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THE ALGEBRAIC K-THEORY OF A DIAGRAM OF RINGS
JEANNE DUFLOT

(communicated by Charles Weibel)

Abstract

In this paper, we consider “diagrams of rings”, or functors
from a small category to the category of rings, and the cor-
responding diagrams of groups K;. Classically, this was initi-
ated by Milnor [13]. The main result of this paper is the direct
comparison of the filtration in classical algebraic K-theory dis-
cussed in [6, 7] to a corresponding filtration in the Bousfield-
Kan spectral sequence associated to a Tot-tower of simplicial
groups attached to the diagram of rings.

1. Introduction

This paper is the initial part of a study of the Bousfield-Kan spectral sequence
associated to certain types of cosimplicial simplicial groups and its relationship to
the work presented in [6, 7]. These relationships are primarily developed in Sections
5 and 6. Much of the remaining sections is expository. Below is an outline of the
paper.

e Sections 2.1-2.3 present notation, definitions and basic results from the liter-
ature. Section 2.4 presents a particular model for computing the homotopy of
Tot1G, for a cosimplicial simplicial group G, which is used in the subsequent
work. Section 2.5 returns to summarize homotopy properties of the construc-
tions used in the paper.

e Section 3 presents a review of the details of the Bousfield-Kan spectral sequence,
discussing particular properties that it possesses when applied to the types of
cosimplicial simplicial groups discussed in the subsequent work. The general
construction of the Bousfield-Kan spectral sequence [4] for any cosimplicial sim-
plicial group X is first outlined and an extension of the spectral sequence is con-
structed for the types of cosimplicial simplicial groups considered in the applica-
tions, remedying the defect of “fringedness” that the general spectral sequence
possesses. When the cosimplicial simplicial group X satisfies the “cofiniteness”
condition of vanishing 7, (INX?) for large s, the spectral sequence converges
strongly to the homotopy groups of Tot(X). The purpose of this is to give
an exposition of a (known) remedy for the defects of the Bousfield-Kan spec-
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tral sequence, found not by passing to the category of spectra but, instead, by
restricting to an appropriate category of cosimplicial simplicial groups.

Sections 4 through 5.2 provide a review of notation, definitions and results
from [6, 7]. In [7], if R is the inverse limit of a diagram of rings R over a small
category Z, then a filtration

Fy CF1 C Fo C Ko(R)

is constructed on the classical Grothendieck group Ky(R). This filtration
has successive quotients related to the cohomology groups H*(Z, K;R), for
1 =0,1,2, and is defined in terms of certain long exact sequences in nonabelian
cohomology.

In [6], given a ring R, a particular model for a simplicial group GR, whose
homotopy groups yield the algebraic K-theory of the ring, is considered, and
explicit natural identifications £: K;(R) — m;GR are constructed, where K;(R)
are the classical K-groups of R, for ¢ =0, 1.

In Section 5.3, the constructions of Sections 3 through 5.2 are compared, result-
ing in:
Theorem 1.1. There is a homomorphism
j: Kolim®) — ol Tot (T, GR))
I
(induced by &), and, the inverse image of the filtration given by the extended
Bousfield-Kan spectral sequence
Fi10 C Fyo C mo(Tot(Z,GR))

under the homomorphism j contains the filtration

Fi1CFy C Ko(llnm)

I

In Section 6, the “Mayer-Vietoris” sequence of classical K-theory [13] is viewed
via the constructions of this paper. The main result of this section is

Lemma 1.2. Given a diagram R of rings
Ry

Lf
Ry % Ry,

yielding a diagram of simplicial groups G*R

GR;y
LGf

GR, & G R,

such that g is surjective and Gg is a fibration, there is a commuting square

7T1(GR12) L 7T0(GR1 X GR12 GR2)

ST V1*05T

Kl(ng) L KU(Rl X Ris RQ)
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The bottom arrow in the diagram of the lemma is the connecting homomorphism
of Milnor [13] constructed in classical K-theory, and the top arrow is one coming
from the spectral sequence for the simple example of a pullback diagram of rings.

2. Preliminaries

For the definitions of cosimplicial spaces (i.e., cosimplicial simplicial sets) cosimpli-
cial simplicial groups, simplicial groups and cosimplicial groups, see [4, 8, 12] or [15].
The face, degeneracy, coface and codegeneracy maps will be denoted by using upper
and lower indices: d;, s, dk, st

In the category of simplicial groups, all homotopy groups will be taken using the
identity element as a basepoint.

2.1. The homotopy groups of a simplicial group
If G is a simplicial group, then one can compute the homotopy groups of G in the
following way ([12]): for each t > 1, define

Gy =GyNkerdyN---Nkerd,_1;
ift =0,
Go = Go.
Then (Proposition 17.3 from [12]):
(i) dir1(Gey1) = BGy C Gy, t > 0.
(it) BGy C ZGy =kerd;: Gy — Gy—1,t > 0.
(iit) BG, is a normal subgroup of both G; and of G;.

Thus,
g g, dg
becomes a chain complex, generally nonabelian. Then one proves that the “homology”
groups of this chain complex are the homotopy groups of the simplicial group G. Note
that 7,(G) is an abelian group ([12]) if ¢ > 1, and that m(G) is a group. The product
in m,(G) may be computed in the following way ([12]): if [g1], [g2] are in m;(G) (where
[g] denotes the coset of the element g), then [g1][g2] = [g192]-
One can prove the following well-known lemma [15]:

Lemma 2.1. Let f: G — H be a homomorphism of simplicial groups that is also a
fibration. Define the simplicial group F = ker f; face maps and degeneracy maps are
of course those coming from G. Then

(a) For everyt > 1, the induced homomorphism f: Gy — Hy is surjective.

(b) The following is a diagram of exact sequences (NB: if t = 1 the bottom sequence
is not necessarily short exact in that the end arrow may not be surjective!):

H ——0

0 _— Ft Gt

I I

0 —— thl Gi—1
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(¢) The long exact sequence in homotopy,

S (F) — m(G) D m(H) S e (F) — -+

may be constructed with & defined in the following way: Let [h] € m(H) (t > 1).
Then there exists an element g € Gy such that f(g) = h. Also,

dt(g) c Ft,1 Nkerd;_.
Define §([h]) = [di(g)].

Moreover, all the maps in this long exact sequence are group homomorphisms,
and im(d: m (H) — mo(F)) is a central subgroup of mo(F).

(d) Conversely: sz is any homomorphism of simplicial groups such that for every
t > 1, the induced homomorphism f: Gy — H; is surjective, then indeed f is a
fibration.

Consider the following commutative diagram of simplicial groups, where every
row and column are fibration sequences (the maps p and ¢ are fibrations, and we
will regard ¢, j as inclusion maps of the kernels of the homomorphisms ¢ and p

respectively):

PG — o

ST S

P — Gy —* s H,

Lol

Py —" Gy — % Hs.

Then, there is a square (for every ¢t > 1) for two connecting homomorphisms ¢, A
defined as in the previous lemma:

w1 (Hy) —=—  m(H)
| |
A
7Tt(F3) _— 7Tt_1(F1).
We will need the following (also well-known) lemma.
Lemma 2.2. With A,¢ defined as in the previous lemma, in the above diagram
(Aod)(z) = (30 A)(z)~",
for every x € w11 (Hs), and every t > 1.

In this instance, we switch to additive notation, defining —A to be the homomor-
phism such that —A(z) = A(z)~! for every z in the domain of A. Note that —A is
indeed a homomorphism, since the domain of A is always an abelian group.
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2.2. The cohomotopy groups of a cosimplicial group
Let G be a cosimplicial group. The normalized groups NG* are defined by

m—1
NG™ = ﬂ ker(s’: G™ — G™™1)
§=0

for m > 1. The group NG is defined to be G°.

If p: G — H is a homomorphism of cosimplicial groups, then we denote the induced
homomorphisms from NG™ — NH™ by p as well.

The zero-th cohomotopy group of G is

7(G) ={g € NG° | d’(g) = d"(9)}.

If u: G — H is a homomorphism of cosimplicial groups, then the restriction of u to
7%(G) will be denoted by ..

The first cohomotopy set is defined as follows:

Let

Z'(G) ={g € NG" | d'(9) = d*(9)d°(9)}.

Z' is not necessarily a subgroup of NG!, but it does have the identity element 1 of
G! in it, and is thus considered as a pointed set with basepoint equal to 1.

Now, the group NG? acts on the set Z!'(G) on the right as follows: If g € NG°

and f € Z1(G), then
frg=d'(g)" fd(g).

Define 7! (G) to be the set of orbits of the action of NG® on Z1(G). The set 71(G)
is a pointed set with basepoint equal to the orbit of 1. Notice that the orbit of 1 is a
set in one-to-one correspondence with the coset space NG°/7°(G).

If u: G — H is a homomorphism of cosimplicial groups, then u takes Z'(G) to
Z'(H) since it commutes with the operators d* and s. Since the actions of N G and
NHY on Z1(G) and Z'(H) are defined in terms of the operators d’ as well, these
actions are equivariant with respect to p, and thus there is a basepoint preserving
induced function p.: 7(G) — w1 (H).

As far as the higher cohomotopy groups go, we shall only be interested in these if
G is an abelian cosimplicial group.

So, in case G is an abelian cosimplicial group, 7*(G) is also an abelian group (with
multiplication induced by that of G) and one may also define higher cohomotopy
groups 7 (Q) for i > 2; let

i+1 v

Z(G)={ge NG | [[ (9" =1}

j=0

and let
i
BY(G)={ge NG'|3he NG sg=[[#(n)""}.
j=0
Then, BY(G) is a subgroup of Z*(G) and we define
Q) = Z'(Q)/BY(G).
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Naturally, one has induced homomorphisms i, : 7/(G) — 7*(H) for every map of
cosimplicial groups u: G — H.

2.3. Constructions from homotopy theory

We give some details of the basic definitions used in the construction of the
Bousfield-Kan spectral sequence. References for this section are [4, 8].

Let A be the cosimplicial space formed by the standard simplices. In other words,
A; = {a: j — i| ais nondecreasing} = [j, i];
here, if n > 0 is a nonnegative integer, then
n=1{0,1,...,n}

is the set of integers between 0 and n ordered in the usual way.

The simplicial and cosimplicial structure on A is as follows. If 7: i; — 1 is a non-
decreasing map, then

Tl Ajl — Aj
is the function

T(a) =Toa.
If 0: j1 — j is a nondecreasing map, then

o*: A;- — A;- )
is the function

c"(a) =aoo.
If ¢ > 0, then the g-skeleton of A is the cosimplicial space defined by
Sky(A)} ={a€fjn] | Ir<q,IB € [r,n],Iy € [j,r] 5a = Bov};

the cosimplicial structure is that coming from A. In other words, Skq(A) is the
subspace of A generated by the simplices of dimension less than or equal to gq.

Now, if n and ¢ are fixed nonnegative integers, then we may form the cosimplicial
spaces A™ x A and A" x Skq(A), defined by

(A™ x A)j = A7 x A;, (A™ x Skzq(A))é =A% x Skq(A)j-.

The cosimplicial space structure is described by:
If 8: i, — iz is a nondecreasing map, then

0.: AT x A;ll — A7 x A;ﬁz
is the function
0. (a, B) = (a,0 0 ),

for every j.



THE ALGEBRAIC K-THEORY OF A DIAGRAM OF RINGS 19

If 7: j1 — j2 is a nondecreasing map, then
T AR AL — AT x AL
is the function
(0, ) = (o T,B07),

for every i.

