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We consider the “volume conjecture,” which states that an
asymptotic limit of Kashaev’s invariant (or, the colored Jones type
invariant) of knot K gives the hyperbolic volume of the com-
plement of knot K. In the first part, we analytically study an
asymptotic behavior of the invariant for the torus knot, and pro-
pose identities concerning an asymptotic expansion of g-series
which reduces to the invariant with ¢ being the N-th root of
unity. This is a generalization of an identity recently studied by
Zagier. In the second part, we show that “volume conjecture” is
numerically supported for hyperbolic knots and links (knots up
to 6-crossing, Whitehead link, and Borromean rings).

1. INTRODUCTION

In [Kashaev 95, Kashaev 97|, Kashaev defined an invari-
ant () y for knot K using a quantum dilogarithm func-
tion at the N-th root of unity, and proposed the stimulat-
ing conjecture that for a hyperbolic knot I an asymptotic
limit N — oo of the invariant (K)y gives a hyperbolic
volume of a knot complement,

. 27 .
]\}gﬂoo Wlog‘(lC>N| = U3 ||55\’C

; (2-8)

where vs is the hyperbolic volume of the regular ideal
tetrahedron, and || - || denotes the Gromov norm. It
was later proved [Murakami and Murakami 01] that
Kashaev’s invariant coincides with a specific value of the
colored Jones polynomial. In several attempts since then,
a geometrical aspect to relate Kashaev’s R-matrix with
an ideal octahedron in the three-dimensional hyperbolic
space has been clarified (see, e.g., [Thurston 99, Yokota
00, Hikami 01]). Furthermore, a relationship with the
Chern—Simons invariant was pointed out [Murakami et
al. 02].

In this paper, we are interested in an explicit form
of Kashaev’s invariant for the knot . In general, this
invariant can be regarded as a reduction of certain g¢-
series. In [Zagier 01], Zagier derived a strange identity
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for a g-series, F®2(q) = >°°7 (¢)n, which was origi-
nally introduced in [Stoimenow 98] as an upper bound
of the number of linearly independent Vassiliev invari-
ants. He showed that F(>2)(e™?) is related to the half-
differential of the Dedekind n-function. From our view-
point, F(2)(g) with ¢ — e>™/" is nothing but Kashaev’s
invariant for the trefoil, (3;)y = F(®2)(e?/N). This
motivates us to study an asymptotic expansion of the g-
series which, when ¢ is the N-th root of unity, reduces
to Kashaev’s invariant for the torus knot. We introduce
the g-series F(?™+1:2)(¢) as a generalization of Zagier’s
g-series and prove an identity,

F(2m+172)(627ri/N)
3 mi_om (2m-1)?
~ —  N2e4 N 4@m+D

2m+1

m—1 .
: (2541
1V (m—
X (=1) (m — j) sin (2 17r> e

. B e} (2m+1,2) n
RS Rk 3 In m 7
nl 12m+1)Ni

. (25+1)2
_Nm4(2]m+1)

(3-15)
and then propose a conjecture,

F(2m+1,2) (eit)

(2m_1)2, X T(2m+1,2) "
— es@mint n
25(2m+1

> )>n . (3-24)

2m+1,2
TT(L mt ),are

Here F?m+1.2)(g), respectively T-number
defined in Equations (3-22), respectively (3-10).

In Section 2, we review the volume conjecture and
explain how to construct Kashaev’s invariant from the
enhanced Yang—Baxter operator. In Section 3, we study
analytically in detail Kashaev’s invariant for the torus
knot. We consider an asymptotic expansion of the invari-
ant following Kashaev-Tirkkonen [Kashaev and Tirkko-
nen 00], and derive an asymptotic formula for g-series
with ¢ — e2™/N_ In Section 4, we study numerically an
asymptotic behavior of invariants for hyperbolic knots
and links. We use PARI/GP [PARI 00], and show that
there is a universal logarithmic correction to invariants.
We then propose a conjecture as an extension of Equa-
tion (2-8),

tog| ()| ~ v [ S\ K| 5= + 5 #(K) -Tog N+ O(N°),
(4-1)

where #(K) is the number of prime factors of a knot

considered as a connected-sum of prime knots.

2. KASHAEV’S INVARIANT
AND VOLUME CONJECTURE

The quantum invariant of knot K can be constructed once
we have the enhanced Yang-Baxter operator [Turaev 88],
(R, i, v, B), satisfying

(Re1)(1®@R)(R®1)=(1®R)(R®1)(1®R), (2-1)
(L@p)R=R(p®p),
Tro (Ril (1ow) = ot .

The operators RT! and p*! are usually depicted as fol-
lows;

i J i J
e > e e
k \\E k:// l
£ ¥ | (n); = m

When the knot K is given as a closure of a braid £ with
n strands, the invariant 7 (K) is computed as for the
(1,1)-tangle of knot K as

n(K) = a™9 57 Ty, (ba(€) (1@ p®0 1))
(2-4)
Here we have associated the homomorphism bg (&) by re-
placing the braid group ¢! in ¢ with R*!, and w(€)
denotes a writhe (a sum of exponents).

Kashaev’s invariant is originally defined by use of
the quantum dilogarithm function with a deformation
parameter being the N-th root of unity [Fadeev and
Kashaev 94],

w=-exp(27i/N). (2-5)

The invariant is then defined as follows: We use the g-
product,
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Theorem 2.1. [Kashaev 95, Kashaev 97] (See also
[Murakami and Murakami 01].) Kashaev’s invariant
(K)n for the knot K is defined by Equation (2-4) with
the following R and p matrices;

3 Nl (h—g+1) (=)
R;CJZZ w * - QLZ ﬂ7
(W)[E—k—l] (W)[j_g] (w)[i—j] (W)[k_i]
(2-6a)
(R‘l)a _ N o 1H(=i=1)(k—3) » [z J] ’
(W)[g*_k_1] (w)[j—e] (w)[i*_j] (W)[k—i] k¢
(2-6Db)
p = =6k w3, (2-6¢)
Here [z] € {0,1,...,N — 1} modulo N, and
i<k<l<y,
g j<i<k</{
92‘7}:17‘051“7__ ’
[k ¢ ifand only if Ny 5 <k (with € < K),
k<t<j<i.

