exact in the p-neighborhood of o(%e¢,-). So we conclude that [v*w < 2Cp
if v(s,-) is p-close to a closed Reeb orbit for all s € [—¢,¢]. For p < 3/2C,
this implies that there exists a § € [-L + ¢, L — ¢] such that u(s,.) is not
p-close any closed Reeb orbit.

Now pick a sequence ¢,, — oo and define the sequence of .J-holomorphic
cylinders f, = (an,uyn) : [=Ln, Ly] x S* — R x M as above, with L, > 2/,,.
Thus E(fn) < Eo, Eu(fn) < Po, and there exist 5, € [—Ly + €, Ly, — Cy)]
such that u,(5,,.) is not p-close to any closed Reeb orbit (with p > 0 fixed
as above). Set g, 1= (by,vp) : [y, €n] x St — R x M with

Un(8,t) := un(s+ 38n,t), bup(s,t) :=an(s+ 5p,t) — an(5n,t).

By Lemma 4.3, all derivatives of g, are uniformly bounded. Hence a
subsequence of g, converges in Cp%. to an infinite holomorphic cylinder
g = (byv) : Rx S" - R x M with E(g) < Ep and E,(g) < B. Since
Bo < P2, Lemma 4.6 implies E,(g) = 0, so g is a cylinder over a closed
Reeb orbit. On the other hand, by construction of g, and C};-convergence,
v(0, -) is not p-close to a closed Reeb orbit. This contradiction concludes the

proof. O

The next lemma describes the R-components of long holomorphic cylin-
ders. Notice that the action of a closed Reeb orbit cannot be arbitrarily

small:
/)\ > 6y >0
~

Lemma 4.10. There ezists an £ > 0 (depending only on M,w,J and Ey)
such that for every J-holomorphic cylinder f = (a,u) : [~L, L] xS* — Rx M
with L > £ satisfying hypothesis (B1),

da

0s
for all (s,t) € [-L+¢,L— /] x S*.

for any closed R-orbit .

(s,t) > dp >0

Proof. Suppose not. Then there exist sequences Ly > ¢ — oo and J-
holomorphic cylinders fr = (ag,ur) : [~Lx, Lr] x S' — R x M satisfying
hypothesis (B1) such that

Oay,

s (skstk) < do
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for some (sg,tx) € [~Lg + fg, Ly — €] x S'. Consider the shifted maps
gk = (bk,vk) : [—Ek,gk] X Sl — R x M,

gk(s,t) = fk(S + si,t+ tk) — (ak(sk,tk), 0).

By the C*°-bounds in Lemma 4.3 and the Arzela—Ascoli theorem, a sub-
sequence of g, converges in Cp> to an infinite holomorphic cylinder g =
(b,v) : R x S' — R x M of energy E(g) < Ey. By Proposition 4.4, g is
asymptotic at its punctures to closed Reeb orbits v, v*. By construction,
we have E(g) < Ey and E,(g) < fp. By Lemma 4.6, g has area zero and
is hence a cylinder over a closed Reeb orbit + of action T > §g. So we
have %(0, 0) =T > dp. On the other hand, %(0, 0) < dp for all k implies
%(O, 0) < ép and we have a contradiction. O
4.3. (O} -convergence. Consider now a sequence of J-holomorphic
cylinders
fre = (ag,ug) : [—Lx — 1, Lk + 1] x ST S Rx M

satisfying hypothesis (B1) with uniform constants Ey, Gy. Set

r = nfap(—Ly, 1), = sup ar(Ly,t),
and impose the hypothesis
B2 Ly — oo, rr—r; — oo.
( ) k k—oo k k k—oo

Define the shifted maps
I (s,t) := fr(s = L, t) — (,,0), s€[0,2L],
fif(s,t) :== fu(s+ Li,t) — (r;f,0), s € [-2Ly, 0]

Lemma 4.11. A subsequence of the shifted maps f;, : [0,2L;] x S' —
R x M converges in C32 on [0,00) x St to a holomorphic half-cylinder f~ :
[0,00) x ST — R x M. Similarly, a subsequence of the f;" : [—2L,0] x
St — R x M converges in C2, on (—00,0] x S! to a holomorphic half-
cylinder f* : (—00,0] x S' — R x M. Moreover, f~ and f* are positively
resp. negatively asymptotic to closed Reeb orbits v~,+ " of length not greater
than Ej.

Proof. The uniform bounds on derivatives in Lemma 4.3 and the Arzela-
Ascoli theorem imply C3°-convergence of subsequences f, — f~ and
flj — fT. The limit maps have Hofer energy at most Fy. Moreover, hypoth-
esis (B2) implies that a~ is not bounded from above and a™ is not bounded
from below. So, by Proposition 4.4, f~, fT are asymptotic to closed Reeb

orbits v7,7". By Lemma 4.1, we have fw, A, fw* A\ < Ep. O

The following two lemmas control the maps fi over the middle parts of
the cylinders.
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Lemma 4.12. The asymptotic orbits agree: v~ = v =: v. Moreover, for
every § > 0, there exist a constant L > 0 (depending only on M,w, J, Ey and
d) such that for all sufficiently large k and for all (s,t) € [-Ly + L, Ly —
L] x S,

d(uk(s,t),ﬂy(t)> <4

Proof. Let § > 0 be given. By Corollary 4.9, there exists an L > 0 (depend-
ing only on M,w,J, Ey and ¢) such that d(uk(s,t),uk(o,t)) < ¢ for all
(s,t) € [~Ly, + L, L — L] x S' and all sufficiently large k. By the asymp-
totics, for s > L sufficiently large, u~(s,t) is é-close to v_(t) for all t € S*.
By the C -convergence of u, , for k sufficiently large, uj(—Ly + s,t) is -
close to u=(s,t) for all t € S'. Thus uk(0,t) is 36-close to v~ (t) for all
t € S'. Similarly, ug(0,t) is 36-close to y*(¢) for all t € S'. Hence v~ (t)
is 66-close to yT(¢) for all t+ € S*. Since this holds for all §, we conclude

v~ = ~T =: ~. Moreover, the preceding argument shows that for k suffi-
ciently large, ug(s,t) is 40-close to y(t) for all (s,t) € [~Lg+ L, L — L] x SL.
Now replace 46 by 6. O

Lemma 4.13. For every R > 0, there exist a constant L > 0 (depending
on the sequence (fi) and R) such that for all sufficiently large k and for all
(s,t) € [-Lyp+ L, Ly — L] x Sl,

a(s,t) € [r, + R, 77 — R).

Proof. By Lemma 4.10, there exists an ¢ > 0 such that %%’“(s,t) > 0 for all
(s,t) € [~Ly+¥, Ly —f] x S and sufficiently large k. By the asymptotics, for
L > ¢ sufficiently large, a™(L,t) > R+ 1 for all t € S. By the C£°-conver-
gence of a, for k sufficiently large, ay(—Ly + L,t) > r; + R for all t € S'.
Similarly, ax(Ly — L,t) < r — R for all t € S1. Now the statement follows

from the monotonicity %L:(s,t) > 0 for (s,t) € [~Lp+ L,Ly — L] x St. O

4.4. Uniform convergence. Let fy = (ap,uy) : [~Lp — 1, Ly + 1] x ST —
R x M and f* = (a®,u®) be as above. That is, f) satisfies (B1 and B2)
and f* are the limit maps provided by Lemma 4.11. Consider a sequence of
increasing diffeomorphisms 60 : [—Lyg, Ly] — [—1, 1] and define the shifted
maps

Ok_(s) = Ok(s — Lk), LS [0, 2Lk],

0, (s) :== k(s + Ly), s € [—2Ly, 0].
We impose the following hypothesis on the sequence 6y:
(B3) 6, = 6~ :[0,00) — [~1,0), 0,7 — 67 : (—o00,0] — (0,1],

—00

k—00

where the convergence is in C{2, on [0, 00) resp. (—o0, 0] and the maps 6~, 07"
are diffeomorphisms.
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Remark 4.14. Such a sequence clearly exists: Pick arbitrary diffeomor-
phisms 0% and let 6 be any diffeomorphism with 0(s) = 6~ (s + Ly) for
s € [-Lg,—1] and Ox(s) = 61 (s — Lg) for s € [1, Lg].

