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Abstract: A gauge invariant notion of a strong connection is presented and char-
acterized. It is then used to justify the way in which a global curvature form is
defined. Strong connections are interpreted as those that are induced from the base
space of a quantum bundle. Examples of both strong and non-strong connections are
provided. In particular, such connections are constructed on a quantum deformation
of the two-sphere fibration S> — RP2. A certain class of strong U,(2)-connections
on a trivial quantum principal bundle is shown to be equivalent to the class of con-
nections on a free module that are compatible with the g-dependent hermitian metric.
A particular form of the Yang-Mills action on a trivial Uy(2)-bundle is investigated.
It is proved to coincide with the Yang-Mills action constructed by A. Connes and
M. Rieffel. Furthermore, it is shown that the moduli space of critical points of this
action functional is independent of g.

Introduction

Two of the mainstreams of Noncommutative Geometry concentrate around the no-
tions of a projective module [12, 14] and of a quantum group [24, 38]. Quite
recently (see [9, 22, 28]), the concept of a quantum principal bundle was system-
atically developed with quantum groups (Hopf algebras) in the role of structure
groups. Hence, since both projective modules and quantum principal bundles serve
as starting points for quantum geometric considerations, the conceptual framework
provided by the notion of a quantum principal bundle has a good chance of unifying
those two branches of Noncommutative Geometry.

In the classical differential geometry, it is hard to overestimate the interplay be-
tween Lie groups and K-theory. Therefore, it is natural to expect that establishing
a similar interaction in the noncommutative case is necessary for better understand-
ing of quantum geometry. It is already known that the classification of quantum
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principal bundles over manifolds depends only on the classical subgroups of quan-
tum structure groups [19]. This leads to the following questions: Is the classification
of (general) quantum principal bundles over noncommutative spaces richer than
the classification of classical-group bundles over noncommutative spaces? Is there
a bimodule that can be obtained as the bimodule of intertwiners (noncommutative
analogue of equivariant vector valued functions on a total space) only from a bun-
dle with a noncommutative structure Hopf algebra? More generally, when does a
deformation of a group into a quantum group entail essential consequences in the
geometry (e.g., in the classification of bundles or in the Yang—Mills theory)?

Since this article is to a great extent a follow-up of [9], much of the mathe-
matical and physical motivations listed there can also be considered as motivations
for this work, and so will not be repeated here. Let us just emphasize that our
main purpose is to specify and analyze a class of connections on quantum principal
bundles (called strong connections) that enjoy some additional properties making
them more like their classical counterparts, and (taking advantage of the notion of a
strong connection) to discuss a link between the two approaches to noncommutative
differential geometry based on quantum principal bundles and projective modules.
The study of the precise relationship between those two approaches is thought of
as a move towards answering the questions mentioned above.

We begin this article by fixing the notation and recalling the fundamentals of
quantum bundles and Yang—Mills theory on projective modules. In the first section,
in addition to this vocabulary review, we also study the definition of a quantum
principal bundle using snake diagrams (see Remark 1.2 and Proposition 1.5). Taking
advantage of Remark 1.2, we prove (Corollary 1.3) that the fundamental vector
field compatibility condition (see Point 3 in Definition 1.1) implies its stronger
version. (The latter version of the fundamental vector field compatibility condition
was assumed in Example 4.11 [9].)

The formalism used in this paper is a generalization of the corresponding for-
malism used in classical differential geometry. The calculations showing this, though
often very instructive, are straightforward and we will not fully elaborate on that fact
later on. Differential geometry on quantum principal bundles is still in the process
of being born — the umbilical cord has hardly been cut yet — and it seems prema-
ture at this point to make precise categorical statements establishing the relationship
between classical and quantum differential geometries. As Yu. I. Manin mentioned
in a similar context (see p. 86 in [27]), “Here, one should not act too hastily since
even in supergeometry this program was started only recently and revealed both rich
content and some puzzling new phenomena.”

In Sect. 2, we define and provide examples of strong connections. Proposition 2.2
allows one to interpret strong connections on trivial quantum bundles as those in-
duced from the base space, and to produce examples of strong connections in the
case of trivial quantum bundles with the universal calculus. In the Introduction to
the preliminary version of [9], one can read regarding inducing connection forms
from the base space that “...in the general non-commutative or quantum case there
would appear to be slightly more possibilities...” than in the classical case. Examples
of connections that are not strong (and thus realize the just mentioned “quantum
possibility”) are supplied as well. More precisely, we construct both strong and non-
strong connections on a very simple (yet rich enough) example of a ‘discrete bundle’
and on a quantum version of the two-sphere fibration S — RP?. (As a byproduct
of our considerations we obtain a g-deformation of the real projective space RP2.)
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It might be worthwhile to note that the latter construction does not employ the
trivial-bundle or the quantum-group-quotient techniques. We end this section with
presenting an example of a non-strong connection in the set-up of a strict monoidal
category dual to the category of sets with Cartesian product.

In the subsequent section, we describe the action of (global) gauge transforma-
tions on the space of connections on a bundle with the universal differential calculus,
and show that this action preserves the strongness of a connection.

In Sect. 4, we use the notion of a strong connection to justify the definition of a
global curvature form. (We need to assume that a connection is strong if we want
to show that its curvature form has certain properties that classical curvature forms
possess automatically; e.g., the usual relation to the square of the exterior covariant
derivative.)

In Sect. 5, we present a link between gauge theory on a quantum principal bundle
and Yang-Mills theory on a projective module. First we show how, in the case of
a free module, to incorporate the Yang—Mills action constructed in [13, 30] into the
quantum bundle picture. Then, to obtain a Hermitian metric compatible connection
on a free module from a strong U,(2)-connection on a trivial quantum principal
bundle, we mimic the classical geometry formula which permits one to determine
the values of a connection form on the Hopf algebra of smooth functions on a
matrix Lie group by knowing its values on the matrix of generators. (Note that
usually one thinks of a connection form as a map sending smooth vector fields to
elements of a Lie algebra, but we can also view it as a map from the Hopf algebra
of smooth functions on a Lie group into the space of smooth 1-forms.) It turns out
that the connections compatible with a particular g-dependent Hermitian structure
can be identified with the strong U,(2)-connections that satisfy a certain condition.
We close this section by concluding that, in the setting under consideration, the
moduli space of critical points of U,(2) and U(2)-Yang-Mills theory coincide.
Thus, at least in this case, the g-deformation of the structure group alone has no
essential bearing on the Yang—Mills theory. This seems to bring us a step closer to
answering the question posed at the end of the first paragraph: One should expect
geometrically interesting effects of the noncommutativity of a Hopf algebra in Yang—
Mills theory only for non-trivial bundles (comodule algebras that are not crossed
product algebras) or non-strong connections.

Finally, in the Appendix, we examine the advantages of adding a twist to the
definition of a quantum associated bundle formulated in [9] and point out the pos-
sibility of using the axiomatic definition of a frame bundle to try to define its
noncommutative analogue (cf. Sect. 5.1 in [9]).

1. Preliminaries

The notation used throughout this article is quite standard and not much different
from that of [9]. Nevertheless, to eschew any possible misunderstanding or confu-
sion, we enclose a table of basic notations:

[---]x an equivalence class defined by X
Om,n equals 1 iff m = n, and 0 otherwise (Kronecker symbol)
g Lie algebra of a Lie group G
k  field of characteristic zero (except for Proposition 1.13)
® tensor product over k
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QY
QA
Q(4)
my

Ny

AP
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flip (t(u ®v) :==vQu)

first order universal differential calculus (2'4 := Kermy, da :=1®a—a® 1)
differential envelope of 4

differential algebra over 4 (i.e. a quotient of QA4 by some differential ideal)
multiplication on X, or in X (We will simply write m for the multiplication
in a Hopf algebra.)

comultiplication: 4(a) = a1y ® a(z) (Sweedler sigma notation with suppressed
summation sign, cf. Sect. 1.2 in [35])

comultiplication applied » times (Due to coassociativity we do not have to
remember where 4 is put in consecutive tensor products; 4,a = a1y ® - Q
agni1).)

unit map of an algebra Y (often suppressed)

counit (unless otherwise obvious from the context)

antipode, i.e. a(1)S(ap)) = &(a) = S(aq))ae)

algebra identical with algebra 4 as a vector space but with the multiplication
defined by myw =my o1

right coaction: pr(x) = x(0) ® x(1) (Sweedler sigma notation for comodules
with suppressed summation sign, cf. p. 32-3 in [35])

right coaction on the “total space” of a quantum principal bundle

right coaction on a right-covariant differential algebra of the “total space”
given by Vm € N: Adg(podp; - -dp,) = (Po)o)d(P1)©) - d(Pm)0)®
(Po)) -+ - (Pm)1), where for any n € {0,...,m}, (Pn)0)®(Pn)1) = 4rpn (A
differential algebra is right-covariant iff A4 determined by the above formula
is well-defined; cf. (21) and Sect. 4.2 in [9].)
=({d®m)o(id®S®id)o(t®id)o 4, (right adjoint coaction, adga =
a@)® S(am)ae))

the space of right coinvariants (P := {p € P|dzp = pR1})

convolution: V f€Homi(Q,X), gcHomi(4,Y): f*,g=mo(f®g)o pr,
where (0, pr) is a right 4-comodule and m : X®Y — Z is a multiplication
map (If pgr equals Ap, Ar or 4, we will use *g, *z or * respectively to
denote the corresponding convolution.)

unless otherwise obvious from the context, convolution inverse of f, i.e.
S ag)f(ap)=(f"" ) @)=e(@)=(f* " Na)=f(a@)) [ (ap) (In
general, one has: x() ® - -+ @ X(n) ® f(X(ns1))9(X(n+2)) ® X(n43) @+ * @ X(m) =
X0) ® @ Xy @ (f * 9)(Xn+1)) @ X(ni2) ®@ -+ @ X(m—1) and F(x(0))g(x(1))
RX2) ® -+ @ X(m) = (F *, 9)(X0)) D X(1) ® - - - @ X(m—1)-)

All algebras are assumed to be unital and associative. Now, let us recall the basic
notions and constructions of [9] necessary to establish the language used in this

paper.

Definition 1.1 (4.9 [9]). Let P be an algebra over a field k, A a Hopf algebra over
the same field, Np C Q'P a P-bimodule defining the first order differential calculus
Q\(P), My C Kere an adg-invariant right ideal defining the bicovariant differential
calculus QY(A), and

ARZP—>P®A

an algebra homomorphism making P a right A-comodule algebra Then (P, A, Ag,
Np,My,) is called a quantum principal bundle iff:
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1. TR PQP>t et (m®id)o(id®4r)t € P ® A is a surjection (freeness),

2. Ax(Np)C Np ® A (right covariance of the differential structure),

3. Tr(Np) C P ® My (fundamental vector field compatibility condition),

4. Ker T C PQI(P4)P (exactness), where Q'(P°4):= Q'P4/(Np NQ'Pw4)

and T :Q(P)> [aly, “5 ((id®@my)oTr)x € P ® (Kere/My) .

(The map n4 : Kere — Kere /M, is the canonical projection, and o€ Ker mp.)

