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The Spectral Gap of a Random
Subgraph of a Graph

Fan Chung and Paul Horn

Abstract.  We examine the relationship of a graph G and its random subgraphs, which
are defined by independently choosing each edge with probability p. Suppose that G
has a spectral gap A (in terms of its normalized Laplacian) and minimum degree dmin.
Then we can show that a random subgraph of G on n vertices with edge-selection

C \3/2
probability p almost surely has as its spectral gap A — O(, / plggfl + (log n) )

Pdmin (log log n)3/2

[. Introduction

Often, when we examine a large graph, perhaps arising from some realistic setting
(e.g., webgraphs, biological networks, or some information network derived from
a large database), we are unable to see the entire graph. Instead, what we can
observe are relatively small subgraphs of the large graph. We are interested,
then, in understanding the relationship between the large host graph and the
subgraphs that we actually observe. The basic question becomes whether there
are some graph invariants that we can evaluate for the original host graph that
lead to good estimates for properties and structures of our observed subgraphs,
and vice-versa.

In this paper, we begin by considering a host graph G. Fixing an edge-selection
parameter, p € [0, 1], we consider the family of subgraphs by percolating G with
parameter p. That is, our observed subgraph H is a random subgraph of G
such that each edge from G is chosen independently with the edge-selection
probability p.
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An example of the utility of such an approach is in the study of epidemiological
models. Here, the host graph represents a contact network, where the vertices
represent people in some community of interest, and edges denote certain contact
or interaction among pairs of people. A disease is often considered to pass
through an interaction with probability p. Thus, the observed random subgraph
can represent the actual spread of disease through the contact network. Other
examples concern various social networks, such as telephone or instant messaging
networks. A group of friends contacting each other during a specified period of
time in a large social network can be viewed as a random subgraph of a large host
graph consisting of all contacts between members of the network. The classical
Erdés-Rényi model, G(n,p), is also a particular instance of this model. Indeed,
it is the special case where the host graph is the complete graph K.

In this paper, we consider the relationship of the spectrum of the host graph
and that of a random subgraph with edge-selection probability p. The meth-
ods that we use here are based on Wigner’s high moment methods [Wigner 58].
Such an approach was extensively utilized in the early work on random graphs
and matrices in numerous research papers including the early work by Fiiredi
and Komlés [Fiiredi and Komlés 81] as well as in some recent work on random
sparse graphs in [Chung et al. 04] and [Vu 07]. These previous works belong,
however, to the special case in which the host graph is taken to be the complete
graph (or the full matrix). Here, similar techniques are used and modified in
order to deal with the spectral gap of a random subgraph of a given host graph.
Nachmias and Peres [Nachmias and Peres 08] have studied properties related
to the spectrum, in particular diameter and mixing time, in percolated regular
graphs. Similarly, Ofek [Ofek 07] has studied expansion in the giant component
of percolated pseudorandom graphs. Several other authors have studied several
properties of percolated finite graphs. In particular, Alon et al. [Alon et al. 04]
and Frieze et al. [Frize et al. 04] have studied the emergence of the giant com-
ponent in expanders, with Alon et al. also studying isoperimetric properties.

Since we are dealing with a general graph (with possibly uneven degree distri-
bution), we consider the (normalized) Laplacian (see [Chung 97]). For a graph
on n vertices, the Laplacian is a symmetric matrix of size n x n defined as follows
(more details will be given in the next section):

L=1-D'?AD'/?,

where A denotes the adjacency matrix and D denotes the diagonal degree matrix.
Let

O=X <M< <Ay
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denote the eigenvalues of £. We write
A= min{)\l, 2 — /\nfl}.

For example, a random d-regular graph on n vertices almost surely has a spectral
gap A > 1 —(2v/d — 1+ ¢€)/d for any positive constant € as n approaches infinity
(see [Friedman 03]).

When there is a nontrivial spectral gap, i.e., when A\ is separated from 0,
the graph has many nice properties, such as expansion properties and the rapid
convergence of random walks on the graph. What we will show here is how to
derive a bound for the spectral gap of a random subgraph of G in terms of the
probability p of edge-selection and the spectral gap of G.