Define maps

ge(s.) == S (071 (6), 1), s € [-1,1)

g (5,0) 1= £ (0 (9),t), s € [-1,1],
G (5,0 = S (007 (s)it), s € =11,
g (s, 1) ==~ ((07) 7 (s)it), s €[-1,0),
g (s, 1) == f*((&*)’l(s),t), s € (0,1].

Lemma 4.15. We have C{.-convergence g, — g~ on [—1,0) x St and
g — g on (0,1] x S*.

Proof. Note that the inverse maps to Gf are given by
(0,)"(s) =0, (s) + Li, 0;5) "1 (s) =0, (s) — L.
The convergence assumption (B3) implies 6; *(0) + Ly — oo and 6, '(0) —
Ly, — —oo. Moreover, the restrictions (6, )~ : [~1,0) — [0,6,1(0) + Ly,)
and (6;7)7%: (0,1] — (0, (0)— L, 0] converge in C£2, to (§~) ! resp. (6+) 1.
Therefore, the maps f, ((6;)~'(s),t) converge to g~ in C{2 on [—1,0) x S*
and similarly for g*. O
Write g = (b, vx) and gt = (b, vT). By the asymptotics of f*, the
M-components v fit together to a continuous map (which is smooth in t)
v (s,t) :s€[-1,0),
v(s,t) == < ~(¢) 15 =0,
vt(s,t) :s€(0,1].

Lemma 4.16. The maps vy converge to v uniformly on [—1,1] x S*.

Proof. Let 6 > 0 be given. In view of the continuity of v and the Cy-
convergence in Lemma 4.15, it suffices to find ¢ > 0 and K € N such that

d(vi(s.0.7(0)) <6

for all (s,t) € [~0,0] x St and k > K. By Lemma 4.12, there exist K € N
and L > 0 such that for all k > K and for all (s,t) € [~Lg+L, Ly — L] x S,

d(uk(s,t),'y(t)> <4
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Recall that (§~)~! maps [~1,0) diffeomorphically onto [0, 00). Thus we find
a o > 0 such that (§7)~'(—0) > L + 1. By the C®-convergence, we obtain

loc
O (—0) + Ly = (6;) " (~0) 2 L

for k sufficiently large, hence 0;1(—0) > — Ly + L. Similarly, we can achieve
0,;1(0) < Lj — L and, therefore, by monotonicity of 6y,

0, ' ([~0,0]) C [~Ly + L, Ly, — LJ.

Then for s € [—o,0] and k sufficiently large,
a(ve(s,0,7(1)) = d (i (6 (5),1),7(1)) <6 -

The following lemma asserts a kind of uniform convergence of the R-
components.

Lemma 4.17. For every R > 0, there exist p > 0 and K € N such that
br(s,t) € [ry + R,r¥ — R] for all k > K and (s,t) € [—p, p] x SL.

Proof. Let R > 0 be given. By Lemma 4.13, there exists L > 0 such that
ax(s,t) € [ry + R,r — R] for all sufficiently large k and (s,t) € [—Lj +
L, Ly — L] x S'. As in the proof of Lemma 4.16, we find a p > 0 such that

0, ([=p. pl) C [~Lx + L, Ly, — L]

for sufficiently large k. Then for s € [—p, p| and k sufficiently large,
be(s,t) = ax (65 (5),t) € I + Rorf — . D
Lemmas 4.15-4.17 yield the main result of this section:

Theorem 4.18. Let fi : [~Li —1,L; +1] x St = R x M be a sequence of

J-holomorphic cylinders satisfying hypotheses (B1) and (B2) with constants

independent of k. Let 0y : [—Lg,Ly] — [—1,1] be a sequence of diffeo-

morphisms satisfying hypothesis (B3). Define the maps gi = (b, vx), g& =

(b%,vF) and v as above. Then for a subsequence of gy, the following holds:
(i) g, — g~ on[-1,0) x S* and g;7 — g* on (0,1] x S* in CZ.
(i) vp — v uniformly on [—1,1] x ST,

(iii) For every R > 0, there exist p > 0 and K € N such that bi(s,t) €

[r, +R,7 — R] for all k> K and (s,t) € [—p, p] x S*.

4.5. Reformulation. We have stated Theorem 4.18 in the form it is needed
in the proof of Theorem 2.9. For the sake of aesthetics, we will reformulate it
in a more symmetric form. Recall that by hypothesis (B2), the numbers r,f
satisfy r; — 1, — 00 as k — oo. Moreover, by Lemma 4.11, there exists an
Ry > 0 such that ay(s,t) € [r —Ro,m‘g|r + Ry] for all (s,t) € [~Ly, Li] x St.
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Consider a sequence of increasing diffeomorphisms Oy, : [r, — Ry, T;— +Ro|] —
[—1,1] and define the shifted maps
0, (s) == Ok(s+r;), s€[—Ro,ri —r; + Rol,
Of (s):=Ok(s+r})), selry —rf — Ro,Rol
We impose the following hypothesis on the sequence Og:
(B4)
0, — O :[-Ry,) — [-1,0), 0 — ©T : (—o0, Ro] — (0,1],

k k—00 k k—o0

where the convergence is in C%. on [—Rjp, 00) resp. (—oo, Rg] and the maps
©~,07 are diffeomorphisms. By the asymptotics of f*, the maps ©F o b+
fit together to a continuous map (which is smooth in t)

O ob (s,t) :s€[-1,0),
c(s,t):=<0 15 =0,
O obt(s,t) :s€(0,1].
Corollary 4.19. Let fi : [~Li — 1, Ly +1] x S* — R x M be a sequence of
J-holomorphic cylinders satisfying hypotheses (B1) and (B2) with constants
independent of k. Let 0 : [—Ly, L) = [-1,1] and Oy : [r,r)] — [—1,1] be
sequences of diffeomorphisms satisfying hypotheses (B3) and (B4), respec-
tively. Define the maps
hy := (O o b, vp) : [~1,1] x §' — [=1,1] x M,
hi=(c,v):[-1,1] x S — [~1,1] x M
as above. Then a subsequence of hy, converges to h in CR2, on ([—1,1)\{0}) x
St and uniformly on [—1,1] x S*.
Proof. Since
©, oby =9kobk:@gobg,
the CP° -convergence follows from Lemma 4.15 and hypothesis (B4). For the

uniform convergence, let § > 0 be given. In view of the continuity of ¢ and
the C7° -convergence, it suffices to find p > 0 and K € N such that

|®k e} bk(S,t)‘ S (5

for all (s,t) € [—p,p] x S and k > K. Recall that © maps [~ Ry, 00)
diffeomorphically onto [—1,0). Thus we find an R > 0 such that ©7(R) >
—0/2. By the Cf% -convergence, we obtain

O(ry +R) = O (R) > 0

for k sufficiently large. Similarly, we can achieve @k(r,": — R) < 6 and,
therefore, by monotonicity of Oy,

Ok([ry, + R,r; — R]) C [-4,4].
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By Lemma 4.17, there exists a p > 0 such that by(s,t) € [r;, + R,r) — R]
for all sufficiently large k and (s,t) € [—p, p] x S'. Hence

O o by, ([—p, p] x S') C [-6,0]. D
4.6. Estimates on the conformal modulus

Lemma 4.20. Denote by A, := [0, L]xS! the annulus of conformal modulus
L. Let f = (a,u) : A, = R x M be a J-holomorphic map with boundary
conditions a(0,t) = R and a(L,t) = S. Then

S_R§/ u*)\—l—l/ u*wglE(f),
L {L}xS1 € JAL €

where € > 0 is the constant from the beginning of this section. The first
iequality is an equality if and only if u*w = 0.