2.3.1. Paths and loops

The first constructions we are interested in are the path and loop constructions. We
outline two models for these constructions; one model is that used for any fibrant
simplicial set, and the second is one used only for simplicial groups.

If G is a simplicial group, it is fibrant as a pointed simplicial set [12]. Thus we
can form the usual path and loop space constructions, defined, in fact, for any fibrant
simplicial set, outlined in the following.

First, for e = 0,1, form the simplicial sets Homgs (A€, G), whose set of n-simplices
is by definition

Homgs (A€, G),, = homg(A" x A®,G),
where the right-hand hom-set is the set of maps of simplicial sets (the category of

simplicial sets is denoted by S).

These simplicial sets are simplicial groups under pointwise multiplication of func-
tions.

Then, PG is defined to be the kernel of the homomorphism of simplicial groups
1 (d°)" 0 ~
Homgs(A",G) = Homg(A",G) = G.

If d°,d*: A® — Al are the standard coface maps, then the maps (d°)* and (d')*
from Homgs(Al, G) to Homg (A, G) are defined by (d€)*(g) = g o (1 x d¢), for e = 0
or 1.

The homomorphism of simplicial groups
m: PG — G
is defined to be the composite

PG < Homg(A', @) ‘) Homs(A%, G) = G.

The loop space QG is the kernel of 7. As is well known ([8]), 7 is a fibration (of
simplicial groups) whose total space PG is weakly equivalent to a point. The fibration
sequence

QG — PG — G

is functorial in G as well.
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The long exact sequence of homotopy groups associated to the fibration sequence
QG - PG -G
yields a natural isomorphism of groups
A:mi1(G) — m(QG)

for every i > 0, since PG is weakly equivalent to a point.

If H is a cosimplicial simplicial group, then for each i > 0, H’ is a simplicial
group and the cofaces and codegeneracies are homomorphisms of simplicial groups
H* — HP for appropriate o and (3. Thus, we may form the cosimplicial simplicial
groups PH obtained by using the construction P of the above paragraph on each
simplicial group H?; the coface and codegeneracy maps are obtained from applying
the functor P to the cofaces and codegeneracies of H. Then, the homomorphisms 7
induce a homomorphism 7: PH — H of cosimplicial simplicial groups. The kernel
of this homomorphism is exactly the cosimplicial simplicial group 2H obtained by
using the construction € of the above paragraph on each simplicial group H?, with the
coface and codegeneracy maps obtained from applying the functor € to the cofaces
and codegeneracies of H.

The sequence QH — PH — H is a fibration sequence in the category of cosimpli-
cial simplicial groups as well.

Another model for the fibration sequence QG — PG — G for a simplicial group G
is constructed as follows. We use [9] as a reference.

The simplicial group G' is defined by
(GI)q ={(w0,...,2¢) € Ggy1 X -+» X Ggy1 | diw; = djz;—1,1 < i < g},
with face operators
di(zo,...,xq) = (dit1T0, .. ., dit12i—1, diTig1, . . ., diTq).
The two maps of simplicial groups, for e =0, 1
8.:GT - @
defined by

doxo, =0
65(3707"'71:(1): { oo ‘
dgy12q, €=1

are fibrations. PG is here defined as ker 9y. Also, the map 0; |pg: PG — G is a
fibration, and QG is defined as the kernel of this homomorphism. Then one has (for
a basic reference see [12, Section 6]):

Lemma 2.3. There is an isomorphism ¢: Hom(Al,G) — G of simplicial groups,
defined by
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if ¢ is of degree i. This isomorphism defines an isomorphism of fibrations of simplicial
groups

QC PG - @

‘| ol A
0G —— pG 2
We will use both models in this paper.

2.3.2. Loopedness

If G is a cosimplicial simplicial group, and if i > 0 is a fixed (cosimplicial) index, then
there is a simplicial group NG* formed by the set of groups {NG; |j >0} Ifj>0is
a fixed (simplicial) index, then there is a cosimplicial group {m;(G") | i > 0}, which is
a subquotient of the cosimplicial group G;, with cofaces and codegeneracies induced
by those of G.

We will say that a cosimplicial simplicial group G is “looped” if and only if there
is a cosimplicial simplicial group H, and a homomorphism of cosimplicial simplicial
groups 0: G — QH such that 6 induces an isomorphism of cosimplicial groups
7j(G) — m;(QH) for every every j > 0. We will say that such a 6 is a “simplicial-wise
weak equivalence” of cosimplicial simplicial groups.

There is a suitable category of looped cosimplicial simplicial groups: the objects
are all triples (G,0,H), where G and H are cosimplicial simplicial groups, and
0: G — QH is a simplicial-wise weak equivalence; the morphisms are “maps of
triples”. We leave this to the reader to formally write down, but note that the maps
G—Gand H— H comprising a morphism should be homomorphisms of cosimpli-
cial simplicial groups.

Similarly, one can define a “looped” simplicial group, and a category of looped
simplicial groups.

A looped cosimplicial simplicial group has the property that for every j > 0, the
cosimplicial groups 7;(G) are abelian cosimplicial groups: for j > 2, this is of course
true for any cosimplicial simplicial set; for j = 1, this is because we have a cosimplicial
simplicial group; for j = 0, this is because we have a looped cosimplicial simplicial
group.

We are interested in the following sort of cosimplicial simplicial group G:

e ( islooped: there is a cosimplicial simplicial group H and a simplicial-wise weak
equivalence 0: G — QH that is also a homomorphism of cosimplicial simplicial
groups.

e There exists an integer M > 0 such that the homotopy groups m;(NH?) of the
simplicial groups NH* are equal to the identity group, for every i > M and
every j = 0.

In the rest of this paper, we will call such a (cosimplicial simplicial) group a

“cofinite looped (cosimplicial simplicial) group”.

2.3.3. Tot and Tot,
The next constructions we review are those of the simplicial groups Tot,G functorially
associated to a cosimplicial simplicial group G (More generally, the Tot constructions
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may be made for any cosimplicial space.)
For each g > 0, the simplicial group Tot,G is defined by specifying its n-simplices
as
(TotyG)y, = hom s(A"™ x Sky(A), G) = (Hom,s(Sky(A), G))n;

in other words, (Tot,G),, is the set of cosimplicial space maps from A™ x Sk,(A) to G
(we denote the category of cosimplicial simplicial sets by ¢S). This set is a group with
respect to pointwise multiplication. If ¢ < 0, define Tot,G to be the trivial simplicial
group.

The simplicial set structure on Tot,G is described by:

If 6 € [n1,nz], then 6*: (Tot,G)y, — (Tot,G),, is

9*(f)(avﬁ) = f(eoavﬁ)v

for (o, B) € A™ x Sky(A). These maps are all group homomorphisms, giving Tot,G
the structure of a simplicial group.
Note that one has inclusions of cosimplicial spaces

<o C Skg—1(A) C Sky(A) C--- C A,
and

A =[] Sky(A).

q=0

The above inclusions induce simplicial group homomorphisms
LA Tot,G LR Toty—1G L...5 TotoG.

We will refer to this tower as the Tot-tower for the simplicial group G. It is func-
torial in G.

According to [4] these maps p are all fibrations of simplicial sets; thus, being
homomorphisms of simplicial groups, they are all also fibrations in the closed model
category of simplicial groups.

The simplicial set Tot(G) can be defined to be the inverse limit of the above tower
of fibrations. One may describe Tot(G) as the simplicial set whose n-simplices is the
set of cosimplicial space maps from A™ x A to G.

This set is a group with respect to pointwise multiplication. There are natural
homomorphisms of simplicial groups (which are also fibrations) p: Tot(G) — Tot,G,
for every ¢, giving commuting triangles with the maps p: Tot,G — Tot,_1G. Note
that Tot(G), being a group, is always nonempty: the identity element (which is the
constant map at 1 € G) is certainly in Tot(G).

One can compute that the simplicial groups TotoG and G° are isomorphic simpli-
cial groups.

The description of Tot, above is not so useful in computations; more useful is the
principle below, enunciated in [8], describing how Tot, is built from Tot,_1, using a
pullback diagram of simplicial groups (where C' is a cosimplicial simplicial group):

Tot,C —— Hom(A1,C17)

/| gl

Tot, 1C —— Hom(9A?,C?) x Hom(AI, M171C),
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where the simplicial group M~ 'C is defined for ¢ = 0,1 by

moto={b 4=
Y gq=1

and, if ¢ > 1, as the equalizer of the diagram

q—1 A
et = I o>
i=0 B o<i<j<g-1

Here, A and B are defined by (the lower double subscript denotes that particular
component of the indicated element of the product)

A(ym e ayq—l)ij = Siyj,
B(yo, .- Yq—1)ij = sy,

We describe the maps » and R below.

To set notation, if g: X — Y is any map of cosimplicial spaces (i.e., cosimplicial
simplicial sets), then for every cosimplicial index a, the map g: X* — Y* is the map
of simplicial sets induced by g, and, for every simplicial index b, the map g,: Xy — Y3
is the map of cosimplicial sets induced by g.

An element f of Tot,—1C, let us say of degree ¢, is a map of cosimplicial spaces
A x Skq_1A — C. Then, f?is a map of simplicial sets A x (Sk,_1A)? — C?; thus
it gives a map of simplicial sets A? x AT — C%; i.e., f¢ defines a degree t ele-
ment of Hom(9A?,C9). Also, f9=1 is a map of simplicial sets A? x A"t — 91,
Since s': A9 — A7l for 0<i<qg—1, the map f971o(1xs') is a simplicial
map A! x A — 0971 for 0 <i < q— 1. Then, the map r is defined (in degree t)
by

Fe(fL(f7 o (Ix s, f7 o (Lx s77h)).
There is a homomorphism of simplicial groups
0: 01— MTC
given by

Oz, 877 12).

z (s
Then, the map R is defined by
h— (h |oaq,0 0 h),

for h € Hom(A?%,C1?).

2.4. A computational model for Tot;

We may consider Tot,C' as a nonabelian chain complex as in Section 2.1, for every
q=0.

We have already seen that TotoC' is identified with C°; thus the chain complex
Tot is identified with the chain complex 60.
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2.4.1. Toty
We may compute Tot1C as the pullback of the diagram
Hom(A!, C1)
!

C’ — C!'xC!'xHom(Al (Y,
where the horizontal arrow is the homomorphism
¢ (d%,d'c,co (1 x s%))
and the vertical arrow is the homomorphism
g— (go(1xd®,go(1xd"),s"og).

Here, d°,d': AY — A or C° — C*; s%: C! — C° or Al — A0 Also, we are identi-
fying an element z € C§ with a simplicial set map z: A* — C?, for any s,t. Using
At x A® = A! for any t we see that the map 1 x s: A* x Al — A? x A? may be
identified with projection on the first factor A* x Al — At for any ¢.

In other words, Tot,C is the subgroup of the simplicial group C° x Hom(A!, C*)
defined by

Tot,C = {(c, &) € C° x Hom(A',C") | (d°¢,d'c,co (1 x %))
=(Go(1xd"),éo(lxd"),s"0¢)},
and the map Tot; — Toty sends (¢, ¢) to ¢. Writing out the conditions for (¢, é) to be
an element of (7Tot,C); explicitly, for (a,y) € Al x A%, &(a,d®y) = a*déc, if € is 0 or
1; and for (a,b) € A? x Al a*c = s°(¢(a,b)).
In addition, the face maps d;: (Tot1), — (Tot1).—1 are defined by

dj(C, é) = (djc, djé) = (djc,Eo (dj X 1)),
where d/: A*~! — A* is the j-th coface. Recall that for

(a,b) € AT x AL P e Al ,0< )<t

(d;é)(a,b) = &(d’a,b).

