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We propose four conservative schemes for the regularized long-wave (RLW) equation.
The RLW equation has three invariants: mass, momentum, and energy. Our schemes
are designed by using the discrete variational derivative method to inherit appropriate
conservation properties from the equation. Two of our schemes conserve mass and
momentum, while the other two schemes conserve mass and energy. With one of our
schemes, we prove the numerical solution stability, the existence of the solutions, and
the convergence of the solutions. Through some numerical computation examples, we
demonstrate the efficiency and robustness of our schemes.
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1. Introduction

In this study we propose four conservative schemes for the regularized long
wave (RLW) equation for u = u(z,t),

0%\ Ou 0 (G
(1_8x2>8t:_3x<5U)’ rzeR, t>0, (1)
where
0G der Iy

For this equation we adopt periodic boundary conditions with a virtual length
L >0,
ot om ot om
— kL, t) = —— t), 1=0,1 =0,1 3
axl atmu(m+ ? ) axl ath(x, )? y m » ( )
forany k€ Z, x € R, and ¢t > 0.
This equation, also known as the Benjamin-Bona—Mahony (BBM) equa-
tion, has been proposed as a model equation for the undular bore problem by

Peregrine [17]. Benjamin et al. [1] have investigated this equation as a regularized
version of the Korteweg—de Vries (KdV) equation. This equation has solitary wave
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solutions which are similar to those of the KdV equations. Although the KdV
equation has an infinite number of conserved quantities, Olver [16] has proved that
the RLW equation admits only three independent conserved quantities:

Mlu(- )] % /O (e, 1) dz, )

Iu( - 4)] % ;/OL{M + <g;‘>2}dx, (5)
(-, 0] ;/OL <u2 + ;u3> da. (6)

Here, M, I, and J are called ‘mass,” ‘momentum,’ and ‘energy.” Since the number
of conserved quantities is limited, we are not able to use the inverse-scattering
technique, which is a powerful mathematical tool to obtain the theoretical solutions
of integrable equations such as the KdV equation.

A large number of studies have been carried out in order to obtain the numerical
solutions of the RLW equation [1, 2, 3, 4, 5, 6, 17]. For example, Peregrine [17]
has proposed a simple finite difference scheme, which is first-order accurate in time.
Further, Eilbeck and McGuire [5, 6] have proposed a linear scheme and a nonlinear
scheme, which are second-order accurate schemes. Dag and Ozer [2] have used a
finite element method based on cubic and quadratic B-splines. Dag et al. [3] have
used a cubic B-spline collocation method to find the numerical solutions of the
RLW equation. Durdn and Lépez-Marcos [4] have investigated some advantages
of conservative numerical methods. Although Durédn and Lépez-Marcos scheme
conserves momentum, it is different from our proposed scheme described in the next
section. For a brief summary of the computational studies on the RLW equation,
refer [3].

We propose four finite difference schemes for the RLW equation. These schemes
are constructed using the discrete variational derivative method (DVDM), which
is a methodology used to design conservative numerical schemes. Furihata and
Mori [10] have used the DVDM to design a stable finite difference scheme for the
Cahn—Hilliard equation. Furihata [7, 8] has carried out some general studies on the
DVDM. Further, Matsuo and Furihata [14] have extended the general studies to
include complex-valued PDEs such as the nonlinear Schrodinger equation. Hanada
et al. [11] have used the DVDM to design a numerical scheme for the Eguchi-Oki—
Matsumura equation, and Ide et al. [12] have used the DVDM for the numerical
solutions of the Fujita problem. For a standard study on the DVDM, refer [7]. For
more details on the proposed linear schemes, refer [9].

This paper is structured as follows. In Section 2, we propose the four finite
difference schemes and describe their conservations properties. In Section 3, we
show three important features of our proposed momentum-conserving scheme. The
three features are solution stability, existence, and convergence. In Section 4, we
present some numerical computation examples using our proposed schemes.



Conservative Schemes for Long Wave Equation 17

2. Four proposed finite difference schemes

In this section, we propose the four finite difference schemes that conserve
either discrete momentum or discrete energy. Two of them are nonlinear schemes,
while the other two are linear schemes. As described in the introduction, they have
been designed using the DVDM.

