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ON THE L2-WELL POSEDNESS OF AN INITIAL BOUNDARY
VALUE PROBLEM FOR THE 3D LINEAR ELASTICITY*

ALESSANDRO MORANDOT AND DENIS SERRE?

Abstract. In a recent paper, we analyzed the L2-well posedness of an initial boundary value
problem (ibvp) for the two-dimensional system of the linear elasticity under the uniform Kreiss-
Lopatinskii condition. The present work is devoted to studying the analog of this problem in the
three-dimensional case, when the Majda-Osher’s analysis cannot be applied. The well-posedness is
achieved by constructing an everywhere smooth non-degenerate dissipative Kreiss symmetrizer of the
ibvp: this is done by adapting to the present situation the techniques already implemented for the
two-dimensional linear elasticity. Compared with the latter case, some further technical difficulties
have to be accounted for.
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1. Introduction

We are concerned with the system of linear elasticity in three space dimension
(3D). This system reads as follows

O F+Vz=0,
Opz+divI' =0, (1.1)

where the unknowns z=z(z,t) €R? and F=F(z,t) € M3y«3(R) (for = (z1,22,73) €
R3 and t>0) represent respectively the opposite of the material velocity and the
infinitesimal deformation tensor, while the stress tensor T is defined by

T:=\NF+FT) 4+ pu(TrF)I3 (1.2)

and A,p are given positive constants (the so-called Lamé coefficients). A detailed
analysis of the elasticity model can be found, for instance, in the books of P. G.
Ciarlet [2] and C. Dafermos [3].

Since in (1.1) the skew-symmetric part of F' decouples from the rest, we may reduce
to the system describing the evolution of z and the symmetric part of F. The latter
system is Friedrichs symmetrizable, since it admits the quadratic energy

1 A
Q::i\z|2+Z|F+FT|2+g(TrF)2. (1.3)
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576 L2-WELL POSEDNESS OF THE 3D LINEAR ELASTICITY

Setting cp:=+/2X+ p (the velocity of pressure waves), the choice of new variables

cPw/)\(Q)H»S,u)F
VST

m
cpVAFra+Fan)
Sy 1420/ A ) Fa o

= 1.4
" cpVA(Fi3+F31) (14)
cpVA(Fa3+F3 )
pFi 1+ pFs o+ chFs 3
Cpz
puts this system in the symmetric form
Lu:=0u+ A'0yu+ A?0su+ A395u=0. (1.5)

For £ =(1,&3)T = (£1,&9,£3)", agreeing with usual notations for matrices, we compute

A() =AM + A%+ A3 = (a1 20(?;7)T s g’;ﬁf@ga2> ; (1.6)

hereafter, we will write 0,,x,, for the zero matrix of size m x n, in particular we set
0,:=0,«, and 0,,:=0,,«1; furthermore

A& 0
a1 2(n):=(03®(n)03) ®(n):= [ VA& VAL |, (1.7)
=6 O&
. A/ A@3) = VA 24/ A +p)
with A:= Noe 7_‘._CPI—i/m7®_T,
(03 b(m" _( 02 L
aami= (o "0 ) von=( 2 (18)
and
0. B2 VA 0 0
2_(530)’ b= 0 VX 0 (1.9)
3
0 0 cp

We are interested in the well posedness of an initial boundary value problem (ibvp)
for (1.5) on the half-space R3 :=R? x RT; setting for brevity y=(z1,22), the ibvp
reads as follows:

Lu(y,l'3,t):f(y,lf3,t)7 y6R27I3,t>0,
Bu(y,0,t)=g(y,t), yeR?t>0,
u(y,23,0) =a(y,r3), yER? x3>0. (1.10)