One must be careful to distinguish between d;¢ and the composite d; o ¢; by defi-
nition, if (z,y) € At x Al,d7 € Al_,, then d;(¢(x,y)) = é(zd’, yd?).

Writing out the conditions for (c,é) to be an element of (Tot;); explicitly, in
addition to the conditions above for (c,¢é) € (Toty);, we must also have, for every
(a,b) € A* x Al &(da,b)=1for0<j<t—1,anddjc=1,for 0<j<t—1.

Define a nonabelian chain complex G(C') as follows.

G(C)o = {(z,w) € C) x C} | d°» = dow, d*z = dyw, 5oz = s"w},
and for ¢ > 0,
G(C)Z = {(C, AO, ey Az) S Cilo X (Ci1+1)i+1 | dOAO = dOC; di+1Ai = dlc;
dA; =1,0<]I<j<iorj+1<I<i
dj+1Aj = dj+1Aj+1,0 << i;SOAj = SjC,O <Jj < 7,}
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The differentials are, for ¢ > 1,

d: G(C)l — G(C)i_h

CIZ(C7 Ao, ce 7Ai) = (dic, di+1AO7 RN 7di+lAi—1)~

Note that for every i, G(C); is a subgroup of 6? x ((C1)1);, using the definition of
(CH! from Section 2.3.1.

It is straightforward to check that d is a homomorphism that really takes values
in the indicated group, and that d o d is constant at 1.

We may envision the criteria for (¢, Ao, ..., A4;) to be an element of G(C); in an
(i 4+ 2) x (i + 1)-matrix, whose k,! entry is diA;, and whose top i+ 1 rows form a
lower triangular band matrix, with entries of 1 below the first subdiagonal:

[ dO% 1 1 o 1]
1A diAy 1 ... 1
1 do Ay do Ay o 1
(dit1Ao dip1 Ay ... diq Ay dc]

Note that the first 7 entries of the last row form the last ¢ components of
d(C,Ao,...,Ai).

Theorem 2.4. There is a natural isomorphism of (nonabelian) chain complezes
¢: Tot,C — G(C). Furthermore, the square (of maps of nonabelian chain complexes)
below commutes:

Tot:C — G(C)
L A
TOtoC = CO,

where the left vertical arrow is induced by the fibration Tot;C' — TotoC, and the right

vertical arrow is the map (c, Ag,...) — c.

Proof. The map g?), in all degrees, is induced by the isomorphism of simplicial groups
¢: Hom(A',C') — (C1)!

of Lemma 2.3; i.e.,

(¢, ¢) = (¢, 6(0))-

Since ¢ is an isomorphism, ¢ is injective.
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One can check:

o If (¢,¢) € Tot,C; C 6? x Hom(A!,C1),, then

e ¢ is a map of chain complexes.

Finally, we do check that qNS is surjective, leaving the degree zero case to the reader.
If (c,Ap,...,Aj) € G(C);, then there is a unique ¢ € Hom(A!,C'); such that

¢(¢) = (Ao, ..., Aj) € (Cj,)’*", and we only need to show that (c,¢) € Tot,C.
Since (¢, Ao, ..., A;) € G(C),

d’c = doAg = do(&(s°, st ---s7)) = &(s°d°, s' - - - s7d%) = é(id, d°s° - - - s7 7YY,
and
dlc = dj+1Aj = dj+1(&($j, SO s Sjil)) = &(Zd, dlso ce Sjil).

Now, if a € A7, then, abusing notation, and letting d°,d' € A! be the constant maps
at 1,0 respectively (in any simplicial degree), since d° = d%a, and d* = d'a, we must
have

é(a,d?) = é(a,da) = a™(e(id, d)) = a*dc.

Also, for 0 < k < j, spe = sY Ay = s0(&(sF, 80+ 8% ... s7)).
Thus,

c=djsjc=s"(s'd,s" - 7)) = s0(é(id, d°s” - - - s77TY),
c=dji1sc=s(E(sTd" s ST AT = $0(E(id, dts0 - - - 7)),
and, if 0 < k < j,
c=dpspe = s (&(s"d", 058 51 dR)) = sO(E(id, 0 - §F T 5T,
Thus, since every b € A} is either of the form
A0S0 g1 gl gl op 0. gkl gim1
one can use the equations immediately above to check that
a*c = s°(&(a,b)),

for every (a,b) € A7 x Al O

Similar models may be defined for the nonabelian chain complexes Tot,, for every

q, but we do not present these here.

2.5. Homotopy properties
We now discuss some homotopical properties of the constructions P, €2, Tot, and
Tot. For these closed-model-theoretic properties, we do not present details.

Lemma 2.5.

(a) The functors P and Q2 preserve fibrations, homotopy fibrations and weak equiva-
lences in the category of simplicial groups, as do their extensions to the category
of cosimplicial simplicial groups.
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(b) The functors Tot, and Tot from the category of cosimplicial simplicial groups
to that of simplicial groups preserve fibrations, homotopy fibrations and weak
equivalences.

Proof. Both of these follow from the following two facts, and the definitions:

o In the appropriate closed (simplicial) model categories, A€, Sk,(A) and A are all
cofibrant objects, and G (whether a simplicial group or a cosimplicial simplicial
group) is a fibrant object ([4, Ch. X, 4]).

e Since the constructions are being performed in an appropriate closed (simplicial)
model category C, “axiom SM7” holds ([15], [4, Ch. X], [8]; see also [19, Section
5]); having as a corollary that the functor Home (A, —) preserves fibrations and
weak equivalences between fibrant objects, if A is a cofibrant object. O

Lemma 2.6. Suppose G and H are cosimplicial simplicial groups, with a simplicial-
wise weak equivalence 0: G — SLH that is also a homomorphism of groups. Then, for
every q = 0,

(a) 6 induces a weak equivalence of simplicial groups 0: Tot,G — Tot,QH, com-
patible with the fibrations in the Tot-towers for G and 2H .

(b) Furthermore, there is a natural isomorphism of simplicial groups
Tot,PH — PTot,H
inducing an isomorphism of fibrations from the fibration sequence
Tot,QQH — Tot,PH — Tot,H
to the fibration sequence
QTot,H — PTotyH — Tot H.

These isomorphisms are all compatible with the fibrations in the Tot-towers.

(c) If ¢ =1, and if F,G is the kernel of p: Tot,G — Tot,_1G while F H is the
kernel of p: TotyH — Tot,_1H, then 0 induces a natural homomorphism of
simplicial groups FuG — QF,H that is a weak equivalence.

(d) Thus (for every ¢ = 0), mj(Tot,G) and m;(F,G) are abelian groups, for every
Jj=0.
Proof. Ttem (b) is a consequence of “adjointness” ([8, Lemma 2.3]); there are natural
isomorphisms of simplicial groups, for e =0, 1
Homgs (A, Tot,G) = Homgs(A¢, Hom,s(Sk,(A), G))
= Hom,s(Skq(A), hom(Af, G))
and the definitions; recall here that the cosimplicial simplicial group hom (A€, G) is
defined by
hom(A¢,G)" = Homg (A, G").
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For item (c), consider the following diagram, in which the columns are fibration
sequences and in the bottom two rows, the arrows are weak equivalences:

G —— FQH —— QFH

l I |

Tot,G —— Tot,QH —— QTot,H

d dl d
Toty1G —— Totg 1QH —— QtTot,_1H.

This means that the top row arrows are weak equivalences too. O

3. An extension of the spectral sequence for Tot

In Section 3.1 we first outline the general construction of the Bousfield-Kan spectral
sequence [4] for any cosimplicial simplicial group X. Then, in 3.2, we show how
an extension of the spectral sequence may be constructed, and, in 3.3, discuss its
convergence properties in detail when our cosimplicial simplicial group is cofinite and
looped. In particular, as one might expect, the condition of being looped means that
the spectral sequence is no longer “fringed”, and the condition of being cofinite means
that the spectral sequence converges strongly to the homotopy groups of Tot(X). The
purpose of this is to give an exposition of a (known) remedy for the defects of the
Bousfield-Kan spectral sequence, found not by passing to the category of spectra
but, instead, by restricting to the category of cosimplicial simplicial groups, with the
applications begun in this paper as motivation.

3.1. The general construction for cosimplicial simplicial groups

Let X be a cosimplicial simplicial group.

The Bousfield-Kan spectral sequence is the homotopy spectral sequence (functorial
in X) for the tower of fibrations

- Toty, X B Toty 1 X 2 - B TotgX.

Let F, = F; X C Tot,X be the kernel of the homomorphism

p: TotyX — Toty_1 X, forevery ¢ > 1.
If ¢ = 0, define FyuX = TotyX = XY.

We may compute the homotopy groups of simplicial groups as in Section 2, using
the notation introduced there.

As in Section 2, we have (functorial in X') long exact sequences of homotopy groups
(note also that every map is a group homomorphism, and that every group is abelian,
except possibly the zero-th groups mg), for ¢ > 1 and n > 0:

e g1 (Tot g1 X) S 0 (Fy) — mn(Totg X) — mn(Totg1 X) > .

For r > 0, and j > 0, define

i (Tot, X) = image(py: mj(Totyy,X) — m;(Tot, X)).
This is always a subgroup of m;(Tot,X).
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Note that if r = 0, then 7} (Tot,X) = m;(Tot, X).
Fort—s>0,r > 1, define

75t =Xker(m_o(Fy) — m_s(Tot X)/mi "2 (Tot X)) C m_s(Fy)

and
r—1

B2t = §(ker(my—sy1(Tots—1 X) "> a1 (Tots—r X)) C mp—s(Fy).

Note that Bt C Z5! whenever defined.
Now, if t —s > 1 and r > 1, then the groups

T o(Fy), mi_s(Tots X), mi~ L (Tots X ), mi—sq1(Tots 1 X), ms_sy1(Tot s X)

S

are all abelian groups; thus all indicated quotient groups above, as well as the quo-
tient groups Z2'/BSt are well-defined. (If s — r < 0, we define the homotopy groups
To(Tots_ X) = {1}, for every a.)

However, when t — s = 0 and r > 1, and if any zero-th homotopy groups are non-
abelian, we need to discuss the meaning of

mo(Tots X)/my ™ (Tots X)
and
ker (o (Fy) — mo( Tots X)/mh ' (Tot X)).

In general, one cannot assume that Wg_l(TotsX ) is a mnormal subgroup of
mo(Tots X). However, it is a subgroup, and thus one can form the set of cosets

mo(Tots X)/mly ! (Tot X).

Let i, : mo(Fs) — mo(TotsX) be the homomorphism of groups induced by the inclu-
sion of simplicial groups Fs — TotsX. The set

75 = 7 = ker(mo(F,) — mo(Tot X)/nh " (Tot X))
is, by definition, equal to the subgroup i, (my ' (TotsX)) of mo(F,). However, we
know that since
im(d: m1(Tots—1X) — mo(Fy))

is a central subgroup of mo(Fs), B2® is a central subgroup of Z2° for every r > 1.
Thus, one can form the quotient group

73 By = i (F).

Note that if all the zero-th homotopy groups are abelian, then the above definition
of E7»® coincides with the previously given one.
The homotopy spectral sequence {E$*(X)} is then given by:

EXN(X) =23 Byt = m = (Fy),

t—s
fort > s > 0,r > 1 with differentials (unfortunately with the same name as face oper-
ators)

. s,t s+r,t+r—1
dr: E}Y — B2

9
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defined by the composite relations

_ i\ _ 60(11:71)71 _
71':751(}7'5) = W:—SI(TOtsX) - W:—sl—l(F8+r)7
fort —s>1.