We define U,gn) (k€Z,n=0,1,2,...) as the approximation to u(z,t) at loca-
tion x = kAx and time ¢t = nAt, where Az = L/N (N € Z) is the space mesh size
and At is the time mesh size. For the computation, we adopt the following discrete
periodic boundary conditions:

um=u™ | forVkeZ. (7)

We assume that the numerical solutions U,gn) always satisfy the abovementioned
condition. For simplicity, we denote a variable set under the abovementioned
boundary condition by

R(N) déf {f = {fk}kez | fk S R, fk = fk mod N for Vk € Z} (8)

2.1. Concrete form of proposed schemes
The concrete form of the first proposed finite difference scheme, which con-
serves momentum and mass, is given by

n 0G
(1-6Nstu™ = -6t (M) , k€Z,n=0,1,..., (9
VIV ),
where % is an R(Y) x R(Y) — RM) function given as follows:

( 5Gyq )kdéf (fk+gk>+1((fk)2+fkgk+(gk)2)7 keZ,  (10)

o(f.9) 2 2 3
(n)y def Loomt1) | r(n) (my def Looman) | )
Vi), = §(Uk+1 +U), (V) = §(Uk—1 +UM),
keZ, n=0,1,... (11)
Here, (5,<f> is a second-order difference operator defined by 5;<f>fk def (fe—1 —2fr +

fri1)/(Ax)?, 5,il> is a first-order difference operator defined by 5,<Cl>fk et (fre1 —

fr—1)/(2Az) and 6; is a forward difference operator defined by 6 ¢(™ = (g(»+1) —

(n) (n) y,(n) (N) 5Gq (N)
g"™)/At. We note that V"V, V'V € R"Y) and ARG e RWYWY.
Using the scheme (9), we have to solve nonlinear equations to obtain a new

n+1) " Because of this nonlinearity and the conservation of

time-step solution, U'
momentum we call the scheme (9) as the nonlinear momentum-conserving (NM)

scheme.
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REMARK 1. % is a discrete variational derivative of the function

Galf & S0+ 5 (12)
and they satisfy
N—-1 N—-1 5Gd
];]{Gd(f)k — Ga(g)kt Az = kz:% (5(f,g)>k(fk — k) Az. (13)

The second scheme is also a nonlinear scheme. Since it conserves energy and
mass, we call it as the nonlinear energy-conserving (NE) scheme. It is given as

s ) _ (D) 0Ga _

(1 0,0y )5n U,” = -6, (6(U("+1)7U("))>k7 keZ, n=0,1,... (14)
The third scheme conserves momentum and mass, but we do not have to solve

nonlinear equations to obtain a new time-step solution. To obtain the solution, we

have to solve linear equations; hence, we call it as the linear momentum-conserving

(LM) scheme. Its forms given by

(1-62 sl =~ % . k€Z,n=12,..., (1)
W u™) ),
where
n def n n def n
o), o, W), Lo, kezZ, n=01,... (16)

Here, 57(11) is a first-order difference operator defined by 57<ll>g(”) def (gt —
g D)/ 2A1).

The last scheme is a linear scheme that conserves energy and mass; hence,
we call it as the linear energy-conserving (LE) scheme. The form of the scheme is
given by

6Gq
5(U(”+1), U(”), U(nfl))

(1-06M6i sl = —5,§1>( )k, keZ, n=1.2,...,

(17)
where % isan R x R x RW) — RW) function and

<5éd> d:efgk+1<(fk+9k+hk)9k>, A (18)
k

6(f.g.h) 2 3



Conservative Schemes for Long Wave Equation 19

6(;?;,1) is a discrete variational derivative of the function

Gal(F.g) 2 lf;cg +6((fk) gk;‘fk(gk)Q), (19)

REMARK 2.

and they satisfy

- - =y e Fi — i
kZ:O{Gd(fag)k Ga(g.h)p} Az = ;(5(]0’9”1))]6( 5 )Ax. (20)

2.2. Conservation properties of proposed schemes
We first study three conservation properties of the solution of the RLW equa-
tion, which are mentioned in the introduction, namely,

d
%M[u( )] =0, (21)
d
d
g/ (0] = 0. (23)

Equations (21), (22), and (23) are called the equations of mass conservation, mo-
mentum conservation, and energy conservation, respectively. Under the periodic
boundary condition, the conservation of mass (21) can be easily proved as follows:

d du Lo ou a (sG 9 ou sa1*
“Mu(- =[] =dz= St B e A T el it =0.
g (0] /0 t /0 {8:52 ot 8x(6u>} . {&cat 5uL_o 0

(24)
The conservation of momentum (22) is also proved similarly,

d ou  Ou 0%u
a et (“at 6x6:c6t>dx

- [ ]

L9 sa [ a2ur
0

Jo Yoeou T Yoz

L ou 6G 0%u L
0 Oz bu drot
Loy &2y 6G
| aﬁdm%“(@ i 6u)L_o

Pu G
oo -T)]L >

where
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The conservation of energy (23) is proved as follows:
d L6G ou LréGc  0*u\ou 9% Ou
m“”ﬁ“‘omm“—ﬂ{@aww9&+mmm%”
[ (L Gy a(Pe sy 10 oy
o 9x0t  ou)dx\orot ou) 20z \ ot v
1/La u SG\?  [ou\?
= =\ +| = dz
2)y Ox Ox 0t  du ot

1 9%u  SG\?  [ou\?*1*
:2[_(%315_@) +(atH =0 27)

=0

The main purpose of this subsection is to prove conservation properties of the
proposed schemes corresponding to (21)—(23).