For simplicity, as well as to emphasize the analogy with the classical situation, a
quantum principal bundle is often denoted by P(B,4), where B := P is the “base
space” of the bundle. The map T (denoted by ~y, in [9]) can be more explicitly
described by the formula

T(pdq) = pqo) ® [q)lm, — pg® 1. (cf. (24) in [9])

Remark 1.2. Let Ty : Kermp — P @ Kere and Tyy : Np — P ® My be the appro-
priate restrictions of Tg. It is straightforward to check that the following diagrams
are commutative diagrams (of left P-modules) with exact rows and columns:

0 —— KerTy —— KerTy — 0
0 —— Ketmp —— PQP ", P 0
T, T id (1)
mpo(id®E)
0 — P®RKere —— PQA P 0
Coker Ty ——— Coker Tz 0 0
0 —— KerTyy —— KerTy —— KerT
0 —— Np —u Qp T Py —— 0
T T, T )

id®
0 —— POMy —— P®Kere — P®(Kere/My) —— 0

Coker Tyyy —— CokerTy —— Coker T — 0
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Applying the Snake Lemma (e.g., see Sect. 1.2 in [5]) to both diagrams, we obtain
the following two exact sequences:

0 — KerTy — KerTz — 0 — Coker Ty — Coker Tz — 0, 3)

0 — Ker Tyysr — Ker Ty — Ker T — Coker Tyy, — Coker Ty — CokerT — 0. (4)

Observe that the freeness condition means exactly that Coker Tz = 0, which, by (3),
is equivalent to Coker Ty = 0 (see (33) in [9]). Note also that KerTyyy = Np N
KerTy. O

Corollary 1.3. Let (P, A4, Ar,Np,My) be a quantum principal bundle Then Tg(Np)
= PRMy (cf. Example 4.11 in [9] and the discussion below it).

Proof. From the exactness condition, we know that KerT = np(PQ'B.P). On
the other hand, since PQ'B.P C KerTy and the map ny : Ker Ty — KerT in (4)
is a restriction of mp to KerTy, we can conclude that 7y is surjective. Conse-
quently, by the freeness condition and the exactness of (4), Coker Tyyy =0, i.c.
Tr(Np) = P®M,. O

The above corollary makes the following definition of a trivial quantum principal
bundle equivalent to the definition proposed in Example 4.11 in [9].

Definition 1.4. A quantum principal bundle (P,A, Ag,Np,My) is called trivial iff
there exists a convolution invertible map (trivialization) ® € Homy(A4,P) such
that

Apo® = (®d®id)o 4 (5)

(i.e. @ is right-covariant) and ®(1) = 1. In such a case, P is also called a crossed
product or cleft extension (see p. 273 in [32]).

Definition 1.5 (1.1 [32]). Let P be a right A-comodule algebra and B be the alge-

bra of all right coinvariants. The comodule P is called an A-Galois extension iff
the canonical left P-algebra and right A-coalgebra map

Tz = (mp®id) o (Id®pAg) : PR P> pRp q — Pgo)®qa) EP®A4

is bijective.

Proposition 1.6'. Let P, A and B be as above. A comodule algebra P is an A-
Galois extension if and only if P(B,A) is a quantum principal bundle with the
universal calculus.

IThis proposition is implicitly proved in [7] (see Lemma 3 2 and the text above it) The diagramatic
proof presented here was created during the author’s discussion with Markus Pflaum
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Proof. Consider the following commutative diagram (of left P-modules) with exact
rows and columns:

0 — PQBP —— Kerlz —— KerTy

l | !

0 — PQBP —— P®P —— P®zP —— 0

| |7 | (6)

id
0—s 0 —s P®Ad —\ P®A4 — 0

l | I

0 —— CokerT, —— CokerTz —— 0

Again, we can apply the Snake Lemma to obtain the exact sequence
0 — PQ'B.P — KerTg — Ker Tz — 0 — Coker Ty — Coker Tz — 0. @)

Assume first that P is an A4-Galois extension. Then Ker Tz = 0 = Coker Tz, and,
from the exactness of (7), we can infer that Coker T, = 0 (freeness condition) and
Ker Tz = PQ'B.P. On the other hand, by the exactness of (3), we have KerTy
= Ker Tz. Hence the exactness condition follows, and we can conclude that P(B,4)
is a quantum principal bundle with the universal calculus.

Conversely, assume that P(B,4) is a quantum principal bundle with the universal
calculus. Then Ker Tz = Ker Ty = PQ'B.P and Coker Tz = 0. Consequently, again
due to the exactness of (7), we have that Ker Tz = 0 = Coker T, i.e. P is an 4-
Galois extension. [J

Definition 1.7 ([9]). A left P-module projection IT on Q(P) is called a connection
on P(B,A) iff

1. Ker IT = Q] (P) (ImII is called the space of vertical forms),

hor

2. Ago Il = (Il ®id) o Ay (right covariance).

Due to Proposition 4.10 in [9], a connection form can be defined in the following
way:

Definition 1.8. A4 k-homomorphism o : A — Q(P) is called a connection form on
P(B,A) iff it satisfies the following properties:

1. w(k ® My) = 0 (compatibility with the differential structure),
2. Tow=(d®mny)o(l®(d — ¢&)) (fundamental vector field condition),
3. Adg o w = (0w ® id) o adp (right adjoint covariance).

For every P(B,A), there is a one-to-one correspondence between connections and
connection forms. In particular, the connection IT* associated to a connection form
o is given by the formula: 1T = mgipy o (id @ w) o T ((47) in [9]). Since I1* is
a left P-module homomorphism, to calculate II* it suffices to know its values on
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exact forms, and on exact forms (47) [9] simplifies to
II”od =id xz 0. (8)
The following four definitions are based on Appendix A in [9].

Definition 1.9. Let Q(P) be any differential algebra having QP) as in Defini-
tion 1.1 For all n € N, the space (PQY(B)P)" is called the space of horizontal
n-forms and is denoted by Q (P). The space of horizontal 0-forms is identified
with P.

Definition 1.10. Let Q(B) be the differential algebra obtained by the restriction of
Q(P) For all n € N, the space Q"(B)P is called the space of strongly horizontal
n-forms and is denoted by Q% (P). The space of strongly horizontal O-forms is
identified with P.

Note that in the classical case & (P) and Q3 (P) coincide.

shor

Definition 1.11. Let (V,pr) be a right A°°-comodule algebra (see Remark A.2).
Then ¢ € Homy(V, Q(P)) is called a pseudotensorial form on P iff

Agop=(p®id)o pg.

A pseudotensorial form taking values in Qf (P) (in Q%..(P)) is called a tensorial
(strongly tensorial) form on P. The space of all pseudotensorial, tensorial and
strongly tensorial n-forms (n = 0) will be denoted by PT,(V,Q"(P)), T,(V,2"(P))

and ST,(V,Q"(P)) respectively.

Definition 1.12 ((68) [9]). Let II be a connection on P. The k-homomorphism D
from Q*P to QTP given by

hor
D: podp, - --dp, — (id — II)(dp,) - - - (id — I )(dp,) , 9)
where n = 0, is called the exterior covariant derivative associated to II.

To complete this vocabulary review, we recall some basic definitions used in
the Yang—Mills theory on projective modules. We choose here right rather than left
modules, but one should bear in mind that the formulation of this formalism for left
modules is analogous.

Proposition 1.13 (cf. p.369 in [34]). Let # be an associative unital algebra over a
commutative ring k. Let ¥y be a k-Lie subalgebra of the space of all k-derivations
of B, and let & be any right %B-module admitting a connection. If Q%) is a
differential graded subalgebra of % @ 69;;1 Homg (A" ¥, B) with the differential
(see the first section in [18]) given by:

(d)(Xo, X1, . X)) = 32 (=YX Xo,o o Xim1, X1, Xn)

0<i<n

+ Z (_)r+sa([XraXs‘]>X09 v 9)(7‘—13/\71'-('13 e aXS—bXS‘-I-l’ LR aXn) s

0<r<s=n

then
VEEE XY € Ly (VEXY)=([Vx,Vy]l— Vixy)&), (10)

where, as in the classical differential geometry, Vz & denotes (VEY)Z).
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Proof. Straightforward. O

Definition 1.14 ([13, 30]). Let £ be a finite dimensional Lie subalgebra of Der B,
let {Xi}icq1, dim e} be a basis of £, and let Q(B) be a differential algebra defined
as in Proposition 1.13. A bilinear form

{,}: (Bndp(8) @5 2*(B)) x (Ends(&) ®p @*(B)) — Endy()

is defined by
{Y ¥} = 2 Ui (X A X (X N X))

i<j

Definition 1.15 (cf. p. 553-4 in [12]). Let & be a finitely generated projective right
B-module.
1. A linear map V : & ®p Q(B) — & ®p Q*YY(B) is called a connection on &

iff
VéEed,aeQB): V(ERpga)=(VEa+ ERpda.
2. The endomorphism V* € Endgp)(& ®p Q(B)) is called the curvature of a
connection V.

3. If B is a x-algebra and & is equipped with a Hermitian metric {,) : § X6 — B,
then we say that a connection on & is compatible with this Hermitian metric iff

VéEned  d(&n) =(VEn) +(SVn) . (11)

Remark 1.16. The group U(&) := {U €Endp(&) | VEne& : (UL Un) = (&)} of
unitary automorphisms of & acts on the space of connections in the following way:
V +— UVU*. This action maps compatible connections to compatible connections
(see near the end of Sect. 1 in [13]). O

Remark 1.17 The sign in the formula (11) depends on whether we want d(a*)
= (da)* or d(a*) = —(da)*. We have “+” in (11) because here we choose that d
commute with *. [J

Definition 1.18 ([13, 30]). A trace Jg :Endg(&) — k is given by Tg(&((, +)) =
I((, &), where T3 is a trace on B.

Corollary 1.19. Let & = B" for some n € N, and N € Endg(B") = M,(B). Then
Tg(N) = (T o Tr)(N),

where Tr is the usual matrix trace.

Proof. Straightforward. [

Definition 1.20 ([13, 30], cf. [12, 17, 18]). Let V be a connection on &. The func-
tion YM given by the formula

YM(V) = -7{Ov,0v}, (12)

where © is defined by Oy(X,Y) = [Vx,Vy]— Vixy}, is called the Yang—Mills
action functional.
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Example 1.21. Let G be a compact Lie group and B=C(G). Let W be a
finite dimensional vector space, X(G,GL(W)) a principal bundle, &=
I'(X(G,GL(W))xiaW) the projective module of the smooth sections of the id-
associated vector bundle, and g a Riemannian metric on G. (The choice of a metric
on & makes no difference.) Then, for any connection form w on X(G, GL(W)), one
has YM(V?®) = — | ¢ TT(F? A xF®), where V® is the covariant derivative (connec-
tion on &) associated to w, the symbol x denotes the Hodge star associated to g,
and F® is the curvature 2-form of w (see pp. 336, 337 and 360 in [4]). O

2. Strong Connections

We can now proceed to formulate the notion of a strong connection. This no-
tion will be used to justify the definition of a global curvature form. It will
also be needed for characterizing these connections on a trivial U,(2)-bundle that
correspond to the hermitian connections on the free module associated with this
bundle.