Theorem I.1. Suppose G is a graph on n vertices with spectral gap A and minimum
degree dpin. A random subgraph H of G with edge-selection probability p almost
surely has a spectral gap \g satisfying

[ logn (logn)3/?
Ap=A—-0 .
" ( pdmin * pdmin (IOg ].Og n)3/2 )

An equivalent statement for the above theorem is the following: For pdi, >
(logn)?/(loglogn)?, we have

)\H:)\_O< logn );
pdmin

and, for pdmin < (logn)?/(loglogn)?, we have

(logn)3/?
A= )\ — .
H O(pdmjn(log log n)3/2)

As an immediate consequences of the above theorem, a random graph al-
most surely will have the following properties (see [Chung 97, Krivelevich and
Sudakov 06]):

Corollary 1.2. For a graph G on n wvertices with spectral gap A and minimum degree
dmin, a subgraph H with edge-selection probability p almost surely satisfies the
following properties:

1. H satisfies the expansion property as follows: For X C V(H), the number
of edges in H leaving X, denoted by O (X) satisfies

logn (logn)3/?
o (X) > <)\ — O( - + pdmin(loglogn)3/2) pvol(X),
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where vol(X) is ) .y d(x) and d(zx) denotes the degree of x in the host
graph G.

2. H satisfies the discrepancy property as follows: For X, Y C V(H), the
number of edges of H between X and Y, denoted by ey (X,Y), satisfies
vol(X)vol(Y) |
vol(H)

logn (logn)3/?
< (1 - o(1 /p T o e log T /2) py/vol(X)vol(Y).

3. For a random walk on H with transition probability matriz Py, the total
variation distance after t steps from the stationary distribution w, denoted
by Apy(t), is bounded above by

Ary(t) = maxmax|Y (Ph(y,z) — (@)

ACV yeV
=vy TEA

|6H(X7Y) -D

< e

for any ¢ > 0, provided t satisfies

. 1 (1 vol(H) n )
> og —————+c|.
A\ O( /;Z;gn:’: + (logm)3/2 ) min, d(x)

pdmin(log log n)3/2

The above theorem depends on the volume vol(X) of a subset X in G. It
can also be thought of, however, as depending on the volume of X in H in the
following manner. The volume of X in H is denoted by voly (X) = > . du(x),
where dy(x) is the degree of x in the subgraph H. If the volume of X in G is
large, we have good control over the volume of X in H using Chernoff bounds.
It is not difficult to prove that if Vol(X) is sufficiently large, we almost surely
have

[vol(X) — pvol(X)]| < g(n)+/pvol(X)

for any function g(n) that goes to infinity with n (see [Chung and Lu 06]).

2. Preliminaries

Let G = (V, E) be a graph. We denote by H a random graph obtained from G
by taking each edge independently with probability p. That is,

Pr({u,v} € E(H)) = { p if {u,v} € E(G),

0 otherwise.



Chung and Horn: The Spectral Gap of a Random Subgraph of a Graph 229

Let A and Apy denote the adjacency matrix of G and H, respectively. We
denote the diagonal matrices whose entries consist of the degrees of the vertices
in G and H, respectively, by D and Dg. Let 0 = ny < -+ < n,_1 denote the
eigenvalues of Lg, and let ¢; for i = 0,...,n — 1 denote a set of orthonormal
eigenvectors associated with the 7; (represented here as row vectors). The pro-
jection to ¢;, for each i, is P; = ¢} ¢; where ¢* denotes the transpose of ¢. Then

we have
Ly = Z n: F;.