2.2.1. Conservation properties of NM scheme

The solutions U™ of the NM scheme (9) exhibit the following properties,
i.e. discrete mass conservation property and discrete momentum conservation
property:

Ma[U™] = Ma[U©), (28)
LU™] = 1,[UY), (29)
where
N—-1
Malf] <N frda, (30)
k=0
N-1 + N2 — £ \2
Id[f] déf % Z{(fk)Z + ((Sk fk) ;(&c fk) }AI (31)
k=0

Here, 52‘ is a forward difference operator defined by 52‘fk = (fr+1 — fx)/ Az and
d, is a backward difference operator defined by ¢, fi = (fx — fr—1)/Ax.
The discrete mass conservation property (28) of the NM scheme is proved

below. For simplicity, we denote U by U, U™ by U, and U™V by U~
in this subsection. We obtain

N-1
1 Ul — Uy
S (MAUT = M - —k A
MU= M) = 3 (P ) ar
N—-1
oG
= {5£2>52Uk5;il> ( ORTQ ) }Am
paurt (Vi v ),
=0 (32)

by (121) and (122) (refer Appendix) because 5, U, W c RW).
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The discrete momentum conservation property (29) of the NM scheme can be
shown as follows:

(Id[ 1 - 1aU))

N-1

EZKUk+w)wﬁm

=0
+ +
{5+ (U ; U’“)a,j(agUk) o (Uk ; U’“)a; (53(]@” Az

N—-1

}:{(U++L%)u_@fn@n@@Ax

N—-1
n oG
Z{Vk( )5/<€1> ( ) . ) ) }AT/
k=0 5(V+ ’V* ) k
N-1 5G N—-1
=5 (v <5(d> Az =" 6V Ga(V") Az =0,  (33)
k

v v =
where V" = (U, (n+l) 4 U(")) /2. The second, fourth, fifth, and sixth equalities
are derived from (123), (124), (13), and (121), respectively.

2.2.2. Conservation properties of NE scheme
The solutions U™ of the NE scheme (14) exhibit the following properties,
i.e. discrete mass conservation property and discrete energy conservation property:

MalU™] = Ma[U), (34)
Ja[U™] = J,[u©), (35)
where
N—-1
1 Ga(f)w Az, (36)
k=0

The discrete mass conservation property (34) of the NE scheme can be proved in a
manner similar to the proof of (32) as follows:

1 +
E(Jd[U | — JalU])
N-1
k=0 5(U 7U)
N-1 3Gy :
= st Yot + (586U, 5+U]A
k4i{<&U+in>k ’Lk} e+ )5 Us

N—-1
— H (5Gd ) — 5<1>5+Uk}5<1> { (‘5Gd ) . 5<1>5+UkH Az
k=0 6(U+7 U) k b r 5(U+a U) k r "

=0, (37)
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where the third and fourth equalities are derived from (125).

2.2.3. Conservation properties of LM scheme

The solutions U™ of the LM scheme (15) exhibit the following properties,
i.e. discrete mass conservation property and discrete momentum conservation
property:

My[UW], for odd n > 0,
Y (38)
My[U], for even n > 0,
LU v = LIUY, U], for n >0, (39)
where
N _ _
def 1 (03 f1) (84 gr) + (85 f1) (05 gk)
Ia[f,g] = 5 ;{fkgk + 5 }Ax. (40)

The discrete mass conservation property (38) of the LM scheme can be proved in
a manner similar to the proof of (32) as (Mya[U™ V] — Mu[U™Y])/(2At) =
The discrete momentum conservation property (39) can be proved as follows:

Z( JUT, U] - 14U, UT])
N—-1
_ { (6O + = {5+ ) (6165 Ur) + (6, U) (6, 05 Uk) }| A
k=0
N—-1
= {U(1- 5/9)( Ur)} Az
k=0
N—-1
—Z{ or <1><5Gd> }A;x
k=0 su o)/,
Nl (G 5Gq N
= 6(U5r),U(_)) % k=0

2.2.4. Conservation properties of LE scheme
The solutions U™ of the LE scheme (17) exhibit the following properties,
i.e. discrete mass conservation property and discrete energy conservation property:

MaUY)], for odd n > 0,
) = { MY (42)
My[U), for even n > 0,
JJUutY U™ = [u®,u®), forn >0, (43)
where
~ d f N71 ~
Jalf 91 = ) Ga(f.g)kAx. (44)
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The discrete mass conservation property (42) of the LE scheme can be proved in a
manner similar to the proof of (32). The discrete momentum conservation property
(43) can be proved as follows:

WUt U] - U, UT))

L~
=z —

—1 ~

<U+UU)
uct () &

— 4 ) 5 U + (6860 U 6 U | A

,c_OH<5(U+UU)) k On Yk (O Yk (k n k)n k| Az

N-—-1 é
(R
P U, U, Uu")

<1> éd ) <1> <1)Zi }:| _
F {(15(U+,U7U) k k " k o ( )

where the third and fourth equalities are derived from (125).

