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LIMIT THEOREMS FOR BETTI NUMBERS OF RANDOM
SIMPLICIAL COMPLEXES

MATTHEW KAHLE anxp ELIZABETH MECKES
(communicated by Gunnar Carlsson)

Abstract

There have been several recent articles studying homology of
various types of random simplicial complexes. Several theorems
have concerned thresholds for vanishing of homology groups,
and in some cases expectations of the Betti numbers; however,
little seems known so far about limiting distributions of random
Betti numbers.

In this article we establish Poisson and normal approximation
theorems for Betti numbers of different kinds of random simpli-
cial complexes: Erdés—Rényi random clique complexes, random
Vietoris-Rips complexes, and random Cech complexes. These
results may be of practical interest in topological data analysis.

1. Introduction

Several papers have recently appeared concerning the topology of random simpli-
cial complexes [11, 2, 10, 14, 15, 18, 12]. The results so far identify thresholds
for vanishing of homology, or compute the expectation of the Betti numbers E[S3y]
(i.e., the expected rank of these groups). In this article we prove Poisson and normal
approximation theorems for §; for three models of random simplicial complex. The
complexes themselves are defined precisely and given further motivation in the follow-
ing sections but we first outline our results. It should be noted that the results here
complement the recent work of Bobrowski and Adler [5], which sheds light on the
limit behavior of critical points of a random point process with respect to a distance
function.

The first model considered is that of the Erdés—Rényi random clique complex
X (n,p), a higher dimensional analogue of the Erdés—Rényi random graph G(n,p).
It was shown in [11] that for each k and there is a range of p = p(n) where i # 0
asymptotically almost surely (a.a.s.), and an explicit formula for the asymptotic size
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Erd6s—Rényi random complex on n=100 vertices
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Figure 1: (Color online.) The Betti numbers of X (n,p) plotted vertically against
edge probability p; in this example n = 100. The peaks are Sy, 1, 82, B3, B4, B5 in
that order. Computation and graphic courtesy of Afra Zomorodian.

of E[Bi] in that range was given. Here we prove a Central Limit Theorem for Sj.
That is, we show that

Br — E[Bk]
Var[,Bk]

as n — 0o, where N(0,1) is the normal distribution with mean 0 and variance 1.
The second model considered is the random Cech complex. This model is a higher-
dimensional analog of the random geometric graph; the underlying graph is a random
geometric graph and the presence of (k — 1)-dimensional faces is determined by k-
fold intersections of balls centered about the vertices. Cech complexes are homotopy
equivalent to Edelsbrunner and Miicke’s alpha shapes, widely applied in computa-
tional geometry and topology [7]. The analysis needed to obtain limit theorems for
the Betti numbers of random Cech complexes is more subtle than what is needed for
the Erdés—Rényi model; to prove the normal and Poisson approximation theorems
we must first establish limit theorems for certain hypergraph counts, extending some
of Mathew Penrose’s results for subgraph counts for geometric random graphs [17].
The final type of complex considered is the random Vietoris-Rips complex, denoted
V R(n,r). This is similar to the random Cech complex; the construction is to take
the clique complex of a random geometric graph. (A useful reference for geometric
random graphs is [17].) The topology is very different than for the clique complex
of the Erdés—Rényi random graph; for the contrast between X (n,p) and VR(n,r)
compare Figure 1 to Figure 2 at the beginning of Section 4. The analysis needed to
obtain limit theorems for the Betti numbers of VR(n,r) is essentially identical to
that needed for the random Cech complex. A minor example of this fact is that in
both cases, since 8, counts the number of connected components for the Cech and

= N(0,1),
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Rips complexes, fy is actually the same in each of these cases and is equal to the
number of components of the random geometric graph. This has already been treated
in detail by Penrose [17], and so when convenient we will restrict attention to 8 for
k>1.

The techniques throughout the paper are a combination of inequalities derived from
combinatorial and topological considerations with Stein’s method. (For an introduc-
tion to topological combinatorics see [4]; for a survey of Stein’s method in proving
Poisson approximation theorems see [6], and for an introduction to Stein’s method
for normal approximation, see [19].)

1.1. Notation and conventions
Throughout this article, we use Bachmann-Landau big-O, little-O, and related
notations. In particular, for non-negative functions ¢ and h, we write the following.

e g(n) = O(h(n)) means that there exists ng and k such that for n > ng, we have
that g(n) < k-h(n). (ie., g is asymptotically bounded above by h, up to a
constant factor.)

o g(n) = Q(h(n)) means that there exists ng and k such that for n > ng, we have
that g(n) > k- h(n). (i.e., g is asymptotically bounded below by h, up to a
constant factor.)

e g(n) =O(h(n)) means that g(n) = O(h(n)) and g(n) = Q(h(n)). (ie., g is
asymptotically bounded above and below by h, up to constant factors.)

e g(n) = o(h(n)) means that for every e > 0, there exists ng such that for n > no,
we have that g(n) < €- h(n). (i.e., g is dominated by h asymptotically.)

e g(n) = w(h(n)) means that for every k > 0, there exists ng such that for n > ng,
we have that g(n) > k- h(n). (i.e., g dominates h asymptotically.)

We may also write A,, ~ B, if lim,, g—: =1, and A,, < B, if there is a constant ¢
such that A,, < ¢B,, for all n.

A sequence {X,,}22 ; of random variables is said to converge weakly to a limiting
random variable X (written X,, = X) if lim,,, o, E[f(X,)] = E[f(X)] for all bounded
continuous functions f (there are several other equivalent definitions).

The total variation distance between random variables X and Y is defined by

dry (X,Y) := sup [E[f(X)] - E[f(V)]],

with the supremum taken over all continuous functions bounded by one. Clearly, if
dry(X,, X) — 0 as n — oo, then X,, = X; however, the topology induced by the
total variation distance is stronger than the topology of weak convergence.

The L;-Wasserstein distance or Kantorovich-Rubenstein distance between X and
Y is defined by

di(X,Y) := sup [E[f(X)] - E[f(V)]],

where the supremum is over all functions f with sup,_, w < 1. This distance
also induces a topology stronger than the topology of weak convergence.
Finally, the normal distribution with mean y and variance o2 is denoted N (u, 0?),

and the distribution function of the standard normal distribution is denoted ®(¢).
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2. Erdos—Rényi random clique complexes

Perhaps the first type of random simplicial complex studied was the 1-dimensional
version studied by Erdés and Rényi [8].

Definition 2.1. The Frdds—Rényi random graph G(n,p) is the probability space of
all graphs on vertex set [n] = {1,2,...,n} with each edge included independently
with probability p.

The “clique complex” is used to generalize G(n,p) from graphs to higher dimen-
sional simplicial complexes.

Definition 2.2. The clique complez X (H) of a graph H is the simplicial complex
with vertex set V(H) and a face for each set of vertices spanning a complete subgraph
of H.

In other words, the clique complex X (H) of a graph H is the maximal simplicial
complex with 1-skeleton H.

This section concerns the clique complex of the Erdés—Rényi random graph, i.e.,
X(G(n,p)). For simplicity in notation, this is denoted X (n,p).

There are several motivations for using X (n,p) as a model of a random simplicial
complex. One motivation is that X (n,p) provides a natural higher-dimensional gen-
eralization of G(n,p), which has proved extremely useful in graph theory as well as in
applications. (Other higher-dimensional generalizations are studied in [2, 14, 15].)
Another motivation comes from the fact that every simplicial complex is homeomor-
phic to the clique complex of some graph (e.g., by barycentric subdivision) [9].

One interesting feature of X (n,p) is that it provides homological analogues of the
Erdés—Rényi theorem, but in a non-monotone setting: If edges are added at random to
an empty graph, the Erd6s—Rényi theorem characterizes the number of edges needed
before the graph becomes connected. Connectivity is a monotone graph property — if
one adds edges to a connected graph, it is still connected.

Topologically, connectivity is equivalent to a statement about zeroth homology
Hy(G(n,p)) but if one asks about Hy(X(n,p)), k > 0, there is a problem — adding
edges generates higher k-dimensional faces and (k + 1)-dimensional faces at the same
time. Since generators and relations are both being added, there is no reason that
things have to behave in a monotone way. In fact, it is not just that things might not
be monotone; they are non-monotone in an essential way. In particular, there seem
to be two thresholds for higher homology — one where Hj, passes from vanishing to
non-vanishing, and another where it passes back to vanishing.