We consider, then, the matrix

M = I—Ly—P
= > (1-m)P.
i#0

We will use the fact that, for any integer k, we have

Trace(M?*) = Z(l — )2k,
i#0

Immediately, we have the following:

Fact 2.1. For any positive integer k

mﬁcf('l — ;| = [|]M|| < (Trace(M?3F))1/ (2R,

We denote the spectral gap of H by Ay = max{n1,2 —n,—1}. Hence we have

AH=l—r;ﬂ;ggll—m-l=1—||M||-

Let K denote the all ones matrix. We can rewrite M as

M = Dy?AuD;"? - P
_ D;/ZAHD;/Z — o
= D,M?AyD,? - VOIEH) D}’KD}/?.
Instead of directly dealing with M, we consider the simpler matrix
C = p D V2AuD V2 1 pDV2K DV/?
pvol(G)

1

— —1D—1/2A D—l/Q_—
P 1 vol(G)

DY2KDY?, (2.1)
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where one may note that pvol(G) is the expected volume of H.

In a way, C' can be thought of as an estimate for the expectation of M. Our
plan is first to consider ||C]| in the next section and then bound the norm of the
difference between M and C in Section 4.

3. A Bound on ||C||
In this section we prove the following theorem.

Theorem 3.1. Let G be a given graph with spectral gap A and minimum degree dyiy-
Let H be a random subgraph of G with edge-selection probability p. Then the
matriz C as defined in (2.1) almost surely satisfies

- logn (logn)3/?
1Clf=1=A+ O( 2o pdmin(loglogn)3/2)'

Proof. To bound the norm of C, we express C as a sum of two parts:
C=B+M
where
B=p 'DV2A,D"V? _ p=1/2Ap~1/?
and

MI _ Dfl/ZADfl/Q o ;DI/ZKDI/Q.
vol(G)

Note that M’ is equivalent to the matrix M for the graph G. Hence we have
M| =1- A
It suffices to show that almost surely we have
3/2

logn (logn) )
pdmin pdmin (IOg 1Og n)3/2 .

1B = o

In other words, we wish to prove that, for any € > 0, there is an absolute constant
¢ so that for n sufficiently large, we can bound the probability as follows:

Pr {18l > o

logn (logn)3/? ) -
€.
pdmin pdmin (IOg 10g n)3/2 B
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The matrix B is a random matrix, where the entries b;; are independent
random variables defined by

p ifUiN’UjEH,

11
p\/didj y/didj p1/didj

- __»p

bl] p\/didj

0 otherwise.

if v; fv; € Hand v; ~v; € G,

Here d; denotes the degree of v; in G. It follows from the definition that the
expected value of b;; satisfies
E[b;;] = 0.

Now consider the (i,7)th entry of B?*. A typical term of such an entry is of the
form

bilizbizis - 'bizkfﬂ'zk

with 47 = 49, = 4. Assuming this term is non-zero, this corresponds to a
closed walk in G starting and ending at v;. Taking expectations, we note that
Ebi,iybigig - - - bigy,_1ine) # 0 only if each b;; occurs at least twice (since E[b;;] = 0
and all b;;’s are independent). In other words, each edge must occur at least
twice in the closed walk. We refer to a such a closed walk, which contributes to
the expected trace, as a surviving walk.

To determine the expected contribution of a surviving walk to Trace(B2*), we
consider the expected value E[b}]. Note that, for m > 2,

|(1=p)"p+ (=p)"(1 —p)| p 1
E[b]] < < = .
| [ UH - pm(dzdj)m/Z - pm(dldj)m/Z pm—l(didj)m/Z

The last inequality follows from the easy fact that [(1—p)"p+(—p)™(1—p)| <p
when p < 1.

To bound the trace of B2*, we must get a handle on the number of surviving
walks and their contribution to the trace. Consider a surviving walk of length 2k
on vertices v1,...,v;41, and let us assume that the vertices are labelled by their
first occurrence in the walk. Thus, to get to vertex v;, we must have followed
an edge from one of vy, ..., v;—1. We define the ezposure sequence of the walk to
be a vector (aq,...,a;) such that we first travel to vertex v; from vertex v, ;.
Clearly, a; € {1,...,i}. Hence there are at most /! possible exposure sequences.
We seek to enumerate our surviving walks by their exposure sequences.