Here f,g,a are given smooth functions, while B is a given 3 x9 real matrix with
rankB=3. Since rankA3 =6, the ibvp (1.10) is uniformly characteristic in the sense
of [5]. In [5], Majda and Osher studied the well posedness of an ibvp for a wide
class of symmetric hyperbolic linear systems obeying several structural hypotheses.
However, Majda-Osher’s analysis does not encompass the 3D elasticity system (1.5)-
(1.9); indeed, differently from the two-dimensional (2D) case (cf. [7]), the matrix
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A(n,0) (which can be written down by setting £&3=0 in (1.6)) does not fulfill the
Assumption 1.1 of Majda-Osher’s [5] where the upper-left block of A(n,0) is required
to have simple eigenvalues.We assume that KerA4® =R? x {0s} C KerB, which yields
B=(03 B2) with By € M344(R) of full rank. This last assumption, which is called
reflexivity by T. Ohkubo [8], is natural for characteristic ibvps, since for L? solutions
u the best control of boundary terms that we expect is that of A3u; as a matter of
fact, this restriction is also justified by [5].We study the strong L?-well posedness of
(1.10), assuming that the matrix B satisfies the well-known uniform Kreiss-Lopatinskii
condition (written (UKL), for the sake of brevity). Recall that the characteristic ibvp
(1.10) is said to fulfill the (UKL) condition provided that there exists a positive
constant C for which the estimate below

|A°VI<CIBV|, VeE (r),

holds true for all pairs (7,n) € C x R?, with 7 >0. For any (7,7) as before, we mean
by £_(7,n) the stable subspace of the system

av
(TIg+iA(n,0))V + A*— =0,
d$3
obtained by taking the Fourier-Laplace transform of (1.5) with respect to (y,t). We
refer to [4] (see also [9] Chapter 14) for the precise statement of the (UKL) condition.
The main result of the paper can be stated as follows

THEOREM 1.1. Let us consider the ibup (1.10); let the matriz B € M3xg9(R) satisfy
the reflexivity and the (UKL) condition. Then for every data fe L*(R% x(0,7)),
g€ L*(R*x (0,7)) and a€ L*(R3), with arbitrary T >0, there exists one, and only
one, solution ue€ L*(R% x (0,T)) of (1.10) such that:
o ueC(0,THLA(RY));
b. A3u admits a trace yoAu on the boundary OR%. =R? of R of class L*(R? x
(0,7)).

Finally, for every positive number -y, the following a priori estimate holds true

_ T 1
c Mnu(T)niﬁnu3,T<c(||a||iz+ e <7||f(t)||iz+llg(t)lliz)dt ,

(1.11)
where the constant C >0 does not depend on f,g,a and v,T. In (1.11) ||.||z2 denotes
either the norm in L*(R%) or that in L*(R?); moreover we have set

T T p+4+oco
||u||3T:=/ / &2 (o Au) (1) Pdydt 1+ / / / 2 u(y, 2, 1) [2dydasdt.
’ 0 JRr2 o Jo R2
(1.12)

The preceding theorem is precisely the 3D counterpart of Theorem 1.1. in [7]. To
prove this result, we look for the existence of a dissipative Kreiss symmetrizer of
(1.10) (cf. [1, 4, 6]). Recall that a dissipative symmetrizer consists of a smooth
matrix-valued function (7,1)— K(7,m) € Mgx9(C), defined on the set X :={(r,n) €
CxR2: R7 >0, || +|n| #0}, fullfilling the following assumptions:

i. ¥(1,n):=K(1,n)A? is Hermitian for every (7,7) € X;

ii. ¥(7,m7) must be non positive on KerB and its restriction to KerB vanishes

only on KerA3, uniformly in X;
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iii. For P(7,n):=K(r,n)(1ly+1A(n,0)), there exists a positive number ¢y such
that:

RP > co(R7) 1o, Y(r,n) eX. (1.13)