The following was proved in [11]. For any fixed k > 0, let 8), denote the dimension
of kth homology, i.e., Br(A) = dim[Hy (A, Q)].

Theorem 2.3. If p = w(n='/*) and p = o(n="/* 1) then
E[Br(X 1
lim EBe(X (. p)] _

In [11] explicit nontrivial homology classes are exhibited, and it is shown that if
p < n~Y/*=¢ for some constant € > 0, then a.a.s. 8 = 0. In recent work [13] it was
shown that if p = n=/*+D+e where € > 0 is fixed, then a.a.s. B = 0.
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The remainder of this section is devoted to showing that in almost the entire
nonvanishing regime, 5, obeys a central limit theorem.

Theorem 2.4. If p = w(n™'*) and p = o(n=/* 1)) then

Bi(X(n,p)) — E[B(X(n, p))]
Var[ 5]

Proof. For a finite simplicial complex A, let f;(A) (or simply f; if context is clear)
denote the number of i-dimensional faces of A. A useful fact when proving Theo-
rems 2.3 and 2.4 is that §j satisfies the following “Morse” inequalities:

—fo—1 + fr = fe1 < B < fi, (1)

for all k. These inequalities follow from the definition of simplicial homology and the
rank-nullity law [9].
The next observation to make is that X (n,p) is a clique complex, so f; counts

the number of (k + 1)-cliques. Since there are (kil) possible (k + 1)-cliques and each

= N(0,1).

. o (k+1)
appears with probability p\ 2 /|

o B 1
n—00 nk-{-lp(k;l) (]C + 1)' ’

If p = w(n~'/*) then

E[fia] _ nfpe) 1
Bl perip() b
and the same argument shows that if p = o(n~/*+1)) then
E[fr+1]
=o(1).
SRR
That is, in the regime of Theorems 2.3 and 2.4,
. E[f]
lim =1,
n—oo B[—fr—1 + fr — fry1]
which, in light of (1), reproves Theorem 2.3.

Let fr := —fr—1 + fx — fx+1. The following claim together with (1) is used to show
that §j satisfies a central limit theorem.

Claim 2.5.

e Var(f)
O V) =

o fi = Elfi] ST —5 00
(ii) Var(fk):./\/'(o,l) — 0.

(iii) L]Ebf’“] = N(0,1) asn — oc.
Var(/fi)
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For ¢t € R, it follows from (1) that

Jr — [fk]
Var(fk)

<P LE[fk]gt <
Var(fr)

p | S —ElA] _ t] .
Var(fi)

The left-hand side tends to ®(t) as n — oo by part (ii) of the claim. For the right-hand
side, let € > 0 and observe that

<t— fk— [fk] fk—E[fk]
Var(fk) \/Var fk) \/V&r(fk)

fr — E[fx] <t fr — E[fi]
Va‘r(fk) ’ Var(fk)

fk_ fr —E[fi] t] <p fr — E[fx]
Var(fy) N

+P

—t| <el. (2)

Now, it follows from part (iii) of the claim that the first term of the right-hand
side of (2) tends to ®(t — ¢) and that the last is asymptotically bounded above by
O(t +¢€) — (¢t — €). For the second term, first require n to be large enough that

E[fk] B E[fk] <E'
VVar(fr) \/Var(fk) ?

This condition together with Chebychev’s inequality implies that

fr — E[fi] fk*E[fk]
\/var (o VVar(fi)

>e|l <P fk

l\D\m

\/Var (fx) \/Var (o)

[/ Var(f) B
Var(fx)

which tends to zero for fixed € > 0 by part (i) of the claim. It thus follows that the
right-hand side of (2) is asymptotically bounded above by ® (¢ + €) as n — oo; as € is
arbitrary, this completes the proof of the central limit theorem for 8, modulo proof
of the claim.

To prove part (i) of the claim, first write

where €4 is the indicator that A spans a face in X(n,p); that is, that A spans
a complete graph in G(n,p). Then, enumerating pairs of subsets of size k+ 1 of
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{1,...,n} by the size r of their interesection,

vartf) = S wleatal - ()] 2

_ (kL) 3 (kj1> (Z;’fjpzm@ . [(k " 1)p<k;1>r.

r=0

Subclaim 2.6. There is a constant ¢, depending only on k such that

lim n_2kp72(k;rl)\/ar(fk) = Cj.

n—oo
To verify the subclaim, first observe that

(k i 1) - (Z)H)('n =

1 1 k(k+1)\ &
NGRS [” - ( 2 ) !
N (k?(k +1)2  k(k+ 132% + 1>> nF1 4 0 (n-2)

8
Similarly,
(nkl) (n—k-1)n—-k—-2)---(n—2k—-147)
k+1—r (k+1)!

1 k+1—7r LT - k—r
Ty |" -2 dn

i=k+1

+ Z ’L] nk—r—l +0 (nk—r—Z)

k+1<i<j<2k+1—r

S [ S RN A

r=0

Now consider

From the expressions above, one can easily see that the coefficient in (3) of n*+! is

zero. The coefficient of n* is

1 LN kg1 1 L -
CES] ( 2 ’) L IR Y (2’)]7’2( -

i=k+1 :

1=

= [~y (@r e ey - HEED) Rt
- +1 . (k(k : 1>)} P21

=0

as well. Moreover, as r increases, each term is of smaller order than the last; the ratio
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of the rth to (r 4+ 1)st term is proportional to np”, which tends to infinity exactly for
r < k. It thus follows that there is some constant ¢; depending only on & such that
k41

lim n_Qkp(_2( 2 )_1)Var(fk) = Cp, (4)

n—roo

thus completing the proof of the subclaim. Note that it follows immediately from this
fact that

Var(fr—1) — [np* 2 o n Var(fr41) — [pktlp-1 2 —0
St = e =) and SRS = R = o),

for p exactly in the range specified in the statement of the theorem.
Expanding the same way as above, one can show that

Cov(fk, fr+1) = (k: j_ 1>p(k;1)+(k;2) []il <k ;r 1> (Z 4_— ]; _ :)I,(;) - (k i 2)

)
r=0

again there is cancellation of the terms of order n*+2? and n**! in the part of the
expression following (kj_l), S0

lim n‘Qk_lp_((ky)Jr(k;z)_l)COV(fiwf/c+1) =cy

n—oo

for a (different) constant ¢, depending only on k. Thus in the range of p being
considered,

Cov(fr, fr+1)
Var(fr)

In exactly the same way, one can show that

Cov(frs fr—1)
Var(fy)

completing the proof of part (i) of the claim.

The proofs of the second and third parts both follow from an abstract normal
approximation theorem for dissociated random variables proved (via Stein’s method)
in [3]. Part (ii) is in fact proved there; the following is a a straightforward modification
of their proof which obtains a central limit theorem for the lower bound f;. One can
also recover the proof of part (ii) from what is given below, simply by ignoring the
extra terms present in fk beyond those coming from fy.

Aset {X;:j=(j1,...,jr) € J} for J aset of r-tuples is dissociated if two subcol-
lections of the random variables {Xj : j € K} and {Xj : j € L} are independent when-
ever (Ujer{j1,---,Jr}) N (Ujer{dr;- ... dr}) = 0. Let W:=3". ; Xj, and for each
jed, let Ly:={keJ:{ky,....k-} N {j1,....jr} # 0}. That is, L; is a dependency
neighborhood for j. If EX; = 0 for all j and EW? = 1, then it is shown in [3] that

=o(1).

Cov(fr—1, fr+1)

=o(1) and Var(f3)

= o(1),

GW,2)<KY Y [EIX XXl +E|X X EIX |, (5)
jeJ k€ L;

where Z is a standard normal random variable.

To show that fk satisfies a central limit theorem, let the index set J be the potential
edge sets for complete graphs on k + e (e € {0,1,2}) vertices in G(n, p); that is, an
element of J is a (kge) -tuple of edges spanning a given set of k& + e vertices. Each j € J
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can thus be associated with its spanning set A; of vertices. If the random variables
Xj are defined by

X.l = 071(544_]' - E[SAJ-]),

where 02 = Var(f;), then W = > X; = j%, so that EW =0 and Var(W) =
EW? = 1 as required by the theorem. The {X j} are evidently dissociated.