Definition 2.1. Let (P, A, Ag, Np, M) be a quantum principal bundle. A connection
IT on P is called strong iff (id — IT1)(dP)C QL (P) (see also Remark 4.3).

shor

For every connection II, the left P-module homomorphism (id — IT) maps exact
1-forms to horizontal, but not necessarily to strongly horizontal, 1-forms. A strong
connection I1 is defined by requiring that (id — IT) sends exact 1-forms to strongly
horizontal 1-forms. It turns out that, for the trivial quantum principal bundles, the
strongness of a connection means that the connection is induced from the base space
of a bundle. (A similar fact is described in Lemma 6.11 in [20].) More precisely,
let B € Homy(4, Q(B)) be the map given by the formula

ﬂ:di*w*q§_l+d§*(do¢_l). (13)

(This formula can be obtained by solving formula (37) in [9] for § and extending the
solution to a general differential calculus.) It is straightforward to check that in the
classical case the thus defined f corresponds exactly to the pullback of a connection
1-form with respect to the section associated with a given trivialization. Therefore,
we can think of f as a noncommutative analog of the aforementioned pullback of
a connection form (see also Remark 2.6). (For a discussion of connection forms
which can be understood as elements of Homy(4/k, Q(B)), and which are also
called quantum group gauge fields, see Sect.3 in [9].) With the help of (13), we
can characterize the class of strong connections on any trivial quantum principal
bundle in the following way:

Proposition 2.2. Let (P, A, Ar,Np,M,) be a trivial quantum principal bundle with
a trivialization ® and a connection form w, and let § be as above. Then II® is
strong if and only if B(4) C QY(B).

Proof. 1t is known (e.g., see (27) in [9]) that

VPGP EIZb,@ai € BRA : pP= Zbl¢(a1)
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Using this fact, formulas (8),(5),(37) [9], and the Leibniz rule it can be calculated
that
(id — II°)(dp) = 3_ (db;.®(a;) — bi(B * P)a;)) - (14)

(This calculation appeared in the preliminary version of [9].) Clearly, f(4) C QY(B)
implies that IT® is a strong connection. To prove the reverse implication, we will
use the following lemmas and corollary:

Lemma 2.3. Let {(Q;,p:)}ics and (%, pg) be right A-comodules, and {Vi;}, je; be
vector spaces, where I is a non-empty finite set. Assume also that, for all i,j € I,
we have multiplication maps

mi; 2 Qi ® Qj — Vij,
my Vi @ O — 6,
mij Qi @V — @,
satisfying the associativity condition
Vi,j,l €l :my0(my;®id)=m;;0(d @my),
and that coactions {p;, pg }ic; are compatible in the following sense:
Vij,l €l qi € Qi q; € Q) a1 € Q1 : pe(49iq;91) = pi(gi)pi(a;)pi(qr) -

Then, for any i,j,l€l, if x; € Homi(4,0;), w; € Homi(4,0;) and A €
Homy (4, Q;) are homomorphisms with the right-covariance properties:

pioki=(k;®id)o 4,
pjow; = (w; ®id) o ady,
prod=(4®S)otod,
the homomorphism «; * w; * A; is right-invariant, i.e.
pgo(kixmi*xA) = (Kixwj*A)®1.
Proof. A direct sigma notation computation proves this lemma. O

Corollary 2.4. Let w be a connection form on a trivial quantum principal bundle
with a trivialization ®. The map B given by (13) takes values in right-invariant
differential forms, i.e.

Proof. Taking advantage of the formula
Arod ' =(@'®S)otod, ((28) in [9])
one can deduce from Lemma 2.3 that
Ago(@+a+xd HN=(Pxoxd H@1. (15)
(Observe that, since

(@7'®@8)ot0A) % (dro ®) =npgs0e = (dgo ®)* (P '®S)o104),
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formula (28) in [9] follows by the same argument as used in the proof of
Proposition 3.2.) Furthermore, as

Apo(do® ') = (d®id)o dgo &'
(see the beginning of Sect. 1 for this property of A4)
= (dod™)®S)ot04,

and npoe is adg-covariant — i.e. Agonpoe = ((4p 0¢&) ®id) o adg — it also follows
from Lemma 2.3 that

Ago(@x(poe)x(do® ) =(@x(qpoe)x(do®@ ))®1.  (16)
Combining formulas (15) and (16) we get the assertion of the corollary. [

Lemma 2.5. Let (Q, po) be a right A-comodule, and let {(Q;, p:i)}icq12y> Viz and
myy be as in Lemma 2.3. If fi € Homy(Q, Q1) is right-covariant (i.e. p;o fi =
(fi®id)o pg) and f, € Homy(4,Q,), then

(id *,, f2) o f1 = f1%p, f2 -
Proof. Straightforward. [
Assume now that I1® is strong. Then, by setting p = @(a) in (14), we obtain:
(B * D)A) C Qyr(P) - (17)
Furthermore, it is a general fact that
(id g ™) (Qupor(P)) € QX(B) . (18)
Indeed, for any b € B, p € P,
(id 4 @~ )(db.p) = (mgypy © (id ® @~ "))(db). P(0) ® by P(1y) = db.sa(p), (19)
where

s0: P2 p s (id 42 @71)(p) = poy® '(pay) € B (20)

is a left B-module homomorphism that can be interpreted as the section of P(B,A4)
associated with the trivialization @ (see the subsequent remark, cf. Sect. 3.1 in [10]).
Taking again advantage of the formula (28) in [9] (see the proof of Corollary 2.4)
we can infer that

Aro(idsg @ N =(dsg d 1
(cf. the second calculation in the proof of Proposition A.7 in [9]). Hence s in-

deed maps into B, and (18) follows as claimed. Combining (17) and (18) one can
conclude that

((id+2 @) o (B+ @))(4) C Q(B). (21)
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On the other hand, taking into account Corollary 2.4, one can see that f* @ is
right-covariant:

Ago(f*®)=((4dg o B)*(4dgro ®)) (cf. Lemma 4.0.2 in [35])
=mapg4 0 (BR 1)@ (PR®id))o 4y = ((f* P)®id)o 4.

Hence, by Lemma 2.5,
(id*p @ o (Bx®)= (B D)+« D~ =4,
and (21) reduces to B(4) C QY(B), as needed. [

Remark 2.6. A natural question arises here as to whether or not one can, anal-
ogously to the classical case, use s¢ directly to compute the pullback of w. For
instance, in the case of the universal differential calculus, we can define the pull-
back of a differential 1-form on P with respect to s¢ to be

So (Z pidq,-) =2_80(pi)(doss)(4:) -

Clearly, since sj(Q'P)C Q'B and there exists a non-strong connection on a trivial
quantum principal bundle with the universal differential calculus (see Example 2.7),
Proposition 2.2 allows one to conclude that, in general, sj ocw and f given by
(13) do not coincide. (Otherwise w would always have to be a strong connection
form.) Furthermore, even if we assume that  is a strong connection form, the
direct calculation of sj o w shows why, in the noncommutative case, we cannot
claim sj o w = f. An advantage of defining by (13) rather than by sjow = f
is that § given by formula (13) transforms in a familiar manner under local gauge
transformations (see Sect. 3 and (38) in [9]).

Let us also remark that, assuming the existence of S~!, one can define a quantum
principal bundle section which is a right, rather than left, B-module homomorphism
from P to B:

S¢ :=mpo((PoS™')®id)oto dp.

Much as in the case of sg, it is straightforward to check that sg is indeed a right
B-module homomorphism into B. From (28) in [9] (see the proof of Corollary 2.4),
it is also clear that Sy satisfies the equation Sp 0 @~ ! = ¢. This formula and the anal-
ogous formula sg o @ = ¢ for sy reflect the classical geometry relationship between
the section of a principal bundle and the map from the total space to the structure
group that are associated to the same trivialization. The pullback of a connection
form o defined with the help of S has very similar properties to the pullback
of w defined with the help of sg. Obviously, sy and Sg coincide in the classical
case. [J

Due to Proposition 2.2 and Proposition 4.6 in [9] we know that every f €
Homy (4, Q'B) vanishing on k induces a strong connection on a trivial quantum
bundle with the universal differential calculus (cf. Sect. 6.4 in [20]). The quantum
Dirac monopole considered in [9] is an example of a strong connection on a quan-
tum bundle with a non-universal differential calculus (for a proof of this fact see
Corollary 6.4.4 in [6]). In what follows, we present an example of a weak (i.e. non-
strong) connection. This example points out an interesting fact that the noncommuta-
tivity alone of the “total space” P or the “structure group” A4 of a quantum principal
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bundle P(B,A) cannot be held responsible for the weakness of a connection. Nor,
for that matter, can we blame the noncocommutativity of 4.

Example 2.7. Let 2Z; denote the two-element group represented by 0 and 2. Also,
let P:=Map(Z4,k) and A:=Map(2Z,,k) be the standard commutative Hopf al-
gebras over £ (e.g., see [15] or Sect.2.2 in [1]), ¢:2Z,; — Z4 be the inclusion,
and
B:={beP|4pb:=((d®1")od)(b)=bR 1}
be the corresponding quantum homogeneous space (see Sect. 5.1 in [9]). Since
Ker2*C mp o (Kert* NB)® P),

by Lemma 5.2 in [9], (P,4,(id ® 1*) 0 4,0,0) is a quantum principal bundle with
the universal differential calculus. Now, let j : Z4 — 2Z; be the surjection defined
by j(g) = d2,4. Clearly, 10 j = id and j(h~'gh) = h='j(g)h for all g€ Z4, h€2Z,.
(Although 27Z, and Z4 are additive groups, to emphasize the usefulness of calcula-
tions shown in this example even in more general cases, as well as to shorten some
formulas, we use the shorter and more abstract multiplicative notation.) Hence, by
Proposition 5.3 in [9], we have the canonical connection form given by the formula
w = (S *d)oj*. Our task is now to show that the connection defined by w is weak.
Suppose that this is not the case, i.e. that (id — II®)(dP)C QslhorP. Then, since it
can be calculated that, for all peP,

(id — 11°)(dp) = d (pay SW((j*or" ) p2y))1))) - ((J'*OZ*)(P(z)))(Z) ,

and Q'P can be treated as the set of all functions on Z4 x Z, vanishing on the
diagonal (e.g., see Sect. 2.6 in [14]), we can conclude that, for any p€P, g,r € Zs,
hel2Z,,

(d (pay SUG* v ) p))))) - (5 o )(P(z)))(z)) (gh,7)

= (@ (P SU* o X p)))) - (0 W)y ) (067)
ie.
p(r) = plghi(h'g~'r)) = p(r) — p(gj(g~'r)) .
In particular, it implies that

YV he2Zy,geZy : j(hg) = hj(g)

(cf. Lemma 5.5.5 in [6]). But 2 = 2, g = 1 do not satisfy that equality and therefore
we have a contradiction proving that IT* is a weak connection.

Alternatively, since the pullback of the map &7, — 27, given by

. <
Fg {0 forg £1
2 otherwise

is a trivialization of the quantum bundle P(B,A4) (see Definition 1.4), one can prove
that IT® is a weak connection by analyzing the map f associated to it (see (13))
and using Proposition 2.2. Note also that the trivial connection (see Example 4.5 in

[9]) induced by the trivialization o~ is, by Proposition 2.2, strong. [J
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Our next example is concerned with a construction of both strong and non-strong
connections on certain quantum analogues of the Z,-fibration of the two-dimensional
sphere over the real projective space (S? — RP?).

Example 2.8. Let Pr be a unital free *-algebra over € generated by {Xu}me(1,2,3}
(ie. Pr = Cx1,x2,x3,1)), let F be a two-sided *-ideal of Pr generated by

{xm — X, Zajsz- — ’,2} , mje{l1,2,3}, aj,reR, a;,r >0,
J
and let .#; be a two-sided *-ideal of Pr generated by
A
{xm — x5, x4 +2(1+q e X3 — 1, x1x3 — X% — 2i(‘1—+q%—)5x§ ,

-2, 2 2_ -2 -2, 2 2_ -2
+ -q"— + -q"—
X1X3 — Lz-—q—x3x1 — leq—x3x2 , X2X3 — Q__Z_Q_x3x2 + 13—2'1—x3x1}

>

me{l,2,3}, geR, 1 = |g| > 0.