This spectral sequence has the following properties:

Theorem 3.1 ([4, X.6.3, X.7]; [8, VIII]). Let X be a cosimplicial simplicial group.
(i) There are natural isomorphisms of groups ([4, X.6]) fort—s >0
BV = (Fy) 2 m(NX®) 2 N(m(X?)).
Note that the above groups are abelian except possibly when t — s = 0.

(i) There are natural isomorphisms of groups ([8, VIII.1]) fort —s >0
B & n(m(X).

Note that the above groups are abelian except possibly when t = s = 0.

(iii) For t —s >0 and for r > 1, the differential d,.: ES' — EST =1 js a group
homomorphism whose domain is always abelian. For t —s >0, the group
E'N im(d,) is an abelian subgroup of the abelian group E$'Nker(d,) and
Es’t1 s naturally isomorphic to the quotient group

r+
(B> Nker(d,))/(E>* Nim(d,)).

(iv) Ifr > 1, then the relation d,.: ES~"5~"TY — E%% is a homomorphism of groups
(the domain group is always abelian), im(d,.) is a central subgroup of E2*, and
E}\ is isomorphic to a subgroup of the quotient group E$*®/(im(d,.)).

Parts (iii) and (iv) of the above theorem follow directly from the definitions and
the fact that im(d: mo(Tots—1X) — mo(Fs)) is always a central subgroup of my(Fs);
the more difficult identifications of the Fy and E5 terms (parts (i) and (ii)) are done
in the cited references.

‘We will refer to the above spectral sequence as the Bousfield-Kan spectral sequence
(abbreviated BKSS) for X, and use the notation {E$'(X);d,.} for this spectral
sequence.

3.2. The extended spectral sequence

Now, let (G, 0, H) be a looped cosimplicial simplicial group. As we have seen, all
the homotopy groups involved in the construction of the BKSS for GG are abelian; all
but possibly the zero-th groups involved in the construction of the BKSS for H are
abelian.

Construct the BKSS’s for G, H, PH and QH. Since these spectral sequences
arise from the long exact sequences of homotopy groups associated to the fibrations
Toty — Tot,—1, one sees using Lemma 2.6 that the construction of the entire spec-
tral sequence associated to G is isomorphic to the construction for QH, via 0,.
Also, using Lemmas 2.2 and 2.6, the connecting homomorphisms A for all the long
exact sequences in homotopy obtained by applying appropriate functors 7Tot, to the
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fibration QH — PH — H give isomorphisms +A of the construction of the spectral
sequence for QH with that of H. More precisely, for example, there are isomorphisms

_ t—s+1
AP (H) S A (QH) S A3(G),

fort—s>0;s,t >0, and A can stand for B, Z or E. These isomorphisms commute
with all the dlfferentials where defined. We need to use (—1)"**1A (the “other”
boundary homomorphism in [5]) instead of A since by Lemma 2.2, —Aod =4§o A,
and the construction of d,. involves ¢; indeed, the following diagram commutes:

° r—1y—1
i NE(QH)) — s wp(Tot ) 2 ()

(—1)“5“AT (—U“SHAT (—D“SAT
RA ()~ il (Tot H) S ().
We define one more set of “differentials”
d(G): EP*(G) — Y 7(@)

for every s > 0 and r > 1, as follows.

The receiving groups YTS‘” STr=1(G) are defined by Y575t =1(G) = EsTs T (H)
(note that this is always a group, but not necessarily an abelian group), and define
d(GQ) by d.(G) = d,(H) o A~ 0 0,:

EBp(G) 2 Bt (QH) & Bpt () S0 privet (),

The homomorphisms JT(G) also depend on the weak equivalence 0: G — QH, but
we suppress this.
Now, we may augment the conclusion of part (iv) of the Theorem 3.1 by

Lemma 3.2. Let (G,0,H) be a looped cosimplicial simplicial group. If r > 1, the
relation

d,(G): By N(G) — B2(Q)

is a homomorphism of abelian groups and EH_1 is isomorphic to the subgroup
ker(d,(G))/(im(d,(@))) of the quotient group E*(G)/(im(d,(G))).

The proof follows from the definitions. However, we give some details as follows.
Let s > 0; the homomorphism

Z%1(G) — Ep®/(im(d,(G))
is induced by the inclusion Z,7’, (G) C Z2*(G). One can check, using the definitions,
that the kernel of this homomorphism is precisely By’ (G). This defines the inclusion
E(G) = EX®/(im(dy)).
(This is no different than the verification of the same result for s # ¢.)

Now, 2 € Z2%,(G) if and only if A~1(0.(2)) € Z25 " (H), so we know that the

class of A71(0.(2)) in ES*TY(H) is in ker d,.(H).
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One has the following commutative diagram of groups:

A1

= E3*(QH) —S—  EXYU(H)

dr(H)
_

E3*(G) Byt (H)

mcﬁ dTvaﬁ d"'(H)T

s—r,s—r+1 0 s—r,s—r+1 _(Ail) s—r,s—r+2
By (@) By (QH) By (H),

The homomorphism dT(G) is by definition the composite of the top row of arrows.

By Theorem 3.1, we know that kerd,.(H)/im(d,(H)) = E2**1(H). The diagram
above implies that the isomorphism ker d,.(H) — ker(d,(H)a) induced by a=* = ;1A
gives an isomorphism ker d,.(H)/im(d,(H)) = ker(d,(H)a)/im(d,(G)).

Note that d, is natural on the category of looped cosimplicial simplicial groups.

3.3. Convergence properties ~

We now discuss the convergence of the (extended) spectral sequence {E%*;d,.,d, },
under the cofiniteness hypothesis. As one might expect, the convergence discussion is
considerably simplified, but it is also extended to degree 0. We present the details in
the following. We use the notation of [4].

It --—-Z,—-2, 1 — .- — Zy— 1= 7Z_1 is any tower of fibrations of simplicial
groups, then we make the following definitions, for s, j > 0. Here, Z = liils Zs. All of
the sets defined are groups (all abelian, unless j = 0) and all of the maps are group
homomorphisms.

Define

Qsmj(Z) = im(m;(Z) — 7;(Z5)),

fors>—1,5 > 0.
Note that Qs7;(Z) - Qs—17;(Z) is a surjection as indicated, for j > 0,s > 0.

et = ker(Qum;(Z) - Qs1mj(2)),

for 5,7 > 0.
E§$8+j = m7”>SE‘7L?’SJU3

for 5,57 > 0.
Now, if F, j = F; j(Z) = ker(n;(Z) — m;(Zs)), for s,5 > 0, then

Qsmj(2) = (Z)/Fs
for every s,j > 0, and there exists a filtration
o CFop; CFj C - Chyy Cmy(Z) = Foq
of m;(Z) by normal subgroups, for every j > 0. Also,
et = Fy 1 ;/F.;

for every s,j > 0.
We see directly from the definitions that Q.m;(Z) is a subgroup of 77(Z;), for
every 7 > 1 and s,j > 0 and that there are natural inclusions of groups

S$,5+7 s,5+7
e = By

for every s,5 = 0.
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We will assume that Z = Tot(X), Zs = TotsX for some cosimplicial simplicial
group X and that the tower of fibrations is the Tot-tower.
Now, if X is any cosimplicial simplicial group, then the fibre Fs1 X of

TOterlX ﬁ’ TOtsX
has homotopy groups
Tj(For1X) 2 s (NXST) 2 Ny o0 (X57),

for j > 0. The last isomorphism 74541 (NX*) 2 Ny 14 (X5T1) is part of Theo-
rem 3.1, proved in [8, VIII, Lemma 1.8], and is a natural isomorphism, commuting
up to sign with connecting homomorphisms in long exact sequences corresponding to
fibration sequences.

3.3.1. Convergence for cofinite looped groups
Let (G, 0, H) be a cofinite looped group. The weak equivalence 0 induces

0: NG°* - NQH?® for every s.
Now, if t > s, we know that
Ti—s(F5G) 2 s (FsQH®) 2 1 (F5 H),
SO
m(NG®) 2 my(NQH®) & w1 (NH?),

for t > s. Also, mo(Fsi1H) = e (NHSTY),

Thus, if M > 0 is such that 7,(NH") = 1, for every a > 0,b > M, then for every
j=20,s+1>M,

1=mjqapo(NH ) 2 (NG 2 7 (Fugn G),

and, mo(Fsp1H) &2 mep (NH*T) = 1.

So,

e For every j > 1,s+1 > M, the fibration p: Tot;11G — Tot,G induces an iso-

morphism on the j-th homotopy groups.

This extends to j = 0 as well. For every s > 0, there is a diagram of groups and
group homomorphisms, where the squares commute up to sign, the rows are exact
and the vertical arrows are isomorphisms:

m0(Fs11G) — mo(Tots11G) —  mo(TotsG)
1 ! 1
7T1(Fs+1H) — 7T1(T0ts+1H) g Wl(TOtsH) g 7T0(FS+1H).
Now, for s+1> M, j=0or 1, and X =G or H, mj(Fs41X) = 1. Therefore, B

and hence A are isomorphisms.
So, we have shown

Lemma 3.3. For every j > 0,s+ 1> M, the fibration p: Tots11(G) — Tots(G)
induces an isomorphism on the j-th homotopy groups.

This naturally implies the following two lemmas.
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Lemma 3.4. For every s > M, the fibration p: Tot(G) — TotsG is a weak equiva-
lence in the category of simplicial groups.

Proof. Theorem 3.1, Ch. IX of [4] says that there is an exact sequence of groups, for
every j = O:

1— mi Tj+1(TotsG) — m;(Tot(G)) — lim 7;(TotsG) — 1.

Since mi(Tots+1G) — mi(TotsG) is an isomorphism, for every k> —1 and

s+1> M,
lim’ 711 (Tot,G) = 1
and
lim m;(Tot,G) = m;(Tot,G),
for all t > M. Thus,
mj(Tot(G)) = lim_m;(Tot,G) = m;(Tot,G),

forall j > 0,t > M. O
Lemma 3.5. For every s >0, j >0 andr > M + 1, E$5TI = pssti,

Proof. For j > 1, this is standard, since the groups E$**J are nonidentity only in
the band 0 < s < M, and for r large enough, the differentials d, both come from
and go to the identity groups outside this band. Also, one can compute Eﬁ:f 7 as
kerd,/im d,, for j > 1.

For j = 0, the only problem with the same argument in this particular spectral
sequence would have been the “fringing” effect: namely, that there are no outgo—
ing differentials d, from the groups E?*, making it impossible to compute ET 1 as
ker d, /im d,.. However, we have extended the spectral sequence with the differentials
d,; the receiving groups for these differentials are the groups

s+r,s+r—1 - s+r,s+r
Y = B (H).

Since these have been identified as subquotients of 7o (Fs4-H), and s+ r > M, these
groups are all identity groups, using the cofiniteness hypothesis, and the identification
of mo(Fs i (H)) with mgy . (NHTT).

Moreover, since we have identified E? fl as the quotient ker d »/imd,., one may use
the same argument as for j > 1 to make the conclusion of the lemma. O

Lemma 3.6. For every s,j > 0, e = E&SH_

Proof. Fix s,j > 0; let M be as always. Choose t so that t is greater than or equal
to both s and M. Now,

Qs7;(Tot(G)) = im(m;( Tot(G)) — m;( TotsG))
m(7;(Tot(G)) — mj(Tots1G) — m;( TotsG))
m(m;(Tots4.G) — m;(Tot,G)),

since s+t > M. But
m(m;(Tots1+G) — m;( Tot,G)) = w5 ( Tot,G)
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by definition. Similarly,
Qs—17mj(Tot(G)) = w1 (Tot, 1 G). O
So, there is a commutative diagram of short exact sequences:

1 — B =Ept - al(Tot,G)  —  wlt(Tot,,G) — 1

t+1
T T T
1 — es5 i — Qs (Tot(G)) — Qs—1mj(Tot(@)) — 1.