The second half of the sum from (5) is fairly straightforward to bound in this
context. For each j, partition Lj into the sets Lj of indices whose spanning sets have
size k + e. Observe that for each j, if e; = |4;| — k, then

. n n—k—e; n—k—e; o
= () - () e (A TY) 0w,

(There are (kie) total sets of size k + e; of these, (";ﬁ;“) share no vertices with

A; and (k+ ej)(fz_ke__ef) share exactly one vertex with Aj, so that there can be
no common edges.) Decomposing as in the variance estimate by the size r of the

intersection of A; and Ay and using the bound above for |L_{ | yields

Z Z Z E| X; Xk |E[X)]

jeJ kELjE IELjf

, Tk +ei\ m—k—e;\ (rkrey, (ktejy_(r
<o 3ok ti=2p() (T J 7 p(2)+(759) =)
SO oan pt* k+e; Z r k+e—r Pt ’ ’

r=2
k+aj)+(k;re>+(k§f)_1

-3 n3k+ej+e+ff4p( A

<o e
since the r = 2 term yields the top-order contribution in the range of p considered
here. Moreover, it is easy to check that this expression is maximized for
ej = e = f =1. Combining this estimate with (4) shows that the contribution to
the error from the second sum is bounded above by

30,3131 < kP

g Ck X n’

which tends to zero as n tends to infinity.
The first half of the sum is bounded similarly, although it requires that the inter-
sections of three spanning sets of vertices be considered. Let r denote the number
of points common to A; and Ax. Let py := |4;N AN A, p2 := |[4; N A1 N Ax| and
p3 = |AJc N Ay N Ak|. Then
E|X; X1 X1| < co3p( s+ +(1a1) - (7272) = (7257) - (5)+ (%)

)

where the constant ¢ simply accounts for the fact that the Xj have been centered.
The number of ways to choose j, k and 1 is

n k+ej\(n—k—e;j\[(k+e —r
kE+e; r k+e,—1r P1

X(r)<k+ek—r)<n—2k—ej—ek+r>
D2 P3 k+e —p1—p2—p3)



352 MATTHEW KAHLE anp ELIZABETH MECKES

Combining these two facts, it is perhaps slightly unpleasant but not too hard to see
that the main contribution to the error arises from the case that r =2, p; + ps = 2
(in fact only when p; # 0), and e; = e, = ¢; = 1. It follows that

Z Z E|XijX1| S 0,73Ckn3k71p3("‘42rl)_2 g ni,
jeJ kleL; VP

which also tends to zero as n tends to infinity. This completes the proof of part (iii)
of the claim, finishing the proof of Theorem 2.4. [

3. Random Cech complexes

The second model of random simplicial complex considered is the random Cech
complex. This is a higher-dimensional analog of a geometric random graph, con-
structed explicitly below. In order to analyze this model, we use the same techniques
used by Penrose [17] in his study of subgraph counts of random geometric graph. The
additional spacial dependence that is inherent in the random variables we consider
presents an additional technical challenge, and means that Penrose’s results cannot
be applied directly to the problem.

Suppose that {X;}22, is an i.i.d. sequence of random vectors in R¢, with bounded
density f. Let {r,}22,; € Ry, such that nr? “=2% 0 (the so-called “sparse” regime
of geometric random graphs), and construct a random Cech complex C (X1,...,Xn)
on {X;}7, as follows. If |X; — X;| < 2ry,, put an edge between X; and Xj; that is,
the 1-skeleton of the complex is a random geometric graph. More generally, make the
convex hull of {X;, ..., X;, } a face of the complex if the balls of radius r,, about the

points {X;, ..., X;, } have non-trivial intersection.

Definition 3.1. The points {zg,21,...,7} C R? form an empty k-simplex with
respect to r if for each j, € {0,...,k}, the intersection ﬂ B, (z;) is non-empty,

0<j<k
J#Jo
but the intersection ﬂ B, (z;) = 0.
0<j<k
Let h,(xo,...,z) be the indicator that {zg,...,z;} form an empty k-simplex
with respect to r, and for a multi-index i = (g, ..., ) with 1 <ip < --- < i < n,

let & = hy, (X, ..., X3, ). Let

Soki= Y. &

i=(i0,--sik)
1<ip< - <ip<n
that is, S, is the number of empty k-simplices in C(X1,...,X,,). Another object of
equal importance in what follows is §n’k, the number of isolated empty k-simplices.
That is, if ((;,... ;) is the indicator that {Xj,, ..., X, } form an empty k-simplex with
respect to r, and that there are no edges between { X }ictiq,....in1 a0d { X }iggio,. i}



LIMIT THEOREMS FOR BETTI NUMBERS OF RANDOM SIMPLICIAL COMPLEXES 353

then

§n,k = Z Gi-

i=(i0,..,ik)
1<ip < <ip<n

The random variables S, and gn,k are related to (i as follows. Firstly, Sy is
bounded below by the number of isolated empty (k+ 1)-simplices; that Iis,
Be(C(X,...,X,)) = §n,k+1. Furthermore, any contribution to 8 not coming from
an isolated empty (k + 1)-simplex comes from a component in C(Xq,...,X,) on at
least k + 3 vertices with at least one k-dimensional face.

Let Y, k+1 denote the number of pairs {o, {u,v}}, where o is a k-dimensional sim-
plex, and u, v are vertices of o, connected to distinct vertices outside of o. Similarly, let
Zp, +1 denote the number of pairs {o, u}, where o is a k-dimensional simplex, and u is
a vertex of o connected to a path of length 2 lying outside of 0. Since Y, 11 + Zp k41
is an overestimate for the number of k-dimensional faces on components on at least
k + 3 vertices, we have that

§n,k+1 < Be(C(X1, ..., Xn)) < Snks1 + Yo ka1 + Zoit1s (6)
where the trivial bound §n7k < Sp, 1 has also been used.

The limiting distribution of §; will follow as in the previous section by proving
the same limit theorems for the upper and lower bounds of (6). The theorem is the
following.

Theorem 3.2.
(i) If n®+2r8 ) 50 asn — oo, then
Br(C(X1,...,Xpn)) =0 a.a.s. as n — oo.
(it) If pht2pdETD e (0,00) as n — oo, then
dTV(ﬁk(C(Xla e ,Xn)),Y) g cm"fll,

where Y is a Poisson random variable with E[Y] = E[Bk] and ¢ is a constant
depending only on d, k, and f.
(1ii) If nk+2rg(k+1) — 00 asn — oo and nrd — 0 as n — oo, then

BC(Xy, ..., X)) —E[B(C(XY, ..., Xn))]

VVar(BC(X1, ., X)) = N(0,1).

The first step in proving Theorem 3.2 is to determine the order in n and r, of
E[S, k] and E[S,, r + Y5 i + Z, k]. In fact, slightly more is needed. Let A be an open
subset of R such that vol(9A) = 0. Let X be a finite subset of R%, and call x € X the
“left-most” point of X’ (denoted LM P(X)) if x is the first element of X when X is
ordered lexicographically. Now, define S;, 4 to be the number of empty k-simplices
within the complex formed from Xji,..., X, such that the left-most point of the

k-simplex is in A. Define S, 1. 4 in the analogous way.
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Lemma 3.3. For k > 1, let

pa = (/ f(x)k+1dx> / h1(0,9y1, .-y ye)d(y1, - -« Yk)-
A (Rd)k
Then

lim n~ kg[S, 4] = lim n~ e R[S, 4] = Ha
n—o0o v n—o00 e k!

Observe that ps depends only on f, A and k and can be trivially bounded by
IF1E ([ fl@)dz) (2904)% < [|f]|5 (2904)%, where 64 is the volume of the unit ball in
R,

Lemma 3.4. Let
p o= ( f(x)k+2d$)t/n 912 (0,51, Ykg)dys - - dykga,
Rd (Rd)k+1

where g}’2(ﬂc0, ., Tpy1) 18 the indicator that {xg,...,xx—1} form a simplex (where
a complex is built as described on xq,...,xp+1 with threshhold radius 1) and that
{zo,zr} and {x1,xx41} are edges. Let

:u// = ( f(x)k+2dx) / k% (O’ Yty -y yk-i—l)dyl to dyk+17
Rd (Rd)k+1

where ki(zo,...,Try1) is the indicator that {xo,...,x,_1} form a simplex and that
{zo,xr} and {xk,xr11} are edges. Then

. —(k+2) . —d(k+D Ry ] — H
A "n El¥ni] 2(k — 2)I”
and

nIL)II;O n*(k‘l’?),r;d(kﬁ*l)E[Zn’k] _ (k — 1)' )

Corollary 3.5. For Sy, k, Yy i, Zn, i as above,

]E[Sn,k: + Y;L,k + Zn,k:} =~ E[Sn,k]

The proofs of these facts are identical to the proofs of the corresponsing facts for
subgraph counts of random geometric graphs given in Chapter 3 of [17].