) 5<1>Uk Ax

I
D OF’J

N

3. Solution stability, existence, and convergence of NM scheme

3.1. Solution stability of NM scheme

The purpose of this subsection is to prove that if the numerical solutions of
the NM scheme exist, they are bounded by the maximum norm. The proof of
the property consists of a lemma—discrete Sobolev lemma-—which shows that the
maximum norm of a discrete function is bounded when its discrete Sobolev norm
is bounded.

LEMMA 1 (Discrete Sobolev lemma).

1
max < 2max
ka|7k\ a<

TVl (0

where
N-1 + )2 — £ 2 1/2
def O Ji)™ + (64 f
1F o & lz {tp o CELEZ OIS o (47)
k=0
Proof. There exists a simple proof for this lemma in [13, §8.6]. |
Applying this lemma to (29), we obtain the following inequality:
THEOREM 2.
(n) 1 0
r,?g%‘|Uk | < Qﬂmax(\/z,\@) IUu). (48)

This inequality implies that the NM scheme (9) is stable for any time step n
if the numerical solutions of the scheme exist.
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3.2. Existence of solutions of NM scheme

In this subsection, using the fixed-point theorem for contraction mapping, we
show that the NM scheme (9) has unique solutions under some conditions of At
and Ax. For the scheme (9), we define a mapping 7;;m) : RY — RV as

2
At

def

(I = Do) (Tyymv — U™) < Dy Aw), (49)

where [ is the identity matrix of order N; Dy is the second difference operator
matrix of order N under the boundary condition (7),

-2 1 1
1 -2 1 O
1 -2 1
def 1
Dy = ——
2" (Qn)? S (50)
0 121
1 1 -2
U™ is an RN vector defined as U,E”) def U,E”) for k =0,1,...,N — 1; D is the
first difference operator matrix,
0 1 —1
101 O
-1 0 1
def 1
D Y
0 10 1
1 -1 0
and
{A(v)}
2 2
<1)1+UN1> n (’Ul) +(U1)(UN71)+(’UN,1) , for k=0,
2 6
= <”’“+1J2rv’“‘1)+(“’“+1)2+(U’“+1)6(v’“‘1)+<”’“‘1)2, for k=1,2,...,N =2,
<vo +;)N—2> N (vo)2+(vo)(v%/_2)+(wv—2)2, for k— N — 1.

(52)

Note that the operator (I — Ds) is a nonsingular matrix. The eigenvalues of

(I — D3) are
2
1— (Ax)Q{cos(QJIi;T) —1}, k=0,1,...,N —1. (53)
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It is clear that all eigenvalues are larger than 1, implying that the operator is a
nonsingular matrix.

When v is assumed to be (U™ 4+ U™)/2, the equation Ty;ev = v is
essentially no different from the NM scheme (9). Therefore, we prove the existence
of solution of the NM scheme using the fixed-point theorem for the mapping 7¢;cn).

THEOREM 3 (Local solution existence and uniqueness). If

2Ax

NANt< ———
T 142K

(54)

then the mapping Ty has a unique solution in a closed ball B™ | where

N-1 1/2
il {ZW} : (55)

k=0
) def ||[7(")H’ (56)
n ef n
B E{f e RN ||| ] < 2K™). (57)

Proof. We assume that v € B and v’ € B™ in this proof. Using the
mapping 7;rny, we obtain

At _
1Ty = Ty || < 5 It = D2) D1 1A (v) — A()]|
At
< —||A(v) — AV
< 51 lA@) - AW, (58)

where the norm of a matrix is defined as an operator norm. In order to evaluate the
abovementioned matrix norm, using the eigenvalues of (I — D) (53), we determine
(I = D2)~!|| = 1. Using Dy, we can show that || D1]| < - because

sn2%7)

Akl = Az

k=0,1,...,N—1, (59)

for the eigenvalues Ay of D;j. On the right-hand side of the inequality (58),

—_

1A(v) =A@ < S(lvs = ol |l + o = oL

1
t g lwy = wl |+ w =] + Jw_ —wl ), (60)
where
def | Vkv1, kE=0,1,..., N —2,
v = 61
(V4 )k {007 F— N1 (61)

uvN-1, k=0,
(v_)p & (62)
vp_1, k=1,2,...,N—1,
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(w)r < {(v )i}, k=01,...,N—1, (63)
(W) ¥ () )e, k=0,1,...,N—1, (64)
(w_ ) ¥ {(v )i}, k=01,...,N—1. (65)