In [Murakami and Murakami 01], it was shown that
this invariant coincides with a specific value of the col-
ored Jones polynomial, the invariant of knot K colored
by the irreducible SU(2),-module of dimension N with a
parameter ¢ — exp(27i/N).

Theorem 2.2. [Murakami and Murakami 01] Kashaev’s
invariant (KK)n coincides with the colored Jones polyno-
mial at the N-th root of unity, whose R-matrix is given
by

min(N—1—1,5)

Rg= )

6€7i+n 6k7j77l (_1)11+j+n

n=0
y — @idn (W) Wit E(ti—n)
(w);™ (W)j—n (W),
(2-7a)
- min(N—1—3,) o
(B)ie= 2 i hgan (Z)F7

n=0
_(@)i" @W)jn W= 5 (i+i—n)
(w);%y (W) (@)n ’

(2-7b)

HE = B0, (2-7¢)

In this article, we focus on the following stimulating
conjecture.

Conjecture 2.3. [Kashaev 97, Murakami and Murakami
01] The asymptotic behavior of Kashaev’s invariant gives
the hyperbolic volume of the knot complement of knot KC;

.27 3
Jim == log[(K) | = vs - [|S*\ K], (2-8)
where vg is the hyperbolic volume of the regular ideal
tetrahedron, and || - || denotes the Gromov norm.

A mathematically rigorous proof of this conjecture has
not been established yet (only thea case of the figure-
eight knot was proved (see, e.g., [Murakami 00]). How-
ever, several geometrical studies have been done; the
relationship between Kashaev’s R-matrix and the ideal
hyperbolic octahedron has been established [Thurston
99, Yokota 00, Hikami 01], and it was found that the
saddle point equation of the invariant coincides with the
hyperbolicity consistency condition.

As it is well known [Neumann and Zagier 85, Yoshida
85] that the hyperbolic volume is closely related to the
Chern—Simons invariant, we also propose a complexifica-
tion of Conjecture 2.3.

Conjecture 2.4.
Benedetti 01]

[Murakami et al. 02, Baseilhac and

lim %”mg(ucm) =wvs- ||S*\ K| +i CS(K), (2-9)
where CS denotes the Chern—Simons invariant,

CS(M) =272 cs(M),

1 2
M

3. TORUS KNOTS AND g-SERIES

3.1 Invariant of the Torus Knot

We consider the (m, p)-torus knot, where we suppose that
m and p are coprime integers. The knot is expressed in
terms of generators of Artin’s braid group as

§= (01 02" "Um—l)p-

Hereafter, we denote it as Trs(m,p). For (m,p) = (3,2)
and (5,2) case, they are called the trefoil knot and the
Solomon’s Seal knot, respectively (see Figure 1).

Using results from quantum groups, the explicit form
of the colored Jones polynomial of the torus knot is ob-
tainable.
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FIGURE 1. Trefoil Knot and Solomon’s Seal Knot.

Proposition 3.1. [Morton 95, Rosso and Jones 93] The
colored Jones polynomial Jic(h; N) for K = Trs(m,p) is
given by

(N-1)/2
_ Z Z Eeh'mpr2+h'r('n'7,<|»ep)+%Eh7 (371)
e=tlr=—(N-1)/2
where a parameter q is set to be ¢ = exp(h). Unknot is

denoted by O, and we have

sh(N h/2)

To(hi N) = =5 579y

By use of the relationship between the colored Jones
polynomial and Kashaev’s invariant (Theorem 2.2), we
can give an asymptotic expansion of the invariant of the
torus knot.

Proposition 3.2. [Kashaev and Tirkkonen 00] For the
torus knot IC = Trs(m,p) with m and p being coprime,
Kashaev’s invariant is represented by the following inte-
gral:

<Trs(m7p)>N
3/2
= <W) e?‘ri(N+% _% %_,,_%)_-%i
2
X /dzempNﬂ'(Z+’z2) 2 sh(m z) Sh(pﬂ'z).

sh(mpr 2) (3-2)

Proof: We follow [Kashaev and Tirkkonen 00]. As
Kashaev’s invariant is defined for the (1,1)-tangle of
knots due to Theorem 2.2, we have for K = Trs(m,p)
that

. i N
(Trs(m, p))y = e™N+F)  lim Jie(hi N)

h—2ri/N Jo(h; N)’ (3-3)

We rewrite the r.h.s. using the Gauss integral formula

2
Vrhe® = /dz exp <—% —|—2wz> ,
€

where a path % is to be chosen by the convergence con-
dition. We apply the Gaussian integral formula to Equa-
tion (3-1) and get

o NRY Je(h;N)
9ei(B+E) o TRA T
° S(2>Jamm

—-1)/2

>y

e=+1 r_—(N 1)/2
—1)/2

;ﬁ;l r——uzvzlw ”rh Z

R — sh(N z) sh(%)'
sh(z)

eehmp(r+m+€p)2

2mp

Az e~ Fp T2 HE+5)

2
=—— [d
\/ﬂ'hmp/ e
€

Summing the integrand with one replacing z — —z, we
have

.2 sh(N z)sh(£)sh(%
oyt SOV 2)sh(2)sh(z)

2
¢mm@! e

Decomposing sh(N z) into (eN* —e=

invariance under z — —z, we see that

B /Mg%ﬁmm&wma
Jahmp shz

,/ /dzemp(NZ*

To obtain Kashaev’s invariant (Trs(m, p))y defined in
Equation (3-3), we differentiate the above integral with

#)/2 and using an

:2y2sh(m z)sh(p z) sh(m z) sh(p z)
shimpz)

respect to h, and we obtain Equation (3-2). O

Proposition 3.3. An asymptotic expansion of Kashaev’s
invariant for IC = Trs(m,p) is given by

(Trs(m, p))

+ (=1)m+DE+D) oMN (1 3mp)+F (1-5 (5 +73))
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Here we have set