This last corollary together with Lemma 3.3 is already enough to prove part (i) of
Theorem 3.2: if nk+2rg(k+1) — 0 as n — oo, then

P[Br(C(X1,..., Xn) 2 1] KE[B(C(X1,..., Xn)] <E[Snit1+ Yokt + Znit1]

n—00
— 0.

In order to prove part (ii), the following abstract approximation theorem of Arratia,
Goldstein, and Gordon is needed.

Theorem 3.6 ([1]). Let (&,i € I) be a finite collection of Bernoulli random variables
with dependency graph (I,~). Let p; := E[&;] and p;; := E[&&;]. Let X := ), pi, and
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let W =73 ,c;&- Then

dry (W, Poi()\)) < min(3, A7) § j§ pij +§ :E pip;
i€l j;g i€l ji
J7

Penrose [17] used this theorem to prove Poisson approximation results for subgraph

counts of random geometric graphs; one can follow this approach essentially without
change to prove the following result, which holds in the entire sparse regime.

Theorem 3.7. With definitions as above,

drv (Snkt1, Poi(E[Sn k1)) < crar(nrd),

for a constant cqx,¢ depending only on d, k, and || f||c-

Corollary 3.8. If n*+2d* D ¢ (0,00) as n — oo, then

v (Sn.k1, Poi(E[Sn k1)) < Car pe(nry).

That is, in the regime of part (ii) of the theorem, the lower bound for Sj given
in (6) is approximately Poisson.

Proof. Note that Sy, 11 — Sn k+1 is the number of empty (k + 1)-simplices among
{X1,...,X,} which are not isolated, and is thus bounded above by the number of
connected subsets of {X1,..., X, } with k4 3 points, k& + 2 of which form an empty
(k + 1)-simplex. The expected number of such sets is bounded by

n
() (DI 2r) D a1

- ((k ¥ 2>|f(||’;329§'”2d"“*3)> 3542
k+3)! " ’

drv (S k1 Snget1) = |P[Snpt1 € A] = P[S, 41 € Al
= |P[Snss1 € A, Snses1 # Snp]

- P[gn,k—i-l S A; Sn,k+l # S;n,k—i-l”
k+3rd(k+2)

so that

S Cd ke, 70
< 5d7k7f04n7‘i.

Moreover, it is easy to see in general that if Y, and Yz have Poisson distributions
with means « and §3, respectively, then dry (Ya,Y3) < |a — G|, and so

dTV (POi(E[Sn’k+1}), POZ’(E[Sn’kJrl])) < cd’hfam“f;
as well. 0

The following result, proved below using Theorem 3.6, holds throughout the sparse
regime.
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Theorem 3.9. There is a constant cq .y depending on d, k, and f only, so that with
Sk Yo ks Znk as above,

drv (Snk + Yok + Zn g, Poi(E[Sn 1)) < car pnrd.

The inequalities in (6) together with Corollary 3.8 and Theorem 3.9 yield part (ii)
almost immediately.

Proof of part (ii) of Theorem 3.2. By the left-hand inequality in (6) and Corol-
lary 3.8,

P[Be < m] < P[Sp 1 < m] <P[Y <m] + capynrt,

where Y is a Poisson random variable with mean E[S), j+1].
By the right-hand inequality in (6) and Theorem 3.9,

P[Br < m] = P[Sn 1 + Yoks1 + Zngps1r < m] = PIY <m] — cqp pnry.

As in the previous proof, Y can be replaced by a Poisson random variable with
mean E[S;(C(X1,...,X,))] with only a change of constant in the error term. O

Proof of Theorem 3.9. For notational convenience, let W, 1= Syt + Yo x + Zn k-
For 0 < p < q <k, let g2%(xo,...,2r41) be the indicator that {z,...,zx_1} form a
simplex (where a complex is built as described on xg, . . ., £x1+1 with threshhold radius
) and that {x,, v3} and {z4, T41} are edges. Let k2 (w0, ..., 7x41) be the indicator
that {zg,..., 2,1} form a simplex and that {z,,x,} and {zx,zr1} are edges. For
i= (jOa s 7jk+1)7 let ’730’(1 = gf,lq(ij te 7Xjk+1) and let an = kfﬂ (ij s 7Xjk,+1)'
Then

Wok = Z &+ Z Z Vf’q

1<ip < <ipg<n 1<jo< - <Jr—1<n 0<p<g<h—1
Jesdrt1@{d1, i1}
JeFJk+1

D D N

1< < <jr_1<n  0<p<k—1
JkoJk+1€{d15eJk—1}
JeFTk+1

The proof that W,, , has an approximate Poisson distribution proceeds along the
same lines as the proof given by Penrose for subgraph counts. For the Bernoulli
random variables in the sum above, one can take a dependency graph to be i ~ j if
iNj # (. (Abusing notation, i is also used here to denote the set of indices from the
multi-index i.) Note that it is not important that i and j be the same size.

Now, E[&] < [(2rn)%0a|fl o] and if |i N #'| = ¢, then
El&i&i] < [(2rn)0al flloo] ¥~

since if a set of k 4+ 1 points forms a simplex, the points must all be in the ball of
radius 27, about any given one of the points. Given i = (io,...,4x), the number of
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i’ = (i(,...,4)) with i ~ i (including i itself) is
n n—k—1 (k +1)%n* b1
_ _ETIM .
(k+1> ( k1 ) G PO
for i as above, the number of i = (if),...,4}) with [ini’| = (s

k'"‘l n—k—l - k'+1 1 k+1—2 k—¢
( ¢ )(k+1—€)_< ¢ )(k+1—£)!” +0 ().

This means that the contribution to the error term (without the min(3,\~1) factor
in front) from Theorem 3.6 of the form p;py for i ~ i’ is, to top-order in n,

(k + 1)n2k+1

2k
(k+ 1)lk! ]

[(2Tn)d9d||fHoo

b

and the contribution from terms of the form p;; is (to top order)

k
S () @) Bl o S R,
k1) =\ ¢ )(k+1-10) " = ~ "

Similar to above, E[y;"/] < 24 [(27“,1)659,1||f||oo]k—|r1 and if [jNj'| = ¢, then

o 2k+3—4
B[] 998 1] < 2% [(2r) 0l £l o] :

Given j = (jo, - - .,Jr+1), the number of j = (jg,...,j;1) with j ~j is
(k+2)2nk+1
(k+2)!
and the number of j’ with |jNj/| = £ is

k+2) nMt kr1-¢
( ¢ )(k+2—£)!+0(" )

+O(n*)

This yields a top-order contribution to the error from Theorem 3.6 from the E[~;|E[v;/]
and E[v;vj] terms of order

2, 2k+3 2
(k + 220249 (k> 224 [(2r) 04 1] ™

[(k+2)2 \2
n k+1 2 nk+2-¢ B
! (k ; 2> 2 @ (k ¢ 2) G2 e el
{=1

< nk+3rz(k+2).

In the same way, E[nf’] < 2 [(2rn)d9d||f\|oo]k+1 ,and if [jNj'| = ¢, then

’ 2k+3—4
E[an_:jo/] < 2% [(2Tn)d9d||fH00]

thus the contribution from the terms of the form E[n;]E[n;] and of the form E[n;n;]
is of the same order as the contribution above from the corresponding v terms.

b
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The cross terms are essentially the same: if [iNj| = ¢, then
]E[fi'yjp’q] < 224 [(ZTn)dad”f”oo ]E['fmf] < 254 [(2rn)d0d||f|‘oo
- 2k+3—¢
Elyi 5] < 2% [(2rn) 104l £l o] ~
The number of j = (jo,- - -, jk+1) With i ~ j is
n n—k—1 nktl "
<k+2) - ( k2 ) = T O
and the number of such j with [iNj| = ¢ is
E+1\/n—Fk-1 _ E+1\ nkt2-t + O(nF 10y,
1 k+2—1¢ ¢ ) (k+2-20)

This yields a contribution from the -y cross-terms of

]2k+27f ]2k+27€

2k+2 k
® TR (z>2d [2r)0all ] ™
n k1 E\ (k+1 nkt+2-¢ J . .
+<k+1>;1<2)< ‘ )W_@;‘f [(2rn) 8] 1]

< nk+2r;ll(k+1).