Further, v/, , v’ , w/,, w’, and w’ are defined in a similar manner. First,

[ =] = o vl | = [lv - (66)

is obvious. Next,

N—
lwy —wy|? varvk (o — vp,)?
k=0

< a2
< mex (4o~ v
< 7\2 a2
<2 max () + 04 o — o]
< 2{|lol* + V[P Hlv - |)?
< 16(K™)? [l — o' ||, (67)
Similarly, [|w_ —w’ | < 4K™||v — 2’| can be obtained. Further, w —w' =
(z1 + 2z2)/2, where
def
(z0)x = {(v)r + @ H -k = (00}, (68)
def
(z2)k = {(w)r = W)k H (v )k + (vD)r}- (69)
Since
Iz < _max (v +v})?[lo = o' < 16(K™)?|lo — '] (70)

0<k<N-1

and |22 < 16(K™)?|lv — v'||?, we obtain |[w — w'|| < 4K™||v — v'||. Hence,
we obtain

| A() = A@)]| < (1420 o — o], (71)
and
I Tr0 = Tyl € o (1 + 2K o — | (72)
vt v ~ 2Azx ’
This implies that the mapping 77 contracts when At satisfies

At
2Ax

2Ax

1+2K0M) <1 At < ———— .
—(1+2") <1 = <1+2IC(")

(73)
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Substituting £ in Theorem 3, we obtain

N—-1
1 2 1 2 2
IC(n) 2_ - U(") A < U(") 2 E— U(") EE— U(O)
() = g S 080 0 < W) = 2 6lU) = o LlU )

(74)
because U™ are the solutions of the NM scheme. Using this inequality, we obtain
the following corollary.

COROLLARY 4 (Global solution existence and uniqueness). If

e

At < Az , (75)

— 1
(21, [U]) + 422

N

the NM scheme (9) has unique numerical solutions U™ for any n > 0.
3.3. Error estimate for NM scheme

THEOREM 5. We assume that 0 <t <T with T < oo and N = L/Ax > 12.
When the RLW equation solution u(z, - ) satisfies the condition

‘81 om

8wl(%mu(x,t)’<oo, for e R, 0<t<T,0<1<50<m<3, (76)

and the time mesh size At satisfies the condition

2
At < — 7
<3y (77)
the difference between the NM scheme solution U,En) and the PDE solution u(x,t)
1s evaluated as follows:

3 T
wna[U" — u(k Az, n A1)| < VT max(l, )EoeT, forn< . (78)
where
- 1/2
)\déf 99/8 max((4/L)1/47 1) (I[u( . ,0)]+4L£2Am2> 41, (79)
Bo % (Az?+ A)(14 A2 + AL + Az + At*) ((49/32) L + (14245/3456) £2),
(80)
8l om
£ sup { — —u(x,t ’}, 81
0<t<T,z€R,0<m<3,lca(m) ozt otm ( ) ( )
{0,1,2,3,4,5}, m =0,
e 3,4}, =1,
a(m) et J 13,4} " (82)

{0,1,2,3,4,5}, m =2,
{0,1,2,3,4}, m=3.
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We require a small lemma to obtain the proof of this theorem.

LEMMA 6. For any function f(x) € C3[—Ax, L], which satisfies the periodic
boundary conditions,

f(x):f(x+L); forxe [—AJ?,O], (83)
the estimate
T[]~ 11f]] < T1€% 202 (34)
is obtained, where
()i € f(kAw), (85)
def 9
o Aol o
Proof.
N—
|1a]f] Z Ve Az — Z H(f
=0
N—
Z Ve Az — / H(f (87)
where
2
a2 g{ o+ CR SO, (59)
2
H(f) < ;{f2+ <g£> } (89)
H(e € H(f)lomrae- (90)
The first term on the right-hand side of (87) is evaluated as
N—1 N—1 5
> Ha(f)edz— > H(f)rAz| < 1Lc2A952 (91)
k=0 k=0

by the iterative applications of the Taylor expansion. The second term is evalu-

ated as
L
Az — H(f)d
wda = [ H(p s

by using the Euler-Maclaurin summation formula since H(f) € C2[0, L]. g

L82
dx?

Ax?
< —
- 8

H( f)‘ dr < %LCQsz (92)
0
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Proof of Error estimate. The NM scheme (9) is identical to

(nt1) |, () (nt1) 4

U U 1 U U

0=(1-382)6 U™ + 6315t (’“ s > + 5,§1>5(+ > :
k

2 2
(93)
where
Szinfk & (frg1 + fe-1)/2, (94)
0 A{(fer)? + For) (Foor) + (Fro1)?}/3. (95)

By the iterative applications of the Taylor expansion, we obtain the following equa-
tion as to the solution of the RLW equation as follows:

(n+1) (n) (n+1) (n)
1
0= (1-6)6 ul” +6"s m(”’“ 4 >+5,§”€<u v >+E,§”),
2 k

2 2
(96)
where E,in) is the summation of residual factors using the Taylor expansion,
(™) = (97)
(n) 4 (k Az, nAt) (98)
|EM| < (99)
For simplicity, we denote error in the numerical solutions by
(n) dcf U(n . (n) (100)
Subtracting (96) from (93), we obtain
( (52)+(n—|—6 skegcn)
Loy f (U™ + U™ w4 () (n)
=4 -l — - F
() () oo
2) 1) n
- - e
1 n
250 (51 >z§))+8;i>(k &)y - B, (101)
where
(n+1) (n)
één) def Cp 2+€ 7 (102)

n 1 n n n n
ué ) def Z(U,g 4 U,i )—|—u,(C 1) —|—u,(C )). (103)
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Multiplying the equation by Zé,(cn) and operating ZkN:_Ol Az, we obtain

1 (n+1) 2 2 1%~ MI(:F)2 :ul(c )2
_ n+
0= Zt(”e 13 12) = llelliz) + 5 Z Az (e ) 1Az

(n)

(n)
/’[/ ~(n ~(n n
Y AR par o T B A a0

Applying the Schwartz inequality, we can evaluate the second term o the right-hand
side of this equation as

N—-1 (n) (n)
1 k+2 :“k Hier2 ~ M (5(n ) ANz
6 k=0
1 i 2
6 Z 62_uk+1 lj:“i:n + 05, P‘k +5k Mk 1)(é§cn)) Az
k=0
9 (N /2 rN—q 1/2
n ~(n)\4
S irranf {3 e ar)
k=0 k=0
2
<z ||M( la-1,2) 1€ 30,4y (105)
where
No1 1/4
£ lla-0,4) = { } . (106)
k=0
Similarly, evaluating the third term on the right-hand side of (104), we get
L i =i &
n ~(n n
5 Z +2A$ (Chi16p )24z < o ||N( Ma-a2) 1€ N3 0.0)- (107)
k=0

The last term on the right-hand side of (104) is evaluated as

\ /\

N—-1
23" VB Ax
k=0

S+ ()

||e( MNa-2) + L(Eo)*. (108)

IN

According to the discrete Gagliardo—Nirenberg inequality given by Matsuo
et al. [15, §5.2],

1 £lla-0.0y < 32"/ max((4/L)"*,1)|| flla-1.2) (109)
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when N > 12. Using Lemma 6, ||u(")||d_(1’2) can be evaluated as

™ a2

31

gg{(fd[U(nH)Dl/Q Iy [U(n)])l/Q (I [(n+1)])1/2+(Id[u(")b1/2}

—%2 OOV 4 (Laful™O)Y2 4 (Lafu™])H2)
—%2 DDV (Laful )Y 4 (Tafu™)) 7}

<f<[( 0]+ "L Ax )1/2.

From these evaluations for (104), we obtain

eV 1E 1,2) < llelli. 1,2 + ALAIE™Z 1 2) + L(Eo)* At.

Thus,

A . A
(1—At>||e 3. 1,2 = (1+ At>”ed 12)+L(E0) At.

When At satisfies the condition (77), the above inequality implies

_ L(E0)2At
e 2 < e(" D2 + [ ————
| ||d-(1,2) <l Hd-(l,z) 1— AAt

(Eo)% At
Vn”e(o)H?i 1,2) (Z'Y ) < X )
= 1-— fAt

IN

- L(Ey)%At 2L(Ep)?

sm" 1_AA7: 2 - \At

< 3L(Ey)? Te3AT

— 2 )

where

def 1+35 At 3 3AA

<14 SNAt < e2?4E,
At 2

(110)

(111)

(112)

(113)

(114)

In the above evaluation, we have assumed that there exists no error in the initial
state. From (113) and the discrete Sobolev lemma inequality (46), we obtain the

theorem inequality (78). O
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4. Computation examples

The purpose of this section is to demonstrate through some numerical compu-
tations that the proposed schemes give reasonable solutions.

4.1. One solitary wave

It is known that the RLW equation has a one-solitary-wave solution,

T —xg— 2t
u(z,t) = 3sech? | ——_—="),
) ()

where xy + 2t is the location of solitary wave peak. In this subsection, we set zg
equal to 20 and an initial state for the numerical computation is given by

up(z) = 3sech? ( ””2?/20 )

For our linear schemes, the LM and the LE schemes, we need one more initial
state, U™, We use the NM scheme to compute U™ for the LM scheme and the
NE scheme to compute UY for the LE scheme.

The relative errors in mass, energy, momentum, and the peak value of the

(115)

(116)

numerical solutions and computation time obtained using the four proposed schemes
and the Runge-Kutta scheme at ¢ = 40 are listed in Table 1. We note that the
peak value of the exact solution (115) is constant and equal to 3. The computation
parameters are Ax = 1/4, At = 1/16, and L = 100. The Runge-Kutta scheme is
derived from ordinary differential equations of U: R — RY,

d

U() = ~(1 - 02 0: (V) + 3V ).

b (117)

where (V' (¢))x o (Uk(t))?. In order to obtain new time-step solutions using our

nonlinear schemes (the NM and the NE schemes), we use Newton’s method.