Res(m, p)
— 2i mil( 1>Tl+1 2 h n h(nﬂ- )
= mp)? 2 n°s i)sh{——i
~ eNTri(n 2mp) (375)
and the T-series is given by
sh(mw)sh(pw) o= T3"" 1w (36)
shimpw) (2n+1)! '

n=0

Proof: We use an integral representation (3-2) of the
invariant. When we shift the path ¢ to € + i, we get

N 3/2 3 1 mi(m P i
(Trs(m,p))n = (m];) ) MWV §)—an (B +5)—F

X (Res(m, D)

+/dzempN7r(z+%z) QSh(m’]TZ)Sh(p’]TZ)
shimpm 2) '

C+i

Here, the first term, Res(m,p), comes from residues of
the integral at z = _* mp — 1, and
it is computed as Equation (3-5). In the second term,
we introduce z = w + i, and using a fact that the even

functions only survive in the integrand, we get

(Trs(m, p)) N
3/2
_(mpN) TN+ )= F (2 )3

w ’

(Re (m,p)+2i(— 1)mp+m+pe%mpN”i

X
LimpNrw?
></ wez'"P w ) (3-7)
€

Substituting the expansion (3-6) into an integrand, we
recover Equation (3-4). O

sh(m 7 w) sh(pmw)

sh(mpmw)

Remark 3.4. The T-numbers can be written in terms
of the L-series. The left-hand side of Equation (3-6) is
expanded as

shmw)shpu) 1S o

sh(mpw) 2 (3-8)

n=0

where xamp(n) is a periodic function modulo 2m p:

n mod 2mp | Xamp(n)
mp—m-—p 1
mp—m-+p -1 B
mp+m—p -1 (3-9)
mp+m-—+p 1

others 0

We apply the Mellin transformation to Equa-

tions (i(% 6)) and  (3-8), 2307 Xomp(n)e ™
Snlo iy (—1)" w1, The left-hand side is inte-
grated as
1 - >~ s—1 nw
3 X2mp(N) w dw
n=0 0
['(s) 1
=9 nZ_:OXQmp(n) o
I'(s
= % L(Sa X2mp)a

while the right-hand side is

oo N-—-1 (m,p)
T
n _1 nw2n+1
/0 (nz_o (2n+1)!( )

+ O(w2N+1)) w* ™ dw

N-1 (m,p)
T, 1
(=" + Ran11(8),

2n+1 2n+s+1

n=0

with Ry (s) holomorphic in f(s) > —N. Comparing the

residues at s = —2n — 1, we find that the T-numbers
T{™") can be given in terms of the associated L-series as
1
T(mP) — 3 (=)™ L(=27n — 1, X2mp) (3-10)
1 (2mp)Pntt

=S

2 2n+2
2mp

a
X ZX2mp B2n+2 (2mp) )

where B, () is the Bernoulli polynomial. It is noted that
the T-number with (m,p) = (3,2) is called the Glaisher
T-number [Sloane 02]. A table of T-numbers is given in
Table 1.

We now give an explicit form of the invariant for the
(2m + 1,2)-torus knot (for m > 1) by use of Kashaev’s
R-matrix in Theorem 2.1.

Lemma 3.5. Kashaev’s invariant for the (2m+1,2)-torus
knot is given explicitly as follows:
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no |0 1 2 3 4 5
8P 1 23 1681 257543 67637281 27138236663
TP |1 71 14641 6242711 4555133281 5076970085351
7™ |1 143 58081 48571823 69471000001 151763444497103
7™ |1 239 160801 222359759 525750911041 1898604115708079
7MY |1 359 361201 746248439 2635820840161  14219082731542919
7Y |1 503 707281 2041111463  10069440665761  75868751534107223
TP |1 671 1256641 4828434911  31713479172481  318124890738776351
T8 | 1 863 2076481 10248374303 86458934113921  1113984641517368543
7% | 1 1079 3243601 19997487719  210737173733281  3391720107333707159
(212 1 1319 4844401 36486145079  469706038871521  9234991712596896839

TABLE 1. T-numbers.

o Trefoil 3y (m=1):

N-1
(Trs(3,2))y = D (W)a, (3-11a)
a=0
e Solomon’s Seal Knot 51 (m = 2):
N-1
(Trs(5,2))n = Y. w ®(Ways,  (3-11D)
OSa(ill;;(])Vfl

o (2m+1,2)-torus knot (m > 2):

(Trs(2m+1,2)) v

2m—2

- N E (—1)%i=1
1<agm-2<-<a1<N-1
w% ?;nlizaj(aj—l)
x 2m—3
Hj:l (W)aj_aj+1
2m—2
— E ' (71)2]273 <j
0<com—2<-<ca<N—c;—1<N-2
% ety 0 (e +) (Wertes

2m—3
HjZLZ (w)cj_CjJrl

N-1

- ¥

a1,02,...,a42m —2=0
0<ai+ag+-+azm 2<N-—-1

(w)a1+a2+"'+a27n72

15752 (@),

2m—2

X (_1)ZJ7=3 jaj

2m—2
% w*ala2+2jz‘3

(3-11c)

(%71*‘11) aj+%Z?Z;}_Q(aj+aj+l+”'+a2m—2)2'

Proof: This is a tedious but straightforward computa-
tion. The following identities are useful [Yokota 00, Mu-
rakami and Murakami 01]:

(W)isq) (W) = N, (3-12)
Z wf(mferl)k
w1 @)y
_ (_1)[m—€] w([m—é]+1)([m—l]—2m)/2’ (3713)
w—kG=7)

5 = i ;- (3-14)

keli,j) (@i @)y ’
O

Recalling a result of Proposition 3.3, we obtain an
asymptotic expansion for the above set of the w-series.