The contribution from the - cross terms is the same up to constants depending only
on k and d, and the contribution from the v-n cross terms is

2n2k 3
W<k> (5) 2% [(2r1)*6all o]

" (k | 2> > (S) (k , 2) (,ﬁ;_g).z [(2ra) 0l fll)

£=0
< nk+27n;il(k+1)'

2k+2

Collecting terms and using that A = E[W,, ;] ~ nF™1rd* (£) Theorem 3.6 yields
dT\/(VV7 POZ()\)) < cd,k’fm‘g.

Again, one can replace A with E[S,, ;] with only a loss in the value of the constant
Cd.k,f- L]

The remainder of the section is devoted to the proof of part (iii) of Theorem 3.2. A
central limit theorem for the recentered, renormalized upper bound of 5y given in (6)
follows immediately from Theorem 3.9 in this range of r,, by the classical result that
a Poisson random variable with mean tending to infinity tends to a Gaussian random
variable when recentered and renormalized.

n—o0 k+27"d(k+1)
n

Theorem 3.10. If nrd == 0 and n — 00, then

1+ Yo et +~ k1 — E[Sn k11 Y
E[Sn,k+l]

0,1)

as n tends to infinity.
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Clearly the approach to the lower bound of (6) taken in the regime in which
nk+27’g(k+1) — «a € (0,00) also works in the case that nk+2rfll(k+1) tends to infin-
ity but nk‘*‘?’rg(kﬂ) tends to zero to show that §n’k+1 is approximately Gaussian
in that regime as well. However, to deal with the regime in which r, = o(n=1/%)
but n""“?’rg(k”) is bounded away from zero, a different argument is needed for the
lower bound of (6). Following Penrose, the approach taken here is to consider the
Poissonized version of the problem (the vertices distributed as a Poisson process of
intensity nf(-) instead of i.i.d. with density f), and then to recover the i.i.d. case. For
notational convenience, we will work with S, 1, etc., rather than \S,, 1.

Let N,, be a Poisson random variable with mean n, and let P,, = {X1,..., Xn, },
where {X;}2°, is an i.i.d. sequence of random points in R? with density f. Then P,
is a Poisson process with intensity nf(-), and one can define Sf;k and §ik for the
random points P,, analogously to the earlier definitions. In what follows, assume that
k > 2; that is, the empty k-simplices are at least empty triangles. Empty 1-simplices
are simply pairs of vertices which are not connected, and different arguments are
needed in that case.

In order to compute expectations for the expressions which arise in the Poissonized
case, the following results are useful.

Theorem 3.11 (See Theorem 1.6 of [17]). Let A > 0 and let Py be a Poisson pro-
cess with intensity A\f(-). Let j € N, and suppose that h(Y,X) is a bounded measur-
able function on pairs (¥, X) with X a finite subset of R¢ and Y C X, such that
h(Y,X) =0 unless |Y| = j. Then
AJ ! !
E| > h¥,Py| = ﬁEh(Xj7Xju7>A),
YCPax

where X]{ is a set of j i.i.d. points in R? with density f, independent of Py.
From this, one can prove the following.
Theorem 3.12. Let A > 0 and k, j1,...,jr € N; define j := Zle Ji- For 1 <i <k,

suppose hi(Y, X) is a bounded measurable function of pairs (¥, X) of finite subsets of
RY with Y C X, such that hi(Y,X) =0 if |V| # ji. Then

k
E Z Z <Hhi(yi)> Liyiny,=otorizj} | = E

V1,CPx Ve CPx \i=1

k

i , ,
11 o1 hi( X, X[ UPy,)

=1

where XJ( are j i.1.d points in R with density f, Py is a Poisson process with intensity
Af(+), and X and Py are independent.

Proof. Consider the case k = 2 for simplicity (the case of larger k is the same with
more notation). Define (), X) on subsets Y of X of size j; + jo by

WY, X) = Y (D, X)he(V\ V1, X).

V1CY
[V1]=41
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Then by Theorem 3.11,

E Z Z hl(ylaPn)h2(y2apn)]l{y1ﬂy2=0}

Y1,EPx V2,EPA

=E| > h(Y,Py)
YCPn
N1ti2 Eh(X’ VUP )
= T 7y y U n
(J1 + 72)! 7
)\j1+j2
=——F [hl(le,X; U Pn)hg(X]f \ Xj{

/
TN XjUP,)]. O

17

One can apply these results to compute the mean and variance of 55 k.4 the
number of isolated empty k-simplices in P,, whose left-most vertex is in the set A.
Recall that A is assumed to be open with vol(0A) = 0.

Lemma 3.13. For pa as in Lemma 3.3,

lim n_(k+1)r;dkE [551@} = lim n_(’“'l)r;dear [5,}:,6} e
n—oo ’ n—o00 ) k!

Proof. Let h,., a({zo,...,zx},X) be the indicator that {zo,...,zz} C X form an
isolated empty k-simplex in X', whose left-most point is in A. Then

k+1

B[Sy al =E | > hp a(V.Pn)| =
VTP

(k+1)!

E [y (X0, 4y UP)] . (7)

Now, E {EWA(X,;H,X,;H uPn)} <E [l a(X],)] = r® 4. Note that the condi-

tional probability that A7, , is isolated from 7P, given that A} , forms an
empty k-simplex with left-most vertex in A is bounded below by the probability
that there are no points of P, in the ball of radius 47, about X, which is given
by e~ vols (Barn (X1)) > e*”“f”xed(‘”")d’, since P, is a Poisson process with intensity
nf(-). It thus follows that

~ d
E [hm,A(XlgHv Xlé-&-l U Pn)} > el llecfaldra) E[hrn,A(XléH)]

d
~ efn”fHooed(‘lTn) TZ[@NJA.

Since nrd — 0, this shows that

k+1,.dk
n
E[S] )] ~

Tn KA
&+ 1)
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A similar approach is taken to compute the variance:

E[GEal?] =E | Y s, P)

YCPn

k
FE DY Y by s Po)he, AV Pr)Lyeyr =5y
J=0Y, V' CPp

nk+1rdk'

2 Tu BA For the sec-

The first summand has already been analyzed: E [55 k. A} ~ .

ond, observe first that the terms corresponding to j # 0 vanish:
];frn,A(y7 Pn)ilrn,A(yla Pn) =0

if [YNY'|=j, because if Y and )’ both form empty k-simplices, then neither is
isolated. When j = 0, applying Theorem 3.12 yields

E| Y s, Pu)he, AV Po)Liyny—oy
Y Y'CP,

n2k+2 -

= WE [hrn,A(XéHa Ao U Pn)ﬁrn,A(Xz/kH \ Xg15 Ao UPn)|

and thus (making use of (7)),
2%k+2

Var 85, a] = [87,.4] + ((;ZLW (B [ a (X1, Xy UPn)

B AW\ Mo, X UP)] = (B [ (X, K 0P)]) ).

Now, let P;, be an independent copy of P,. For notational convenience, denote
Xpio \ X1 by Vi, and abbreviate h,, 4 by h. Then

E VL(XIQH» Xjoya UPR(Vig1s Xapyp U Pn)} - (E [B(XléJrlv Xiy1 U Pn)DQ
=E VL(XIQH, X2/k+2 U Pn)h(yl/6+17 X2/k+2 UPy)
(X 1, Xy VPV, Vs UPS)|
= E | (A(Xh 1 Xhicrr UPa) = (Vs Vi UPa) ) BV K UPa)|
+E [B(Xéﬂv X1 UP,) (B(yllcﬂv Xgp 1o UPn) — B(yl/chlvyl/ﬁLl U Pn))}
+E (A& 1, X UPn) (A1 Vi UP) = Bk, Vi UPY))|
=F + E>+ Es.

Now, observe that in fact £; = 0: the difference is non-zero if and only if A7, and
Vi, are connected by an edge, in which case the second factor is zero.