As in the case of a non-characteristic strictly hyperbolic ibvp, considered by Kreiss
[4], a dissipative symmetrizer K(7,n) turns out to be a fundamental tool in order to
investigate the well posedness of ibvps in more general situations. Besides the already
mentioned work of Majda and Osher [5], let us quote a recent result by D. Serre
(cf. [1], §6.2) where the existence of a dissipative symmetrizer is proved for a general
characteristic Friedrichs symmetric ibvp, fulfilling the (UKL) condition, under an
auxiliary assumption due to T. Ohkubo. Namely Ohkubo considers in [8] a Friedrichs
symmetric system like (1.5)-(1.6) for which az(n) vanishes identically. In fact the
assumption made by Ohkubo is slightly more general and it is satisfied by many
relevant physical examples such as the curl operator, Maxwell system and the shallow
water equations. However the system of linear elasticity does not meet the Ohkubo
assumption; indeed for the linear elasticity we get the nontrivial as(n) displayed in
(1.8). Analogously to the case of a non-characteristic ibvp, actually we are led to find
a symmetrizer K (7,7) which is homogeneous of degree zero in (7,17). Therefore, it
will be enough to build K (7,n) in the unit hemi-sphere of X', namely the set of pairs
(1,m) € X such that R >0 and |7|>+|n|>=1. By a compactness argument, we still
reduce to define K (7,n), with properties i.-iii., locally in a neighborhood of each point
of the unit hemi-sphere. As in the 2D case, studied in [7], we see that the arguments
used in [1] to build the dissipative symmetrizer of a characteristic ibvp, under the
Ohkubo hypothesis, work as well in order to make a dissipative symmetrizer of (1.10)
near the “interior points” (7,n) € X', with 7 >0, and the “boundary points” (7,n) € X,
with o7 =0 and 7#£0. It is just in the vicinity of the “central points” (0,n), with
n#£0, that the aforesaid Ohkubo assumption plays a fundamental role in the analysis
performed in [1]. The next section is devoted to presenting an alternative strategy of
construction of the symmetrizer near the latter critical points.

2. Construction of a dissipative symmetrizer near the central points
Throughout this section, we will assume that the matrix B € M3yo(R) satisfies
the reflexivity and the (UKL) condition. Remember that we are looking for a smooth
function (7,7)— K(7,1m) € Mgxo(C), defined in an open neighborhood of each point
(0,m0), with n9#0, displaying properties i.-iii., listed at the end of the preceding
section. Due to the homogeneity, actually we restrict our construction to the points
(0,m0) such that |no|=1. Agreeing with the notations of §1 and setting also n=
(€1,&)T, we write blockwise the matrices A% and 71y +iA(7,0) of the linear elasticity
as
03 O3x2 03 O3x2 O3
\ 03,5 05 0y VAL 0o
AP=| 0o of o o cp|, (2.1)
01, VAL, 0 0y 0y
0 0F ¢p 0 0

I3 03x2 03 i®(n) 03
0?’:><2 TIQ 02 02 ’L\/X’I]
Tlg+iA(n,0)=| 05 07 7 iy 0 |, (2.2)
i(b(n)T 02 iin TIQ 02
oF it 0 0 7
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In this way, the above matrices keep exactly the same expressions as in the 2D case
(cf. [7]). Tt is worthwhile remarking that for an arbitrary 1# 0y we have Ker®(n) =
{02}; this implies the existence of a 2 x 3 real matrix ¥(n) such that ¥(n)®(n)=Is.
Requiring that the matrix ¥ = K A3 is Hermitian leads to the next expression of K

_ (k11 O3x6
(5 02) o

with suitable k11 € M3x3(C), K1 € Mgx3(C) and Ky € Mgy6(C); consequently, ¥ itself
reduces to

03 O3x6
Y= 2.4
<ng6 22 ) ’ ( )

where ¥ := Ksa? must be Hermitian too. Later on, we will adopt for K the same
blockwise structure that we used to express the matrices (2.1), (2.2); namely, by
referring to (2.3), we will write K1, K> as

ki1 ki ko kv kv
K- koo r Ko — ko koo kv kv | 95
Yk 2 kv k k k ’ (2:5)
VI .11 kv krvov kv, v
kv kv kv kviav kvyv

the blocks k; ;, i=1II,...,V,j=1,...,V, together with k1, are complex matrices (to be
determined appropriately), whose sizes are equal to that of the corresponding blocks
in (2.1), (2.2). Agreeing with (2.3), (2.5), we split the variable z=(z1,...,29)T of C°
as z= (Z],ZH,ZIH,ZI\/,Z\/)T, with z1 € C3, 211, 21V €C? and zi, 2v € C. Requiring that
>y is Hermitian produces the next conditions on the blocks k; ;; they are formally
analogous to the conditions that we already got in the 2D case (cf. [7]).