(The second generator of .#; resembles the right-hand side of the formula (164)
in [26] that describes the metric on the g-Minkowski space discussed in Sect. 7.2
of [26].) The algebras Pr/.% and Pr/.#; can be regarded as noncommutative two-
spheres. Indeed, Pr/.% is “the most noncommutative two-sphere,” and Pr/.#; cor-
responds to the equator sphere (¢ = co) given by (7b) in [29] (see Remark 2.13).
Obviously, for g = £1, the algebra Pr/.#; corresponds to the usual S2. Since
both Pr/#% and Pr/f# can be used in the same way to construct noncommu-
tative fibrations and connections, we denote, for the sake of brevity, Pr/.#, by
P,, where ve{0,1}. We also put xoj = [X1a, X1 = X1, a0j = a;, j€{1,2,3},
an=1 ap=1, a3z = ZW, ro=r, r1 =1, and thus define the coefficients
{avj, m}eqoa}, je(1,2,3- Unless stated otherwise, all the following statements of this
example will be valid for any of the two values of v. The proposition below allows
one to turn P, into a right 4-comodule algebra, where 4 = Map(Z,, C).

Proposition 2.9. Let Pr and A be as above. Also, let Ar be a coaction of A on Pr
making it a right A-comodule algebra. If Ago* = (x @ 7)o Ag, where ~ denotes
the complex comjugation, and

AR :Pr3xj—x;®(1 —20)ePr®4, (22)
where O is the map such that 6(—1) =1 and 5(1) = 0, then Ag(#,)C 4,QA.

Proof. Clearly, Ag(x;—x7)€#®A for any je€ {1,2,3}. Also, for any j,/€
{1,2,3}, we have

Ar(xx;) = Ap(x)Ar(x;) = xjx; ® (1 — 26)* = xx;® 1.
Hence 4z(%4,) C #,®A4, as claimed. [

It follows now that a x-algebra homomorphism 4, : P, — P,®4 given by the
formula 4,x,; = x,; ® (1 — 2J) makes P, a right A-comodule algebra.
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Proposition 2.10. Let P, be a right A-comodule algebra as above. Then (P, A, A,,
0,0) is a quantum principal bundle with the universal differential calculus.

Proof. By Proposition 1.6, it suffices to show that the canonical map Tz :
P,®3p P, — P,®A, where B, := P,"4 is bijective. First, however, let us prove the
following.

Lemma 2.11. Let B, be as above. Then B, is the space spanned by monomials
from P, whose total degree is even, i.e.

BV = {Z Z aiy X ~-xvi2k€PV |a,», iZkGC’ i],...,i2k€{1,2,3}} . (23)
kx1i1, ,in

Proof. To simplify notation, let us denotg the right-hand side of (23) by B,. Thanks
to (22), it is clear that every element of B, is right coinvariant. It is also clear that
every element of P, can be written as by + Z;=1 bjx,; for some {b;}cq0, 33 € By.

(Observe that any number ¢ € € can be expressed as ¢ = cr; 2" a,x% €B,.) Fur-
thermore, since

3 3
Ayp — pR1=by®1 4+ > (bjx,;®1 — 2bjx,;®0) — by®1 — Y bjx,;®1
j=1 Jj=1

3
=-2 ( Z bjxvj) ®5 ,
j=1

we can conclude that 4,p = p®1 = p = by eﬁv. Hence B, = Z?v, as claimed. O

Now, consider a left P,-module map 'T'B : P,®A — P,®p,P, given by the formula:
1®p,1 for a=1

'T'B(1®a) —
%(1®3V1 — ”V_ZZ?ZI ayixy; @p, xy;) fora=94.

Recall that every element of P, can be written as by + Ej=1 bjx,; for some

{bi1}ieqo, 3y € By. Therefore, since 'fB oTp is a left P,-module map, it suffices to
check that

~ 3 3
(TBOTB) <1 ®Bv <b0 + ijxvj>) =1 ®B,, (bO + ijxvj>
j=1 J=1

for arbitrary {b;},cq0, 33 € By. With the help of Lemma 2.11, we have

_ 3
(TpoTs) (1 ®s, (bo + Zlbjxvj>>
iz

- 3
= bo(TzoTz)(1 ®3, 1)+ bj(TzoTz)(1 ®p, x,;)
=1

Jj=

3
= by ®p, 1 + > b Ta(x,;®1 — 2x,;®J)
=
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3 ~
= b() &, 1+ ij(xvj ®B, 1-— 2XVJT3(1®5))
=1

3
2 2
Z ry “ay ®p, bixyix,,;
=
N
=1®g, | bo+ Z bpxy; Y vy “avixy;
= TE

3
=1®p, (bo +3 bjx‘,j) .
=1

Thus we have shown that '~fB o Tz = id. Furthermore, it is straightforward to verify

that T o Tz = id. Hence T is the inverse of T and consequently Tz is bijective, as
needed. [

Remark 2.12. Note that, since Map(Z,,C) is finite dimensional, the injectivity of
T follows immediately from its surjectivity and Theorem 1.3 in [32]. O

Remark 2.13. Recall that a classical point of an algebra B over a field k is defined
as an algebra homomorphism from B to k. For ¢ + 1, the space of all classical
points of P; is parameterized by all pairs (x, y) € R? subject to the relation x? + > =
r; = 1. Any such pair yields an algebra homomorphism f : P, — C via the formulas
fx11) =x, f(x12) =y, f(x13) = 0. It is clear that the classical “subspace” of P, is
precisely its equator. Hence the name “equator sphere.” (To see the correspondence
between P, and the C*-algebra defined by (7b) in [29], put u = g and

— qZ
2

cf. the beginning of Sect.7 in [29].) The quantum sphere employed in Sect. 5.2
of [9] (¢ =0 in [29]) can be, in the same manner, regarded as a “north pole
sphere”. Now, the quantum principal bundles considered in Proposition 2.10 were
constructed to generalize the usual two-sphere fibration S2 — RP? (set ¢ = +1 in the
bundle (P}, 4, 4,,0,0)) where Z, moves the points on the sphere to their antipodal
counterparts (see p. 69 in [37]), and on the north pole sphere used in [9], there is no
other classical point to which the north pole could be moved under the free action
of Z,. This is why, in order to deform the fibration S> — RP?, we used here the
equator sphere instead.2 0O

i . -
Xy = E(B - B), X2 = _E(B + B), X3 = 4; (24)

Proposition 2.14. Let P,(B,,A) be a quantum principal bundle as in Proposition
2.10 and Lemma 2.11. Also, let wcHomg(A, QIR,) be a homomorphism defined

by the formula
0 fora=1
w(a) =
(@) —2%‘2,2?:1 ayixyidx, fora=324.
Then w is a strong comnnection form on P,(B,,A).

21 am grateful to Stanistaw Zakrzewski for explaining these things to me
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Proof. To prove that @ is a connection form it suffices to verify that (Tow)d
= 1®J . (Other conditions of Definition 1.8 are immediately satisfied.) We have

1 3
(TOCU)5 = ‘ﬁ EavixviTR(l®xvi _xvi®1)
v i=1

= 2 ) Zawxvz(xw®1 2xvi®6 _xvi®1)

Vl_

=1®9d.

Hence w is indeed a connection form. Our next step is to show that w is strong
(see Definition 2.1). With the help of formula (8) and the Leibniz rule, for any
{bI}IE{O, 3} - Bv, we have

3 33
(IT1?od) <b0 + ijxvj> = —22 bix,j(0) =r, 22 Y ayibixyxyidx,;

j=1 j=1 j=li=1

3 3
= 1725 S b (d(xxd) — d ()X

j=1i=1

3
Z dxy; — 1, ~2 > avibid(xyixy;).xy;
Jj=1 i,je{1,2,3}

Applying the Leibniz rule again, we obtain

(id — 1) (d (bo + i@xvj>>

—dby+ 2 dbjxy 4770 Y aubd()- X € Qo
ije{1,2,3}

Taking advantage of the fact that any p&€P, can be expressed as by + ijlbjxvj
for some {bl}le{o, 3} € By, we can conclude that o is strong. [

Proposition 2.15. Let P(BV,A) and o be as in the proposition above. rl homo-
morphism @ €Homg(4, Q'P,) defined by the formula

~. . [0 fora=1
w(a) = {w(é)—}—dx%, fora=9,

where 1€{1,2,3}, is a connection 1-form of a connection that is not strong

Proof. Let [ be any fixed element of {1,2,3}. Since Ap(dx’)=dx%,®1 and
T(dx%) =0, it is clear that @ is a connection I-form. To prove that I1” is not
a strong connection, we will demonstrate that (id — IT®)(dx,;) ¢Qih0er. With the
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help of formula (8), we have:

(id — I®)(dx,)) = dx,; + 2x,,@(8) = dx,; + 2x,,0(8) + 2x,dx>
!
= (id — I®)(dxy) + 2x,dx?, .

Therefore, as I1° is a strong connection, it is enough to show that x,,dx* ¢ QL P,.
To this end, let us put BS := {213'=1 bix,;€P,|bjeB,, je{1,2,3}}. Clearly, P, =
B, + BS. An argument similar to that used in the proof of Lemma 2.11 shows
that B,NBS =0. It follows now that P, =B, ® BS. As we consider here the
universal calculus on P,, we have an isomorphism  : Q'P, 3 dpu— [plc ® u
€P,/C ® P,. Furthermore, we have

QP =y~ (WQ'P)) =y~ (B,/CRP) &y~ ((B & C)/CRPR)
=dB,.P,®d(B°® C).P, = Q'B,.P, ® d(B°).P, . (25)

On the other hand, taking into account the isomorphism QP ~P® (P,/C), one
can show (with some help of the representation presented in Point IIl.(a) of
Proposition 4 in [29] and formulas (24)) that xvldxﬁl #+0. Therefore, since xvldxel =
dxa, — dxvl.xﬁled(Bﬁ).Pv, we can conclude, by virtue of (25), that xvldxf,
¢ QL P, as desired. O

Remark 2.16. The strong connection form @ defined in Proposition 2.14 is non-
trivial. Indeed, taking (8) into account, one can see that

3
Hw(dxvl) = —2xv1a)(5) = rv—2 Z @yiXyXyidXy;

i=1

where, as before, / is any fixed element of {1,2,3}. On the other hand, it
can be checked that {[x,]c};c(y 53 are linearly independent and that x2%#0.
(Again, one can take advantage of the representation presented in Point IIl.(a) of
Proposition 4 in [29] and formulas (24).) Hence, with the help of an isomorphism
QPP ® (P,/T), it follows that IT”(dx,;) +0. Consequently, the space of vertical
forms (i.e. Im II®) is non-zero. O

We end our display of examples with a strict monoidal category (see Sect. 6.1
in [33]) example of a weak connection.

Example 2.17. Similarly to Example 2.7, this example is concerned with a trans-
lation of the concept of the canonical connection on a homogeneous space to
a different set-up. Only this time, the groups employed are neither Abelian, nor
finite. The former makes our bundle look more interesting, the latter forces us to
replace the algebraic tensor product by the appropriate dual of the Cartesian product.
More precisely, let M be the image of the category of sets under the contravariant
functor Map( - ,k). The tensor product ®gy defined by

Map(X, k) ®@m Map(Y, k) = Map(X x Y, k)

makes I a strict monoidal category. Moreover, if X is a group, then Map(X, k) is
an -Hopf algebra, where the definition of an IM-Hopf algebra is the same as that
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of a Hopf algebra but with the tensor product taken to be ®qgy. In what follows we
define several gauge theoretic notions in the setting of the category 9i:

1. QLX = {FeMap(X xX,k)|VxeX : F(x,x) =0} (Map(X,k)-bimodule of
M-differential 1-forms).

2. Ag—g := R* (right coaction), where R : X x G — X is a right free action of
the group G on X (e.g., see p.55 in [37]; G will denote a group and R its right
free action throughout the rest of this example).