Table 1. Relative errors in mass, energy, momentum, and peak value of numerical
solutions and computation time obtained using the proposed schemes and
Runge-Kutta scheme at ¢ = 40. Computation parameters are Ax = 1/4, At =
1/16, and L = 100.

mass err. energy err. g;;)hmentum Ie)ff.hk value CPU time
NM scheme 4.18691E—16 4.40752E—03 1.91544E —10 1.54169E—02 |41 m 2.236s
NE scheme 2.09345E—16 3.16232E—11 3.97717TE—06 1.39999E —03 |30m 8.084s
LM scheme 9.21120E—15 3.94501E—03 1.11896E —10 1.51433E—02|12m 21.904s
LE scheme 1.25607E —15 3.66348E—10 9.29801E—07 3.44311E—05|15m 27.625s
SRC‘}‘lrelf;K“tta 1.06307E — 17 3.66779E—01 3.12369E —01 2.04904E —01 | 10m 36.502s
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Energy fluctuations obtained by using our proposed schemes and the Runge—
Kutta scheme are shown in Fig. 1. From Fig. 1, we find that the discrete energy
values are conserved well, even when the non conservative schemes, the NM and
the LM schemes, are used. On the other hand, the discrete energy value of the
solutions obtained by using the Runge-Kutta scheme decreases monotonically.

30.6 T T T T T T T
NM Scheme
NE Scheme =------
30.58 - LM Scheme «:----- B
LE Scheme e
> 30.56 n
<
[
=
w3054 B
30.52 vy g
w05 s s s s s preeees s
0 5 10 15 20 25 30 35 40
Time
T T T T T T T
30 el 7
R e
° L Tl
e 25 . TTmell T
S T
wof T —
4 Proposed Schemes ——— el ~—
20 i Runge-Kutta Scheme ===e=- TTme— q
1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40
Time

Fig. 1. Energy fluctuations obtained using our proposed schemes and Runge-Kutta
scheme.

Momentum fluctuations obtained by using our proposed schemes are shown in
Fig. 2. From Fig. 2, we find that the discrete momentum values are conserved well,
even when the non conservative schemes, the NE and the LE schemes, are used.
On the other hand, discrete momentum value of the solutions obtained by using
the Runge-Kutta scheme decreases monotonically. In Fig. 2, around ¢ < 4, there
exists some vibrational fluctuation in the discrete momentum obtained by using
the LE scheme. We guess that the second numerical initial state UuW is slightly
inappropriate for the LE scheme.

Peak value fluctuations are indicated in Fig. 3. Thus far, no scheme, except
our proposed schemes, conserves the peak value well.

Using the initial state (116), we are able to estimate the exact error values
because the exact solution (115) is known. In Figs. 4 and 5, the numerical solution
errors obtained by using the four proposed schemes are indicated. The left-hand
side figure in Fig. 4 shows errors for the fixed time mesh size At = 1/16. The Ax
for the figure are 1, 1/2, 1/4, 1/8, and 1/16. The right-hand side figure in Fig. 4
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Fig. 2. Momentum fluctuations obtained using our proposed schemes and Runge-Kutta

shows the errors for fixed space mesh size Az = 1/16. The At for the figure are
1, 1/2, 1/4, 1/8, and 1/16. Fig. 5 shows the errors for Ax = At¢. Using the NM

scheme.

scheme, the max norm of errors is estimated at O(Axz?+ At?) using Theorem 5, and

these figures illustrate the theorem. With the other three schemes, these figures

also indicate a possibility of similar error estimates.
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Peak value fluctuations obtained using our proposed schemes and Runge-Kutta

scheme.

NM Scheme ——
NE Scheme ----s--
LM Scheme -
LE Scheme &

Space mesh size
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0.1

Error (max norm)

o
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0.001

0.0001

NM Scheme ——

NE Scheme

LM Scheme -

LE Scheme

0.1
Time mesh size

Numerical solution errors (max norm) at ¢ = 5 using our proposed schemes. L =

100 and the initial state is given by (116). Left: errors for fixed time mesh size
At =1/16 and right: errors for fixed space mesh size Az = 1/16.
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0.1

o
2

Error (max norm)

NM Scheme ——
NE Scheme ----»---
LM Scheme -
LE Scheme

0.001

0.0001

0.1 1
Space mesh size = time mesh size

Fig. 5. Numerical solution errors (max norm) at ¢ = 5 for Az = At. L = 100 and the
initial state is given by (116).
4.2. Two-solitary wave