kH,IV = kikI,IVa kIV,II = kikV,II (1e kII,IV and kIV,II are Hermitian),
kv, kv €R
Vv = cpkitys  krviv =k,
ﬁkV,IV = CPkaHIa cpkrv,v= \f)\kfn,nv
kv v =k, ﬁkv,n =cpkiy 11 (2.6)

In view of the inclusion KerA43 C KerB, the assumption ii. reduces to the existence of
a positive constant ¢y such that the inequality

Yo KerB, < —€0l6, (2.7)

holds true for all (7,m) € X belonging to a neighborhood of each point (0,79) with
o] =1 on the unit hemi-sphere. Setting 2’ = (211, 2111, 21v, 2v) T , We find also

(2)* D02 = 25V Nk v 2nn + cpkim vz | + 25y VAR 2y + epky |2y |2
+ 2R (2 cpkin v zm) + 2R (25 V ke 2y ) + 2Rz epkinimay)
+ 2R(ZmV MLz ) + 2R (Zirep ki mav ) + 2R (2 cpkrv v, (2.8)
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*Pr=12k 5 (k1 + ik v ® ()T )21+ Zm (T L g b ()T
2" Pz=T1z{ ke + 21tk + ik v ®(n) )21+ Zm (7 IILIﬂﬁ v®m))a

+ 2y (Thrv 1 + ik ()" )ZI+ZV(Tkv1+z 2 ki@ T+ 251 (ki

VA
. _ . « A
+ iV kv ) zi + 2 (T 4+ iV ey ) zn + 2y (Thy i+ lc*kHLH??T)ZH
P

+2Zv(T—=k{y 11 + iV N T )z + 21 (T +iﬁkII,IV77)ZIII + (Tkr i

cp
VA
+1 \F)\kn vzl + 21y (Thrv ‘H*kn )z + 2y (Thy i+ \F/\kn 11177) 2111
+ 27 ik 1®(n)zrv + 21*1 (tk,1®(n) +i:kII,IIIn + 7k v) zrv + Zim (k1@ (n)
Z*kIH )’ + L Ly V)2 + 2y (kv 1@ (n) + ZﬂkIV,IHnT +7kiy11)21v
VA cp

+2v (ikv 12 (n )-H*kvnm +7 )ZIV+ZII(Z\FICIIII77+TICIIV)

\/XkII II1

VA
+Zi(iV Nt i 4 ki v) 2y + 2y (0V My i -+ T k‘m 1)zv + (icpkiy imm

+ 7k |av . (2.9)

Analogously to the 2D case, we go to specialize the values of the blocks k; ; of K (7,n);
namely for any 7=+ +ip, with v >0, and n € R? such that |7]?+|n|?=1, |7] is suffi-
ciently small and 7 ranges over a small neighborhood Vy of a given ng with |ng|=1,
we set

kri=(h+x7)I3, kiu=(h+x7)I2, ko= h+x7,
kni=~2m)", kmi=kvi=ynT M), kvi=Gunm)¥ (),

VA
kv =—pyl2, kunm=knyv= — P,
P

L
k=03, kmyv=——-7=p7,
, 2 5 CP\/XP’V

Cp\a
I .