Corollary 3.6. We have an asymptotic expansion for the
w-sertes with limit N — oo:

o Trefoil (m=1):

i ri  miN 7
3
Y (W) = N3 T_rmy
@) eXp<4 12 12N>

e Solomon’s Seal Knot (m = 2):

Z w_ab (w)aer

0<a+b<N—1
~ % N%e%l_;(;‘"N (2ae_ ]\;)” —be 915(?)
0 (5,2)
9im Th s n
T 20N 3715b
e nl (201]V) » (3-15b)
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e (2m+1,2)-torus knot (m > 2):

Nl (w) 2m—2

Z a1+as+-+asm_2 (_1) iy jaj
2m—3

Hj:z (W)aj

a1,a2,...,a2m—2=0
0<ai+as+--+azm-2<N-1

Xw*a1a2+23ms 2(**1 al)a]+ sz:; Z(a]+a]+1+ Aagm—2)?

5 m—1
wi (2m—1)
N 4(2m+1)

e

Nie® (—1)7 (m

Jj=0

—J)

N
S
Jr

(2j+1)?
_N7"14(2Jm+1)

i T£2m+1,2) -
4(

(3-15¢)

Remark 3.7. Equation (3-15a) was conjectured in [Za-
gier 01] (according to this reference, it was due to Kont-
sevich), and it was discussed that a power exponent 3/2
of N3/2 which appeared on the right-hand side is related
with a weight of the “nearly modular function.”
we define

Namely,

(2m—1)2

(I)(Qerl)( ) — oimTT Tia F(2m+1 2)( 27ri0¢), (3*16)

where Fm+1.2)(g) will be defined in Equation (3-22).
Then, from Equation (3-15), we have the modular trans-
formation property,

( 12iN ) '

(3-17)

@1 3)(— = 1
o (N) + ( N) o Z n!
n=0 :

A generalization of this property will be discussed be-
low.

Remark 3.8. The torus knot is not hyperbolic, and we
have ||52\ Torus|| = 0. In view of complexification of the
volume conjecture (Conjecture 2.4), Equation (3-15a)

shows )

CS(Trefoil) = —%. (3-18)

2m+1)Ni) '
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Equations (3-15b) and (3-15¢) indicate a decomposition
into several terms labelled by flat connections, and we
have

CS(Trs(2m + 1,2))

(2j+1)? 2‘.
=L, =0,1,...
{ 2(2m+1)7‘— J y Ly , M

- 1} . (3-19)
This decomposition may be explained as follows. The
fundamental group of S3 \ Trs(m, p) has a presentation
m (8% \ Trs(m, p)) = (z,y|2™ = y). (3-20)
As was discussed in [Klassen 91], there are (m — 1) (p —
1)/2 disjoint irreducible representations, p : m1(S3 \
Trs(m,p)) — SU(2), up to conjugacy. This corresponds
to a decomposition in Equation (3-5). Especially, in
the case of Trs(2m + 1,2), we have m representations
in which the eigenvalues of p(y), respectively p(z), are
given by exp(£mi/2), respecively exp(j:%"jrl1 mi) with
7=0,1,...,m—1. The Chern—Simons invariant may be
computed by considering a path of representation along
a line of [Kirk and Klassen 93].

For our later discussion, we comment on asymp-
totics of the invariant which simply follows from Equa-
tion (3-4).

Corollary 3.9. For the torus knot KK = Trs(m, p), we have
in the limit N — oo that

log|(Trs(m,p)) x| ~ glog N. (3-21)

3.2 g-Series

We define the g-series based on Kashaev’s invariant of
the (2m + 1,2)-torus knot which was given in Equa-
tion (3-11).

e Trefoil (m =1):

FO2(g) = 3 (g)n, (3-220)
n=0
e Solomon’s Seal Knot (m = 2):
FO2(q)=>" " (Q)ats, (3-22b)
a,b=0
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e (2m +1,2)-Torus Knot (m > 2):
F(2m+1,2) (Q)
— Z (_1)2?:3 25]‘ q*clc2+ meg 2CJ(Cj+1)

0<c1 <0
0<cam—2<:<c2<o0

(q)c1+02
2m—3
Hj:2 (q)cj*CjJrl

(Q)a1+a2+~~+a2m72 (_1)23;”3 2ja

1575 (0)a,

at,...,a2m—2=0

X q
(3—22¢)

In this section, we use the following notation:

n

=[[a-=z¢.

i=1

(@)n = (2;9)n

Note that generally the g-series functions F*™m+1:2)(q)
do not converge in any open set, but in the limit ¢ — w =
exp(27i/N) the functions reduce to the invariant of the
torus knot:

FEmTLY () = (Trs(2m + 1,2)) (3-23)

Collecting these observations, we propose the follow-
ing conjecture on the asymptotic expansion of the g¢-
series. We have numerically checked the validity of this
conjecture for several n and m.

Conjecture 3.10. We have the asymptotic expansions of
the q-series FmH12)(q) defined in Equation (3-22) as
(@=¢")

F(2m+1,2)(e—t)

S (2m+1,2) n
ry I ! (3-24)
2 2m+1))

where the T-number is defined by Equation (3-10) (or
FEquation (3-6)).

(2m—1)2
= e8@m+1)

|
0 n!

This conjecture is proved in [Zagier 01] for the case
m = 1 as follows.

Theorem 3.11.
correct.

[Zagier 01] Conjecture 3.10 for m =1 is

o

Z(l —e (1 - e_%) c (1= ™)

n=0
(3,2) n
T t
= ¢/ § . (325
- n=0 n| ( ) ( )

a1a2+2 ms 2(**1 al)a]Jr%Z?:'3_2(aj+aj+1+~--+a2m72)2

Proof: We outline a proof following [Zagier 01] (see also
[Andrews et al. 01] for a generalization of this identity).
We define a function S(x) b

S(x) =Y (@)psr 2"
= (@ Qoo +(1=2) Y ((€q)n — (¥q)o0) 2"
" (3-26)

The subtraction of (z ¢)s in the summation is to avoid
divergence in the limit z — 1, and the second equality is
proved using the Euler identity,

) PEAN

0 (Dn (7) oo .