Proof. Recall that in coordinates (s,t) on the annulus, J-holomorphicity of
f is equivalent to

as = Muy), ar = —N(ug), mug + Jru, = 0.

We compute

L L
/ ds/\u*/\—/ ds/ u*/\—/ ds/ as(s,t)dt
Ap 0 {s}xS1 0 {s}xS1

:/oLdeS /S}XSI a(s,t)dt:/gl (a(L.1) — a(0,1)) i
—S-R

Now we use the hypothesis u*(ed\ + w) > 0 to obtain

/ ds/\u*)\:/ d(su*)\)—/ su*dA
Ajp Ar Ar

L
< / d(su*\) + / urw
Ap € JAp
* 1 *
= L(/ u'\+ / U w)
{L}xS? €JAag
_ LE()
€

where the last inequality follows from Lemma 4.1. The last statement of the
lemma holds since u*(e d\ + w) = 0 only if u*w = 0. O

Corollary 4.21. Let f = (a,u) : A, — R x M be a J-holomorphic map
such that sup, a(0,t) < inf; a(L,t). Then

irtlfa(L,t) —sup a(0,1) < L(/{ uA + 1/AL u*w) < LE(f)

L}xS! € €
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Proof. Pick 1 > 0 and regular levels R, S of a such that
supa(0,t) < R <supa(0,t) +e1 < irtlfa(L,t) —a<S< irtlfa(L,t).
t t
Then there exists a component g of a~!(R) separating {0} x S! from {L} x
St. (Otherwise we could connect {0} x S' to {L} x S' in Ap\a (R),
contradicting the hypothesis.) Similarly, there exists a component ~g of
a~1(S) separating yr from {L} x S'. Since yg,7s are disjoint embedded

loops isotopic to {0} x S, they bound an annulus A" C Aj of modulus
L' < L (see Section 3). Now apply Lemma 4.20 to A’ to obtain

(4.1) —2e1 + irtlfa(L,t) —supa(0,t) <S—R
t

(4.2) §L'(/ u*)\—|—1/ u*w) §L</ u*)\—l—l/ u*w).
s € Ja {L}x 81 €JAay

Here the last inequality follows from nonnegativity of u*(ed\ + w). As
€1 — 0, the result follows. O

The following lemma will be used in the proof of Theorem 2.9 to verify
the hypotheses of Theorem 4.18.

Lemma 4.22. Let f = (a,u) : [—L LL+1]xS" - Rx M beadl-
):

holomorphic map such that a(—L — 1,t < 8 = a(L + 1,t) for all
te S'. Then
E
il}fa(—L,t) < R+ E(f)/e, supa(L,t) > S — if)
t

Proof. 1If inf; a(—L,t) < R, the first inequality holds, so suppose inf; a(—
t) > R. Then apply Corollary 4.21 to the restriction of f to [~L—1, —L]x S*
to obtain

E(f)

€
The second inequality follows similarly. O

irtlfa(—L,t) - R<

5. Proof of the compactness theorem

Now we return to the setup of Section 2, which we briefly recall. We are
given a closed connected symplectic manifold (X,w) and a closed stable
hypersurface (M, wys := w|pr, A) in X. Fix € > 0 such that w = wps + d(rA)
on [—e,e] x M. Fix a tamed almost complex structure J on (X,w) whose
restriction Jys to [—e, €] x M is wy-tamed with Ay = A. Define the sequence
of manifolds (X}, Ji,we,) as in Section 2. Recall that wy, depends on the
choice of a diffecomorphism ¢y : [—k — g,¢] — [—¢,¢] with ¢/ = 1 near the
end points of the interval, but its cohomology class [wg,] is independent of
this choice.
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5.1. Monotonicity. The metric gys := was (-, Jar.) +dr? + X2 on R x M is
invariant under translation and under Jj;. Pick a J-invariant metric g on
X which equals gps on the neck [—e,e] x M. Equip each Xj with the J-
invariant Riemannian metric g which equals gps on the neck [—k—¢,¢] x M
and g on Xy. Pick 1 > 0 smaller than the injectivity radius of (X,g), ¢
and % Then any ball in (X, gx) of radius p < €7 is isometric to some
ball in (X, g) and the almost complex structures agree under this isometry
(which is simply given by a shift in the R-component). Let ey, Cyr, be
the constants in the Monotonicity Lemma 3.17 for (X, .J,g). Then by the
preceding discussion, the Monotonicity Lemma holds on (X, Jx, gx) with
constants

€0 := min(e1, emr)

and Cypr, independent of k:

Lemma 5.1. For any Jg-holomorphic map f : ¥ — Xy from a compact
Riemann surface, passing through a point x with f(0X) outside the gi-ball
B,(x) of radius p < g9, we have areag, (f) > Cyrp®.

Since Jj is tamed by w on Xy and by wys on the neck, the compactness
of X¢ and M and translation invariance imply

Lemma 5.2. There exist a constant C7 > 0, not depending on k, such that

(war + sdX + dr A X)(v, Jv) > Cﬂv\?k for s € [—¢,¢],
veT([—k—e,e]l x M)
w(v, Jv) > CT|U|3k forveTXy.
5.2. Energy estimates. Now let ¥ be a closed connected Riemann surface

and f : (X,j) — Xk be a Jg-holomorphic curve. Define its w-energy (or
area)

B(f) = /E [

and recall that it does not depend on the choice of the function ¢;. Over
the set f~1([—k,0] x M), we write

f=(a,u): f7Y[~k,0] x M) = R x M.
For a subset A C [—k, 0], we introduce the abbreviation
a Y(A) = 1A x M).
Lemma 5.3. The energy of the restriction f|,-1(_x0)) satisfies

2¢
1+ 2

E(fla-1(=r0)) < E*(fla1(=r0) < E(f)-
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Moreover, the action of every regular level R of the function a : a~!

([—k,0]) — R satisfies

1
A< —E(f).
[0

Proof. Set C := f~1([~k,0] x M). Consider any smooth non-decreasing
function ¢ : [—k,0] — (—¢,¢). Extend ¢ to a smooth non-decreasing func-
tion ¢ : [~k —e,¢] — [—¢,¢] such that ¢/ = 1 near the end points. Non-
negativity of the integrand f*w 3 implies

/C froo< [ g = B().

Taking the supremum over all such ¢ yields the inequality E°(f|c) < E(f).
The other inequalities now follow from Lemma 4.1 and € < 1/2. g

Remark 5.4. Lemma 5.3 remains valid if X is a symplectic cobordism and
E(f) is the Hofer energy of f.

5.3. Bounds on the topology. Consider a smooth map f : ¥ — X from
a surface Y. For a regular level —k +1 < R < —1, let Cgr be the collection
of connected components of a~!([R, R+ 1]) and a~}([R — 1, R]). We define
subsets ijé C Cpgr as follows: First, we include in CE all components that
meet a (R + 1), as well as those in a !([R, R + 1]) that do not meet R.
Similarly, we include in Cj all components that meet a™*(R — 1), as well as
those in a~}([R — 1, R]) that do not meet R. Next, we inductively include
in CE all components that can be connected in Cg to CE without passing
through Cp. Finally, we include all remaining components in Cp,.

For regular levels —k+1 < R < S < —1 with S — R > 2, we define the
following subsets of X, see Figure 5:

S2(f) =a Y ([R+1,5 - 1)) UC) UCy,
NE(f) = B\ZR(S).

Note that in £3, closed components of a~!([R—1, R+1]) that meet a~*(R)
are excluded and closed components of a~!([S — 1,5 +1]) that meet a~1(95)
are included. All boundary components of %% lie in a~!(R) or a~1(S). More-
over, for —k+1 < R<S<T < —-1withS—R,T—S5 > 2, we have

SRAUSE() =3k, ThNT§caTl(S).
We will always assume without further mentioning that R and S, as well as

R+1 and S +1, are regular values of the function a : f~1([—k,0] x M) — R
associated to f.