Here h,x, A, M,N are positive constants to be chosen in a suitable way, while for given
positive M, N and n# 02, Gy n(n) is the squared matrix

Mg+ (M-LN)g  ENag
LENGE (M—£N>§%+M§§

and U(n) is a left inverse of ®(n). The blocks k; ; of K which are not explicitly listed
in (2.10) are determined by positions (2.10) themselves through the relations in (2.6).
Putting (2.10) into (2.8) we get for (z)*X22’ the following expression

(2')" 222" =8(2") — AQ(Z") + Ry (), (2.12)

krvin=—-Al, kvm=iNn, kym=-A4A

(2.10)

Gun(n)=—i (2.11)

where

S(2'):=—vVApyleul* - fﬂ’Y|ZIH| +2R(—VApy2imzm)
P

+2R (z5;V Az )+ 2R(—V A\pyzimay ) + 2R (Zuiephay )+ 2R(icp Nziynzy ) (2.13)
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2
Q(Z/)3=ﬁ|zlv|2+ci:a|2v2; (2.14)
Ry (2') :=2R(VAxT 2 21v ) + 2R (cpXTZmizy ). (2.15)

For any 1n# 02, let us define the vector space H(n) by

H(n):= Y KerA(¢), (2.16)

£€Rn+Rey

§#03

where, hereafter, we set e; =(1,0,0)7, ey:=(0,1,0), e3:=(0,0,1)T and 7 denotes
also the three-dimensional vector &1e1 +&ses. For Friedrichs symmetric systems like
(1.5), H(n) is shown to be an isotropic subspace of all the matrices A(£), for any ¢
belonging to the vector plane Rn+ Res; in particular this implies that the dimension
of H(n) is not larger than 6 (cf. [1], §6.1.4-5). Since H(n) contains Ker A3 =R3 x {0g},
for any 7 # 09 it can be splitted as R® x Hy(n), where H;(n) is an isotropic subspace,
of dimension not larger that 3, for both the matrices az(n) and a? defined in (1.8),
(1.9). In the case of the 3D linear elasticity system, a direct computation shows
that for any 1 # 02 and £ =71+ &ses we have that KerA(¢), hence H(n), is included in
RS x {03} (cf. (1.6), (1.7) and recall that, for every n# 02, ®(n) is injective). Actually,
it can be shown that, for any non zero 7, the dimension of H(n) is maximal, so that
H(n)=R%x {03}; indeed the system of linearly independent vectors

e €2 €3 W(n)"n Oi 2

02 02 02 02 n n

0 ’ 0 ’ 0 ’ _% ) 0 ) 7Q‘n|2 5 (217)
cp

03 03 03 03 03 03

where nt = (—£&,&)7 and 20 ::\f)\(c%|77|2 —1)¥(n)Tn, provides a basis of H(n) (re-
P

member that U(n) is a left inverse of ®(n)). Analogously to the 2D case, we can also

check that there are not non trivial vectors U € H(n)* fulfilling

A(n+&ses)U e H(n)*, (2.18)

for n# 04 and non real {3=—io, 0 #0. It has been shown in [1] (see Proposition 6.6
there) that, in view of the preceding properties, the matrix B = (03 Bs) satisfies the
(UKL) condition near a central point (0,79), with |ng| =1, if, and only if,

C®=KerBy @ Hy(n), (2.19)

where, hereafter, H;(n) denotes both the real space and its complexification. For the
3D linear elasticity system, we easily compute

211 211
Hy(n)= z&; ) Kera1’2(77) = ZOI;I ,  forn#0o, (2.20)
0 vV

as z1 and 2111, 2v span C? and C respectively, so that H; () C Kera; »(n); actually the
latter inclusion holds true in the framework of a general Friedrichs symmetric system
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with characteristic boundary (cf. [1], §6.1.4 again). Let H;(n)* be the subspace of
Keray 2(n) orthogonal to Hj(n); thus we get the following decomposition

CO=Hi(n)@" Hi(n)*" & R(a12(n)"), (2.21)

where @+ stands for the orthogonal direct sum operator. As we already specified, let
us assume that 7 runs through a small neighborhood V, of a given point 7y with || =
1; following the analysis performed in [1] for the Ohkubo’s case (cf. also [7]), from
(2.19) we show the existence of a linear operator D= D(n), acting from Hi(n)* @+
R(a1,2(n)T) to Hi(n), depending smoothly thus boundedly on #, such that