We can check that it solves the g-difference equation,
S(x)=1—qa*—q¢* 2 S(qux). (3-27)

On the other hand, we can easily see that a function

Z X12(n

also solves the same g-difference equation (3-27).
X12(n) is the Dirichlet character which follows from
Equation (3-9) with (m,p) = (3,2):

n mod12|1 5 7 11 others
xi2(n) |1 -1 -1 1 0

It is remarked that S(z = 1) coincides with the Dedekind
n-function,

zz(n=1) qle;(”z*l)7 (3-28)

Here

(3-29)

Z X12(n) g% D),

where the equality follows from the Jacobi triple product

identity. Thus, from Equations (3-26) and (3-28), we
find that
(@@ + (1L —2) Y ((@a)n — (€a)c) 2"
n=0

21(n°=1)

—ZXH zin g

By differentiating with respect to x and setting x — 1,
we get

(¢)oo - (% -y - fn ) = ((@)n — (@)s0)

n
n=1 q n=0

:_ZnXm ) g ("D,

(3-30)

(3-31)
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Thus, in the limit ¢ — 0, we obtain

—ant
E nxi2(n 240,

because (¢)oo induces an infinite order of ¢t when we set
g = e~t. Applying the Mellin transformation to an equal-
ity 0% nxia(n) e 3™t ~ 0y, 17, we get
_1)"
= ;4n 31! L(=2n
By use of the relationship (3-10) between the L-series
and the T-numbers, we find

—2e7 /2 PG (e (3-32)

- 17X12)'

T7g3,2)
T = T g
which proves Equation (3-25). O

Remark 3.12. From Equation (3-29), the right-hand side
of Equation (3-25) is regarded as a “half-differential” of
the Dedekind n-function [Zagier 01].

Remark 3.13. Conjecture 3.10 is formally derived as fol-
lows: Equation (3-25), i.e
in the case m = 1, suggests that we may apply a naive

, a proof of Conjecture 3.10

analytic continuation
27

N— (3-33)
in the integral (3-7), i.e., we may set
FEmH1.2) (o)
~i (M)m e
t
sh(27w) (3-34)

Yen(@ma ) rw)

2(2m+1)72 2
X /dwe e v
€

In fact, substituting the expansion (3-8) with (m,p) —
(2m+1,2),

sh(2x) R
—h((2m 1 Z Xsm+4(n
T(2m+1 2)
— 2 2n+1 -
S G )

n mod (8m + 4) |2m—1 2m+3 6m+1 6m + 5 others
xsmta(n) | 1 -1 -1 1 0

we obtain the right-hand side of Equation (3-24). Using
the Mellin transformation, we also see that

F(2m+1,2) (eft)

1 0o
~ D) Z n Xgm+4(n)
n=0

e 8(27rtz+1) (n?—(2m—1)?) )

(3-36)
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It is noted that the right-hand side is now a “half-
differential” of the infinite ¢-product defined by

Z X8m+4 8(21n+1) (n? (2m_1)2)
N (3-37)
00
Z (DR H(m—3)k
k=—o0
2 2
qn1 Fodn, 2 gt

T 1> >11 >0 (Drm—r—rm—s - (Dnz—ny (@ny

where the last equality is the Gordon—Andrews identity,
a generalization of the Rogers—Ramanujan identity (m =
2).

Conjecture 3.10 suggests that there should be a
g-series identity as a generalization of Zagier’s iden-
tity (3-31), which we hope to report in a future pub-
lication [Hikami 02].

Remark 3.14. We consider an expansion of the g-series

with ¢ — 1 — z, and define a(zmH) as coefficients of z":
PO —g) =Y " aZmth gm, (3-38)
n=0

To caleulate ™ from T+ we also define 5"+

following [Zagier 01] by

0o b(2m+1)

F(2m+1,2)(e—t) — Z n

n=0

" (3-39)

(2m+1) .

It is easy to see that a series by, is written in terms

of T2m+12)
2m — 1)

(2m+1) _ (2m —1)? "
g (8<2m+1>> ;@
(3-40)

Some of the computed terms are given in Table 2.

T(2m,+1,2)

We use the nonnegative Stirling numbers of the first
kind [Goldberg et al. 72] defined by

n—1 n
H(x +7J) = Z s(n,m)x™ (3-41)
=0 m=0
It is known that we have
tm o0 (1 _ e—t)n
. > s(n,m) — (3-42)

n=m
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n o 1 2 3 4 5 6 7
P 11 19 207 3451 81663 2602699
Y |1 2 10 104 1870 51632 2027470 107354144
b 1 3 21 303 7581 291903 16004541 1184112303
Y 1 4 36 664 21276 1050664 73939356 7024817944
Y 11 5 55 1235 48235 2006315 249689275 28969703915
b3 1 6 78 2064 95082 6762216 686010858 94007233704
B |1 7 105 3199 169785 13919647 1628324985 257347060159
BT 11 8 136 4688 281656 26150768 3465278776 620465205248
B 11 9 171 6579 441351 45771579 6776104311 1355621381739
B | 110 210 8920 660870 75714880 12384774150 2737845857680
TABLE 2.
n |0 1 3 4 5 6 7
a1 1 5 15 53 217 1014
a1 2 23 109 621 4149 31851
dP 13 12 62 402 3162 29308 312975
a1 4 20 130 1070 10738 127316 1741705
a1 5 30 235 2345 28623 413441 6896695
a1 6 42 385 4515 64911 1105573 21759966
a1 7 56 588 7924 131124 2572640 58354762
a7 118 72 852 12072 242820 5392464 138497502
A 11 9 90 1185 20115 420201 10419057 298862100
G110 110 1595 20865 688721 18859357 597554925

TABLE 3.

Using this identity, we obtain the a-series from the b-

series as

1 n m
al?m ) = =N g(n, k) b2, (3-43)
n!
k=1
Some of the a-series are given in Table 3.
Table 3 indicates that a7(12m+1) is given by the n-th

order polynomial of m, e.g.,

a(()2m+1) -1

)

ag2m+1) =m,
ag2m+1) - m (m + 1)’
m 1
a:(f +1) _ Em(m+1) (8m +7),
1
afm-‘rl) _ 6 m(m + 1) (14m2 +22m + g)a

m 1
a?™ ™ = —m(m+1) 8m+7) (19m? + 25m + 9),

30

1
aé27n+1) _ 5 m (m + 1) (2360 m* + 6544 m?