Consider a surviving walk on vertices v1,...,v;41 with exposure sequence
(a1,...,a;). Let us assume that the walk contains edges e, ..., e, with mul-
tiplicities my, ..., my, respectively. Then the contribution of the walk to the
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expected value of the trace is at most

By o] = [[ER] < 11 !

pmi=H(diydig)mi/?

€
ei={vi1,vi2}

1
(Hé:1 dai) (Pdimin) 2+ '

where the d,, term comes from the fact that there must exist an edge contributing
1/(pda;) to the product, since an edge incident to a; must occur with multiplicity
at least 2, while all other terms are replaced with their minimum possible values.

Given a set of vertices S = {vy,...,v11} and an exposure sequence e =
(a1,...,a;), let W(S,e, k) denote the number of surviving walks of length 2k
on vertices S with exposure sequence e. We can upper bound the number of
surviving walks by the number of surviving walks on these vertices in a complete
graph of the same size. Let W'(k,l) denote the number of surviving walks of
length 2k on the complete graph K;;; such that the vertices are visited in the
order vq,...,v;41. (Clearly the labeling does not affect the number of paths,
just the fact that the vertices are visited in a particular order.) We note that
for a given set S with |S| = [ + 1, there can be at most I! exposure sequences.
Furthermore, for a set S with [+ 1 vertices and an exposure sequence e, we have

W (S, e, k) < W' (k).

This inequality is immediate, as each surviving walk on G|g corresponds injec-
tively to a walk on the complete graph Kj;;. Further, note that this inequality
holds independently of the exposure sequence e.

Fiiredi and Komlés [Fiiredi and Komlés 81] gave an upper bound on W' (k,1).
Recently, this bound was improved by Vu, and it is this new bound that we use.
Inequality (9) in Vu [Vu 07] asserts

Lemma 3.2.
Wk, 1) < (Qk) Qi H+2(k=D+1 (7 4 1y3(k=D).
—\ 2l
We can now bound the expected value of Trace(B?*) by both applying the
above bound for W’(k,l) and using the fact that we are counting surviving
walks. We use the notation u ~ v to denote that u and v are adjacent in G:

E[Trace(B?*)]

k
MDY S WS k)

:{U17...,UZ+1} e:(a1 ,...7(11) (Hz:l daz) (pdmin)Zk_l
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Y YY Y Y wisen

I=1 e=(a1,...,a1) V1 Va~Uay Vs~Uay  Vit1~Ua, (Hizl dai) (Pdmin )2k~
k
S 2 e e (I daf)l(pdmm%l
k
B ; e—(mz.,..qm vz ~Z WZ@ N vwvzall D (Hﬁ-;i daqv)l(pdmm)?’”
b 1
- ; e_(alz,...,al) ; Wy (Pdimin) =1

2E\ okt2(k—0)+1 3(k—1) 1
e S T

<zk:z' 2R k(g 4 qypte-n L
a " 21 (pdmin)2k7l

2k 1
< l 23k 1 k l)
< Yoy )20
=1
b 1
< n32k [+1 Sk=20__ _ ~
; ( ) (pdmin)2k7l
k
= Z n32k811k,
=1
where we define
1+ 1)3k—2l

Sik = 797"
(pdmi11)2]C !

For a fixed € > 0, with € < 1/4, we now choose

k = |logn +log(1/e)] (3.1)
and set
g a( k )3/2
p min logk .

Note that « is a function of k (and hence n). We wish to show the following:
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(laim
¢ k
Stk < ( - i (3.2)
amin{a, e R
for some absolute constant c.
We let
F() = S,k _ (1+ l_l)gk_ledmin
Cosi—1k 12
egk/lpdmin
= 00— p (3.3)

where c¢q is upper- and lower-bounded by some absolute constants. For a given
value of pdin and for the range of 0 <1 < k, the function s;, either attains its
maximum at ly satisfying lp = k and f(k) > 1, or [y is one of the two integers
closest to the solution of f(I) = 1. Note that, for the first case, we have