Observe that the difference in Fs is non-positive. Furthermore, it is non-zero if and
only if &, and }; | are connected by an edge, and both A}, and Y, , ; form empty
k-simplices. This probability is bounded above by || f||25+1025 1 (2r,,) 24 (8r,,)<.
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Finally, if [Uf! B, (X1)] N [Ufiﬁ_QBgrn (X!)] = 0, then the two terms of E3 have
the same distribution by the spacial independence property of the Poisson process. A
contribution from Es therefore only arises if in particular |X; — X;| < 2r, for each
2<]<k‘+1, if |X;€+2—Xj| < 27‘n for k‘+3<]<2k+2, and |X1 —Xk;+2| <87“n
The probability of this event is bounded above by || f||25T102F (2r,,)2% (87, ). Tt
follows that

Var |57, 4| =E |8Ea] + B,
and
n2k+2 (2Tn)2dk+d
((k+ 1))?

where C'(f, k,d) is a constant depending on f, d, and k. This completes the proof. [

Bl < 2| fI35 16514 = C(f. d, k) (mr) M (0 ),

The following abstract normal approximation theorem is another version of the
dependency graph approach to Stein’s method. It is used in what follows to prove a
central limit theorem for Si k-

Theorem 3.14 (Theorem 2.4 in [17]). Suppose {&; }icr is a finite collection of ran-
dom wvariables with dependency graph (I,~) with maximum degree D — 1, with
E[&] =0 for eachi. Set W := 3", & suppose E[W?] = 1. Let Z be a standard nor-
mal random variable. Then for allt € R,

2
PW <t] -P[Z <t]| < D2Y E|&2+6 |D3 )Y E|&|*
POV <) Pz <df < 7=, DD Bl +6, D13 Elel

Making use of this result, we prove the following.

k+1,.dk
TTL

Theorem 3.15. With notation as above, and for n — o0 and nrd — 0,

—gik - [55,4 = N(0,1).
Var {gfk}

Proof. To define a dependency graph for the summands of 571: x> the independence
properties of the Poisson process are exploited. Let {Q;,}ien be a partition of R4
into cubes of side length r,,. For the moment, assume that A is a bounded set, and
let T4 be the set of indices i such that diam(AN Q; ) > 2r,. Write

SEea=>"> hroang.,. (V. P). (8)

1€la YCPy

Observe that if one defines a relation ~ on I4 by i ~ j if and only if the Euclidean
distance from Q; ,, to Q; ,, is less than 8ry,, then (14, ~) is a dependency graph for the
summands in (8). The degree of vertices in this dependency graph is then bounded
by 179,

Let & =) yep, BTTHAQQM (Y, Pn); to apply Theorem 3.14, bounds are needed
for E|&; — E&;|P for p = 3,4, for which it suffices to have bounds on E|¢[? for p = 3, 4.
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Observe that if Z; is the number of points within 27, of Q; ,, then Z; ,, is distributed
as a Poisson random variable with mean nvols((Q;n)2r, ), and

&l <(Zi)(Zi = 1) (Zi — k) =2 (Zi)-
d

no

It follows that there is a constant ¢ depending only on d and f, such that for p,, := nr

S e ep)”
Blelr <B(Z)E < Y mpt—Pmh

m=k+1

/ k+1
SCpp

for some new constant ¢’ depending only on d, f, and k.

Note that since A is bounded, |I14| is at worst of the order r

i . Applying T 14 to — =L o
depending on A. Applying Theorem 3.14 to NI gives

—d with coefficient

QP QP
Sn,k,A - ESn,k,A

Var(SihA)

—P[Z g t] g c"[nkﬂrflk]*l/‘l,

which tends to zero as n tends to infinity.
Spxa—E[Sq x4l
To move to A =Ry, let ¢, x(A) == W
and AK :=R4\ [-K, K]¢. Given t € R and € > 0,

P[Cnk(RY) < 1] = PlCap(Ax) <t — € = P[{Gun(Ax) <t — e} N {Cux(RY) > t}]
+P[{IGnr(AK) = t] < €} N {Gra(RY) < 1]
+P[{Cur(AK) > t+ €} N {Grr(RY) < t}].
Now, ok (RY) = ik (Ax) + (i (AK) almost surely since vol(A% U (A%)¢) = 0, so

P[Gnk (RY) < 1] = P[¢o i (Ak) <t — €| <PCui(A™)] = e + Pll¢ak(Ax) — t] < €.

and consider Agx := (—K, K)¢

By Chebychev’s inequality and the central limit theorem already established for
bounded sets, this last expression is bounded above by
Var(§ i . AK)

1 _
gvar(gn,k(AK)) +P ”k"'l?“g’f Z —t| <e€| +ck [(nkJrl’rgk) 1/4}

1 Ve /R 1 dk
< Var(Gu(AR)) + 2Ty [y 4]
€ 2 Var(SP, , )
YRy AK

L parx 2e/(k+1)! k+1,.dky—1/4
e (k+1)! V2T AL +oK {(n ) } ’

for a constant cx depending on K. Taking n to infinity for K and e fixed yields

1 Pk (RY) < t] = PlCor(Ax) <t —¢€|| < =
l'rrLIi)Solép‘ [C ,k( ) ] [C ,k( K) 6” €2 (k+1)' + \/m

which, together with the central limit theorem for ¢, x(Ak), implies that
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Var(SP )
. d _ n,k,Ax .
llr?isolip PlCox(RY) <t] - P 771’“7“?,(1671) Z<t—c¢
1 pgx 2¢/(k+1)!
T2 (k+1) V2T A,
Now,
Var(SP, , )
nk+1T§lLkK Zst—e
k+1pdk s 00 k 1!
- G S Y =N (+)(—e),
Var(S,'; a,.) HAg
that is,
. k+1)! 1 pax 26\/(k+1)!
lim sup |P[¢,, RY) < t] — @ ( t—e€ < = + .
msup PG, (%) < 1 ( o >> et

Recall that limg 00 pta, = pand limg_, o0 pigx = 0. Thus for n and K large enough,

Pl (B < 1] — & ( (’le)!(t _ e))

o 2e/(k+1)!
= V2T

Since ® ( UH'Tl)'(t — 6)) =% @ (\ / (k';l)‘t> and e was arbitrary, this finally shows

+ €.

lim
n— oo

P[§,’Zk<t]—q>< (k::l)!t>':o. O

The remaining work is to use this result to obtain the same result for gn,k itself.
To do so, the following “de-Poissonization” result is used.

Theorem 3.16 (Theorem 2.12 of [17]). Suppose that for each n € N, H,(X) is a
real-valued functional on finite sets X C R%. Suppose that for some a% > 0,

1
(i) —Var(H,(P,)) — o2, and
n
1
(i1) N [H,(Pn) —EH,(Pyn)] => 0°Z, for Z a standard normal random variable.
n
Suppose that there are constants o € R and ~ > % such that the increments
Ryn = Hy(Xms1) — Ho (X)) satisfy

lim < sup  |E[Rmn] — a> =0, (9)

n—=0 \ p—ny<m<n+n"

lim sup [E[RmnRm n] — 042) =0, (10)

n—0o0 <n—n’Y <m<m/<n+n"Y
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and
1

lim ( sup E[ann]> =0. (11)
100 \ V1 n—ny<m<ntn
Finally, assume that there is a constant 8 > 0 such that, with probability one,
|Hp (Xm)| < B(n + m)ﬂ-
Then o < 0% and as n — oo, LVar(H,(X,)) — 0% — a® and
% [Ho(X,) — EH,(X,)] = Vo2 — a2Z.

In conjunction with Theorem 3.15, this yields the following.

Theorem 3.17. With notation as above, and for n*+1rd* — oo and nrd — 0,
§n,k -E [S;n,k:}
U N, 1),
Var |:Sn7k:|

Proof. Theorem 3.16 is applied to the functional

V( nrd yox
o? = ﬁ and the central limit theorem holds for H,,(P,) by Theorem 3.15.

Let Dyp =3 ycx, . B (Y, Xopg1) — dycx, Ry (¥, X), and observe that
Dy, is the number of isolated empty k-simplices in X, with X,,,; as a ver-
tex, minus the number of empty k-simplices in AX,,, which are isolated in X,, but
connected to X,,41. Thus

H,(X):=

D] = () Elhr, (A1, B (12)

m ~
(Bl (B )P (X1 € U B, ().