+ 6841 m* 4 3209 m + 576),
m 1
al?m Y = 5530 ™ (M + 1) (99136 m° + 330440 "
+ 440960 m® + 294775 m* + 98919 m + 13410).
We should note that the series a’ coincides with the
upper bound of the number of linearly independent Vas-
siliev invariants of degree n [Stoimenow 98].

Remark 3.15. It would be interesting to construct the ex-
plicit form of Kashaev’s invariant for the arbitrary torus
knot K = Trs(m, p), and to study an asymptotic expan-
sion as a g-series based on Equation (3-4).

Remark 3.16. The Rogers-Ramanujan identities are the
following set of equations:

et .
Sol) = T; (@n (@45 6%)e0 (3-442)
Si(q) = i 7 ! (3-44b)

N ) T (P )
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With these functions, we have the modular property,

<cO<—%>> _ 2 (sin(%“) sin(%) ) (com)
o) TV Lsinz) () \ain)

(3-45)
where we have set ¢ = exp(27i7), and

co(q) = ¢"/*° So(q), c1(q) = ¢"*° S1(q).

Conjecture 3.10 for m = 2 is an identity for a half dif-
ferential of S1(g). We expect that there should exist an

identity for Sp(q).
s (5,
series T},

For this purpose, we define another

> p2ntl —
— 2 n n 777,./1?.
nZO TN ZXQO
(3-46)
Here, we have
n  mod 20 | 1 9 11 19 others
Xo(n) |1 -1 -1 1 0
and some of the T2, T = L (-1t L(-2n —
1, X20) are as follows:
n [0 1 2 3 4 5

T°% |2 118 23762 10104358 7370639522 8214744720598

The Jacobi triple identity gives

[ N 1 n27
(q27 q37 q’; qS)oo = (q)oo : So(q) = Z XQO(n) q410( 1
n=0
(3-47)
Conjecture 3.17. We define
- oo
FOI () = 3 g (Qars-1. (3-48)
a,b=0
(a,b)#(0,0)
Then, we have
=(5,2) n
T t
FE2(e ot/40 Z : <> (3.49)

Conjecture 3.18. The g-series F>?)(q) with ¢ — w =

e2™ /N has an asymptotic expansion in N — co as
N
FE(w) = Z W™ (W)asb-1
a,b=0
1<a+b<N
~ l N2e% 2N (2 s1n(2—7r) e
NG 5
0 7(5,2)
Nri i T T n
in(g) e ) e n;) nl (2O1N>

With the above conjecture and Equation (3-15b), the
transformation property (3-17) should be reformulated
as a variant of Equation (3-45); we set

<I>(5)(a) _ e%ma F(5’2)(e2”ia),

(3-51)

w5 (a) _ 82—107Ti04 £(5.2) (eQﬂ'iOL). (3752)

Using the fact that we have

O (0) =1, v (0) = 2,
and a recursion relation,
) (a+1)=ex™ . 00)(q),
O (a4+1) = e207 . O (a),

we get for n € Z

(I)(S)( ) _ ezomn \IJ(5)(71) _ 2e%win'

As a result, we find that the functions ) and ®®) can
be regarded as a set of “nearly” modular functions [Zagier
01] satistying

- 2 sm(%”) SIH(%) \11(5)(—N)
+ (= 3. 2
(=1N) 5 sm(%) —sm(%ﬂ) <I>(5)(7N)
oo 1 ~(5!2)
n e n
=y = " )", (3-53)
nzz:on! 752 (37%)

Note that the transformation matrix coincides with that
of Equation (3-45).

Remark 3.19. As a generalization of the previous re-
mark to the case m > 2, we define a formal g¢-series
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F(Qm"'l’g;“)(q) fora=0,1,...,m —2 by
F(2m+1,2;a)(q)
= > pEETe
0<c1 <0
0<cam—2<-<ca<oo
0<ci+cz

2m—2

qfcwer 320 e (et =3 5, cojqn

(q)c1 +ca—1

2m—3 .
H]T:nZ (q)ijchrl

(3-54)

Conjecture 3.20. We have

F(2m+1,2;a) (e—t)

(2m—2a-3)2
= ¢ B8(@m+D)

. (2m+12a) n n
Z (23(2m—|—1)> ’

(3-55)

where a = 0,1,...,m — 2. We have used the T-series

sh((2a+4)z) - ZOO () -
ch((?m +1) 1?) B n=0 X8m+4(n) ‘
T(2m+1 2:0)

Z z2n+1
— (2n+1)! ’
(3-56)

and the periodic function is defined by

n mod (8m + 4) )Zg:,)LH(n)
2m—2a—3 1
2m+2a+5 -1
6m—2a—1 -1
6m+2a+7 1

others 0

Conjecture 3.21. In the case where q is the N-th root of
unity, we have
Fv(2m+1,2;a) (w)
2

i (2m—2a—3)2

~ N% e%i_wﬁ 4(2m+1)
2m+1
m—1
2k+1 N 2EED?
-1 k —k) si 2 T 4 EmtD)
x];)( )Y (m )bln((a+ )2m+17r) e
- (2m—2a— 00 f(2m+1,25a) n
RS R s In L
oy n! 4(2m+1)Ni
(3-57)

We define functions \I/(zmﬂ)(a) fora=0,1,..
by

m—2

Ml

(2m—2a—3)2

WMD) () = o Ry f2mLZa) (g2 (3 58)

and with Equation (3-16) introduce a vector ® 2™+ (a),

&
o

3
ok
g

P+ (o) = : (3-59)
g (a)

q)(Qerl)(a)

The above conjecture indicates a nearly modular prop-
erty of weight 1/2,

+ (_1 N)% M(2m+l) q)(Qm-ﬁ-l)(_N)

oo T(Q’ITLJrl) n
n - . (3-60)
42m+1)iN

1
@(Qm—&-l) (N)

n!
n=0

where M(™+1) is an m x m matrix with an entry

(M(2m+1))
1<s,5<m
. — 1)(25 -1
:(71)J* sin ( i+ )( J )ﬂ
2m —|— 1 2m+1
2 21 (27-1
= Cos (2i - J ) T,
2m+1 2 m+1)
and
T(2m+1,2;m72)
n
T%2m+1) — T(Qm;rl,Q;l)