3. Am_z : QpX — {K eMap(X XX X G,k) | Vx€X,g€ G:K(x,x,9) = 0} (right
coaction on IN-differential 1-forms), where VF € QéﬁX , XyeX, geaq:
(4dm-aF)(x, y,9) = F(R(x,9), R(¥,9))-

4. A triple (Map (X, k),Map(G, k), Am—g) is called an M-principal bundle and,
for simplicity, denoted by (X, G, R).

5. Qi por X = {FEQRLX|Vx€X, geG : F(R(x,g), x) = 0} (horizontal -diff-
erential 1-forms).

6. B := Map(X/G, k) (base space of (X,G,R)).

7. Qg X ={F€Qh 1 X |Vx,yEX, g€G:F(R(x,9), y) =F(x, y)} (strongly
horizontal IM-differential 1-forms).

8. Let (X, G,R) be an M-principal bundle and let

I := II; x I, €Map(X XX, X xX)

be an idempotent satisfying the following conditions:
a) anyeX : Hl(x>y) =X,
b) VFEQWX : Foll =0 & FeQly | X,

©) Vx,yEX, g€ G : Ty(R(x,9), R(3,9)) = RUD(x, y), 9).
Then IT* is called an M-connection and is denoted by ITgy.
9. An -connection Iy is called a strong IM-connection iff

Vx,y€X, g€G : IL(R(x,9), y) = (%, y) .

The above definitions were constructed so that the 9i-objects thus defined become
the corresponding “quantum objects” (the universal differential calculus assumed)
when both X and G are finite and the IMi-tensor product is the same as the algebraic
tensor product. In particular, one can rethink and equivalently describe Example 2.7
in M-terms. Doing so blurs the view of general principles making that example
work, but it allows one to have a better insight into its concrete mathematical
fabric.

Clearly, if H is a subgroup of G acting on G on the right by the group multipli-
cation (let us denote this action by Rg), then (G,H,Rg) is an M-principal bundle.
Furthermore, any surjection j : G — H satisfying j o2 = id, where 2 : H — G is the
inclusion, and

VgeG heH : j(h'gh)=h""j(g)h (26)

yields an 9M-connection on (G, H,Rg). Indeed, let ﬁf(g,r) = (g, gj(g~'r)), for any
g,¥ €G. Then, for all g,r€ G, he H, we have:

L. (IV)X(g,7) = (9:9/(9~" 9/(97'7))) = (9,9/(g™"r)) = II/(g, ), where the mid-
dle equality is implied by the formula j o+ = id.
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2. ﬁ{(g,r) =g (obvious~).
3. FEQy 1o,G = F oIl/ =0 (obvious).
4. For any F € Map(G x G, k), the implication

Foll =0=FeQly ;.G

is a consequence of the fact that 11 ; restricted to UQEG(g, gH) coincides with the
inclusion of UgeG(g, gH) in G x G.

5. IT)(gh,rh) = ghj(h~'g~'rh) = gj(g~'r)h = II)(g, r)h, where the middle step
follows from (26).

Hence, (I17)* is an MM-connection. Moreover, much as in Example 2.7, if (IT/)*
is a strong M-connection, then, for all g€ G,hc H, hj(g) = j(hg).

Next, we proceed to consider a special case of G and H. To do so, first we
need a definition of an algebraic formal group:

Definition 2.18 (cf. [25] and Appendix A in [15]). Let g be a finite dimensional
Lie algebra (dimg = n), and let {E"},cq1, ») be a basis of g Also, let F be the
Sformal group law (see, e.g., Sect. 9.1 and Sect. 1.1 in [25]) given by the Baker—
Campbell-Hausdorff formula determined by g and the basis {E"},c1, n} (see
Appendix A in [15]), so that to every pair of n-tuples of formal power series
in a finite number of variables with no free term we can assign another such
n-tuple, i.e.

F((pl(tl,...,t;),...,p,,(tl,.‘.,tl)),(ql(sl,...,s,,,),...,qn(sl,...,sm)))
= (rl(t],...,t[,S],...,Sm),...,rn(tl,...,t],S],...,Sm)) .

Symbolically, we will write (pi(ti,...,t1),..., po(t1,...,1;)) as exp(p,E’) and
F(exp(p.E"), exp(q.E*)) as exp(p,E”) exp(p,E"). (The Einstein convention of sum-
mation over repeating indices is assumed here and throughout the rest of this exam-
ple.) The group generated with the use of F by the n-tuples {exp(tnX)}meN, xeq,
where {tm}men are formal power series in one variable with all but the linear
coefficients vanishing, is called the algebraic formal group associated to g and is
denoted by Ej.

Now, let G = Eq@,c), H = Ewey and let j: Eqoc) — Esue) be the surjec-
tion defined by j(exp(piE' + p.E")) = exp(p.E'), where {E'};cq123) is a fixed
basis of su(2), and {E*},cq1 233 is a fixed basis of isu(2). It is clear that
(Es2,€)> Esu2)s REgo)) 18 an M-principal bundle, and jo1 =id. Thus, to see that
j induces an 9-connection, it suffices to prove the following:

Lemma 2.19. Vg€ Eqp.c), h€Ea) : j(h~'gh) =h"1j(g)h

Proof. Since the formal power series determining elements of Ey > ) are generated
by the Baker—Campbell-Hausdorff formula, we know that

Vg€Eqpe) Jeg > 0,neN vxe{(z1,...,z.)ER"| 22 —|—---—|—z,2, < sz}:

Vi(g) = exp(pi(R)E' + pu(X)E*) €SL(2,T).
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This means that the formal power series { p, py}1ueq1,2,3) defining g are convergent
when evaluated at any X in an e-neighborhood of 0 € R”. Now, let g be an arbitrary
element of Eo,¢) and £ be any element of Eg, ) of the form /4 = exp(£X), where
X €su(2) and ¢ is understood as a formal power series in one variable. Also, let
¥ := (1,x) € R™! and 7 be the map defined (on some appropriate open neighborhood
of the neutral element of SL(2,C)) by the formula

7(exp(?;El +1,E")) = exp({E") .

Then, using the fact that the splitting sl(2, C) = su(2) ® isu(2) is ad-invariant, for
every ¥ close enough to 0€ R"*!, we have

(V30)) (exp(—1X ) exp(piE' + p,E*) exp(£X))
= (joV) (exp(—tX) exp(piE'+ p,E*) exp(1X))
= J(exp(—1X ) exp(pi(¥)E'+ pu(¥)E") exp (1X))
= (exp (pi(¥) exp(—2X )E' exp(iX) + p,(X) exp(—iX)E* exp(iX)))
= exp (pi(¥) exp(—1X)E' exp(1X))

= exp(—7X) exp( pi(¥)E") exp(iX)
= Vy(exp(—tX) exp(piE') exp (X))

= V3(exp(—1X)j(exp(piE'+ p,E")) exp (X)) .

Thus, the formal power series defining j(h~'gh) and A~'j(g)h coincide when eval-
uated on an open neighborhood of 0€IR"!, and hence are identical. To end the
proof, we need to note that ad : Eq ) — Aut(Eqa,c)) is @ homomorphism and, since
every element of Eg, ) is generated by elements of the form exp(¢£X), the formula
J(h='gh) = h=j(g)h is valid for all g€ Eq,c) and h€ Eqy2), as claimed. O

Finally, since & = exp(tY), g = exp(sZ), where ¥ := (_01 (1)), Z = (é _01),
do not satisfy j(hg) = hj(g), the j-induced M-connection is non-strong, as desired.’

It seems proper to mention at this point that it would be interesting to see
to what extent gauge theory on quantum principal bundles can work in some more
interesting categories and whether the monoidal reconstruction (see Sect. 8.2 in [33])
can be extended to reconstruct bundles and connections. [

3. Gauge Transformations

The next natural step is to determine how strong connections behave under quan-
tum gauge transformations. To do so, we must first define gauge transformations
of a quantum principal bundle. One can define the group of quantum gauge trans-
formations as the group of convolution-invertible elements of Homy(4,P) which

31 am very grateful to Philip Ryan for pointing out that ¥,Z provide the desired counterexample to
the formula j(hg) = hj(g)
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intertwine Ar with adg, and satisfy f(1) = 1. (The same definition is considered
in Proposition 5.2 of [7].) Then one can define their action on connection forms
in a way analogous to the action of their classical counterparts on the classical
connection forms (see [4]). Quantum gauge transformations defined in this manner
generalize locally defined quantum gauge transformations discussed in Sect. 3 of [9]
(cf. Sect. 3 in [21]).

Definition 3.1. Let P(B,A) be a quantum principal bundle. A k-homomorphism
f A — P is called a gauge transformation iff

1. f is convolution invertible,

2. AROf:(f®id)OadR,

3. f(H)=1

Proposition 3.2. The set of all gauge transformations of a quantum principal bun-
dle is a group with respect to convolution. We denote this group by GT(P).

Proof. A routine sigma notation calculation verifies the following lemma:

Lemma 3.3. Let {(Qi,pi)}ic{i2}> V12 and myy be as in Lemma 2.3. Then, for all
f1 EHomk(A, Ql )a f2 EHOmk(A9 QZ):

((fi®1d) o adg) * (f2®1d) 0 adg) = ((fi*f;) ® id) 0 adk .
Hence, since the map
(4go) : Homg(4,P) > f+— Ag o feHomy(4,PRA)

is an algebra homomorphism (cf. Lemma 4.0.2 in [35]), the set of all gauge trans-
formations is closed under the convolution. Furthermore, it follows from the same
reason that Ag o f~! = (Ag o f)~!. Therefore, as f(1) =1 implies f~(1) = 1, by
putting f; = / and £, = f~! in Lemma 3.3, we can also conclude the existence of
the inverse. [

When defined in this way, quantum gauge transformations are unwilling to pre-
serve the property w(M,) =0 (see Definition 1.8 and Proposition 3.4) defining a
connection form @ on a bundle with a general differential calculus. This is the
case even if one assumes that the gauge transformations satisfy an additional condi-
tion ((f ® f~') o A)(M4)C Np. (A related discussion can be found around formula
(48) in [9]; note that this condition is satisfied in the classical situation, in which
My = (Kere)?* — see Example 1 on p. 132 in [39].) Therefore, when dealing with
quantum gauge transformations, we will assume the universal differential calculus.

Proposition 3.4. Let f € GT(P) and w € €(P), where €(P) denotes the space of all
connection forms on a quantum principal bundle (P, A, Ag,0,0). Then the formula

Gro=f*wx [+ fxdof™)
(¢f- (20) in [40]) defines an action G : GT(P) x €(P) — 4(P).

Proof. Let us verify first that Gy is indeed a connection form.

1. Grw (k) = 0. Obvious.

2. Taking into account that T is a left P-module morphism (see Point 4
in Definition 1.1) and remembering that for the universal differential calculus
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Np=0=M,, one can see that

(T o Gro)(a) = flam) Tow)(ap)(4ro S~ N aw)

+((m®id) o (id ® 4)) (f(aq)) ® £~ (a@)) — &ga)® 1)
= (f(am) ® (a@) — ela))) (f~(aw) @ S(ac))as))

+/(aa) S (a3) © S(ae))a@ — 1 © o(a)
fan)f ™ (ae)) ® (e(ae))aw) — S(ae))aw)

+/f(am) [~ (am) ® S(ae))a@ — 1 © &(a)

=1®(a—¢ea)).
3. 4z 0 Gy = (Grw ®id) o ady can be proved much as Proposition 3.2.