‘ (;jd—'n_uj; ) k

= C(m)k

IN

Slo,k = Sk.k

which implies (3.2). We may assume that [y is one of the two integers closest to
the solution of f(I) = 1. Furthermore, for [ < k/(2logk), we have, from (3.3),

2logk

Sl k &
— > > 1.
Si—1,k k2
Therefore, we may assume that

k

lo >
2logk

There are two possibilities:

o (ase |. [p < 100k/logk. Then

B\
< / 0 )
Slmk a (c (pdmin)2

K/ (log k)® \*
(coﬂ(k/ log k)3)

- ()"

which implies (3.2).
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e (ase 2. Iy > 100k/logk. We use the fact that Iy is one of the two integers
closest to the solution of f(I) = 1. From equation (3.3), we have

B2o/k |k
0
Slo,k < ((pdmin)2flo/k)
[3—2lo/k k
7 0
= (C (1(2)6—3k/10)2—10/k)
c///eﬁk/lo k
< ()

One can check that, for the given range of [y, this satisfies

N K
Sor < (77)

0

c///keBk/lo k
S
()
ak/2log 3% K/
which again implies (3.2).

In this section, cg,c,c’,c”, ... are suitably chosen integers. The proof for the
claim is completed.
We are now ready to consider bounding the norm of B.

E[Trace(B*)] < n?32F max sk

2n2( 32¢p )’f
amin{a, k1/21log?? K}/

IN

Since E[||B||*"] < E[Trace(B%*)], we have

ok ) c 2%k
BIBI™) < 2n*(——— )
min{a, al/2k1/41og k}

By the previous equation and Markov’s equality, we have

Pr([|Bl =2 ——
min{a, al/2k1/41og =%/ k}

2k
o 2k 2%k c
=Pr{{[B|I™ =2 ; 1/2].1/4 |gp—3/4
min{a, al/2k1/4log k}
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E[||B|*"]

IN

92k

min{a,al/2k1/4 log=3/1 |}
2n2( )%
22k(

- 2n?
— 22k
<e

c
min{a,al/2k1/4 log=3/% k}

IN

c )Zk
min{a,al/Zki T log 57Tk}

for the given € > 0 (noting that this holds as e < 1/4) and our choice of k in
(3.1). Hence we have proved that almost surely we have

1
Cll < |||+ 1Bl = 1= x+O( ).
Cl < 112 + 1Bl T T e
In a similar way, we can use the fact that ||C|| > ||M’|| — ||B]|| to get
1
el =1-x=0( )
min{a, al/2k1/4log=*/* k}

It is easily verified that

1 - [ logn (logn)3/?
O(min{a,a1/2k1/4 log /4 k}) B O( Pdmin + pdmin(loglogn)3/2)

which completes the proof of Theorem 2. O

4. Bounding the Spectral Gap

In this section, we plan to give a complete proof for Theorem 1. Namely, we
wish to show that, for a graph G with spectral gap A and minimum degree dpin,
a random subgraph H obtained from G with edge-selection probability p almost
surely has eigenvalues of the Laplacian Ly of H satisfying

logn (1og n)3/2
A = max|l— | =1— X o(,/ )
H I?;%d " | + pdmin * pdmin (IOg 1Og n)3/2

As a matter of notation, we let d; refer to the degree of vertex v; in G and d;
refer to the degree of vertex ¢ in H. We also let agj refer to the ijth entry of
Ay, the adjacency matrix of H.
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To prove Theorem 1, recall that the eigenvalues of the Laplacian Ly satisfy
1—n| =M
max |1 —n:| = [|M]],

1/2 1/2

y - Now we write

where M = D;/2AHD;11/2 ~ Yol(H)

M=E+C+R+S,

where we define

1

E = D ?*AuD;? — =D V2AuD"V2 WILEG)DD;;/QKD;”D
Jrvol(c:)DmKDl/2

R = VOI(G) DD, *KD,?D - pVOI(G)Dl/ZKD1/2

5 = (pvo}(G) B voliH)) D}{/ZKD}JM

and C is as defined in (2.1). Thus

ey = (af- pd; d
* o VOl d/ d/ d d
1 pdid - d
T vol(@) did,
B 1 1 py
%= (pVOl(G) vo1(H)> V%id;
and
a/. . 1
o= —a— dd;.
o py/did;  vol(G) !
Clearly,

M| < JLE + [ICI -+ [IRIT+ 11S]] -

Hence, it suffices to establish the appropriate upper bounds for the norms of
E,C,R, and S.