It is clear that
(1= | fllocBa(4rn) )™ Frdk p < Elhy, (Xit1, Ximir)] < rip,

with the upper bound arising from removing the condition that Xj be a compo-
nent in C(X,,+1) and the lower bound arising by bounding below the conditional
probability that Xj is a component, given that it forms an empty k-simplex. If
v < 1, then limy, o0 (1 = || fllocBa(47)%)™ ™% = 1, uniformly in m € [n — n?,n+n7],
thus E[h,, (Xit1, Xms1)] = r&p uniformly in m € [n —n?,n+ n?], and the same is
true for E[h,, (Xit1, Xn)].

For the second term of (12), observe that

()
(%)

and lim,, o, mr? = 0, uniformly in m € [n — n”,n + n?]. That is, the second term is

P [Xpt1 € Uit Bay, (X0)] S ml| fllsofa(2rn)?,
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of strictly smaller order than the first. Thus

lim sup
N—=00 p_ny<m<n+n?

(nr8) " E[Dmyn] = 15| = 0.

This implies that

lim sup (nr?) K 2E[D,, ]| =

N—=00 p_ny<m<n+n?

)

since nré — 0 as n — oo, and so the first increment condition of the theorem is
satisfied with a = 0 and any choice of v € (1,1).
Next, consider the quantity E[Dy, Dy n] for m < m'. Recall that

D=3 hp,VU{Xni1}, Xni1) = Y. he, (V.4 )ﬂ{x,n+1euyey Bar, ()}
YCX, YCAX,,
|VI=k |YI=k+1

First consider the contribution to E[D,, , Dy, ] from terms of the form
E{r, (Y U{Xms1}, Xoms1) o, (VU { X1}, X 1))
for ¥, such that (YU {X,41}) NY = 0. By conditioning on the event By (YU
{Xm+1}, Xmt1) = 1, it follows that
Elhy, (¥ U{X i1}, X)), (V' U{X g1}, Xrin)] == m ¢,

where ( is the conditional probability that )’ U X,,,/11 is a component in X,/ 1, given
that it forms an empty k-simplex, and that Y U X, 11 forms an empty k-simplex
which is not connected to any other points of X,,+1. Note that if m = m’ then ¢ = 0.

Otherwise, simply bound ¢ < 1, so that these terms have asymptotic order bounded

above by 7242 uniformly in m. The number of such terms is bounded by W

Note that if (Y U{X;n41}) NY' #0, and m # m’, then B, (VU {X i1}, Xomg1)
~,n YV U{Xp 41}, Xry1) =0. If m = m’ and then it must be that Y =)’ to get a
non-zero contribution. In this case, one gains a contribution to E[D of

m riky, < (n+“7)k7“dku
k) k!

Moving on to the cross terms, if m’ = m then
P OO Xt Yo, O B ), s, o, 00} = O
If m <m' (or m > m'), then
E [, U { X1 b o Vo, OV Xy el )]
<E [, U { X1} X, (O, )| [l Bahr).

Again, to get a non-zero contribution, it must be that (Y U {X,,4+1}) N Y’ = 0. In this
case, the expression above is bounded above by

(TgkN)QHJc”ooed(‘lrn)d'

The number of such terms is bounded by (k+1) (m) <

mn]

(7L+7L’Y)2k+1
k!(k+1)!
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For the product of the second sums from D,, , and D,, ,, we have already seen
that the conditional probability that X,,+1 € U, .y Bar, (y) given ) is bounded above

by || fllecfa(4ry,)?, and so if m = m/,

yey

- 2 (n+n"/)k+1
Bl 3 (XU, ) | S gy e lscbaar)
VCX,, ’

while if Y # ),

7 7 ’ —
(h'rn (y’ Xm/)]]‘{Xmur1 GUyey Bar, (y)}) (hT” (y ’ Xm/)]l{xmurleuyey’ Barp (y)}> =0

Form#m/, Y C X,, and Y C X/, let £ be the indicator that ) forms an empty
k-simplex and 7 the indicator that it is a component in X,,. Let £ and 1’ be the
corresponding indicators that )’ is an empty k-simplex and that it is a component
in X,v. Let ¢ and ¢’ be the indicators that X, 1 is connected to Y and that X,/ 1
is connected to ), respectively. Then what is needed is

E[Encen' ().

Note that for the product to be non-zero, it must be that (Y U {X,,41})NY = 0.
Now,

[1£112,65 (4, ) o 1£112,65 (4, )%
voly(Nyey  Bar, (¥)¢) ~ 1 — || fllocba(4rn)?’

since if {né'n’ =1, then Y and )’ make up empty k-simplices; and morover, while
nothing at all is known about X, 1, it is known that X, 1 is not connected to ).
Trivially, P[nn' = 1|§§' =1] <1, and P[¢¢’ = 1] = P[¢ = 1]P[¢' = 1] = r2% 2, since
YynY =0. Thus,

P[¢¢ = 1éng'n = 1] <

E Z Z hr" (y’ Xm)]l{xm-HEUyey Bar, (y)}hr’" <y’ Xm/)]l{Xm/H €U, ey’ Bary (y)}
YCX YCX,,,/

VY
Ca, g (nrg) 22 2

< DJN s 7
~o((k+1)D2

It now follows that E[Dy, D n] S capr(nrd)*+L for all m,m’ € [n —n,n+n?]
with m # m’, and so

lim sup (nr®) "M E[Dypn Dynr 1] = 0.

N—=00 n_ny<m<m’ <n+n"Y

If m =m/, then E[D2, ] < ca,r(nri)*, and so

1
lim su — (nr®)~FE[D? =0.
g, s \/ﬁ( w) E[Dg, ]

Thus the increment conditions of the theorem are satisfied with o = 0.
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Finally, observe that

H, (%) Vnm < (v/n +m)?

< < ;
nktlrdk(f 4+ 1) = nktlpdk(k 4 1)

since nftirdk

is assumed to go to infinity as n — oo, the polynomial boundedness

condition of Theorem 3.16 is satisfied and the central limit theorem for §n & 18 proved.
O

As was previously noted, that the same central limit theorem holds for upper and
lower bounds for S, given in (6) immediately yields part (iii) of Theorem 3.2.

Theorem 3.18.

Br — E[Sn k41 e M(0,1).
E[gn,k:Jrl]

4. Vietoris-Rips complexes

Vietoris-Rips complexes were introduced by Leopold Vietoris in the context of
algebraic topology, and independently by Eliyahu Rips in the context of geometric
group theory. These complexes continue to be a useful construction in both fields,
and are also useful in computational topology — although they do not carry the same
homotopy information that the Cech complex does, the fact that they are determined
by their underlying graph makes them much smaller in memory and more amenable
to certain kinds of calculation.

Let f:R? — R>° be a bounded measurable density function and let &, denote
a set of n points drawn independently from this distribution. For any r > 0 define
a (random geometric) graph G(n,r) on X, by inserting an edge {z,y} whenever
d(z,y) < 2r. Usually r = r(n) and we consider the limit as n tends to infinity.

The random Vietoris-Rips complex V R(n,r) is the clique complex of this random
geometric graph; that is, the maximal simplicial complex with 1-skeleton G(n,r). To
see the contrast with X (n, p), Figure 4 has a picture of the Betti numbers of a random
Rips complex V R(n,r) on 100 uniform points in a 6-dimensional cube, with n = 100
and 0 < r < 1; compare with Figure 1.

In the sparse range of parameter, r = o(nfl/ ), a formula for the asymptotic expec-
tation of S was given in [12].

Theorem 4.1. Ford>2,k>1, e >0, andr, = O(n~Y?=¢), the expectation of the
kth Betti number E[fy] of the random Vietoris-Rips complex VR(X,;r,) satisfies

E[By]

—_ 5 C}
d(2k+1 )
n2k+2rn( +1)

as n — oo, where Cy is a constant that depends only on k and the underlying density
function f.

In the same regime we prove limit theorems for [3y.
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Random geometric complex on n=100 vertices

100 T !
Bp —
By —
g - B2 .
B3 —
. E=
2 e ]
>
o
o
<}
£ 40 | ]
G
T
20 + B
0 L L L L L —'—:%&lﬂ:
0 01 02 03 04 05 06 07 08 09

Scale ( €)

Figure 2: (Color online.) The Betti numbers of V R(n,r) plotted vertically against r
horizontally; n = 100. The peaks are 5y, 81, B2, B3, B4, 05 in that order. Computation
and graphic courtesy of Afra Zomorodian.