Lemma 5.5. For any Ji-holomorphic curve f : % — X and reqular levels
—k+1<R<S<—-1withS—R > 2, the number of connected components
of each of the sets YE(f) and $3(f) is at most 2E(f)/CyurCred.
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Proof.

(i) Fix a smooth non-decreasing map ¢ : [—k, 0] — [—¢, ¢] with ¢(R) = —¢
and ¢(S) = € and define the 2-form wy = wps + d(pA) on [—k,0] x M
as before. By Lemma 5.3, we have

/25 frfwg < E5(fla1(—ro) < E(f)-

Now let g be a connected component of EISDL( f). We construct a point
zo € Y as follows. If ¢ has a boundary component on level R, we
choose 29 € ¥y on level R + 1/2 (which exists by definition of ¥3).
If ¥ has no boundary component on level R but one on level S, we
choose zp € Xy on level S — 1/2. If ¥y has no boundary, pick any
20 € Yo. Let B be the gg-ball around b := f(zg) of radius 9. The
choice of zg and g9 < 1/2 implies f(0%g) N B = (). Hence Lemma 5.1
yields
areag, (f|s,) > CumLeg.

Now assume first that 0¥ # (). Pick a smooth non-decreasing map
¢o @ [—k,0] = [—¢,¢] with ¢o(R) = —e and ¢o(S) = € such that
¢o(r) =r —bfor r € [b—eg,b+ eg] (this is possible because ¢y < ¢).
Then wg, = war +d((r —b)A) on B, so Lemma 5.2 yields wy, (v, Jyv) >
Crlv|? for v € TB, which in view of f*wg, > 0 implies

f*W¢ = f*w¢0 Z CTCMLé%.
Yo >o

U S

@ R

Figure 5. Ignoring small “stalactites” in Z%( f).
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Here the first equality follows from Stokes’ theorem in view of ¢(R) =
¢o(R) and ¢(S) = ¢o(S). If Xy is closed, we take ¢ : [b —e,b+ €] —
[—e,€], ¢o(r) := r — b, and obtain the same estimate. Thus for any
connected component g of E%, we have

f*w¢ > CTCMLE%.
o

Since fzs [fwy < E(f), the number of connected components cannot
R

exceed E(f)/CTCMLeg.

(ii) The proof for S(f) works similarly. Here we choose a surjective non-
decreasing map ¢ : [—k,0] — [—¢, ] with ¢(R) = ¢(S) = 0. If 93¢ # 0,
we choose zg € ¥ such that a(zg) = R—1/2 or a(zg) = S+1/2. Thus
this time, we obtain a bound given by 2E(f)/CrCumied. O

Let —k+1 < Ry < —1. A subset X C X is called an essential local
minimum on level Ry of f : ¥ — Xj if Yo is a connected component of
a Y([~k, Ry + 1]) and Ry = ming,a. See Figure 6.

Similarly, an essential local mazimum on level Ry is a connected compo-
nent %o of a~!([Ry — 1,0]) such that Ry = maxs,a.

Note that a closed component Yo of a~([—k + 1, —1]) gives rise to both
an essential local minimum and maximum.

Lemma 5.6. For any Ji-holomorphic curve f : ¥ — X, the number of
essential local minima and mazima is bounded above by E(f)/CrCuyre?.

Proof. The proof is very similar to that of Lemma 5.5. Consider a point
on an essential local minimum or maximum ¥y with a(zp) = Ry and let B
be the gg-ball of radius €g around f(z). Pick a smooth non-decreasing map
¢ : [—k,0] = [—¢,¢e] with ¢(—k) = —e and ¢(0) = £ such that ¢(r) = r — Ry
for r € [Ry — €p, Ry + £0]. As in the proof of Lemma 5.5, we find

CrCuies < /E [rwg < E(f).
0

Choosing disjoint balls around all local minima and maxima, this bounds
the number of essential local minima and maxima by E(f)/CrCured. O

Finally, we need to bound the Euler characteristic x of the sets Z?( f) and
EISDL( f)- Recall that the Euler characteristic of a compact connected oriented
surface Yy of genus g with n boundary components is given by

X(X0) =2—-2g9 —n.

In particular, x(Xo) < 2 with equality iff ¥ is the sphere; x(Xg) = 1 iff Xg
is the disk; x(Xo) = 0 iff X is the torus or the cylinder. The surface o UX
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obtained by gluing two surfaces Y, 31 along some of their boundary circles
has Euler characteristic

X(Zo U 1) = x(Zo) + x (1)

From now on, we assume that ¥ is connected and E(f) < Ey. Set

Ey
Ny =2 —_— .
0 maX<CTCML5%a 1>

Lemma 5.7. With the notation of Lemma 5.5, we have the following esti-
mates for the Euler characteristic:

X(Z) — No < x(ZE(f)) < No,
X(2) = No < x(Z2(f)) < No.

Proof. By Lemma 5.5, Eg has at most Ny components. If one component
is a sphere, then it equals Y because Y is connected, so X(Zg) <2< Ngin
this case. Otherwise all components have Euler characteristic at most 1, and
again X(EISDL) < Np. The other upper estimate follows similarly. The lower
estimates follow from x(X) = x(25) + x(£%) < x(X£) + Ny and similarly
for the other case. O

Lemma 5.5 and Lemma 5.7 show that the number of possible topological
types of each of the sets Z(f) and $3(f) is uniformly bounded. To see
this, note that the genus of each of the sets is bounded above by the genus of
>, thus the bounds on the Euler characteristic yield bounds on the number
of boundary components. The following lemma gives a more precise control
of the topology.

Lemma 5.8. With the notation of Lemma 5.5, we have
X(E%(f)) < #{essential minima or mazxima ¥y C E%},

If S3(f) contains neither essential minima nor mazima and x (S5(f)) = 0,
then E}%(f) s a disjoint union of cylinders connecting the levels R and S.

Proof. Let X1 be a component of Y3(f) with x(X1) > 0. If &1 is a sphere,
then it has at least one essential maximum and one essential minimum. If
Y1 is not a sphere, then x(X;) = 1 and ¥; is a disk with boundary in
a~1(S) (resp. a"'(R)). Now 1 C £9,(f) (resp. X1 C X%(f)) implies
that Ry := miny,a < S — 1 (resp. Rp := maxy,a > R+ 1). Let ¥y be
a component of ¥y N a~'([Ro, Ry + 1]) (resp. 1 Na"Y([Ry — 1, Ry]) on
which the minimum (resp. maximum) Ry is attained. Since ¥; has no lower
(resp. upper) boundary, Yy is a connected component of a~!([—k, Ry + 1])
(resp. a1 ([Ro — 1,0]) and is thus an essential minimum (resp. maximum).
This proves the estimate.
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For the last statement, suppose that Z% contains neither essential minima
nor maxima. Then, by the argument above, each component ¥; of E%
has Euler characteristic < 0. Thus x(¥%) = 0 implies x(X1) = 0. If ¥
had no boundary, it would be an essential local minimum (and maximum),
contradicting the hypotheses. So ¥; has non-empty boundary and is thus a
cylinder. If this cylinder had both boundary components on level R (resp.
level ), it would contain an essential local maximum (resp. minimum), so
each cylinder connects the levels R and S. 0

Define a function xs : [=k 4+ 1, —3]eg — Z on regular values of a by

x(r) = x(Z71())-
This function will play an important role in the compactness proof. It is
bounded by Lemma 5.7. We call a value r € [—k 4 1, —3] an upward jump if

hy(r):= lirél\s‘upr(S) - hgl/i{ilef(R) > 0,

and a downward jump if

h_(r):= hI}I{l/S‘upr(R) - lign\igfxf(S) > 0.