FEi+1 = E since t > M; the top row is exact since ¢ > s and the rightmost two
vertical arrows are isomorphisms using the previous paragraph. Thus, the left vertical
arrow is an isomorphism.

In summary, we have the following;:

Let (G, 6, H) be a cofinite looped cosimplicial simplicial group; the integer M is
chosen so that m;(NHY) is the identity group, for j > 0 and ¢ > M. Then, there
is an extended Bousfield-Kan spectral sequence {ES*%7; 5,5 > 0;d,, ci,,} and a finite
filtration

l=Fuy; S CF,j CFo1; S CFy; Cmi(Tot(G)) = Foy

F,; =kerps ;,ps ;i mi(Tot(G)) — m;( TotsG);

. e~ s,8+j __ $,5+]
Fs—l,]/Fs,j —Eoo _EM+1
for every s,j > 0, and
$,8t] ~v
Ey™ 2 rim (@),

for every s,j = 0.
One of the main points (the only point?) in being fussy about the extension of the
spectral sequence is to retain information for zero-th homotopy groups.

4. Cosimplicial replacements and the BKSS

4.1. Presheaves on a small category

We review the definitions, using the notation of [7].

Let Z be a small category. Rather than saying “z is an object of 7”7 we will say
“rel”.

Suppose that § is a functor from Z to some category C; for each object z € 7 we
have an object §(x) of C and for each morphism z 2y in 7 we have a morphism in
C, 5z EN y): §(x) — F(y), satisfying the properties necessary to be a functor.

Such a functor § is called a presheaf (with values in C) on the category Z, or, also,
a diagram of objects in C.

If Z is a small category, let NZ be the nerve of Z, a simplicial set. Thus, N'Zj is
the set of objects of Z, and for ¢ > 1, N'Z, is the set of sequences [z Doy Zq)
of objects x; and composable morphisms g; as indicated. The face and degeneracy
maps are defined as is usual.

In the rest of this section, the presheaf § has values in the category of groups or
the category of simplicial groups (not necessarily abelian).
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We give some details of the constructions we will use when the range category is
that of simplicial groups. The constructions are of course formally the same for the
category of groups.

Let ¢ > 0,7 > 0. The set of all functions

fiNT, — | §@);
xel
such that
Flwo B ar — - Bag]) € §lzy);

for every g-simplex [zg By z4] in NZ,, will be denoted by C(Z,F;).
Fixing ¢, the indexed collection

{C(Z,35) | = 0}
forms a simplicial set: if : j; — jo is an element of Aﬁ, then
0": CUL,3;,) — C1(T, )
is defined by
0" (F)([wo > wn =+ ) = 07 (f([mo o — - = ).

Notice that this simplicial set is a simplicial group under pointwise multiplication
of functions.

If u: § — & is a natural transformation of functors from 7 to the category of simpli-
cial groups (we call such a p a homomorphism of presheaves of simplicial groups), then
for every ¢, pu defines a homomorphism of simplicial groups py: C4(Z,§) — C4(Z, ®)
by the rule

e (F)([wo B — - Boag)) = u(azg) (f([ro B a1 — - 2 zy)).

One can check that this definition of ;4 is functorial.
For every ¢ > 0, there are g + 2 homomorphisms

d': CUZ,3) - CNT,F), 0<i<q+]1,

where d'(f)([zo L5 21 — - 255 2,,4]) is defined to be
f(xlg—2>-~-g“i>xq+1]), i =
f([$og—l>"'—>$i—1%$i+1—>"'gqi>$q+1]), 1<i<q+1
3(3711 s $q+1)(f([$0 o Ty — gi)vxq]))a t=qg+1.

For every ¢ > 1, there are ¢ homomorphisms
s 01T, ) - CTHT,F), 0<i<qg-1,
defined by

s (f)([zo 2 21 — -+ 255 2q_4))

—f([ g1 gi .id ) 9q-1
=f(lwo o a1 — - T oy o m — — mg1)).



THE ALGEBRAIC K-THEORY OF A DIAGRAM OF RINGS 37

One can verify that these homomorphisms d’ and s* satisfy the cosimplicial rela-
tions and commute with py, for every natural transformation p: § — &.

Thus, we have a cosimplicial simplicial group C(Z,§); these cosimplicial simplicial
groups vary functorially with §. This cosimplicial group is called often the cosimplicial
replacement of the diagram of simplicial groups § [4].

As noted above, one can similarly define a cosimplicial group C(Z,®) functori-
ally associated to any presheaf of groups & on Z. The cohomotopy groups of these
cosimplicial groups are usually denoted by

H*(Z,8),

whenever they are defined.

Given a presheaf § of simplicial groups on the small category Z we may form the
composites 2§ and Pg; these too are presheaves of simplicial groups on Z, and there
are natural maps of presheaves

QF - PF— 3

on Z. One can check that there are natural isomorphisms of cosimplicial simplicial
groups

QC(Z,3) 2 C(Z,05)
and

PC(Z,5) = C(Z,P3),
inducing a natural isomorphism of the sequence

C(I,3) - PC(T.3) - C(T.3)

of cosimplicial simplicial groups with the sequence

C(Z,9%) — C(Z,PF) — C(Z,3).

Often, in the following, we will refer to the identifications of the last few paragraphs
as equalities, using the identifications implicitly.

In particular, one can make the definition of a presheaf § of looped simplicial
groups on Z and then, using the definitions and identifications as above, one can
form a looped cosimplicial simplicial group C(Z,5), its total tower {Tots(Z,F);p}
with inverse limit Tot(Z,§) and homomorphisms p: Tot(Z,§) — Tots(Z,F).

Thus, assuming that C(Z, §) is cofinite and looped, we may construct the extended
Bousfield-Kan spectral sequence

{Eﬁ’s+j(z.7 g)a 5,7 = 0;d,, d~r}a

with convergence properties discussed in Section 3.3.

The simplicial group Tot(Z,§) may be identified with the homotopy inverse limit
of the diagram of simplicial groups § on the small category Z ([4, XI,5]), but we will
continue to use the Tot notation rather than the homotopy inverse limit notation
holimzg.
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In any case, for a presheaf of simplicial groups § on Z, one always has a natural
augmentation of the cosimplicial simplicial group C(Z,§):

Vo linzg - C(IYFS))

where @1 § is the ordinary inverse limit of the diagram of simplicial groups given
by §. Indeed, this is the maximal augmentation of the cosimplicial simplicial group
C(Z,3) by definition. Thus we always have a natural homomorphism of simplicial
groups

vo: lim_§ — Tot(Z,F),
compatible with all the maps Tot(Z,§) — Tots(Z,F). This natural homomorphism is

not always a weak equivalence; indeed, the above two simplicial groups may not be
weakly equivalent ([4, XTI, 4.2]).

4.2. The identifications Ey’ =~ H'(Z,7,(F)) for i = 0,1
4.21. E97
For any cosimplicial simplicial group X, and any j > 0, the group Eg’j is, by defini-
tion, computed as follows.
Since Fy = TotoX =2 X9, we see that

Zy? = m}(TotoX) C m;(X°).

Now, one can prove (see, e.g., [8]) that the subgroup Z97 of m;(X°) is in fact
exactly

{Ifl € m(X°) | [ = [d*4] € 7;(X")} = nr, X.
Since Bg 7 is the identity group by definition, we have an equality
Eg I = ’7T07TjX .

In the case that X = C(Z,§) = C, 77; X is denoted by H%(Z,7;J), and is also,
by definition, equal to liLnI i5-
The homomorphism

7(Tot(Z,3)) 2 EYI(T,§) = H(T,m;3) C CO(T,m;) = ; Toto(Z,3)

is the homomorphism induced by the natural map Tot — Tot,.

4.2.2. Byt

By definition, E%’j"'l = mj(F1). Identify F; with QNC'. Then, the isomorphism
T, (ANCY) — 711 NC! is equal to A™!, where A is the connecting homomorphism
of the fibration

QNC' — PNC' — NC".
Also, this connecting homomorphism may be computed with coset representatives as

in Section 2.
We will be only interested in the case j = 0 in this paper.
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Now, using the definitions, Ezl’1 is a quotient of
Z21’1 = ker(moFy — mo Toty /mg Totgl)),
where mq Totgl) is the image of the homomorphism
mo(Toty) — mo(Toty).
Identifying moF} with a quotient of the group
{Ag € C} | doAg = d1Ag =1,5°A¢ = 1},

using Theorem 2.4, we see that the map Egl’1 — wlmC = HY(Z, m§) must be defined
by taking the coset determined by Ag to the cohomology (cohomotopy) class deter-
mined by Ag. The theory (see, e.g., precisely [8, Chap. VIII, Lemma 1.19, (2)])
guarantees that all makes sense: If ¢ is the coset of Ap, and Ag also gives an element
of Z21’1, then the lemma from [8] cited above tells us that d°Cd'¢~'d?¢ =1 in the
abelian group 71 C?; thus ¢ represents an element of H'(Z,mF).

5. Applications to algebraic K-theory

We want a specific model for algebraic K-theory, and the one we use in this section
is that given in [6]; this model, in turn, is based on [2]. We will be considering functors
from a fixed small domain category Z into various other range categories.

5.1. Presheaves of looped simplicial groups

This section gives the class of examples of presheaves of looped simplicial groups
that we will use to apply the work of the previous sections.

We begin with the category of “star-connected” simplicial sets from [6]: A pointed
simplicial set X, with basepoint 0, is called “star-connected at 0” if and only if
there exists a function w: Xy — X7 such that w(0) = s¢(0) and, for every z € Xy,
di(w(2)) =0 and dp(w(z)) = z. The objects in the category are thus triples (X, 0,w)
where X, 0 and w are as above. Morphisms are defined as expected.

There is a functor G with domain category that of the star-connected simplicial
sets, and range category that of simplicial groups described in two different ways
in [6]; we denote

G(X,0,w) = G, (X).

We review briefly the construction of G, but refer to [6] for most details. One way
of constructing G is to use Kan’s construction for a “loop” group for the (possibly)
nonreduced simplicial set X [10]; the function w serves as a way to functorially
associate a maximal tree to the simplicial set X.

In applications, the simplicial sets we use will always be nonreduced. These simpli-
cial sets are the basic ones for algebraic K-theory: the classifying spaces for Quillen’s
category QPR, associated to a ring R. We review the definitions and establish a
change in notation in the following sections.

5.1.1.  Definitions
The reader is referred to the standard sources (e.g., [8, 14, 17]) for details in this
section.
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The ring R will always be a ring with a multiplicative identity; PR is the category
of finitely generated projective R-modules. Quillen’s category QPR is the category
whose objects are the objects of PR and whose morphisms 7: X --- — Y are iso-
morphism classes of diagrams X « Z — Y in PR, where, in addition, the surjec-
tive map X « Z and the injective map Z — Y are admissible maps. One diagram

X<z (E» Y is isomorphic to another diagram X pi Z1 (ﬁ—1> Y if and only if there
exists an isomorphism T: Z — Z; such that T0, = 8 and Ta; = a.

The zero module 0 is an object in QPR (we do not distinguish between different
zero objects); if X is an object in QPR, the identity morphism idx: X --- — X is
the morphism defined by

idx _ idx

X « X = X.