T(2m+1,2;0)
n
T(2m+1,2)

We define an a-series as an expansion of F'(27+1.2:) ()
with ¢ — 1 — z:

o)
F(2m+1,2;a)(1 _ x) — Z a’le’mri’l;a) x (3*61)
n=0
Using a b-series defined by
~ 00 B(2m+1;a)
F(2m+1,2;a) (eft) _ Z — tn7 (3*62)

n=0
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m n 0 2 3 4 5 6 7
2ol @ |1 2 6 23 109 621 4149 31851
a2 3 9 35 168 966 6496 50103
31 &7 |1 3 12 62 402 3162 29308 312975
ag O 19 5 20 105 690 5478 51102 548244
a™ 13 6 24 127 840 6699 62689 674091
41 &P |1 4 20 130 1070 10738 127316 1741705
a0 197 35 231 1925 19481 232309 3191199
a® 13 9 45 300 2520 25641 306915 4227525
a? 14 10 50 335 2825 28821 345618 4767048
51 a8 |1 5 30 235 2345 28623 413441 6896695
a9 o 9 4 429 4329 53235 772863 12939498
a3 12 72 578 5880 72702 1059436 17785437
a4 14 84 679 6944 86163 1258684 21168134
a5 15 90 730 7485 93039 1360788 22905630
6 o™ |1 6 42 385 4515 64911 1105573 21759966
a3 1o 11 77 715 8470 122584 2097326 41414087
a3 13 15 105 985 11760 171084 2937544 58154346
a3 4 18 126 1191 14301 208845 3595347 71312841
al¥) 15 20 140 1330 16030 234682 4047162 80376063
a3 16 21 147 1400 16905 247800 4277077 84995664
71 al® |1 7 56 588 7924 131124 2572640 58354762
al%0 19 13 104 1105 15028 250172 4928300 112114184
a5 |3 18 144 1545 21168 354105 6998985 159603426
a4 22 176 1903 26224 440363 8726795 199383701
al®) 15 25 200 2175 30100 506880 10064600 230275675
a1 g 27 216 2358 32724 552096 10976580 251378289
alP® | 7 28 224 2450 34048 574966 11438630 262082935
TABLE 4.

we obtain a relationship between the T-series and the
a-series as a result of Equation (3-42):

B(Qm—‘—l;a)

(2m 2a —3)2\"
8(2m+1)

7N

n T(2m+1 2;a)
XZ( > 2m—2a—3)2k’ (3-63)
k=0
1™
2m+1 a) _ = (2m+1 a) 3 64
LS o)

A table of these series is given in Table 4. For conven-
tion, we have also included the a-series defined by Equa-
tion (3-38).

4. HYPERBOLIC KNOTS

In the previous section, we analytically studied an
asymptotic behavior of Kashaev’s invariant of the torus
knot. Here, we consider numerically an asymptotic for-
mula for the invariant of the hyperbolic knots and links:
knots up to 6-crossing, the Whitehead link, and Bor-
romean rings. Our conjecture based on both analytic
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results for the torus knot (Corollary 3.9) and numerical
results for hyperbolic knots is summarized as follows.

Conjecture 4.1. Kashaev’s invariant behaves in a large
N limit as

log|(K) v | ~ vs-]|S*\ K]| - % + g #(K)-log N +O(N"),

(4-1)
where #(KC) is the number of prime factors of a knot as
a connected-sum of prime knots.

Numerical computation is performed with the help of
PARI/GP [PARI 00]. We compute Kashaev’s invariant
(K)n for the hyperbolic knot K numerically (see Fig-
ures 2-8). We plot R(%7F log(K)n) as a function of N,
and numerical data is given as e in those figures. The
solid line denotes a result of the least-squares method
with a trial function,

27

ue(N) = N log(KC) v
= c1(K) + c2(K) - %logN-y- # n Cj\(f’f).
(+-2)

This trial function is motivated from an analytic re-
sult (3—4) of the torus knot.

We also give some computations which support nu-
merical results of ¢; (). Although there is no mathemat-
ically rigorous proof of the asymptotics of each invariant,
it is known [Kashaev 95] that a semirigorous proof works
well to obtain an asymptotic limit of Kashaev’s invariant.
In the limit N — oo, we may replace the w-series with
the dilogarithm function,

Thus, we formally obtain a potential from Kashaev’s
invariant (K)n by the following steps (we set 2Ta; =
log x;):

a;a; iN
W% — exp (—2—logmi long) ,
™

@as = exp (5 (e - ) ).
@), o (G (< Linte, )+ %)) .

This computation is essentially the same as that of the
central charge from the character [Richmond and Szek-
eres 81]. The invariant may be represented by the integral
of the potential Vic(x),

wn ~ [[[ T ew (S vew). @

In the large N limit, we apply a stationary phase approx-
imation, and obtain a saddle point x( as a solution of the
set of equations,

0
8xi

Vic(x)

~0. (4-5)

T=T(

With this solution, we may obtain

Jm 2 log()y = iVi(wo),  (46)
whose real part is expected to coincide with the hyper-
bolic volume (Conjecture 2.3).

In the following, for several hyperbolic knots and links
we give a list of numerical data ¢;(K), ..., cs(K), poten-
tial Vic(x), and a saddle point x of the potential. We
will see that

a1 (K) = R(iVic(zo)) = Vol(S?\ K), (4-7)
k) =3, (1-8)
C3(IC) <0, (479)

which supports Equation (4-1) (Conjecture 4.1) for K
a prime knot. Note that Equation (3-21) proves this
conjecture for I = Trs(m, p).

Figure-Eight Knot 4;.

(4-10)
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v(N)
2.2 \
2.175
2.15 ‘\
2.125
2.1 L
2.075 \
RN
2.05 Sury i
m N
100 1000 10000 100000.