Here the infima and suprema are taken over regular values of the function
a. The numbers hy(r) and h_(r) are called the height of the jump, see
Figure 6.

Lemma 5.9. The height of a downward jump of the function xy at r €
[~k +1, 3] is at most the number of essential local minima on levels r and
r — 1 plus the number of essential local maxima on level r + 1. The total
height of all downward jumps, in particular their number, is at most Ny.
The total height of all upward jumps, in particular their number, is at most
3No — x(%).

Proof. Consider regular values —k +1 < R < S < —3. By construction,
we have Egl(f) C E}_zl(f). Hence the difference x¢(S) — xf(R) equals the
sum of —x(C) over all connected components C' of Z5'(f)\Sg"'(f). The
contribution —x(C) of a connected component C' is negative only in the
case that C is either a sphere or a disk. If C is a sphere, we must have
R < minca < S (the first condition ensuring C' € 3'(f) and the second
one C' ¢ Yg'(f)), so C contains an essential local miminum in the interval
[R,S]. If C' is a disk, its boundary must lie on {R} x M or {S} x M. In the
first case, we must have R+1 < maxc a < S+1 (the first condition ensuring
C C 3! (f) and the second one C' ¢ 5'(f)), so C contains an essential
local maximum in the interval [R+1, S+ 1]. Similarly, in the second case we
must have R—1 < minga < S—1, so C contains an essential local minimum
in the interval [R — 1, .S — 1]. Choosing suitable sequences of regular values
R ' r and S N\ r, this proves the first assertion of the lemma.
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Ry+1

Ry

Figure 6. An upward jump at r due to a non-extremal
critical point x and a downward jump at Ry + 1 due to an
essential local minimum y. Notice that no jump occurs at
the other local minimum.

It follows that the total height of all downward jumps is bounded by
twice the number of essential local extrema (maxima and minima), which is
at most Ny by Lemma 5.6. Since by Lemma 5.7, the values of x¢(r) lie in
an interval of length 2Ny — x(X), the total height of all upward jumps is at
most 3Ny — x(2). O

In view of the preceding lemma, we can extend xy from the regular values
to a function xs : [-k + 1, —3] — Z which is locally constant except at the
finitely many jumps.

5.4. Detecting the levels. Let now (fx)reny be a sequence of Ji-holo-
morphic maps fi : (X, jx) — Xk of the same genus and with uniformly
bounded energy E(fx) < Ey. We will screen the neck of X}, for the essential
parts fr which have the potential to give rise to non-trivial components of
the limit. This part of the proof is borrowed from the Floer theory. The
new feature here is that, in addition to non-trivial action, we also have to
detect non-trivial topology.
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For each k, consider the functions
i [k 1L-3 52 e x(57()),

Ag o [k, 0] = R, r— frwnr.
i (0] x M)

More precisely, both functions are first defined on regular values and then
extended such that A becomes continuous and yj is locally constant except
for finitely many jumps as above. Note that the function Ay is strictly
decreasing because fjwy > 0. Recall the definition of 3y from Section 4.

Call a level r € [—k,0] essential for fj if it satisfies one of the following
conditions:

e r=0o0rr=—k;

o Ai(r) = jfo for some j € Z;

e fi has an essential minimum on the level r—1 or an essential maximum
on the level r + 1;

e i has a jump at r;

e f; has a marked point on level r.

In view of Lemma 5.6, Lemma 5.9 and the energy bound 0 < Ak(r) < Ej,
the number of essential levels of fi is bounded by a constant independent
of k. After passing to a subsequence, we may assume that this number is
constant, say N’ + 2. For each k order, the essential levels as —k = 5,({:0) <

e < s,(CNIH) = 0. Call two levels v and p equivalent if s,(:) —52“ Vis uniformly

bounded for all k. Retain only one level in each equivalence class, including
the highest and lowest level. Pass to a subsequence such that the number
of equivalence classes is constant, say N + 2 for some N < N’. Order the
remaining levels again as

k=1 <. <N,
. : w+1) () : .
By construction, limg_,o 7}, — 1, = oo. Since every equivalence class

above contained only finitely many levels, there exists an Ry > 0 such that
all the dropped levels sé“ ) that were equivalent to 7“,(:) are contained in the
interval (r,(:) — Ry, 7“,(:) + Rp).

For k > 2Ry, define the essential regions SIEV)

Z]gy) by (Figure 7).

and the cylindrical regions

(v)
g]g()) = Z:I;{JgRo(fk‘)v g]gy) = Z:?V)Jrgo(fk)a v=1,...,N,
P ]
(v+1) _
ZW =y ) v=0,...,N.

=204k,
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(0)
Xy | Lo
r,(;’) =0 Q
z?
2
r,(f) 5}5 )
(1)
2,

<
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e
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U

Figure 7. Essential and cylindrical parts in X of fg.

By construction, for k sufficiently large, the interval [r,(cy) + Ry, 7“,(:“) —Ry]

contains neither essential minima nor maxima nor jumps of the function xy.
Hence X(Z,gy)) = Xk(ﬁ(:) + Ro) — Xk(rl(cwrl) — Ry) = 0, so by Lemma 5.8,
Z,gy) is a union of cylinders connecting the levels r,(:) + Ro and TI(CV—H) — Ry.
We summarize this discussion in the following lemma.

Lemma 5.10. There exist constants N and Ry, independent of k, and levels
-k (0) < e < T‘I(CN—FI)

= T‘k)
(i) limg_yoo T,(CV—H) — rl(;/) =00 forv=0,...,N.

= 0 with the following properties.
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(ii) For k sufficiently large and v =0, ..., N, the region Z,gy) s a union of
at most Ny cylinders (with Ny as defined before Lemma 5.7) connecting
the levels 7‘](:) + Ry and r,E/,VH) — Ry.
(iii) For every v =0,..., N, there exists a j € Z such that for sufficiently

large k, the area in Zlgy) satisfies

B0 < Ax(r”) + Ro) < A(r"™V — Ro) < (j + 1)o.

Bookmark for later that we have already obtained the number N of levels
of the limit curve.

Corollary 5.11. In Lemma 5.10, after increasing Ry and passing to a
subsequence, we may further assume the following properties.

(i) The topology of the surfaces 8,(;/) and ZI(CV) 1s independent of k.
)

(ii) The conformal modulus of each component of Z,gy tends to infinity as

k — oo.
Proof.
(i) It follows from Lemma 5.5 and Lemma 5.7, see the discussion following
Lemma 5.7.
(ii) Tt follows from Lemma 4.20 and the upper bound on the action in
Lemma 5.3. U

5.5. Decomposing the domains. Next we will slightly modify the regions
&, and Z; to make them fit into the setup of Sections 3 and 4. Let Gy > 0 be
the constant defined in Section 4 and £ > 0 be the constant in Lemma 4.10.
Let Ly > 1 be the constant in the remark after Theorem 3.2, where g, Cr,
and cgy, are the constants associated to (X, Ji, gx) (which are independent
of k). Fix some L > Ly.

Consider one connected component Cj, of a cylindrical region Z,S’). (In the
following discussion, v is fixed and often suppressed in the notation.) Let Gy, :
[~Ly —5L—¢, Ly +5L+¢] x St — (Cy, jx) be a conformal parameterization
from a standard annulus. Consider the Jjs-holomorphic map hy := fr o Gy :
[~Ly —5L —¥¢,L, + 5L+ /] x S* — R x M. Denote by ||Vhg| the norm of
the gradient with respect to the Euclidean metric on the cylinder and the
metric gpy on R x M defined at the beginning of this section.