Iftrn=X & Z1 &) Yandn =Y & Zy & W are two morphisms in Q PR, which are
composable in the sense “first do 7, and then do 75", the composite morphism in
QPR will be denoted in the usual way by 7o7;. Let us recall that the composition

ai B2
7'27'1:X<'<—Zl XyZQ‘—>W,
where
Zy Xy Zo ={(21,22) € Z1 x Zs | Pi(z1) = aa(22)}

and

a1 (z1,22) = a1 (z1), Ba(21, 22) = Ba(22).

Particularly simple morphisms in QPR are the morphisms defined as follows, for
any projective module P:

e gpisequal to 0« P=P.

e pisequal to 0 «- 0 — P.

e If : P — ( is an isomorphism of projective modules, then there is the mor-

phism, also called «, which is equal to P = P = Q.

These morphisms satisfy the relations

aLp = 1Q,aqp = qQ
in QPR.

The simplicial set NQPR is the nerve ([8]) of the category QPR “made small”;
by this we mean that QPR is replaced by an appropriate equivalent small category.
However, as is customary, we shall never make a notational distinction between QPR
and its equivalent small replacement. Thus, N QPR consists of the objects in QPR,
NQPR; consists of the morphisms 7 in QPR; in general, if ¢ > 2, a ¢g-simplex in
NQPR, is written as 7 | 72 | -+ | 74, where 7, € NQPR; for every i, and 7;417;
exists in QPR for 1 < i < ¢ — 1. The face and degeneracy operators d;, s; in NQPR
are defined in the usual way; we do not give the details here.
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5.1.2. Functoriality
Let R, S be rings with 1, and let f: R — S be a ring homomorphism. If Xp = NQPR
and Xg = NQPS, then we let f,: Xr — Xg be the map of pointed simplicial sets
induced by f (the basepoint for both simplicial sets is 0). More generally, if v is any
exact (basepoint preserving) functor from the category PR to the category PS, there
is an induced (basepoint preserving) simplicial set map v.: NQPR — NQPS.

Let w: (Xg)o — (Xg)1 be the function (“independent” of R)

w(P) = gp.
Then, we have
wo f, = frow.

This means that f, is a map in the category of triples described above; if G = G, is
the functor described in [6] (and briefly reviewed below), there is an induced homo-
morphism of simplicial groups

Gfi: Gu(XR) = Gu(Xs).
More generally, if v is any (basepoint preserving) exact functor from PR to PS, if
WOV, = Vs OW
on NQPR then there is an induced homomorphism of simplicial groups
Gu.: Gu(XRr) — Gu(Xs).

Since w is fixed, drop it from the notation: GR = G,,(XR).

At this point, we review the definition of GR in order to set notation, referring
to [6] for details.

For each n > 0, GR,, is defined to be the free group on the set NQPR,, 11, subject
to the relations:

e 5,0 =1, for every 0 € NQPR,,.

e If 7 is the (maximal) tree in N/Q PR generated by the morphisms gp in NQPR;,

for every projective P, then o =1 for every o € 7.

From now on, we denote the element of GR, corresponding to the element
0 € NQPR, 41 by t(0).

Note that (using bar notation), for a projective module P,

(L[1]---]gp) € NQPR,
and
tA 1] lgp) =1
also,
tr[me ] 1) =1
in GR, for every composable sequence of morphisms 71, 7s,... in QPR, using the

above relations. The notation 1 refers to any appropriate identity morphism, one
hopes that this is not too confusing, in view of the fact that are many identity
morphisms in QPR.
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The definitions of the face and degeneracy maps on generators t(o) € GR,, are
o dit(o) =t(d;o),if 0 <i<n.

o d,t(o) = t(dpy10) " t(d,0).

o sit(0) =t(si(0)),f0< i< n.

5.1.3. Loopedness
If R is a ring with 1, we let ¥R denote the suspension of R [11]; we regard ¥ as
a functor from rings with 1 to rings with 1. One has the following theorem and its
corollary ([6, 21]):

Theorem 5.1 ([6, Theorem 6.5.1]). If R is a ring with 1, then there exists a natural
weak equivalence

ar: GR — QGXR,
which is also a homomorphism of groups.

In the corollary below, recall the definition of the “i-boundaries” B H; of a simplicial
group H from Section 2.1.

Corollary 5.2 ([6, Corollary 7.5.2]). For every i > 0, m;(GR) is a central subgroup
of of GR;/BGR;.

Our functors § from Z to the category of looped simplicial groups will be obtained
as composite functors. First, start with a fixed functor R from Z to the category
of rings with 1. Then, we obtain a functor G®R from 7 to the category of looped
simplicial groups defined on objects by

Gm<v) = (Gm(v)a AR (v)s GZ%(U))7

for every object v of Z.
In fact, the above functor GfR takes values in a category of “infinite loop groups”,
using the above theorem. However, we will not use this fact in this paper.

5.2. The extended BKSS for the presheaf GR on 7

We write down the results of Section 3 for the case of the presheaf GR on Z. We
assume that C(Z, GR) is cofinite. (For example, if 7 is the category associated to a
finite poset, then already N*C' vanishes for large s.)

Then, there is an extended Bousfield-Kan spectral sequence

{E*H(Z,GR); 5.5 > O5dr, dy }
and a finite filtration
l=Fpy; S CFsj CFs1;C- CFoj Cmj(Tot(Z,GR)) = F_1
such that
Foorj/Fo; 2 BV = By
for every s,j > 0, and
By 2w (O(T,GR)) = HY (T, ,GN),

for every s,5 = 0.
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Using the results of [6], for every s,j > 0, the values 7y ;G9R(v) of the presheaf
Ts4;GR of abelian groups on 7 are isomorphic to the (Quillen) K-groups K ;(R(v)).

5.3. Along the (s, s)-line
In this section, we assume that C(Z, GfR) is cofinite.
We examine in this section a small part of the (s, s)-line of the extended BKSS.
This spectral sequence provides a filtration of

mo(Tot(Z, GR)),
of whose terms we write only those in which we are interested here below:
Fy0 C Fio C Foo C mo(Tot(Z,GR)).
The successive quotients of this filtration have been identified as

mo( Tot(Z,GR))/Fo0 = E%° C EYY =~ HY(T, Ry),

Foo/Fio= EL C Byt = HY(T, /)
and
Fio/Fa0 = E2? C E3? < H(Z, 8y)/im O,
where
dy: EY' = HY(T, /) — E3* = HX(Z, &)

is the indicated differential in the (extended) BKSS.
We will often abbreviate m;(G3R) by K; as above.
Therefore, there are exact sequences

e 0— Fyo — mo(Tot(Z,GR)) &5 HYT, Ky),
o 0— Fi9— Foypo b, HY(Z, %),
[ ] 0 — F270 — FI,O E) HQ(I, ﬁQ)/lm d2.
5.3.1. Connections with classical K-theory
If T is a ring with 1, then let Ko(T'), K1(T'), and K3(T) denote the classical K-groups

of the ring T'; associated presheaves will be denoted by K;, i = 0,1, 2.
In [6], for ¢ = 0,1, explicit natural isomorphisms

§: Ki(T) — mi(GT)
are constructed; naturality then gives natural isomorphisms of cosimplicial groups
§:C(Z,K;) — C(Z, Ki),
and, for each j, of groups
& HI(T,K;) — HI(T,R).
Now, the group Ko(lim_ ) has also a filtration on it described in [7]:

F2 CF1 € Fo C Ko(lim®R)
I
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with exact sequences
o 0— Fy —, Kollim %) % H(Z,Ko),
o 0 F — Fo 2 HY(Z,Ky),
o 0 Fy— F1 S HA(T,Ky)/im (8, 0 61),

where J, B, C' are homomorphisms described in [7], and d2, é; are connecting homo-
morphisms arising in exact sequences associated to certain nonabelian cohomology
groups. The pertinent definitions are reviewed below.

Consider the homomorphism

j: Ko(mm) — ﬂo(TOt(I, Giﬁ))
T
described by the composite
Ko(lmR) 5 7o(G(LmR)) — mo(lim GR) — mo( Tot(Z, GR)).
z z I

The point of this section is to prove

Theorem 5.3. The inverse image of the filtration given by the extended BKSS
Fio C Foo C mo(Tot(Z,GR))
under the homomorphism j contains the filtration

Fi1CFy C Ko(liln%)
T

The result j(Fz) C F» should be true as well, and is work in progress.

5.3.2. Review of definitions and results of [6] and [7]
Let R= liﬂlz R. For every v € Z, let j¥: R — R(v) be the natural homomorphism.

We make the following abbreviations to use in following calculations. If v 2w is an
element of N'Zy, say g.: R(v) — R(w) is the induced ring homomorphism, making
R(w) into an R(v)-module.

Define j¥(P) = P(v) and R(v)" = Q(v), for every v.

If 6,: P(v) — Q(v) is an isomorphism of 2R(v)-modules for every v, then g.0, is
the isomorphism of fR(w)-modules defined by the following diagram:

9+(P(v)) = P@rRO)Onw) R(w) = Pw)
1 0,® lﬁ(w) 1 9.0,
9:(Q(v)) = RO)" ) Rw) = Qw),

where of course we know that the way PR(w) is regarded as an P(v) module in the
phrase “®@gu )R (w)” is using the map g., and the equalities result from the definition
of the inverse limit and standard identifications.
The homomorphism J is just the natural homomorphism
Ko(R) — lim Ko = H°(Z, Ko).
7

The subgroup Fy of Ko(R) is defined to be the kernel of J.
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There are presheaves of groups GL, £ and S7 on Z defined by the functors

v GL(R()),
v E(R(v))

and

v = ST(R(v)),

where GL(T), E(T) and ST(T) are the general linear group, its subgroup correspond-
ing to the elementary matrices and the Steinberg group of a ring T', respectively.
To define

B: Fy — HY (T, K1),
we first represent an element of ker J C Ky(R) as [P] — [R™] for some finitely gener-

ated projective R-module P. Since 7 has a finite object set, without loss of generality,
we may assume that for every v € Z, there is an isomorphism 6, : P(v) — Q(v).

Then, if v % w is a morphism in Z, we may regard
9*01)071

w

as an element of GL(!(w)). The assignment
v we— g.0,05' € GL(R(w))

gives a well-defined cocycle in C1(Z,GL,), yielding a cohomology class 3([P] — [R™])
in the nonabelian cohomology set H'(Z,GL;), which in turn yields an element of the
cohomology group H'(Z,K;). This last cohomology class is by definition equal to
B([P] — [R™]). The details of this construction, and the proof that B is a homomor-
phism, are in [7].

The subgroup F; of Ky(R) is defined to be the kernel of B.

Now, there are exact sequences of presheaves

1-E5GL K —1
and
1K, —>87T - & —1,
yielding long exact sequences of pointed sets in (nonabelian) cohomology
o HY(T,Ky) S HY(T,E) — HY(Z,6L) — -+
and
- — HY(Z,8T) — HY(T,&) & H2(T,K>).

For definitions and proofs, see [7].
To define the homomorphism C, first define a relation C C F; @ H?(Z,K3) by

C={(¢.v) | ws € Z'(Z,€) 202((wy)) = v and B(¢) = t.((wy)) };

this is an additive relation whose domain of definition is F5 and whose indeterminacy
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is im(d201), and thus defines a homomorphism of groups
C: Fi — H*(Z,K5)/im(6201).

Again, for details see [7]. The subgroup 3 is defined to be the kernel of C. We do
not consider C or F3 in this paper, this will be done in later work.