To bound these, we use the following Chernoff bounds (see, e.g., [Chung and
Lu 06]).
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Lemma 41. For 1 < i < n, let X; be independent random wvariables satisfying
| Xi| < M. Let X =5, X;. Then we have, for any a > 0,

a2
P(|X — B[X]| > a) < ¢ 2w ¥mar3)

We will prove the following lemma (whose proof we delay until after the proof
of Theorem 1).

Lemma 4.2. Assuming that pdmin > logn, almost surely every vertex v; satisfies

&, = pd;(1+0 ( 10g”>).

pdmin

Let X,, for e € E(G), be the random indicator variable that is 1 if e € H and
0 otherwise. We can write

vol(H) = > 2X.. (4.1)

e€E(Q)
We can show that almost surely
[vol(H) — pvol(G)| < 2+/pvol(H )g(n) (4.2)

for any function g(n) that goes to infinity as n approaches infinity.
We also have the following lemma (whose proof will be given later).

Lemma 43. Suppose that pduin > logn. Almost surely the vector x with x(i) =
(di — pd;)/+/pd; satisfies

[IXI* < (1+ o(1))n.

Proof of Theorem I. We note that we established a bound on ||C|| in the last section.
By Theorem 2, we have that almost surely

logn (logn)3/? )

||C|| =1- /\ + O( pdmin pdmin(IOg 1Og n)B/Q

For convenience, we define
logn (logn)3/?
pdmin pdmin (lOg IOg n)B/Q .

B =
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For || R||, almost surely we have the following by using equation (4.1) and the
Cauchy-Schwartz inequality:

IR]l = max {y, Ry)
pd) + (d; —pdi)pd-
= Zyzyg ? J
HyH 1 pVOl dgd;
_ — pd;)y;
N pvol 7 s Z \/_yz 7

+Z. \/@l yzzp\c}@}

< gty s ()l (2 A0y
+||y||(27(d9_dfdj)?)”(Z%)m}

< (2+0(1)) pVOTIL(G)

< (1+0(1))%

~ o).

For ||S]|, by using (4.2) and the Cauchy-Schwartz inequality, we have

1 !
- i - d.
S]] = max (y, Sy} = max IE lys yg(pvol @ vol(H))|’/dz /
1
< - Ny [
- (pV01<G) VouH)) T _Z [y /@y /]

2,/pvol(G) log(n
pvol(H)vol(G) HyH X Zlyzf |
Szl

pvol(H )vol(G)

logn
(vt 1)
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Finally, it remains to bound || E||. We recall

0 — (a,” _ pdidj )( 1 _ 1 )
ij 7 yol(@) [djd; Py /d;d;
p didj - d;d;

Cij
Jdid,

Thus, we have

]

‘m|<%Ew

vﬂﬁ(vﬂﬁl—\/pdﬂ +(Vd; = v/pdi)\/pd
= max Z YilY;iCi,j .
Hyll=1 i /d;d;

Let v, = yi(\/d, — /pd;)//d] and y! = y;\/pd;/+/d;. Then we have almost

surely

Bl < H H— ax (y, Cy') + (', Cy")
< max [ICIHI I+ ICHIY I
< o).
This last observation follows from Lemma 3, which implies
I/l < llol1 (1~ 1 o
1+ O g )

and ||y"|] = (14 o(1))|]ly|| = O(1). Note that we have already observed that
[|C]] = O(1). Combining these results, we have

|||

I1E]| + 1IC]| + |1 RII + 1S
1-A+0(3).