Now, to complete the proof, it suffices to note that Gr.y0 = GG, O

The action of the gauge group GT(P) on the space of connections can be derived
from its action on connection forms. It is explicitly described by

Proposition 3.5. Let GT(P) be as in Proposition 3.4. Denote by P(P) the space of
all connections on P, and by T the bijection providing the correspondence between
connections and connection forms, ie., let

T:2(P)> 1l — opo(l®(id—e))€B(P),

where oy : P ® Kere — Q'P is the unique left P-module homomorphism satisfying
Toopg=1id and oo T = I1.* Then the map % : GT(P) x P(P) — P(P) given by

GI1 = mgip o (id ® (Modo(idsnf)) % f ")
+maipo (id ® f*(dof_l))oT 27)

is the action of the gauge group GT(P) on the space of connections P(P), and
the following diagram commutes:

GT(P)x 2(P) L Gr(P)x %(P)

| |
P(P) — E(P)
Proof. Both assertions of the proposition follow from the formula:

VfeGT(P), I€P(P): 411 = (T oGo T)II). (28)

Since both sides of the above equation are left P-module homomorphisms, in order
to prove (28), it suffices to show that, for any f € GT(P) and II € #(P), we have

(%rIl)od = (( T_lono Y(II))od,

4 See Proposition 4 4 and the paragraph above it in [9]
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that is,

maipo (id ® fx(opo(1®(id —¢)))* ') oTod
= mgqip 0 (id ® (ITodo(id*g 1)) *Rf_’) od (pure gauge terms cancel). (29)

To do so, let us calculate the value of the left-hand side of (29) on arbitrary
PEP:

(maipo (id ® f*(opo(1®(id — &)+ ') 0 Tod) (p)
= (mgipo (id ® f*(opo(1®(id — &) * f71)) (poy® pay— p®1)
(see (24) in [9])
= poyf(Pay)on (1® pe) — e(pe) @ 1) £~ (pe)
= o (Po)/(P1)) ® P2) — PO S (P1))e(P2) @ 1) £~ (p)
= (opoTodo(id ) (o) f~ (pa)) (id#g f is right-covariant)
= ((Todo(id*r ) *x /1) (P)
= (mgipo (id ® (ITodo(idxx f)) *xf ")) (1@ p— p® 1)
= (mgipo (id ® (ITodo(id*g f)) *r f~') 0d) (p) .

Hence, we can conclude that (29) is true, and the proposition follows. [

Remark 3.6. The left B-module isomorphism (id *g /) : P — P can be regarded as
a quantum version of a gauge transformation understood as an appropriate diffeomor-
phism of the total space of a principal bundle (see p. 339 in [4] and Definition 5.1
in [7]). In fact, the map f +— id *g f is a group isomorphism (see Corollary 5.3 in
[7]). (Observe that (id *g f =)o (id *z f) =id = (id *z f) o (id xz f~1).) O

Having defined and described quantum gauge transformations and their action
on the space of connections and connection forms, we can now show that these
transformations preserve the strongness of a connection, i.e., provided My = 0 = Np,
their action is well-defined on the space SZ(P) of all strong connections on a
quantum bundle P. (Obviously, their action is then also well-defined on the space
FE(P) of all strong connection forms.)

Proposition 3.7. Let P(B,A) be a quantum principal bundle with the universal
differential calculus. Then ¥ f € GT(P): Il € $P(P) & 9711 € SP(P).

Proof. Note first that, for any right A4-comodule coaction py: % — € ® 4,

any o) € Homg(%,Q2"(X)) and oy € Homy(%,Q2"(X)) (where m = 0,n = 0 and
Q(X) is any differential algebra), there is the familiar graded Leibniz rule:

d o (o%p,00) = (doay)*p, 0+ (—)"01 %y, (d o).
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Now, using similar calculations as in the proof of Proposition 3.5 and the Leibniz
rule for the convolution, one can see that, for any f € GT(P), I1 € P#(P),

(id—%sM)od=d~(ITodo(idsgf)) *r ' —id*g f *(dof ")
=(do(id*zf)) #x f~ ' =T odo(idxg f))*g [}
= ((id —M)odo(idsxf)) *x f~'. (see (27))

Hence, V f € GT(P): 1€ SP(P) = 4 Il € P (P), and since ¥ is a group action
on P(P),V feGT(P): 9,/ llcSPP)=NcsPP). O

4. Curvature

We are ready now to examine the properties of the exterior covariant derivative (see
Definition 1.12) associated with a strong connection. This will lead to the definition
of a (global) curvature form on a quantum principal bundle. The following propo-
sition and corollaries describe the composition of the covariant exterior derivative
with strongly tensorial differential forms (see Definition 1.11). They and Proposi-
tion 4.6 are analogous to the corresponding local (i.e. valid only for trivial quantum
bundles) statements made in [9]. As we do not know how to characterize all dif-
ferential algebras for which D can be well-defined, we will simply assume here,
whenever needed, that Q(P) is a right-covariant differential algebra such that D is
well-defined.

Proposition 4.1 (cf. (17) and (76) in [9]). Let (P,A,Ag,Np,My) be a quantum
principal bundle with a connection form w, and let Q(P) be a differential algebra

such that Q(P) = Q'P/Np and the exterior covariant derivative D associated to
w is well-defined by formula (9). Then, for all ¢ € ST,(V,Q"(P)), n € {0} UN,

Dcp=dop—(=)'p*,w.
Proof. Note that, for any do € Q"(B), n € N, p € P, we have

(d = D”)(do.p) = (=)'dodp — (—)"do.(id — I1”)(dp)
= (=)'da.po(pu)) = (—)'(id xz w)(do.p). (see (8))
On the other hand, for all v € ¥, @(v) can be written as a finite sum ), do;. p; for

some closed differential forms do; € Q*(B) and O-forms p; € P. Hence, with the
help of Lemma 2.5, we obtain

((d =D?)og) (v) = ((—)"(id xz w)op) (v) = (=)"(¢ *, W)(v) ,
and the assertion follows. O
Corollary 4.2 (cf. (7) in [9]). Let Q(P) be as in the proposition above. If D is

the exterior covariant derivative associated to a strong connection, then, for every
n € {0}UN, we have D o (ST,(V,Q2"(P))) C ST,(V, Q" (P)).
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Proof. In the same way as in the case of the differential envelope, it can be directly
calculated that D is always right-covariant (see Appendix A in [9]), and thus, for
all connections, D composed with a pseudotensorial differential form is a tensorial
differential form, i.e.

Vn € {0}UN: D o (PT,(V, 2" (P))) C T,(V,2""\(P)).

Hence, to prove the assertion of this corollary, it suffices to note that, if D is
associated to a strong connection, then, as can be seen from the second line of the
first calculation in Proposition 4.1, D evaluated on a strongly horizontal differential
form yields a strongly horizontal differential form. [

Remark 4.3. With the help of D one can equivalently define a strong connection as
a connection whose exterior covariant derivative maps P into strongly horizontal
forms, i.e. D(P)C Q;hor(P). Obviously, since D can be defined on P for any
differential calculus, such a definition works on any quantum principal bundle. [

Corollary 4.4 (cf. Sect. 3 in [9]). Let w be a strong connection form, and let D®
and Q(P) be as in Proposition 4.1. Then

Yo € ST,(V,Q(P)): (D*Y op=—¢*,([dow+w*n). (30)

Formula (30) is, in particular, true for a classical principal bundle P(M,G).
(A classical principal bundle is a special case of a quantum principal bundle when
we replace the algebraic tensor product by the appropriately completed tensor prod-
uct.) It is a generalization of the classical formula

D*a= o' (F)Aa, 3D

where o is a differential form on P with values in a finite dimensional vector space
W, the homomorphism ¢': g — gl(W) is the Lie algebra representation induced
by a homomorphism ¢: G — GL(W), and F is the curvature form of a connection
defining D (e.g., see (19) in [37]). More precisely, taking ¥ to be the tensor algebra
of the dual vector space W*, defining pgp by

Yo e W*: pr(v)(w,g) = v(e(g~Hw),

putting
dega » 3 . (DOO()(X[,) for v e W*
) N TP 5 X5 - {O otherwise for dega > 0
@,(v):
P> p— (Joa)(p) €R for dega =0,

where U is the polynomial function on W corresponding to the tensor v, and remem-
bering that every g-valued differential form ¥ on P can be viewed as an eceo(g)-

derivation ¥y : C°(G) — /\*(13) given by Yy(a)Xp = ¥ Xp)a (or Yy(a)p =¥ p)a
if dega = 0), we can rewrite (31) as

Dzo(pa = _(pa*PF .



606 PM Hajac

Note that, since every vector space W is a Lie group and there is a canonical
isomorphism between W and the Lie algebra of W, we could define ¢, in the
same way as we define . But then we would not have ¢ (1) = 0o deg~, Which we
need in Appendix A (see Proposition A.5). In the classical case, we can replace
F by doo+w+w or Dow in the last formula, but we need to put F =
dow+ w*w to obtain (30). Also, formula (31) can be considered as a motivating
factor in defining the curvature of a connection on a projective module as the square
of a covariant derivative (see p. 554 in [12]; covariant derivative = connection on
a projective module). Therefore, it is natural to define the (global) curvature form
of a connection I1® in the following way:

Definition 4.5. Let w be a connection 1-form on a quantum principal bundle. The
differential form dow + wxw is called the curvature form of ® and is denoted
by F,

Clearly, if w is a strong connection form, then, at least in the case of a trivial
bundle, for any differential algebra Q(P), even if D is not well-defined, F,, is
horizontal (F,, = @~ '«Fyx®, where ® and f are as in Proposition 2.2 and Fj :=
dof+ fixf is a local curvature form, cf. (11) in [9]). Moreover, unlike the
expression Dow, the so-defined curvature form has the desired (at least from
the point of view of Yang—Mills theory) transformation properties, i.e. we have:

Proposition 4.6 (cf. (13) in [9], (20) in [40]). Let P(B,A) be a quantum principal
bundle with the universal differential calculus, w € €(P) and f € GT(P). Then

FG,wa*Fw*f_l.

Proof. Straightforward. O

5. U,(2)-Yang-Mills Theory on a Free Module

To begin with, let us show that it is possible to define an action functional on
quantum bundle connections in such a way that, at least in the case of a trivial
quantum bundle, it agrees with the Yang-Mills action functional constructed in
Sect. 1 of both [13] and [30]. (Clearly, we assume that the “base space” of a quantum
bundle is an algebra over which modules are considered in [13, 30].) Considerations
in [8] and Proposition 4.6 suggest that, if 4 is a matrix quantum group and 7 its
matrix of generators (fundamental representation, cf. p. 628 in [38]), it is reasonable
to define an action on a quantum principal bundle P(B,4) to be (compare with the
Lagrangian given by (6.65) in [19] or (4.1) in [21])

YM(w) = —(7 oTro(Fo x Fo))T), (32)

where Tr is the usual matrix trace, and J : QP — k is a linear map vanishing on
[P, QP]. (To ensure that we have an ample supply of connections, throughout this
section we will use the universal differential calculus.) Clearly, remembering the
property of 7' that, for any f; and f,, (fi*£:)(Ta) = D>, fi(Tac) f2(Tes), one can
see that

VfeGT(P),wec¥(P): YM(Grw) =YM(w) .
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Similarly, if P(B,A4) is a trivial bundle with a trivialization @ (which we will also
assume for the rest of this section), then for any w),

YM(w) = —(F oTro(® % Fy  Foy x @ ))T)
= (7 oTro(FpxFp))T) =: YM(B), (33)

where f is given by formula (13) (see Remark 2.6) and Fj is the curvature form
associated to it (see the end of the previous section). As to 7, observe that one
should expect to have a lot of information vested in it: projection from the universal
to a non-universal calculus and metric (Hodge star). In what follows, we specify
J in such a way as to incorporate the Yang—Mills functional presented in [13, 30]
into the quantum bundle framework. One ought to bear in mind that to obtain a
g-deformed Yang—Mills theory in the spirit of quantum groups, one should invent
another 4 or change the formula (32) altogether. Here, however, we investigate
what effects can entail from the deformation of the structure group alone.