‘We now need to review the definitions of the isomorphisms ¢: K; — K;, fori = 0,1
from [6], but refer the reader to [6] for all details.

We recall the classical definition of K1(T)) as K;(T)%t, for a ring T. One can
define the group K;(T) to be the free abelian group on the set of pairs (P, «), where
P is a finitely generated projective module and « is an automorphism of P, modulo
the subgroup generated by the elements

o (P.a)+(P.B) - (P.aB)

e (X,08)— (P,a) —(Q,~), whenever

0o - P L x & o = o

al Bl vl
o - P L x % o = 0
is a commutative diagram of T-modules with exact rows and «, 3,7 are auto-
morphisms.

Using this notation, it is well-known that every element of Ki(7)% has a repre-
sentative of the form (7™, A), where A is an invertible n X n-matrix with entries
inT.
Let Ko(T') denote the classically defined Ky; if Z is a finitely generated projective
T-module, let [Z] denote the equivalence class of the isomorphism class of Z in Ko (T).
The isomorphism &: Ko(T) — mo(GT) is defined by

£(12]) = [t(e2)]-

Now, if a: P — P is an automorphism of a finitely generated projective T-module,
there is an element z(a) € GT defined by

#(a) = tap | a)t(ep | @)~
The isomorphism ¢: K1 (T) — 71 (GT) is defined by
([P, a]) = [z(a)].

5.3.3. j(Fo) C Foyo
The composite

mo(lim GR) — mo(Tot(Z, GR)) = lim moGR = HO(Z, moGR)
A

platl
T
is equal to the natural homomorphism

Wo(liil GR) — lim moGR = HY(Z, R).
T 7

Note that p, is the map at the my level induced by the fibration p: Tot — Tot.
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The desired conclusion now follows from the naturality property of the isomorphism
&, and the universal properties of direct limits. But, one may give an “element-wise”
proof as follows.

In all of our applications, inverse limits of a functor can be realized as subsets
of the direct product, calculated in the range category of the functor, of the values
of the functor on the object set of the domain category of the functor. We will use
“tuple” notation for elements of the direct product. For example, if the value of a
functor on the object v of the domain category is A,, then an element of the direct
product [], A, will be denoted by (ay),, where a, € A,, for every object v.

Thus, if [P] € KOQiLnI R),

p3([P]) = ([t(tpw))])v,
also, considering the isomorphism
HO(Z,Ko) & HO(Z, ).
we see, using the above formula for p.j([P]) and the definition of &, that
§(J([P]) = E(([P(v)])o) = pxi([P])-

By definition, ker J = Fj, which we now see is equal to ker k1 j. Also, by definition,
kerp, = Fp . Thus,

J(Fo) C Foo.

5.34. j(F1) C Fip
Consider the homomorphisms

Jlzy

Fo 259 Fyo 2 HY (T, &1) & HYT, K1) £ 7.
We know that b; is the composite
Foo— EL' C Byt LN HY(Z,7.GR);
the isomorphism
Bi: Byt — HY (T, mGR))

is that described in Section 4.2.2. We will prove that by j |7, is equal to the map —¢B.
Then,

Fio = ker(Foo — ELY) = ker(Fpo 2 H'Y(Z, 1 GR)).

So, since F1 = ker B and b1j |g,= —£B, j(Fi) C kerby = F .
Now, by definition, Fy o is the kernel of the homomorphism

7T0( Tot(Z,GR)) — 7T0( Toto(Z,GR)) = CO(I7 ToGHR).
Let
(Y] € Fo,0 € mo(Tot(Z,GR)).

Let 7; denote the image of v under the homomorphism Tot(Z, GR) — Tot;(Z, GR).
Recall that F; is the kernel of the homomorphism Tot;(Z, GR) — Tot,—1(Z, GR).
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Since [y0] = [1] in the group mo(Toto(Z, GR)) = C(Z, moGR), using the long exact
sequence of the fibration Tot1(Z, GR) — Toto(Z, GR), there exists [1] € mo(F1) such
that [7] = [y1] in mo(Tot1(Z, GR)).

From now on, we often make the abbreviations

Tot;(Z,GR) = Tot;, and C*(Z,GR)=C".

More precisely, 7 is obtained as follows, using the description of Tot; given
in Section 2.3 of this paper. First, since [yy] =[1], there exists an element
Yo € (Totg)1 C CY such that dq(¥o) = Yo. (The d; of this discussion is the indicated
face map of the simplicial group Tot, = C°.) Using Section 2.3, we see that there
exists an element o5, € (Hom(A!,C')); such that (59, 05,) is an element of

(Tot1)1 € Cf x Hom(AT,CT),
and maps to vy via the fibration Tot; — Totq = C°. Then,
d1(30,050) "1 € (F1)o C (Tot1)o € CF x Hom(Al, CT), = C§ x C1,
and we set

7 =di(50,05,) ' = (1,71) € Cy x C1.

As we already know, the homotopy class of 7 is independent of the choices made.

By definition, [r] € Zy' = (ker mo(Fy) — mo(Toty)/mg(Toty)), since [r] = [y1] in
mo(Toty) is clearly the image of [y2] € mo(Tots).

Now, b1 ([7]) is equal to the cohomology class of [11] € Z1(Z, 7 GR).
Next, assume that [y] is in the image of j | £,.
Identify mo(Toto(Z, GR)) with the quotient group

C(Z,GRy) /im d,
where
dy: C°(Z,GNR1 Nkerdy) — C°(Z,GNRo)

is induced by d;.
Suppose that [7] = j([P] - [R"]) = j(=[R"] + [P]), where

[P] — [R"] € ker J C Ky(R).
Thus, o € mo(Totp) is the homotopy class of the element

v = t(Lgw)  tH(tpw) € GR()o

in CY%Z,GNRo); abusing notation somewhat, we will also denote this element of
00(17 Gmo) by 70-
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We can write down 77 using Theorem 2.4.1: v; € my(Tot1) may be identified with

the homotopy class of an ordered pair (g, Z) in the simplicial group
CY x Hom(A!,Ch)y = Cy x Cf,
where Z has the following properties:
di1Z = d'v,doZ = d°vo, s°Z = so0-
Such a Z € C{ can be defined by
v w = (1] i) L | tpgw))-
Using the definitions,
i Z(v 5 w) = tigeu) HHD) H(pw) = doZ(v = w),
and since g, (t(t)) " ttpw)) = tlqu)) " t(tp@w)):
d'50(v % w) = 9. (0()) = i) " Hirw) = Pro(v S w),
as well. Finally,
$°Z(v) = Z(v L v) = t(1 | 1) (L | L) = s070(v),

for every v. Again, we will abuse notation and refer to the element (vp, Z) described
above as 71 (confusing an element with its homotopy class).

Now, let us bring in the assumption that [P] — [R"] € ker J C Ky(R). We may
assume that there exist isomorphisms of f(v)-modules

0,: ji(P) = P(v) = R(v)" = Q(v),

for every v € 7.
This allows us to define an element 59 € C°(Z, GR1) by

v = H(qpe) | 00)t(tp() | 91;)_1 € (GR(v))1,

for every v € Z. Note that 79 € (Totg); = C°(Z, GRy), since doyo = 1. Also, for every
vel,

d1(50(v)) = tqpw))~ H(Ouap@))t(Outpw)  tep(w)),
which equals
t(equ))t(tpw);

therefore d1y9 = 0.

Calculating, always directly from the definitions, we see that, if v % w € N7,

d"F0(v 2 w) = g.(50(v)) = H(ap(w) | 9+00) (L) | 9260) "
and
d°3o(v % w) = t(qp(w) | Ouw)t(tpw) | Ouw) "
Now, given a morphism v % w in Z, define an element B(v % w) € (GR(w))s by
B(v % w) = t(1| gpuw) | 0u)t(dqqw) | 05" | 0w) o) | 00" | 9-02)
Mg 05" 1900 eaq | 027 001 | tpaw) | 0u) "
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Compute that

do(B(v > w)) = t(qpw) | Ou)t(tpaw) | 0u) ™" = d"Fo(v 5 w),

and
di(B(v = w)) = Hap(w) | 0u)t(@p@w) | 00) " (@) | 9:00)
(e | 9:00) T 1Py | Ouw)t(tp(w) | Buw) ™!
= t(qp(w) | 9+00)t(tP(w) | 9:0u) " = d"Fo(v 2 w).
Furthermore,

da(B(v 5 w)) = t(qow) | 0 )taqw) | 05") " t(aq(w) | 9+0u03 V(g | 9:0u03,") ™"
(e | 0 Q) 1027) 7 (L | tgu) ™t | tp(w))
= t(QQ(w) | g*gve;l)t(LQ(w) ‘ g*evgal)_lz = x(g*&ﬁ;l)Z.
Finally,
"B(v) = B(v % v) = t(1 | qpuy | 0u)H(1 | tpu) | 00) 7" = soo,
and

s%dy B(v) = dy B(v q v) =t(1 ] tge)) "t | tpw)) = s0(t(tqu)) " t(tpw))) = s0v0.

Now, define A = s,d; B, and consider the triple (50, B, A) € CY x C3 x C1.
We have already shown that

doB = d°¥,d B = d*#, s° B = s¢7.
Also,
dyB = dys51diB = d1A,dy A = dysydy B = dy\ B = d'#,
doA = dys1dy B = sodody B = sododoB = sqd’doFo = 1,
and
s"A = s%s1d1 B = ss1d 30 = s17.

Thus, (%o, B, A) defines an element of (Tot;);, using Theorem 2.4; note that this
element projects to 7y under the fibration Tot; — Toty. Continuing to compute, using
Theorem 2.4,

d1 (%0, B, A) = (d170, d2B);
SO
do(Go, 4, B) ' = (daTg '70,d2B™Z) = (1,d B Z).
To conclude, we have shown that
b15([P] — [R"]) = the cohomology class of [do B~'Z] € Z'(T, 71 GR);

by inspection, the element
[doB~*Z] = [Z27'X 7],
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where X € C] is defined by
X2 w) =x(g.0,0,1) L.
Now,
[Z7'XZ) = [X] € ZY(Z,m GR),

since m1GT is central in GT;/BGTy, for any commutative ring 7'

Thus,

b1j([P] — [R"]) = the cohomology class of [X] € Z*(Zm GR),
which is; by the results of [6], equal to the cohomology class of
—¢B([P] = [R")).

6. A simple example

In this example, the category Z is the category associated to a poset Z which
has only three elements, call them 1, 2 and 12; the only nonreflexive inequalities are
1< 12, 2 < 12. In this case a presheaf of (looped, since we would like to assume all
homotopy is abelian) simplicial groups on Z is just a diagram, call it §,

(Gla 017 Hl)
L
(Go,605,H) = (Ghz, 12, Hio)

of simplicial groups and simplicial group homomorphisms.

The construction of the Bousfield-Kan spectral sequence (in this simple case, it is
not really necessary to use the extended spectral sequence) shows that there exists a
filtration

1=F; CFy; Cmj(Tot(Z,5)) = F_1,
of m;(Tot(Z,¥)) = mj(Tot1(Z,5)), for every j > 0. This filtration has the property
that
o 1;(Tot(Z,§)/Fo; = HO(Z,n;8) = Ey? = E%J | for every j > 0, and
o Fo; = HY(T,mj1%) = By’ = ELJHL for every j > 0.