Keng:{r—&—Dr;rEHl(n)l e+ R(al’g(n)T)}. (2.22)

For the 3D linear elasticity, we compute explicitly H; (n)* &+ R(a12(n)T)={03} x C3.
Therefore we may conclude, like in 2D, that the quadratic form Q(2’) in (2.14) is
positive definite on KerBs; more precisely there exists a positive constant € >0 such
that for all 2z’ € KerBa, n€Vy and |p|,y >0 sufficiently small

Q) >elZ |2 (2.23)

Straightforward computations give also the following estimates for the quadratic forms
S(z') and R, (%)

S() <P,
Ry (") < Cuxlr]|2' )%, (2.24)

as 2',1,7,|p| range as before, C; :=max{cp,v/A} and ¢* depends only (increasingly)
on N,h. Analogously to the 2D case, estimates (2.23), (2.24) and formula (2.12) lead
to prove the following result about .

LEMMA 2.1. For given h,N,5p >0 there exists a constant A >0 such that for every
X >0 we find oo =0¢(x) >0 for which

(2/)* 292’ < —d0|2' %, 2 €KerBy, n€Vy, |7]<00, RT>0. (2.25)

The remaining part of the construction will be devoted to seeking for suitable values
of the constants h,M,N involved in (2.10), in such a way that the corresponding
K = K(7,n) satisfies the estimate (1.13). Later on, for a given matrix W= (w; ;), we
will set || W] :=max; ; |w; ;|. It is worthwhile emphasizing some simple facts about the
matrices Gar,n (1), ®(n) and ¥(n) previously introduced (cf. (1.7), (2.11)). Firstly,
let us assume that M > iN ; then the matrix Gy n(n) fulfills

G2, ()| < M.

On the other hand, when 7 belongs to a small neighborhood V, of some point 7y,
with |no|=1, the matrix ¥(n) may be constructed in such a way that it depends
smoothly, thus boundedly, on 7. Therefore, its norm, as well as the norm of ®(n),
is bounded from above as n€Vy. The computations we need here are very similar
to the ones performed in the 2D case, due to the formal analogy between (2.9) and
its 2D counterpart (cf. [7]). However, for convenience of the reader, let us sketch
here below the main arguments leading to the desired result. Firstly, we plug the
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expressions (2.10) in (2.9) and take the real part of the resulting 2*Pz. From the
values of kI,IakH,IIakIII,HI we find immediately

R(zfv ik u® () 21) + Rz ik ® (n)z1v) =0,
REvivVN ke zm) +R(ziv e zy) =0,
Rz ik pnzm) +R(Zr & kT zv) =0

On the other hand, from (210) we derive directly \/Xk'IILVIQ = %kII,IVa %k\/’IIIIQ =
\F)\k‘lv,n. Hence we get

R(Ermiv e vn” zn) + R(zqpi Lok rvnzin) =0,
§](E(ZVZC‘;k‘v,HIT) ZIV)+%(ZIV@\kaV,H772v) 0

Eventually, by the help of the Cauchy-Schwarz and Young inequalities, the remaining
terms of R(z*Pz) are estimated as follows:

R(72f krpz1) = (hy+x|71?) |21

3

2
zIII(Tk‘HLI+7;%kﬁ’vq)(’l7)T)Zl> Z —M(‘ZIF + |ZIH|2);
2

_ Min| H‘I’(W)ll (X1|7'| ‘21‘2 |ZIV| )i

_ ®(n
ZV<Tkv,I+wkm<I>< T)an) >~ 2 o
21, (TkIIII+lkaIVU )zi) = (hy+x|7[%) |2

ZI* Tkrv, HZH)>—* Xa| 7% zu? + 1 |ZIV|2);