Definition 5.1. Let I be a faithful invariant trace on B (as in [13, 30]), £ be
a finite dimensional Lie subalgebra of Der(B), {Xi}ieq1, gime} be its basis, and

X =X, ®id, [ €{1,...,dim £}. We put
(TR¢) (o) if dega=0
T(x) =<0 if dega=2m—1
i< <i, (T5®8) o)Xy, A---AXG, ©Xy A---AKG,) if dega=2m,

where me N.

Recall that the product of differential 1-forms evaluated on the tensor product
of derivations is, as in the classical case, given by

(o1 0) (Y1 @@ V) = a1 (Y1) - - - ou(¥)

and (bodb1)(Y) = boY(by) (see p.403 in [16]). (Observe that, as {Y;};cqi, a) are
derivations, it does not matter in which way we write a differential form as a
sum of products of differential 1-forms.) Now, with J defined as above, we have
T ([P, 2P]) = 0. Moreover, we have

Proposition 5.2. Let A and T be as above. Also, let B be a *-algebra, P(B,A)
a trivial quantum principal bundle with a trivialization @ (e.g., P = BQA), w a
strong connection form on P, and I as in Definition 5.1. Then

YM(w)=YM(V®), (34)
where V® =d + B(T) is the w induced connection on the right module B" (f is

given by (13), n is the size of T, V& =d& + B(T)E — see p. 637 in [9]), and the
right-hand side of (34) is defined in Definition 1.20.
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Proof. Note first that, by Proposition 2.2, f(T) € M,(Q'B). Consequently, F 3(T) =
dB(T)+ B(T)? is an element of M,(Q°B) (see the paragraph above Proposition 4.6
for Fg). Therefore, since the curvature (V®)? equals just dB(T) + B(T)* (cf. p. 681
in [11]), with the help of (33), Corollary 1.19 and Proposition 1.13, we have

YM(w) = YM(B)
= =Y ((T5®e) o Tr(Fy + F)(T)) (X, A X; @ X, A X)

r<s

= =3 (To(Fs(Ty)Fp(Ti))) (X, AX; X, AXs)
LJ

= —(7p0Tr) (Z Fp(TY(Xr N Xs)F(T)(X, /\Xs))

r<s

- T <Z (VP X, AXS))Z)

r<s

= —T5{Ov,Ope} = YM(V®). [

Thus, the Yang—Mills action functional given by (32) coincides, as stated above,
with the Yang—Mills action functional defined in [13, 30] (cf. Sect. VIL.D in [17]
and Sect. V.B in [18]). This confirms that, as was mentioned in [9], the formalism
of quantum group gauge theory is “not incompatible with the existing ideas in non-
commutative geometry.”

Remark 5.3 Observe that although any trivial quantum bundle P(B,4) is isomor-
phic with B® A4 (algebras B and B ® 1 identified) as a left B-module, we cannot
claim in general that it is isomorphic with B ® 4 as an algebra (see the first para-
graph of Sect. 3.1 in [28]). But here, since our attention is restricted to strong
connections, the structure of the “total space” is not important — we can equally
well define the Yang-Mills action functional by

YM(B) = —(TapoTro(FpxFp)XT),

where Jop is a k-linear map vanishing on [B, 2B]. (Obviously, the Yang—Mills
action thus defined is invariant under the local gauge transformations, i.e. gauge
transformations taking values in B rather than in P; see Definition 3.1). [

Remark 5.4. Note that the derivations used in Definition 5.1 are not fully antisym-
metrized — there is a tensor product in between two groups of antisymmetrized
derivations. This is a key difference between the construction of YM(V) and
the construction of the second Chern class. (One should think of 7 defined in
Definition 5.1 as a pairing rather than a trace.) [J

Now, we are going to take a closer look at what happens if we choose 4 = U,(2)
(with g € R;). (We continue to assume, as in Proposition 5.2, that B is a *-algebra,
so that Q(B) is also a *-algebra; cf. (1.32) in [39].) To do so, let us first recall the
definition of U,(2) (see Lecture 5 in [36]):

Definition 5.5. (U,(2),4,¢,8) is a matrix x-Hopf algebra determined by the fol-
lowing equalities:

Uq(2) = C<a:b’ t7a*7b*’t*, 1)/(] + f*) >
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where
4 = (ab — gba, bb* — b*b, ab* — gb*a, a*a — aa* + (¢~> — 1)bb*,
ta — at, th — bt, ta* — a*t, tb* — b*t, tt* —t*t, aa* +bb* — 1, tt* — 1)
and g € R\{0};°
AT =T R T, «(T)y=1  S(T)=T",

B a b
T—— <_q—1b*t* a*t*>

and ® is the matrix multiplication with the product of its entries replaced by the
tensor product ®; and

A=t®t, et)y=1, St)=t, St*)=t.

where

The next step is to establish an equivalence between a certain class of strong con-
nections on a trivial U;(2)-bundle and the space of hermitian connections on the
associated free module. Since any f € Homg(U,(2), 2B) satisfying f(C) =0 is a
connection form on the base space B of a trivial Uy(2) bundle (see Remark 2.6
and the paragraph below) and the B-induced connection V on B? depends only
on B(T), we will restrict our attention to connection forms that are, in some
way, uniquely determined by S(T). In the classical situation, § is an ¢-derivation
and thus is automatically determined by (7). Mimicking this classical differential
geometry formula for f, we define an auxiliary map f: C(a,b,t,a* b*,t*,1)
— Q'B by

ﬁ(ak‘a* llbm'b*n'tplt*rl . _aksa* lsbm,b*nStpSt*rs)

0 for 337 mi+n; 22
qu:ﬂrl(/"_k’) b form; =1, je{l,...,s},
S mitn=1
= qz;ﬁl(l"_k") b* forn; =1, je{l,...,s}, (35)
S mi+n =1

Zf’:l kia + Z?:l lia*
+Z§=1 p,?—f— Z?:l I’,’?* for Zj=1 m; + n; = 0,

where, a priori, @, b and 7 are any differential forms in Q'B. One can verify that
B(F+7*)=0 if a+a*=0=7+1* Hence, since

Blaa* +bb* —1)=0=p(tt* —1)=>a+a*=0=71+7",

5 Since, further on, we want ( (1) 2) to be positive definite, we actually need to assume that g > 0
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we can conclude that (35) defines f§ € Homq;(Uq(Z),QlB) such that (1) =0 (i.e., a
U,(2)-connection form) if and only if a +a* =0 =1 +1*. Moreover, it is straight-
forward to check that

s (o o)+ (o o)BDr=0. (36)

and~ conversely, that for every M € M,(Q'B) satisfying (36) we can find unique
@, b, t such that B(T) =M (cf. Proposition 1 in [3]). Thus we have proved the
following:

Proposition 5.6. Let %3 = {ﬁeHomc(U[,(Z),QlB)lﬁ satisfies (37) for some @,b,
7 e Q'B} and 6% (B?) denote the space of Hermitian connections on B* (see Point 1
and Point 3 of Definition 1.15), where

0 form+n =2
b form=1,n=0
k _xlgpmyxn *F >
bty = ~ 37
faa ) b* form=0,n=1 (7

(k—Da+(p—r)Y form=n=0,
and (,) is given by the formula (£,{) = éT((l) 2)(. The map

V> PBrd+ B(T) € €6(B*)
is a bijection.

Corollary 5.7. Let P(B,U,(2)) be a trivial quantum principal bundle with the uni-
versal differential calculus. There exists a one-to-one correspondence between the
elements of €%(B?), i.e. the universal calculus connections on B? that are com-

(1) 2 , and the strong

connections on P(B,Uy(2)) whose “pullback” on the base space B (given by (13))
satisfies (37).

This way, we obtain the Yang—Mills theory of connections compatible with the
g-dependent Hermitian structure on B2. Now, in order to handle the critical points
of YM the same way they were dealt with in [30], let us assume (as in [30],
pp. 535-6) that B is a smooth dense *-subalgebra of a C*-algebra, and that it is
equipped with a faithful invariant trace 3. As was argued in Sect. 1 of [13], the
Yang—Mills functional does not depend on the choice of a Hermitian metric — we can
gauge g out of the picture. Hence, the critical points of the U,(2)-Yang-Mills action
functional are simply the critical points of the Yang—Mills action (see p. 536 in [30]),
if there are any, “rotated” by the appropriate g-dependent gauge transformation (see

Sect. 1 in [13]). (More explicitly, as the Hermitian metric is given by <(1) 2), the
—1

patible with the Hermitian metric given by the matrix

corresponding gauge transformation is V — ( (1) \%) V( (1) \%).) Consequently,
we have:

Corollary 5.8. In the above described setting, the U,(2) and U(2)-Yang—Mills
theories have the same moduli spaces of critical points (c¢f. Sect 4 in [30] and

p- 582 in [12])
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Another way to remove ¢ from the picture is to alter (37) by replacing 4* by
gb*. Then, however, we would lose the geometrical interpretation of the action of
the g-deformation of U(2) on the space of compatible connections as the action
of the gauge transformation. Also, the formula f(7*) = B(T)* would no longer be
true. (Caution: at least in the general case, we cannot claim that f is a *-morphism
even when it commutes with the * on the generators.) In any case, we can see that
the Yang—Mills theory remains unchanged for any ¢ € IR,. A similar situation was
discussed in the context of quantum group gauge theories on classical spaces in the
last two paragraphs of Sect. 2 in [8].

Remark 5.9 The reason for employing in the considerations above U,(2) rather
than SU,(2) is that, when using SU,(2), formula (37) entails Tr f(T) = 0 for all
B, and although the tracelessness of S(7) is automatically preserved by the entire
GL(B?) in the classical case, we cannot claim the same in general (cf. Introduction
and Sect. 3 in [2]). Nor can we claim that the tracelessness of f(T) is preserved by
the gauge group U(B?) of unitary automorphisms of B? (see Remark 1.16). Besides,
U,(2)-connections given by (37) can be regarded as (, )-compatible connections,
and vice versa, which makes a clear analogy with the classical situation, where
Hermitian metrics are U(2)-structures (cf. p. 13 in [37]), and U(2)-connections are
automatically compatible with the corresponding Hermitian structures (cf. pp. 94-5
in [37]). O

Finally, let us mention that an alternative approach would be to work with a
non-universal differential calculus instead of assuming (35), which is put in the
theory by hand. But that is yet another story.

Appendix

A. Quantum Associated Bundles

Definition A.1 (cf. A.3in [9]). Let (P, A4, Ar,Np,M4) be a quantum principal bundle
and (V, pr) be a right A°°-comodule algebra (see the remark below). Also, let Ag
be the homomorphism from P® V into PV ® A given by

A = (1d ®id ® (mo1)) o (id ® T ®id) o (4z ® pr) ,
and E be the space of all right-invariant elements of PQ V, i.e.
E={tcPQV |dpt=t®1}.
Then (E,P,V, pgr) is called the quantum fiber bundle associated by py to the quan-
tum principal bundle P.