Lemma 5.12. After passing to a subsequence and increasing Ry, we may
assume that for every component of Z(V), the corresponding maps hy =
(ck,wg) : [~Lg — 5L — €, Ly, + 5L + €] x R/Z — R x M have the following
properties, with constants D > 0 and Ry > Ry not depending on k and v:
(i) Ly — o0 as k — oo;
(ii) E(hg) < Eo/e and E,,), (hi) < Bo;
(iii) 1/D < ||[Vhi(s,t)|| < D for all (s,t) € [-Lj, — 5L, Ly + 5L] x S*;
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(iv) 'r’,(:) + Ro — 1 <infycp(—Lg — 1,t) < sup, cx(—Lg,t) < 7‘,(:) + Ry and

r,(:H) — Ry <infycp(Lg,t) <sup,cp(Lr +1,t) < r,(CVH) — Ry+1.

Proof.

(i) It is contained in Corollary 5.11.

(ii) The first statement follows from Lemma 5.3 and the second one from
Lemma 5.10 (iii).

(iii) Lemma 4.10 and the choice of ¢ yield the lower estimate ||Vhg(s, )| >
%%(s, t) > do for s € [=Ly — 5L, Ly, + 5L]. The upper estimate follows
from Lemma 4.3 and property (ii) above.

(iv) Set

T = irtlf cx(—Lp — 5L — 0+ 1,1), ri =supcp(Ly + 5L + € — 1,t).
t

Then Lemma 4.22 with R = r\*) + Ry, § = "™V — Ry and E; = E/e?
yields
T < T]E:V) + Ry + E4, T,j > r,(:H) — Ry — Ej.

In particular, r,j —1, — 00 as k — oo. Hence the maps hy, satisfy hypothe-
ses (B1) and (B2) of Section 4. By Lemma 4.11, a subsequence of the shifted
maps hy (s,t) := hy(s — L, — 5L — £+ 1,t) — (r;/,0) converges in C%, on
[0,00) x S. In particular, their R-components ¢, satisfy

cp(—Ly,t) =1, =c, (BL+L—-1,1)<p
for all sufficiently large k and a constant p. With the estimate on r;, this
yields

cr(~Lint) < + Ro+ Er+p=r" + R

for Ry := Ry + E1 4+ p. An analogous argument shows

L) 2 Ry By p= ™,

For the converse estimates, note that fy(—Ly — 1,t) € Z,gu) for all ¢, so by
the definition of Z,gy), we have

cx(—Lk — 1,t) = ag o Br(— Ly — 1,t) > T‘,(CV) 4+ Ro— 1.

An analogous argument yields cx (L +1,t) < r — Rp+1. This concludes
the proof. O

(v+1)
k

Now we need some notation. Recall that the number of components of
Z,gy) is independent of k. So we can parameterize the components by the
same index set 1) for all k and write

2= U =
i€eIw)
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as a disjoint union of cylinders. Each cylinder is parameterized by a confor-
mal diffeomorphism

Bi:[-Li —5L — £ L + 5L+ x S' — Z}
as above. Define the slightly smaller cylinders
Zy = B([-L, — 1,L}, + 1] x S*) C 2}

and set
, N-1 . N-1
z)=\J 2z, 1=U1% zv=zi=] 2"
ieI®) v=1 el v=1

Define the slightly larger essential regions
B =g v |J Bi(-ri 5L -6 -Li) x 5"

ieIw)
xu U (I L +5L+ xS
ieI(v=1)
and set
N
By =] B,
v=1

Note that ¥, = E, U Z;, and
B0z = U i(-1h-1,-1i x 8Y),
i€l
v v—1 7 i 7
El(c)leg = U ﬁk([ o L, + 1] XSl)-
ieI(v=1)

5.6. Essential components. Consider the holomorphic maps fx : (Ek,
Jk) = (Xk, Jx) on the essential components. Define the maps

;9 B0 — X,
f,gy) = fk‘Exiu) —7‘,(:) :E,EV) — RxM, v=1,...,N,

where féo) equals the composition of fk‘Ew) with the map Xp\{—k/2} x M —
k
Xy that shifts by k on [—k, —k/2) x M.

Lemma 5.13. For every v = 0,...,N, the maps flgy) satisfy hypotheses
(A1-A5) in Section 3 with constants independent of k.

Proof. By Corollary 5.11 (i), for any g, n*, the number of connected compo-
nents with genus g and n™ positive and n~ negative boundary components
of the regions E,gy) is independent of k. By Lemma 5.12 (iv), the image of

flgy) is contained in the compact region [-R;, R1] x M for v =1,..., N and
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in XoU[—Ry,0] x MU0, R] x M for v = 0. By Lemma 5.3, the gi-areas
of f,gy) are uniformly bounded by a constant independent of k. This shows
hypotheses (A1-A3) with u = gi.

By construction, we have at each positive boundary component of E](CV)
an embedded annulus

= [5L,0)x ST B, (s,t) — Bi(s — Lit), ieI®),
and at each negative component
Bt [0,5L) — S' = B, (s,8) — Bi(s + Lit), ie IV,
By Lemma 5.12 (iii), the gradients of the maps
0B (<5000 x ' 5 Rx M,  f")oBit:[0,5L] x S' - R x M

are bounded from below and above by positive constants independent of k.
This shows hypotheses (A4 and A5). O

Now Theorem 3.2 implies.

Corollary 5.14. Subsequences of f,gy) converge as k — oo to nodal holo-
morphic curves

FO(BOO) — XoU[-Ry,0] x MU0, Ri] x M,
f9(BW, ) — [~Ri,Ri] x M, v=1,...,N.
To simplify notation, we have dropped all the bars and do not distinguish

between E) and E®) etc. Moreover, by starting with a slightly larger
region, we may assume that the convergence is up to the boundary of E).

With this understood, there exist diffeomorphisms <p,(:) : E,E;V) — E® such
that

o (SOIE;V))*jk — 7™ in C* (away from the nodes),
° flg”) o (90](:))71 — f®) in ¢ (away from the nodes) and in C° over the
nodes.

Moreover, for each boundary component ¢ € [ ) resp. i € IV, the maps
oo B [-1,00x S' — EW, oM ogit0,1] x §' — EW)

are independent of k.

5.7. Cylindrical components. For ¢ € I, consider the Jjs-holomorphic
cylinders
L= frofB i [-LL —1,LL +1] x ST = R x M.

Lemma 5.15. For each i € I, the maps bl = (ci,wi) satisfy hypotheses
(Bl and B2) in Section 4 with constants independent of k.
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Proof. Hypothesis (B1) follows from Lemma 5.12 (ii). Hypothesis (B2) fol-

lows from Lemma 5.12 (i) and (iv) and r,(;/H) — 7’,8/) —ooask—o00. 0O

Consider i € I%¥). By Lemma 5.12 (with Ry > 1), we have

)

ri = inf e (—Li 1) € [l + R,

réj = sgp ci(Li,t) € [TIS/H) — Rl,r]iyﬂ)].
This allows us to replace 7"2_ by r,(:) and rfj by r,(:H) in the statements in

Section 4. Thus by Lemma 4.11, a subsequence of the shifted maps
hi (s, t) == hi(s — L}, t) — r,(:), hit(s,t) == hi(s+ L}, t) — r,(frl)
converges in Cy to holomorphic half cylinders
™ [0,00) x St — Rx M, A" :(—00,0] x S' — R x M.

By Lemma 4.12, the half cylinders hi~ and A*t are asymptotic to the same
closed Reeb orbit ~*.
Pick a sequence of diffeomorphisms

0 - [-Li —1,L% +1] — [-2,2]
such that

i (s) = {3 + Lt —1 forse[-L, —1,—L],

s—Li+1 forsel[L}, Li+1].