_ N

Z\/T%k‘lv,mzll) >\; szfm‘ (xslTl? \ZII|2 + é|ZV|2)§

Gk e) > _WHZHP + |2 |?);
Thuru+idekiy yn)|zml?) = (Yh+x(71?) 2 %

™

—~

§R(Zi'FVTkIVHIZIH)>*M(X4|T| 2] + |ZIV\2)'
?R(Zv(TkVIHkan i) zim) > = ICPA(XQ|T| em® + = lev )
— S (|22 42 |2);
Rz (tk1®(n) +i£k11,11177T +7kiv)zv) > —M(Wz\zlﬂz +|21v[?)
— S APIE (12,2 4y |2) — U (2 P+ 21 2);
REm (ki ®(n) + 7Kk v)zv) 2 — IBOIE (2 2 gy )

— 2l (a2 + 21w ?);
R(zpy (tkrv 19(n) +i L kv mn” + 7k ) z1v)

= ((M=ZN) P +hy+x(2 =) v

R(zv (iky 18(n) + 7 Lhfy 1) arv) > — PP (o 2 4 |2 2)
U (vl + v );

Rk yev) > — L0l (o2 4 2y ?);

R(ZmThm,veyv) > — ”llﬁﬂzn I+ [2v]?);

R ((icpkiy un~+ 7k m) |2v[?) = (ce N [nl* +vh+x(v* = p?)) l2v [,

In the above inequalities x;, j=1,...,5, are positive constants to be precised later
together with the values of h, M, N. Analogously to the 2D case, gathering the latter
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estimates leads us to obtain
%(Z*PZ) > CI|2’1|2 +CH|ZH|2 +CIII|ZIII|2 +clv\zw|2 +Cv|Zv|2, (2.26)

where 7 belongs to Vy, |p|,7>0 are sufficiently small and ¢; =c¢;(7,n) are given con-
tinuous functions of (7,n). Let us set for brevity ¢o:=||®(no)||, Yo : =¥ (n0)]; in view
of the inequalities listed just above, the functions cry (7,7),cv (7,1) will satisfy

Mgy A N VAT pl
>M——N— i R 2_phH)—
v (7,m0) e s S T +x(v"=p%) 22,
37|p|‘ |7@
PN VAcpA 5 o B o milel o Al
T,Mo) > cpN — — + —p ) =y =y ——7
v (T,m0) > cp s 2 X("=p7) =5 o 2 |7
N 11pl 597
- 7| — |7l (2.27)
2cp 2cpVA
The latter inequalities suggest to choose the constants M, N so that
C~'::M70£N—¢S>O. (2.28)
P

Once M, N have been fixed, for given h,dy >0, Lemma 2.1 allows to find also a pos-
itive constant A for which (2.25) is satisfied with arbitrary x > 0 provided that || is
sufficiently small; now, let us assume that x;, j=1,...,5, are large enough so that

M A N

vy : _2C—ﬂ——— >0,
X1 X2 X4

CPN _\ACPA

vy:=2cpN — >0, (2.29)

VAxs X5

and observe that the terms in the right-hand sides of (2.27), which are not involved
n (2.29), are O(|7]); thus by shrinking |7], if it is necessary, we get

¢j(rm) >, j=1V.V. (2.30)

Besides (2.27), the functions ¢;(7,n), for j =I1ILIII, will satisfy

o (rom) > (=252 )w(x—fol)ﬂ%

CII(ﬂUo)Z(hQ;O \flpl‘ |7¢0 mVAlp|

2 20P
A cpN
+ (X—QXz—;jAXS) I7|?,

em(rmy > (e G0y Yol el 08 el wlel |
111 0 2 2cp 2cp 9 2P\f

N VaepA
+ (x—er 2: X5> [ (231)

flpl‘ |>
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If we take a positive x so that

1 CPN \/XCPA
—M A N 2.32
X>2{ Yox1, X2+ﬁX37 Xa+ P (2.32)
from (2.31) we derive
h )
¢;(T,m0) > 57, 4 =LIL1III, (2.33)

provided that v >0 and |p| are sufficiently small. Because of the continuity of ¢;(7,n)
with respect to 7, inequalities (2.30), (2.33) hold true, replacing 79 with any point 7
into some small neighborhood of 7g; therefore we derive from (2.26)