FIGURE 2. Figure-eight knot.

e Numerical result (Figure 2):
Vol(S3\ 41) = 2 D(e™/?) = 2.029883212819307...
c1 = 2.029883193056962 + 7.77 x 1077
co = 1.50002685 + 2.42 x 1076
c3 = —1.7269321 4 0.000095
¢4 = 3.575981 + 0.0027.

e Potential and saddle point:
V41 (:L’) = LIQ(:U) - Li?(xil)v (4711)
xo = exp(—mi/3).

Note that asymptotic behavior of this w-series is
proved rigorously (see, e.g., [Murakami 00]).

(=

((w)b)wa(b+1)a.

0<a<b<N-—1 (W)

59 Knot.

(B2)n = (4-12)

e Numerical result (Figure 3):

Vol(S3\ 55) = 2.828122088330783...
c1 = 2.8281219744 + 1.5571 x 1078
¢ = 1.5000269858 + 2.01 x 1076
c3 = —2.648116951 4 0.0000732
cy = 4.22788 4 0.00169.

-

2.9 Ao N

Rax

[ rele-
100 150 200 300 500 700 1000 15002000

FIGURE 3. Knot 53.

e Potential and saddle point:

2
. . _ ™
Vs, (z,y) = 2Lis(y) + Lig(z™") + logzlogy — —,

2
(4-13)
zo\ _ (0.122561 + 0.7448621
yo) \ 0.337641 — 0.562281 | °
61 Knot.
<6 > Nz_:l |(w)c|2 (c—a—=b)(c—a+1) (4 14)
)N = W . -
a,b,c=0 (w)a (w)b
a7+,b<c

e Numerical result (Figure 4):

Vol(S3 \ 61) = 3.16396322888...
c1 = 3.1639628602 & 3.04 x 1078
¢o = 1.5000356 + 1.88 x 1076
c3 = —4.0343627 + 0.0000611
¢4 = 3.971777 £ 0.000970.
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v(N)

Lt

- \
e N

100 200 300 4 30

FIGURE 4. Knot 6;.

e Potential and saddle point:
Vs, (z,y,2) = Lia(2) — Lia(27") — Lia(z) + Lia(y ™)

~log (:y) log(z/x) + 2milog(z/z),

(4-15)
T 0.17385 + 1.06907 1
Yo | = [ 0.322042 + 0.157781
20 0.278726 — 0.483421

6o Knot.

s

N-1 2
S S £
Gv= 3 (! ‘

a,b,c=0

a<b
0<at+ec<N-—1

o Numerical result (Figure 5):

Vol(S? \ 62) = 4.40083251...
¢1 = 4.400828513 + 2.97 x 1077
co = 1.500213389 4+ 9.83 x 10~°
c3 = —4.685095 =+ 0.00028
¢4 = 6.02178 4 0.00266.

o

50\ 100 150 200 250 300
4.9 \

4.7 g
'\.‘.*‘L&u

FIGURE 5. Knot 65.

IS
®

e Potential and saddle point:

Ve, (2,9, 2) = 2 Lia(y) + Lig(x 2) — Lig(x) + Lig(z™})
2
— Lig(y/x) + log(z) log(y 2) — =

3
(4°17)
To 0.09043267 + 1.60288 1
Y | = —0.232705 — 1.093811
20 —0.964913 — 0.6218961
63 Knot.
N—-1 (CU) 2
(65)n = y“ﬁiﬁiﬁ (@) (@)age w @V,
2 @] @ e
atbre<N—1
(4718)

e Numerical result (Figure 6):

Vol(S? \ 63) = 5.69302109...
1 = 5.69289987 4 0.0000124
co = 1.50411 4 0.00026
c3 = —5.6162 + 0.0066
cs = 10.315 + 0.0397.
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o(N) o(N)
6.8 *\ 5 \X\
6 4.8 \
" b
6.4
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\k"\*t. o .\.\i\
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FIGURE 6. 65 Knot.

e Potential and saddle point:

Ve, (z,y, z) = Lia(zyz) — Lig((zyz)fl) — Lis(y)
+ Lig(y_l) — LIQ(Z) =+ Lig(Z_l)

— Lio((xy) ") + Liz(22) — log(z) log(y/2),
(4-19)
g 0.204323 — 0.978904 i
Yo | = | 1.60838 4 0.5587521
20 0.554788 4+ 0.19273 1
Whitehead Link 53.
N-1
(@)g5e (W)a -
5N = ate 220 yela=t) 4-20
< 1>N a%:zo (w)b W)c* ( )
b<a
a+c<N—-1

e Numerical result (Figure 7):

Vol(S? \ 57) = 3.66386237...
c1 = 3.663960 + 0.000113
co = 1.49978 4 0.00190
c3 = —3.2729 + 0.0461
cq = 6.1846 + 0.2549.

FIGURE 7. Whitehead link.

e Potential and saddle point:

Vsz (2,9, 2) = — Liz((2 2)™") + Liz(z) — Liz(y)
+ Lig(271) — log(2) log(x/y),

(4-21)
i) —i
Yo | = i
20 $(1+41)
Borromean Rings 63.
3\ (Wate (W)pta ?
02w = @) @)
a,b,e,d=0 d\®)ate=b
a<b<a+c<N-1
brd<N—1
X ; w(b+1)(cfd+afb). (4722)

e Numerical result (Figure 8):

Vol(S3 \ 63) = 7.32772475...
c1 = 7.3276812 + 4.1 x 107
o = 1.50176 4 0.00011
c3 = —8.76447 £ 0.00296
¢y = 11.116 £ 0.025.
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FIGURE 8. Borromean rings.

e Potential and saddle point:
V6§ (.’,E, Y, z, 'lU) = LIQ(Z) - Li2(271) =+ LIQ(y ’U_))

1

— Lig(—

yw

— Lis(2/y) + Lia(y/z) — Lis(x)

) — LlQ(’LU) + Lig(’w_l)

. z
+ Liz(z/y) — log ylog(y—w),
(4-23)
Zo 0
yo | | —1
20 B 1 —.i
wo %

Remark 4.2. There may exist g-series identities which
arise from Kashaev’s invariant for hyperbolic knots and
links.
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