In order to demonstrate the efficiency of our proposed schemes, we apply them
to another problem with a different initial state, which is given by

T -1 3 9 (sc — x2>
——— | + =sech” [ ———
V2 ) 2 V3 )
where x7 = 20 and xo = 50. This function approximates closely to a two-solitary
wave with the peak locations x; and x5. Fig. 6 shows the profiles of the numerical

solutions, energy evolution, and momentum evolution obtained using the linear
schemes for Ax =1/5, At =1/32, and L = 200. From these figures, we find that a

uo(x) = 3sech? ( (118)

37.82 48.424 _—

37.8 48.422 -
3778 48.42 i
37.76 48.418 -
37.74 48.416 _
377 oy 18414 P

10 20 30 40 50 60 70 80 10 20 30 40 50 60 70 80
Time Time
Fig. 6. Computation for two-solitary-wave initial state (118) with Az = 1/5, At = 1/32,

and L = 200. Top left: profiles of numerical solutions obtained using the LM
scheme, bottom left: energy evolution obtained using the LM scheme, top right:
profiles of numerical solutions obtained using the LE scheme, bottom right:
energy evolution obtained using the LE scheme.
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phenomenon similar to ‘phase shift’ occurs when two peaks of a wave collide. The
non conserved quantities, i.e. energy for the LM scheme and momentum for the LE
scheme, vary to some extent when two peaks of a wave collide, after which they
attain their initial values.

4.3. Undular bore
In this subsection, we consider the parametric RLW equation

ou @ ou 93

o Tar T Yar  “aror (119)

with the initial state

u(z,0) = 210{1 - tanh(W) } (120)

where 0 = 1/6, z¢p = 80, and w = 60. The computation of this problem is a simu-
lation of the undular bore behaviour. Here, w is the bore support width and 1/d is
the bore slope sharpness. Some computational studies have been carried out on this
equation under similar initial conditions, for example [3] and [17]. Figs. 7-9 show
the profiles of the numerical solutions obtained by using the LE scheme, which
is modified for the parametric RLW equation. The computation parameters are
Axr = 1/5, At = 1/16, and L = 300. The parameter d is equal to 1, 2, and 3 in

016 T T T T T T T 016 T T T T T T
014 | =0 - 014 b =80 ——
012 | : - 0.12
01 § 0.1
0.08 § 0.08
35 =l
0.06 § 0.06
0.04 - 0.04
0.02 - 0.02
0 0
.0.02 \ 1 | L \ | \ .0.02 L~ 1 ] \ 1 | \
100 120 140 160 180 200 220 240 120 140 160 180 200 220 240 260
X X
0.16 0.16
014 014
012 0.12
01 0.1
0.08 0.08
> >
0.06 0.06
0.04 0.04
0.02 0.02
0 0
02 1 1 | 1 1 1 1 -0.02 1 1 1 1 1 | 1
120 140 160 180 200 220 240 260 140 160 180 200 220 240 260 280
X X

Fig. 7. Numerical solutions for undular bore problem (119) for (120) and d = 1.
Computation parameters are Az = 1/5, At =1/16, and L = 300.
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Computation parameters are Ax = 1/5, At = 1/16, and L = 300.
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9. Numerical solutions for undular bore problem (119) for (120) and d = 3.
Computation parameters are Ax = 1/5, At = 1/16, and L = 300.
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Figs. 7, 8, and 9 respectively. From these figures, we can say that undulation be-
comes gentler as d increases. These computation results agree with those obtained
by Dag [3]. This agreement proves that the computations carried out by using our
schemes are reliable.

5. Conclusion

We have proposed four new finite difference schemes for the RLW equation,
which conserve either discrete energy or discrete momentum. Using the nonlinear
scheme that conserves momentum and mass, we show that it has unique solutions
under some condition, the solutions are stable in the maximum norm, and the
errors in the solutions are essentially estimated at O(Az? + At?). Through some
numerical computations, the efficiency and robustness of our proposed schemes have
been demonstrated.

Appendix. Discrete calculus under discrete boundary condition

Some relationships between difference operators and summations are described
in this appendix. First, we describe the summations of difference equal to zero under
the discrete boundary condition (7). The summations are given as

oy A = %KfN_fO)"'(fol —f-1)} =0, (121)
k=0
N-1 1

0 fide = —{(fv = fo) = (fn1 = f-1)} =0, (122)
k=0

for f € R(Y). The following relationship is ‘summation by parts,” which corre-
sponds to integration by parts:

N—-1 N—-1
Fel0ge) Az + > (0 f)gr Aw = fy—1gn — f-190=0,  (123)
k=0 k=0

for f,g € R, The application of summation by parts yields

N—-1 N—-1

Fe (6" i) Az + Z Y f) gr Az = 0, (124)
k=0 k=0
N—-1

Fr (38 fi) Az =0, (125)
k=0

for f,g € RV,
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