1—n
max [1 — ;|

IN A

In the other direction, the lower bound follows as ||M|| > ||C|| — ||E|| — ||R|| —
ISII=1=A+0(B).



Chung and Horn: The Spectral Gap of a Random Subgraph of a Graph 241

This gives the following bound on the spectral gap of H, completing the proof
of Theorem 1:

Mg =1—max|l —n| =X —O(3). m
i#0
It remains to prove Lemmas 3 and 4.

Proof of Lemma 3. For a vertex v; € G, we can write d; = Zvjwi X, where X is
the random indicator variable having value 1 if {v;,v;} € E(H) and 0 otherwise.
Then E[d]] = pd; and Var(d}) = d;p(1 — p). By the Chernoff bounds, we have

Pr(|d; — pdi| > a) < exp ( — 2(dip(1=p)) + “/3)'

Setting a = 24/log(n)pd;, we have that

4pd; log(n) )

2pd;(1 — p) + 44/pd; log(n)/3

< p2ton)

Pr(d; — pdi| > a) < exp( -

Thus, almost surely, for all ¢ we have |d; — pd;| < 2y/log(n)pd;. This can be
restated as, for all 7,

1 1
\d; — pdi| < pdiy | ~22 = pd;0 | /22 ). O
pd; Pdmin

The following proof of Lemma 4 is analogous to Lemma 3.3 in [Chung et al. 04].

Proof of Lemma 4. For a vertex v; € G, let X; = (dj — pd;)* and X = 377" | =5 For

each i, we can write

X, = ( Z Xij —P)27

ViU

where the X;;’s are the indicator random variables of the event that v; is adjacent
to v; in H (as denoted by v; ~ v;). We define

T — Xz‘j—p if’l}i'\f’l}j,
Y10 otherwise.
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Thus, E[$”] = O, and Xi = (Z] $ij)2. AISO,
E[Xi] = Var(d) =E[ Y 3] < pd;
BIX?] = E[(d; - pdi)’]
4
= E{( > i) }
= ZE[!T?]‘]‘FG Z E[z}23,]
i £k

< pd; + 6p°d;.

If v; # v; and v; # vj, then X; and X are independent. If v;

J
VjV, UV ~U4

~ v; and v; # vy,

we have
EX;X;] = E[(d} - pdi)*(d} — pd;)?]
= E[( Y za)’( > z)’]
Vi~V VI~V
= > Ehep]+Eb}]
RS
< pPdidj +p.
Thus,
Var(X;) < pd; + 5p°d;
0 ifv; Lo
, ) < K3 J
coVar(X;, X;) < { p otherwise.
Therefore
"1
X] ;pdi [(Xi]<n
Var(X) = Z 2 2Var i) +2 Z coVar (X3, X;)
— p << Wi
i i<j<n
< (5+ L 1)
- pdmin d "
< 6n.

Using Chebyshev’s inequality, we have, for any a > 0,

Pr(|X — E[X]| > a) <

a2

Var(X)
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Setting a = v/ng(n), with g(n) > 1, then almost surely we have X < (1+0(1))n.
From the definition, ||x||*> = X. Thus, almost surely

IxII* < (1+ o(1))n,

as desired. 0

5. Concluding Remarks

In this paper, we examine the spectral relationship between a host graph G
and its random subgraph with edge-selection probability p. If G has n vertices
with a spectral gap A and minimum degree dpn,in, then we prove that a random
subgraph of G on n vertices with edge-selection probability p almost surely has

a spectral gap of A — O(4/ ;‘fﬂ —+ 5 dmiilaignl)jg/i)g ). The special case of having
the host graph as the complete graph on n vertices and a random subgraph H
chosen with edge-selection probability p is the Erdds-Rényi graph G(n, p). Since
the complete graph K, has eigenvalue Ay = n/(n — 1), our bound for Ay is
[1 — Ag| = O(y/(logn)/n), which is off by a factor of \/logn of the best-known
spectral bound for G(n, p). Therefore, there is room for improvements (e.g., by

a factor of y/logn) concerning the statements of the main theorem here.
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