The reason for choosing these slightly larger intervals will become clear
below. Moreover, we assume that their restrictions to [—Lj, L} ] satisfy hypo-
thesis (B3). Thus the shifted maps

0 (s) == 0i(s — Li), 0 (s) == 6},(s + L)
converge in CF°. to diffeomorphisms

0" i [-1,00) — [-2,0), 0" :(—o0,1] — (0,2].
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By abuse of notation, let us denote the maps [—Lj€ — 1,L§c +1] x St —
[—2,2] x S! induced by % by the same letter. As in Section 4, define

gi = (b, vi) i= by o (01) 7"+ [-2,2] x ST — R x M,

gy = (b v ) =Rl o (0,) i [=2,2] x ST — R x M,
git = (0 ) =R o (05T) 7 i [=2,2] x ST — R x M,
g = 0) = AT 0 (07) 7 [<2,0) x ST — R x M,
g = (b0 = AT o ()7L (0,2] x ST — R x M,
vi7(s,t) :s€[-2,0),
v'(s,t) == < ~(t) s =0,
vit(s,t) :s€(0,2]

Corollary 5.16. For each i € I and a subsequence of g};, the following
holds:

(i) gk — g on [-2,0) x St and g;t — g'* on (0,2] x S* in CX..
(i) vl — o® uniformly on [—2,2] x S*.
(iii) For every R > 0, there exist p > 0 and K € N such that bi(s,t) €

[()+Rr(y+1 R] for all k > K and (s,t) € [—p, p] x S*.

Proof. For the restrictions to [~1,1] x S!, this follows from Lemma 5.13
and Theorem 4.18. Moreover, by Lemma 5.12 (iv), the maps h} also satisfy
hypotheses (B1 and B2) of Section 4 with Ly, replaced by (L;+1). Hence the
convergence on [—2, —1] x S and [1,2] x S! follows from Lemma 4.11. [

5.8. Domain of the limit curve. For the following discussion, see
Figure 8.
Define the disjoint unions of standard annuli

Com[[Fth- 1t -1 xs, o[22 s

el el
C, = [[I-Li - 1,-Li] x S", ™= []-2.-1] x 5",
el icl
=TIk L +1) x 8Y, ct=]],2 xS
i€l i€l
The diffeomorphisms 6}, : [-Li —1, L} +1] — [—2, 2] induce diffeomorphisms

0y : Cr, — C which are of the form (s,t) — (s+ const, t) on each component
of Cp UCY.

Recall that Z;p = U;e IZ,i and Ej = U]VV:()E;(CV)~ The diffeomorphisms
Bi:[—Li —1,L +1] x S — Z} induce conformal diffeomorphisms

Br : (Cry 1) — (Zk, Ji)-
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C Li+1

hLi

17

=

Figure 8. Patching together the cylindrical and essential
pieces of fy.

Set Z,it = ﬂk(Cl;t) and note that £, NZ, = Z, U le'. The diffeomorphisms

<p,(€y) : E,iy) — E®) induce diffeomorphisms

N
gok:Ek—>E::HE(”)

v=0

such that (pg)«jr converges to the (nodal) conformal structure j on E
induced by the ). Moreover, the embeddings

ﬁ:z(pkoﬁkoegl:(}_uc—’_ — F
are independent of k. Glue E and C to obtain a closed surface
Y:=FK Ug C.

Sin(:eﬂo&ygoﬁk_1 = on E N Zi, the maps ¢ : By — F and Qkoﬂk_l :
Zy, — C fit together to yield diffeomorphisms



PUNCTURED HOLOMORPHIC CURVES 649

5.9. Convergence of conformal structures. Define the union of disjoint
simple loops
A:=TJ{oy xs' cc
iel
Viewing A as a subset of X, we define

N
o =S\A =[] =@,
v=0

where £=") is the component containing E®) . The diffeomorphisms 0%~ :
[-1,00) = [~2,0) and 6" : (—o0, 1] — (0, 2] induce a diffeomorphism

0 : (]_[[—1,00) X 51) II <H(—oo, 1] x 51> — C\A.

iel el
Since 9;} — 0" in Cre., the conformal structures (y).i converge in Cf
on C'\ A to 60.i. Moreover, by construction, we have (0x).«i = 0.i = i on
C~UC™*. On the other hand, we have (¢).jr — j in C3°, on E (away from
the nodes). Moreover, on 8(C~ UC™), we have

(k) = (1 0 Br)«i = Pui
for all k, and therefore j = F4i. This shows that the structures j on F
and 0,7 on C'\ A fit together to a conformal structure j on ¥* making it a
punctured Riemann surface.

By definition of ¢y : ¥ — X, the structure (¢r).«jr on X is given by
(¢r)xjr on E and by (6 o 8y ')sjr = (0k)+i on C. Hence by the preceding
discussion, (¢g)«jr — j in Cp%. on X*. This proves property (a) of Defini-
tion 2.7 for the sequence Fj, : (X, jx) = (Xk, Ji). Property (b) holds with
annuli (0)~1([—Li, Li] x S1) : [-1,1] x ST — [-Li, Li] x St

5.10. Convergence of maps. For £ € N and v = 0,..., N, define the
maps

Fpi= frop ' X — X,
FY = ol nt) 5 x¥),
First consider their restriction to an essential component E*). By Corol-
lary 5.14, a subsequence of F,gl') = f]g,,) o (gpl(:))_l : E®) — X®) converges in
the sense of Definition 3.1 to the nodal holomorphic curve f@ W 5 x0),
Next consider a cylindrical component C* = [—2,2] x ST with i € IW).
Recall that ¢y, is given on Z}, by 6} o (8;)~! : Z| — C*. This implies
Files = fro B0 (0)) ™" = hj o (0)) 7" =gi: C' — R x M,
and similarly
v i— v+1 1
Flo=g, F" o= git.



650 K. CIELIEBAK AND K. MOHNKE

By Corollary 5.16, for subsequences, we have C}-convergence g;‘g_ S
on [-2,0) x S! and gfj — ¢'" on (0,2] x S*. By construction, the maps
f@) ¢t~ for i € I and ¢/t for j € I~ fit together to punctured nodal
holomorphic curves F®) : ) — X®) and a subsequence of F,gy) converges
to F®) in C, on ) (away from the nodes). This proves property (c) of
Definition 2.7. Denote by F : ¥* — X* the map induced by the F®*) :
»() — X By construction, each F*) contains an essential level and is
thus stable.

For property (d), consider first the M-components 7y 0 Fi|o: = marogh =
v,’i, : 0" — M. By Corollary 5.16, a subsequence of v,’i converges uniformly
to v’ : C* — M. This shows that F : ¥* — X* extends to a continuous map
F:¥ — X and mp; o Fj, — mpr o F uniformly on A* = [~1,1] x St C C".
The R-components satisfy mg o Fi|c: = g o gi, = bt : C* — R. Thus the
second statement of property (d) follows from Corollary 5.16 (iii).

5.11. Stability. Unfortunately, it may happen that the so-obtained broken
holomorphic curve is unstable, i.e., one of the pieces F(*) is a disjoint union
of cylinders without marked points over a collection of closed Reeb orbits
INCON By construction of the essential levels 7“,(:), this can only happen if
there is a j € Z such that for all sufficiently large k, we have Ax(r) = j
for some r € [T,(:) — Ro,r,(:) + Ro]. It follows that the two neighboring
pieces F(**1) are both stable: If one of them, say FHD - was unstable,
it would have to be the same collection of orbit cylinders as F(*) because
the asymptotics agree; on the other hand, it would satisfy Ag(r) = j/'f for
some 1 € [r,(cyﬂ) — Ro,r,gyﬂ) + Ry with j' # j € Z, which contradicts the
vanishing of wys on cylinders over Reeb orbits.

Notice that this discussion remains true for any choice of sufficiently small

Bo. Now repeat the selection of essential levels with 3y replaced by (y/2.

If a limit piece F(*) is unstable, we omit, a posteriori, the level rl(:) and go
again through the process in the compactness proof. Since by the previ-
ous discussion no two adjacent levels become unstable, the wps-areas of the
cylindrical parts are at most 3y. So the compactness proof goes through as
before, yielding a stable broken holomorphic curve in the limit.