We can compute the cohomology groups in this simple example.
By definition, for every j > 0,

H°(Z,7;8) = {(a,b) € m;(G1) x mj(G2) | fu(a) = g.(b)}.
Also, by definition,
HY(Z,mj418) = (1j41(Gr2) % mj41(G12)) /N,
where N = {(f.(a)c™!, gu(b)c™) [ (a,b,¢) € M1 (Gr) X W1 (G2) X mj1(Gr2)}-
This last group is isomorphic to m;4+1(G12)/K, where
K = {f(a)g« ()" | (a,b) € mj41(G1) x m41(G2)}

via the homomorphism induced by 7;41(G12) X 74+1(G12) — 7j4+1(G12) given by
(z,y) — xy~!; this is a homomorphism since the groups ;41 are abelian for j > 0.
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Using these identifications, and the properties of the filtration on Tot(Z,§), we
obtain a long exact sequence (which is functorial on the appropriate domain category)
of homotopy groups:

- — mj11(Gi2) 3, ;i (Tot(Z,5)) AA 7;(G1) x 7;(G)
é) Wj(G12) — Wj_l(TOt(I, 3)) — e

where the sequence ends at mg:

11 (Gha) B wo(Tot(Z,3)) % 70(Gh) x 70(Ga) 2 70(Gha).

The homomorphism A is defined by A(a,b) = f.(a)g«(b) 1.
The homomorphism ¢ is defined by the composite

Ti+1(G12) = (mj4+1(G12) X mj41(G12)) /K
=~ HYT,7;115) = By? T = BT C 7 Toty),
and for j > 0, the homomorphism V is defined by the composite
Wj(TOtl) —» HO(I,TF]‘S) g Wj(Gl) X 7Tj(G2).

A special case of the above example occurs when, in the diagram §, the group Go
is weakly equivalent to the identity group. Then, the above exact sequence becomes

- 7j41(Grz) — m(Tot(Z,3)) — ;(G1) L5 7;(Gra) — mj-1 (Tot(Z,F)) — - -

Thus, one recovers the fact that Tot(Z,F) is the homotopy fibre of the map f.

If I is the kernel of the homomorphism f, then there is an augmentation
v: F — C°Z,%) and a natural homomorphism of simplicial groups F — Tot(Z, F).
If G5 is weakly equivalent to the identity group, and f is a fibration, then we see that
the homomorphism F' — lim_§ — Tot(Z,F) is a weak equivalence, as expected. If f
is not a fibration, then F' — Tot(Z,§) of course may not be a weak equivalence; a
very simple example of this is obtained by setting G; = G = 1, and letting G12 be
any simplicial group not weakly equivalent to a point. Then, F' = 1, but Tot(Z, ) is
weakly equivalent to Q2G1s.

In general, under the right conditions (for example, if at least one of the maps f,g
is a fibration ([4, XI, 4.1, 4.4])), the natural homomorphism ¢: lim_§ — Tot(Z,§)
is a weak equivalence; indeed, one has the following theorem:

Theorem 6.1 ([4, XI, 4.1)). If T is the poset of this section, and the map
g: Go — G2 is a fibration of simplicial groups, then the natural homomorphism
¢: liLnIS — Tot(Z,F) is a weak equivalence, and there is a natural long exact se-
quence of groups

D=bogp_ " . =Voop,
1 (Grz) = 7 (lim §) 22V (G x (G
v
2 7j(Grz) B mjoa(lm§) — -

T

where the exact sequence ends with .
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To begin a brief sketch of the proof, note that since ¢ is a fibration, there is a
long exact sequence in homotopy, with connecting homomorphisms d2: 7;41(G12) —
mj(ker g) for every j > 0. Let ¢ be the inclusion of kerg into Gy X¢g,, G2, and let
p: G1 Xg,, Ga — G1 and q: G Xg,, G2 — G2 be the natural projections.

Consider the following diagram, for ¢ > 0:

1 (Gra) 2% mim §) T 7(Gy) xom(Ge)

-| | -|
5 v
Tj+1(Gr2) —— m(Tot(Z,3)) —— m;(G1) X m;(G2).
Since this diagram commutes up to sign, one can make the desired conclusion.

Also, alternate descriptions of the maps D, P the long exact sequence of the theo-
rem are

D = 1, 069,
P = (P« qx)-

6.1. The “Mayer-Vietoris” sequence in K-theory
Let 7 be the same simple one-dimensional poset of the previous section.
A presheaf of rings R on 7 is a diagram of rings
Ry
L
Ry % Ry
applying the functor G gives a diagram (presheaf) of looped simplicial groups GR
GRy
LGf
GRy, % GR..

For this poset Z and the particular cosimplicial simplicial group C(Z, G®R), the
long exact sequence of the previous section may be rewritten as follows:

- = m11(GRya) — m(Tot(T, GR)) — m(GRy) x m(GRy) 3 7, (GRyg) — -+ -,
where the sequence ends at mg:
- — 1(GR12) — mo(Tot(T, GR)) — 70(GR1) x mo(GRa) > m0(GR1).
Now, as we have seen, if one of G f,Gg is a fibration, then the natural map of
simplicial groups

GRl XGR12 GR2 = @G,‘R — TO?f(I7 G%)
I
induces isomorphisms on all homotopy groups.
We assume that Gg is a fibration, and that ¢ is surjective.
Let L be the simplicial group GR1 XgRr,, GRa.
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Let R be the pullback of the diagram fR; indeed, by definition,
R:Rl X Ris RQ :m%
I

We examine the end of this long exact sequence; it is the top row in the diagram
below:

7r1(GR1) X 71'1(GR2) L 7T1(GR12) —_— 7T0(L) —_— 7r0(GR1) X 7T0(GR2) L 7T0(GR12)
exe| e| dl exe| e
Ki(R1) x Ki(R2) —— Ki(Ri2) L Ko(R) —— Ko(R1) x Ko(R2) i} Ko(Ri2).

The bottom row is Milnor’s exact sequence in classical K-theory, constructed
in [13].

The maps ¢ are the isomorphisms defined in [6], and reviewed in Section 5.3. The
left- and right-most squares commute because of the naturality of these maps.

The center vertical map v above is the composite v, o £, where v is the natural
map of simplicial groups v;: GR — L = H°(Z, GR). The third-from-left square in
the diagram above commutes because of the naturality of .

We now investigate the second-from-left square in the diagram above:

1 (Gng) ﬂ) 7T0(L)

fT Vl*ofT

Kl(ng) L Ko(R)

Lemma 6.2. Assuming that the map g above is surjective, the square

m1(GR12) AN mo(L)

3 T V1.0€ T
7]
Kl(ng) —_— KO(R)
described above is a commutative square.
In order to give the proof of this lemma, we must recall the construction of 9
(from [13]).
Suppose that A is an invertible n x n matrix with entries in Rq2. Milnor constructs

a projective R-module M (R}, Ry, A) as follows.
As an abelian group,

M( i §>A) = {(U7w) € RY ® Ry | Af(v) = g(w)}

It becomes an R = Ry XR,, Ro- module in the usual way. Now, since g is surjective,
t~here is a matrix hs with entries in Rs such that g(ha) = A, and there is a matrix
ha with entries in Ry such that g(ha) = A~!. Now, if

e R R P H

then X4 is an invertible 2n x 2n matrix such that g(X4) = A® A™L.
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If S is a ring, we denote by €7 the i-th standard basis vector of S™. Furthermore,
if P is any direct summand of the S-module S™, and if h: S — S’ is a ring homomor-
phism from S to another ring S’, we denote by h.(P) the S’-span of the subgroup
h(P) of (8")™ obtained by applying h to the coordinates of the elements of P; it is a
direct summand of the S’-module (S')™.

Now, as Milnor proves, the map B: R" & R" — M (R} ® R}, Ry ® R}, Ad A™!)
defined by

B(eft,0) = ((e;",0), Xa(e;, 0))
and
B(0,¢") = ((0,¢,"), Xa(0, ;"))
for 1 < i < n, is an isomorphism of R-modules.
Let U: M(R}, Ry, A) — R" @ R"™ be the homomorphism of R-modules defined by
U(v,w) = B~ (v,0,w,0).
Let P: R ® R™ — M(R}, R}, A) be the homomorphism of R-modules defined by
P=moToB,

where T: (R} @ R}) @ (RY @ Ry) — (R} @ RY) @ (R} ® RY) is the isomorphism
switching the middle two summands, and 7 : (R} @ RY) @ (R} @ Ry) — (R} & RY)
is projection onto the first factor. Then, PU =id and if E=UP, FE = FE and
M (R}, Ry, A) is isomorphic to the direct summand E(R"™ @ R™) of R" & R".

From now on, we set M = E(R™ & R"™).

Let i1: R — R; be the ring homomorphism i1(ry,r9) = ro, and let is: R — Ry
be the ring homomorphism is(r1,7r2) = 1. (We are identifying R with the subring
{(r1,m2) € Ry X Ra | f(r1) = g(r2)} of Ry x Ry.)

A direct computation gives the following lemma.

Lemma 6.3.
(a) (i1)«(M)=R}&0C R & R?.
(b) (i2)«(M) is equal to the Ra-submodule of R} & RY spanned by the 2n-vectors

Ra
€, - —1 B 0
[ 0 } * { (1 —haha)e[™ } 7

-1 { (haha — 1)l ]
0 )

(c) fol(in)«(M))=(fir)« (M) =(giz2)«(M)=g«((i2)«(M)) = Riy &0 S Ry & Rys.
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As a corollary, we have:

Corollary 6.4. The restriction of the Ro-module isomorphism defined by X, = X
to the Ra-submodule (i2).(M) of Ry & Ry gives an isomorphism from (iz).«(M) to
the Ry-submodule Ry &0 of Ry & RY.

Milnor’s homomorphism 9: K;(R13) — Ko(R) may be described with the equation
O([RTy, A]) = O([RT, ©0,A® 0]) = [M] — [R" © 0],

where R"®0C R" @ R"™.

Returning to the proof of Lemma 6.2, every element of K1 (R12) can be represented
by (RY,, A), where A is an invertible n X n-matrix with entries in Rjs. There is the
standard Rip-module inclusion R}, ® 0 C RY, @ RYy. Then,

v (§(0([RY2, A]))) = v1.(§(O([R12 © 0, A @ 0]))) = v1.({([M] — [R" © 0]))
= 1. (t(ean )t (Lrne0) )
= [(t (i a)t(rp@0) ™5 E(tin, a)t LRy 00) )]
Using Lemma 6.3, we see that
[(t(tire )t (erp@0) ™5 E(tinuar )t (bR @0) ™)) = [(1, (i ar)t(tRpe0) )]
= ta([t(tigaa)t (LR @0) 1))

However, consider the element ¢(zi,, nr)t(trye0) " of (GRz)o. The element x(A @
0) of (GRi2)1 represents the element {([Ry, ®0,A@ 0)]). Let Y be the isomor-
phism X |, ar: 2. M — RS @ 0. Then, using the notation again from [6], we have an
element (V) = t(qip,nr | Y)t(tiyons | Y)™' of (GR2)1 Nkerdp; under the map
GRy — GRy2, z(Y) maps to z(A®0) by Lemma 6.3(b). Therefore, by definition
and the results of [6],

02(&([Ry, A])) = d2([z(A)]) = 02([x(A & 0)]) = [da (x(Y))].
Also, by definition ([6]),
[d1(z(Y)] = [t(erye0) ™ iz 2)] = [E(tia. a0t (tRg00) "' ]-

Thus, we may conclude

Lemma 6.5. If, in the diagram R above, g is surjective and, in the diagram GR
above, Gg is a fibration, then the homomorphism on zero-th homotopy groups induced

by
GR — L — Tot(Z,GR)

is an tsomorphism.
On the other hand, the counterexample of Swan [18] shows that, without extra

conditions on the maps f,g, this lemma cannot be extended to higher homotopy
groups.
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