Theorem 4.2. With the same hypothesis as in Theorem 4.1,
(i) if n2k+27’g(2k+1) — 0 as n — oo, then
Br(VR(Xn;mn)) =0 a.a.s.;
(i) if ”2k+27“g(2k+1) — a € (0,00) as n — oo, then
dry (Br(VR(Xn;1m0)),Y) < canrl,

where Y is a Poisson random variable with E[Y] = E[Bi] and ¢ is a constant
depending only on d, k, and f;

(iii) if n2k 42l oo then

Br — E[Bk]

Vo] — N(0,1).

(The case k = 0 is handled in detail by Penrose [17].)

The main idea of the proof of Theorem 4.2 is again to bound 3 between two
random variables which satisfy the same central limit theorem. The intuition behind
the bounds is that almost all of the homology of V R(n, r) is contributed from a single
source: the octahedral components. This is essentially because they are the smallest
possible support of homology (smallest in the sense of vertex support), in the same
way that empty k-simplices were the smallest possible support of homology in the
previous section.
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Definition 4.3. The (k + 1)-dimensional cross-polytope is defined to be the convex
hull of the 2k 4+ 2 points {+e;}, where ej,es,...,exp1 are the standard basis vec-
tors of Rt The boundary of this polytope is a k-dimensional simplicial complex,
denoted Oy.

Simplicial complexes which arise as clique complexes of graphs are sometimes called
flag complexes. A useful fact in combinatorial topology is the following; for a proof
see [11].

Lemma 4.4. If A is a flag complex, then any nontrivial element of k-dimensional
homology Hy(A) is supported on a subcomplex S with at least 2k + 2 vertices. More-
over, if S has exactly 2k + 2 vertices, then S is isomorphic to Oy.

Definition 4.5. Let og(A) (or oy if context is clear) denote the number of induced
subgraphs of A combinatorially isomorphic to the 1-skeleton of the cross-polytope Oy,
and let 6;(A) denote the number of components of A combinatorially isomorphic to
the 1-skeleton of the cross-polytope Oj.

Definition 4.6. Let f7*(A) denote the number of k-dimensional faces on connected
components containing with exactly ¢ vertices. Similarly, let f,? ‘(A) denote the num-

ber of k-dimensional faces on connected components containing at least i vertices.

In [17], Penrose proved the following limit theorems for subgraph counts of random
geometric graphs.

Theorem 4.7 (Penrose). Let T'y,..., T, be graphs on v > 2 wertices, such that
P[G(v,r) =T;] >0 for each j. Let G,(I') denote the number of induced subgraphs
of G(n,ry,) isomorphic to I'. Then with r, as in the statement of Theorem 4.2,

(i) There is a constant p; depending only on I'; and v such that

lim 7,4~V ""E[G,,(T;)] = ;.

n—oo

(ii) Let Z1, ..., Zy be indpendent Poisson random variables with EZ; = E[G,,(I';)].
There is a constant ¢ depending only on m such that

dry [(Ga(T1), ., Ga(Tin))s (Z1, ., Zin)] < entFhrg?

(iii) Suppose that nvrf@ o0 as n— 0o, Let 7= \/nor@®Y . Then the joint
distribution of the random variables {7~ (Gn(T;) — EG, (L))}, converges to
a centered Gaussian distribution with covariance matriz ¥ = diag(p1, - . -, fim ),

for w; as in part (i)
A dimension bound paired with Lemma 4.4 yields
o < Br < op + [T, (13)

in analogy to the Morse inequalities used in the first section.

One could work with f,? 2h+3 directly, but it turns out to be sufficient to over-
estimate f,? 23 s follows. For each k-dimensional face, consider the underlying
(k 4 1)-clique; if it is in a component with at least 2k + 3 vertices, extend the clique
to a connected subgraph with exactly 2k + 3 vertices and (k'gl) + k + 2 edges, by the

following algorithm.
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AN A AN
A .

Figure 3: The case k = 2: the seventeen isomorphism types of subgraphs which arise
when extending a 3-clique to a connected graph on 7 vertices with 7 edges. Each
subgraph isomorphic to one of these can contribute at most 1 to the sum bounding
the error term f5.

4

aiis

(i) Set G to be the 1-skeleton of the complex, and initialize H to be the (k + 1)-
clique.

(ii) Find some edge connecting V(H) to V(G) — V(H). Add this edge (and its
endpoint) to H. This is always possible since by assumption H is contained in
a component with at least 2k + 3 vertices.

(iii) Repeat step 2 until H has exactly 2k + 3 vertices.
For example, let k = 2; then

. - >7
02 < P2 <o+ f5".

Up to isomorphism, the seventeen graphs that arise when extending a 2-dimensional
face (i.e., a 3-clique) to a minimal connected graph on 7 vertices are exhibited in
Figure 3.

In particular, 22 "< E}; si, where s; counts the number of subgraphs isomorphic
to graph ¢ for some indexing of the seventeen graphs in Figure 3.

In general, one can express the number of graphs on 2k + 3 vertices that can
arise from the algorithm above as a function of k. Moreover, as is noted in [17], the
number of occurrences of a given graph I' on v vertices (that is, the subgraph count
corresponding to I') can be written as a linear combination of the induced subgraph
counts for those graphs on v vertices which have I' as a subgraph. That is,

O < Br < o + G2k+3, (14)

where gor43 is a linear combination of the induced subgraph counts of graphs on
2k + 3 vertices, the number of which depends only on k, and the trivial bound o < o
has been used on the right-hand side.

The induced subgraph counts appearing on the right-hand side of (14) are among
the components of a random vector whose joint distribution is identified in Theo-
rem 4.7 (for two different values of v), and thus limiting distributions for oy and
gok+3 are known in those regimes. Moreover, it is easy to modify Penrose’s proofs
(just as in the previous section) to show that

drv (ok + gakss,Y) < canrg,

where Y is a Poisson random variable with E[Y] = E[oy, + g2x+3], which in particular

2k+2,rd(2k+1)
n

yields a central limit theorem if n — 00 as N — o0.
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Figure 4: The case k = 1: the three isomorphism types of trees on five vertices. Each
subgraph isomorphic to one of these can contribute at most 4 to the sum bounding
the error term fl> °,

To obtain the limiting distribution for the lower bound of (14) is also just as in the
previous section; all the proofs go through in exactly the same way, and will therefore
not be repeated.

For k =1 there are several ways of extending a 2-clique (i.e., an edge) to a con-
nected graph on 5 vertices and 4 edges. In this case the graph must be a tree, and it is
no longer possible to recover the clique from the connected graph. However, there are
only three isomorphism types of trees on five vertices, shown in Figure 4. Counting
these types of subgraphs may therefore result in an underestimate for fl2 ® because
some edges might get extended to the same tree. However, each tree has only four
edges, and so one can obtain the bound

20 <At +ty +t3),
where t1,ts,t3 count the number of subgraphs isomorphic to the three trees in Fig-
ure 4. The proof is then the same as in the case k > 2.

5. Comments

We studied here three different kinds of random simplicial complex in order to
work as generally as possible; however there are various ways in which we believe it
may be possible to extend our results.

5.1. The random Vietoris-Rips and Cech complexes studied here are on Euclidean
space, but this is mostly a matter of convenience. It would seem that our proofs work,
mutatis mutandis, for Riemannian manifolds, at least in the sparse regime. This may
be of interest in topological data analysis. In the dense regime, the topology of the
underlying manifold must come into play, as in earlier work of Niyogi, Smale, and
Weinberger [16], and the underlying distribution must be taken into account [12].

5.2. It may be possible to extend the central limit theorems for the random Vietoris-
Rips and Cech complexes into denser regimes, at least into the thermodynamic limit.
We expect, for example, that there exists some ¢ > 0 such that CLT’s hold for all
Betti numbers f; simultaneously, whenever r > en~1/4,

5.3. An easier argument should yield central limit theorems for Euler characteristic x
of random geometric complexes, in the sparse range. Again it would be nice to know
if this is true in denser regimes, and we would guess that it holds at least partway
into the thermodynamic limit r = 6 (n=1/4).
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