5.12. Convergence of area. Let ¢y, : [—e—k, e] — [—¢, €] be a sequence of
diffeomorphisms with ¢} = 1 near the boundaries. For v =0,..., N, define
#™) and qﬁg) as in Section 2 and assume that ¢§:) — ¢ in oe: We need
to show

fl?;wd)k —>/ F*W¢.
Yk 3*
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With the form W) on X,gy) which equals wys + d((ﬁ,(:))\) on the neck and w

k
on Xj, this is equivalent to

N
Z/E(V) (F,EV ¢(,,) — Z/ F(V)
v=0

()

In view of the hypothesis qb,(: — ¢, we have wqjl(;) — wy in CF° on X,

Together with the C° -convergence of maps F; ,5”) — F®) this implies

loc

/ (F) w0 — / (F®)
K Px K

for every compact subset K C X(*). Thus it suffices to show that all the
integrals are arbitrarily small outside a sufficiently large compact subset.
More precisely, let [—6,6] x S1 C C* be a small annulus around a loop
A" C Ain ¥ and let &), 2“1 he the components adjacent to A, Then
we need to show that for each p > 0, there exists a § > 0 such that the
following statements hold:

(1) Ji—sxsr Frwo < p;

(2) f[,(; 5]x 51 (fr 0 ¢ ) *wg, < p for all sufficiently large k.
Statement (1) follows as in the proof of Lemma 2.6: Let N* C M be a
neighborhood of the asymptotic Reeb orbit v* at A* on which wjs is exact,

say wy = da'. Arguing by Stokes’ theorem as in the proof of Lemma 2.6,
we find

(5.1) / Frug = / F*(ai + o)) — / F (ol + o)),
[=5,5] x 51 (5}xS1 {=5}xS!

Now by the asymptotic behavior, for § small, the M-component of F[(sys1
is C'-close to +* and $o F|ris5yxs1 is close to a constant ¢, so the right-hand
side becomes < p.

For statement (2), first note that due to uniform convergence (Corol-
lary 5.16), for small §, the M-projection of f oqb;l([—é, 8] x S1) is contained
in N’ for all sufficiently large k. Thus Stokes’ theorem yields

/ (fi 0 6 ) wey = / (FYY) (@ + o)
[—9,0]x St {5}xS1

- /{—6}><S1 (Féy))*(ai + d)l(cy))‘)‘

In view of the C'*°-convergence F,gy) — F®) on compact subsets of ©* noted
above, the right-hand side of this equation converges to the right-hand side
of equation (5.1) as k — oo (with ¢ small but fixed) and is therefore < p for
k sufficiently large.
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This proves property (e) of Theorem 2.9 and hence concludes the proof
of the Gromov—Hofer compactness theorem.

5.13. The contact case. Finally, we discuss convergence of area in the
case that M C X is a hypersurface of contact type which separates X into
Xy = Xar I X, . Recall from Section 2 the definition of the symplectic forms
w on X,
wr = d(e"\) on [—k,0] x M,
e *uw on X(; .
The following lemma estimates the wg-areas from above.

Lemma 5.17. Let f: ¥ — X be a Ji-holomorphic curve. Then
| resBg. [ pecseteg),
U F~1(Xy)
Moreover, for any reqular levels —k < R < S <0, we have
SE
/ fry < CEG)
F=1(R,S)x M) 2

Proof. The first two inequalities follow immediately from non-negativity of

ffw:

The last inequality follows from positivity of [ F-1({RYx M) f*A (Lemma 4.1
(a)) and Lemma 5.3:

/ f*wk:/ eSf*)\_/ eRf*)\
F1([R,S]% M) FSTXM) FI{RIxM)

S
FH{STxM) 2e

g

Proof of Corollary 2.11. Let p > 0 be given. Lemma 5.17 provides for any
k € N and S € [—k,0] the estimates

S
[N T | fro < CEU),
“H(Xg) £ (8] x M) 2

k 0
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Since the integrand f;wy, is non-negative, this shows the existence of K € N
and S < 0 such that

f;:wk—,OS/ S
Sk Fe H([S01x MUX) S

for all K > K. Now by construction, we have f, '([S,0] x M U X;) C ZSE)
for k sufficiently large. Thus the middle integral equals
Fi HIS.0]x MUX) (F{")=1([S,0)x MUX{)
N (F(O)) *w-‘r
koo J(FO)-1([5,0)x MUX) *

by the Cp7-convergence F) ,50) — Fio) on Zg?) and the properness of FJ(FO).

This implies the existence of the limit of areas together with the estimate

*
ko0 /o (F{)=1([5,0]x MUX) ko0 J5,

for any p > 0. Moreover, the asymptotics of F_f_o) imply

O©Y* + / O\ + / )+
F wt—p< F wt < F w
/ZSS) ( + ) p (Fio))*l([S,O]XMUXS_) ( + ) 2(+0) < + )

for S sufficiently negative. Together the inequalities imply

lim frok—p < / (FJ(FO)> wt < lim frwk+p
Ek‘ E(O)
+

k—o0 k—o0 bl

for arbitrary p > 0. This concludes the proof of Corollary 2.11. O

References

[1] L. Ahlfors, Conformal Invariants: Topics in geometric function theory, McGraw-Hill,
New York, 1973.

[2] F. Bourgeois, A Morse—Bott approach to contact homology, PhD thesis, Stanford,
2002.

[3] F. Bourgeois, Y. Eliashberg, H. Hofer, K. Wysocki and E. Zehnder, Compactness
results in symplectic field theory, Geom. Topol. 7 (2003), 799-888.

[4] K. Cieliebak and K. Mohnke, Punctured holomorphic curves and Lagrangian embed-
dings, in preparation.

[5] Y. Eliashberg, A. Givental and H. Hofer, Introduction to symplectic field theory,
Geom. Funct. Anal., Special Volume (2000), 560-673.

[6] M. Gromov, Pseudo holomorphic curves in symplectic manifolds, Invent. Math. 82
(1985), 307-347.

[7] H. Hofer, Pseudoholomorphic curves in symplectizations with applications to the
Weinstein conjecture in dimension three, Invent. Math. 114(3) (1993), 515-563.



654

8]

9]
[10]
11)
12]
13]

[14]

K. CIELIEBAK AND K. MOHNKE

H. Hofer, K. Wysocki and E. Zehnder, Properties of pseudoholomorphic curves in
symplectisations IV: asymptotics with degeneracies, in ‘Contact and symplectic geom-
etry’ (C. Thomas, ed.) Cambridge University Press, Cambridge, 1996.

H. Hofer, K. Wysocki and E. Zehnder, Finite energy cylinders of small area, Ergodic
Theory Dyn. Syst. 22(5) (2002), 1451-1486.

H. Hofer and E. Zehnder, Symplectic invariants and hamiltonian dynamics,
Birkh&user, Basel, 1994.

S. Ivashkovich and V. Shevchishin, Gromov compactness theorem for J-complex
curves with boundary, Internat. Math. Res. Notices 22 (2000), 1167-1206

C. Hummel, Gromov’s compactness theorem for pseudo-holomorphic curves, Progress
in mathematics, 151, Birkh&user, 1997.

J. Jenkins, On the existence of certain general extremal metrics, Ann. Math. 66
(1957), 440-453.

J. Jost, Compact Riemann surfaces, Springer 2002.

We thank S. Kerckhoff for explaining the theory of extremal length to us, and the referee

and editor for valuable comments.

KA1 CIELIEBAK

MATHEMATISCHES INSTITUT
LUDWIG-MAXIMILIANS- UNIVERSITAT
THERESIENSTRASSE 39

80333 MUNCHEN, GERMANY

KLAUS MOHNKE

INSTITUT FUR MATHEMATIK

HuMBOLDT-UNIVERSITAT ZU BERLIN

10099 BERLIN, GERMANY

E-mail address: kai@mathematik.uni-muenchen.de, mohnke@mathematik.hu-berlin.de

Received 02/09/2005, revised 04/19/2006.