. h v vy .
R(="P2) > o y(larf + el + lzml?) + e P+ v >l (239)

for every z€C? and (7,n) belonging to a small neighborhood of (0,79), with |ng| =1,
on the unit hemi-sphere of X; C* ::min{%,”{T",”TV} is independent of v,p,n. The
above estimate just provides (1.13). Let us now summarize the basic steps in the
choice of the constants h,x,A,M,N involved in (2.10).

1. Firstly, we choose the positive constants M, N satisfying (2.28).

2. For fixed dg,h > 0, by means of Lemma 2.1 we find also A >0 such that (2.25)
holds true; we emphasize that the given value of A does not depend on ¥,
provided |7] is small enough.

3. After estimating R(z* Pz) by means of (2.26), we choose the positive constants
X;, j=1,...,5, from (2.27), (2.31) in such a way that inequalities (2.29) hold
true; these inequalities, as well as (2.25), are achieved independently of the
value of x, provided that |p|,y (then |7|) are sufficiently small.

4. Finally, in view of estimates (2.31), we take y fulfilling (2.32). Thus we get
estimates (2.33) that, jointly with (2.30), yield (2.34).

Agreeing with the blockwise structure introduced at the beginning of this section (cf.
(2.3), (2.5)), the matrix-valued function K = K (7,n) that we have just built near the
central points (0,7) of the unit hemi-sphere |7|? + |n|? =1, R7 > 0, takes the following
form

(h+x7)I3 032 03 032 03
o7 (htxD —Lom —pyls —Lpym
K= m"em" 03 htxm  —pm" oy |, (2.35)

Gun(m¥(n) —Al,  iNn (h+x7)l> 0
mTOMT KNy —AL —pynT  hexT

where h,y, A, M,N are positive constants to be chosen as it was previously explained,
®(n), Gum,n(n) are defined by (1.7), (2.11) and ¥(n) is a 2 x 3 real matrix such that
U(n)®(n)=1I2. Qnce a function K =K (7,n), displaying properties i.-iii., has been
made locally in a neighborhood of each point of the unit hemi-sphere of X', by use
of a smooth partition of unity and exploiting a homogeneity argument, the global
existence of a dissipative symmetrizer for the ibvp (1.10) plainly follows. When a
Kreiss symmetrizer K (7,n) of (1.10) has been constructed, the result of Theorem 1.1
is achieved by standard arguments. We refer to [1], Chapter 4, for a detailed proof of
the non-characteristic counterpart of Theorem 1.1; we summarize here only the basic
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steps of this proof in our framework. Firstly, under the hypotheses of Theorem 1.1,

we find that any function u€ C*(R? x R) compactly supported in Rﬁ_ xR obeys the
following estimate

e*QVTHu(T)Hp +fy//672”t|u(y,zg,t)|2dyd:173dt+//6*2”’t|A3u(y,0,t)|2dydt

R3 xR R2xR
1
<C ;//e_%’t|Lu(y,x3,t)|2dyda:3dt—|—//6_27t|Bu(y,O,t)|2dydt (2.36)
RS xR R2 xR

for all real T and = >0, where the positive constant C' does not depend on ~,T
and u. By a duality argument relying on the above estimate for an “adjoint”
ibvp, one shows the existence of a solution to the ibvp (1.10) in the weighted
space L%(RixR) for every v>0. Let us recall that, for a given positive -,
L2(R3 xR) is the space of all measurable functions u(y,2s,t) for which the norm
[ull2:= [[ e ®"|u(y,z3,t)|[*dydzsdt is finite. The uniqueness of the solution into the
R3 xR

space Lz(Ri x (0,T)), for a finite T'> 0, then follows by arguing directly on estimates
(2.36). Eventually, the a priori estimates (1.11) are derived from (2.36) themselves,
by a density argument.
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