Remark A.2. Note that the notion of a comodule algebra makes sense for any
bialgebra. In the preceding definition, we do not assume that 4°° is a Hopf algebra.
Such an assumption is equivalent to an assumption that the antipode of A4 is bijective
— a restriction that is unnecessary here. (Contrary to [9], we use S rather than S~!.)
Observe also that the homomorphism Az makes P ® V a right A-comodule. [J

We call £ a quantum fiber bundle instead of a quantum vector bundle, as it
is called in [9]. The only difference, however, between Definition A.3 in [9] and
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Definition A.l is an extra twist in the formula defining Az (i.e. m is replaced by
m o t; for comparison see also Corollary 4.14 in [28] and Sect. 5 in [10]). An
advantage of introducing such a change is that, from the point of view of further
constructions, it is consistent with defining strongly horizontal differential forms
as elements of Q(B)P rather than PQ(B). As to the reason for using the word
“fiber” rather than “vector,”® since to define section-valued differential forms I'*(E)
(Definition A.4) or to prove the propositions presented here it is unnecessary to
assume that V' is a quantum vector space (quadratic algebra; see [27]), we formulate
everything without this assumption, and treat V' as a “quantum fiber.” (See the
paragraph below Corollary 4.4 for how, having a linear structure on a fiber, one can
reproduce the familiar classical situation of vector-valued differential forms.) The
following are the reformulations of the corresponding statements in [9]. Except for
the last parts of the proofs of Proposition A.5 and Proposition A.8, the remaining
proofs in this section are straightforward modifications of the corresponding proofs
in [9].

Proposition A.3 (cf. Lemma A.4 in [9]). The spaces E and B® 1 (see Definition
1.1) are subalgebras of P ® V and E respectively.

Proof. Analogous to the proof of Lemma A.4 in [9]. O

Many statements below concern differential forms of an arbitrary degree. There-
fore, we need to assume that we have a quantum principal bundle P(B,4) equipped
with a differential algebra Q(P) such that Q'( P) is the first order differential calculus
of P(B,A).

Definition A.4 (cf. (69) in [9]). A k-linear map s: E — Q"(B), with n € {0} UN,
satisfying VbEB : s 0131;@1 =Rpos and s(181) = 9,0, where R and R denote the
corresponding multiplications on the right, is called a differential form with values
in sections of the quantum fiber bundle E. (For n = 0, s is simply called a section
of a quantum fiber bundle.) The space of all such n-forms will be denoted by
I''(E).

Proposition A.5 (cf. Proposition A.5 in [9]). Let ¢ € ST,(V,2"(P)),n € {0}UN,
be such that ¢(1)=0gegpo (the space of all such forms will be denoted by
ST ,(V,Q"(P))) and let s:= mqpyo 1o (id®@)|g. Then, if degp = 0 or if P(B,A)
is a trivial bundle, s € I'*°¢?(E).

Proof. To begin with, observe that for any ¢ € ST,(V,Q2"(P)), n € {0}UN and
b € B, we have soRg1 = Rpos and s(1 ® 1) = Jgegs0, SO that it only remains to
be shown that s(E) C Q%€?(B). Note also that, if >, P'®v € E, we have

(4 0 mg(py o To (id ® @)) (Z P'® v’)

= ((mg(p)o‘co(id®(p)) (Zpi@)vi)) ®1.

1 owe noticing this point to Marc Rieffel
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(We write the sums because we cannot claim that E is spanned by simple tensors.)

Now, since it is clear that s(£)C Q¥2?(P), we can conclude that s takes values

in strongly horizontal right-invariant differential forms on P. Hence, if deg¢p =0,
then s(E)C B, and it follows that s € I'’(E). On the other hand, if there exists a
trivialization of a quantum principal bundle P(B,4), by the same reasoning as was
used to justify formula (18), we can infer that strongly horizontal right-invariant dif-
ferential forms must be elements of Q(B). Consequently, s € I'"€?(E) as claimed.
(Warning: As of now, we do not know whether or not it is always true that every
right-invariant strongly horizontal form on P is a form on B. Hence, as a precau-
tion, we assume the triviality of P(B,4) when dealing with forms of degree bigger
than 0.) O

For the remaining two propositions we will assume that P(B,4) is a trivial
quantum principal bundle with a trivialization ®.

Proposition A.6 (cf. (71) and (72) in [9]). Let ®p:= ((PoS)R®id)o 10 pg. Then
J = (mp®id) o (Id®@ Pg)
is a left P-module automorphism of P ® V. Its inverse is given by
7 = (mp®id) o (i[d2(® ' 08)®id) o (id ® (10pg)) -

Moreover, (V) C E and j(E) =BQYV.
Proof. . .

1. It is straightforward to check that .# o# =id = Fo.# . Since £ is, clearly,
a left P-module homomorphism, we can now conclude that .# is a left P-module
automorphism of P ® V.

2. A direct sigma notation calculation shows that Az o @ = @5 ® 1, whence

®5(V)CE.
3. Finally, we must show that .# (E) =B ® V. To do so, first we need:

Lemma A.7 (cf. 3.1 in [31] and (72) in [9]). For every ), P eV EE,

> Ploy® V' ® Py = 2 P’ @ vigy ® S(upy) -
1 I

Proof. This lemma can be verified by applying
(id®id®@m) o (Id®id®S®id) o (Id®pr®id)
to both sides of the equality Y-, ply) Qi @v(;,Pl1y = D, P'OV'®L. O
Now, with the help of the above lemma, one can see that i | =s¢ ®id (see
(20)), whence £ (E)C B® V. Furthermore, as B® 1 is a subalgebra of E (see
Proposition A.3), and @x(V)C E, we also have #(BRV)C E. Thus, since .$ o.¥

=id, it follows that # (E)=B® V.
Closing our list of propositions is:

Proposition A.8. Let & := (®~'®id) o t o pg (cf. (73)[9]). Then ®x(V)C E, and
¥:T*(E)2 s (so @)%, @ € ST, (V,2*(P))



614 PM Hajac
is a bijection.” Its inverse is given by

P ST,(V,Q*(P)) 3 ¢ — mopy o0 (id ® @)|p € T*(E) (cf. (70) in [9]) .

Proof.
1. Using formula (28) in [9] (see the proof of Corollary 2.4), one can prove the

inclusion @g(V') C E in the same way as the inclusion @z(V)C E, i.e. by a direct
sigma notation calculation. (Observe that @5 and @ coincide in the classical case.)

2. We already know from Proposition A.5 that ¥ indeed takes values in I'*(E).
Furthermore, it is clear that

Vs € I"(E), ne{0}UN: P(s)(V)C Qo (P) and P(s)(1) =S, .

Proceeding much as in the first calculation in the proof of Proposition A.7 in [9],
we can show that, for an arbitrary s€I'"(E), n € {0}UN, we have

Az o ¥(s) = (Y(s)®id) o pg.

Hence the inclusion ¥(I'*(E)) C ST (¥, Q*(P)) follows.
3. For an arbitrary s € I"'(E), n € {0}UN and }_, p'®v’ € E, we have

(Fo?)(s) <Z pi®vi> =3 (mQ(P) oto (id @ ((50Pz) *, qs))) (p'or)

1

= 3 (50 @ )(vfo)) B(vf,y) p'

= (id *g o1 ((5055)(030))45(051)),;") (Im(¥o¥)(s)C QB))
= Z(soaﬁE)(vém)Sq>(¢(v§1))p") (see (20), cf. (19))
= s (@e(tly)) (so(@C))PHE1)) (s0Rse1 = Ryos)

B Xi:S (271 w0y @1lg)) (2(v(2)) Pl0y @™ (v P(1)) 1))

N Xi:s (Pl0y® ' (W0 P11))®Yg) = (s F) (Ez: PEO)®”’®P§1))

=(soF) (Z pi®l’f0)®S(Ué1))> (see Lemma A.7)

= (Z P ¢~‘(U§I)S(u§2)))®u§0)> = (Z re v") , (" '(1)=1)
where

F:= (mp®id) o (id®(® " lom)®id) o (id®id®1) o (id®(topg)®id).

7 This isomorphism corresponds to the formula for a pseudotensorial O-form on P that one could
obtain by combining the very last formula in the proof of Corollary A 8 and formula (74) in [9]
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Furthermore, it is straightforward to check that ¥ o ¥ = id. Hence, ¥ is the inverse
of ¥, as needed. [J

B. Axiomatic Definition of a Frame Bundle

The theorem below allows an axiomatic definition of a frame bundle. This theo-
rem should have been proven many years ago. Nevertheless, since no appropriate
reference has been found, we include a proof.

Theorem B.1. Let M be a smooth manifold with dim M = n € N. A principal fiber
bundle P(M, GL(n,R)) is isomorphic to the frame bundle FM if and only if there
exists a smooth R"-valued id-equivariant 1-form 0 on P such that Ker 0 = Ker n,,
where m: P — M is the bundle projection.

Remark B.2. Here, by an isomorphism of two principal fiber bundles P(M, G) and
P'(M,G) we understand a diffeomorphism f: P — P’ satisfying n’ o f = n and
foR;=Rjof foranygeG. O

Proof of Theorem B.1. 1t is clear that if P(M,GL(n,R)) is isomorphic to FM, then
the canonical 1-form on FM yields, via the bundle isomorphism, the desired 1-form
on P. Conversely, assume that P admits 0 satisfying the above conditions. Then,
remembering that a coframe at any point m€M is a linear isomorphism from 7,,M
to R”, we can construct the following map:

J:PL M FM,
J:pr ¥, (6%0,)7,

where ¢ is any smooth section of P fulfilling (¢ o 7)(p) = p. Note that, due to the
assumption Ker ) = Ker ., the map J indeed takes values in the coframe bundle
F*M and does not depend on the choice of ¢. Thus, J is uniquely and well-defined.
Let R: FM x GL(n,R) > (e,g) — eog € FM be the right action and 7: FM — M
be the bundle projection. Evidently, 7w oJ = & and, for any g€ GL(n, R), ﬁg oJ =
J o Ry, whence J is a bijection. Now, let p be any point in P. There always exists an
open neighborhood U of the point 7(p) over which we can pick smooth sections
¥:U— P and %: U — FM. Since p is arbitrary, to prove that J is smooth, it
suffices to show that the map T;0J o TX‘l : U x GL(n,R) — U x GL(n,R), where
T; and T, are local trivializations associated with ¥ and y respectively, is smooth.
We have

(TzoJ o T Yu,g) = (u, (0%, 0 Zw) ™ ©9) . (38)
Since 0*0, does not depend on the choice of g, for any p € x(U), we can pick
o = y. Taking (38) into account, one can see that the smoothness of J follows from
the smoothness of the map

£:U 3 uw 0,40 xx 0 x(u) € GL(n,R) .
Furthermore, J ! is also smooth because
(Ty 007 o T Yu,g) = (1, 0*0,0 0 L) 0 g) .

Hence J is a bundle isomorphism and P(M, GL(n,R)) and FM are isomorphic, as
claimed. O



616 PM Hajac

An advantage of such an axiomatic definition of a frame bundle is that it is,
at least a priori, translatable into the language of quantum principal bundles. More
precisely, we could try to define a quantum frame bundle as a quantum bundle
P(B,A) equipped with a horizontal (or strongly horizontal) form 6: V — QY(P)
satisfying 4z 0 0 = (0 ®id) o pg, where (¥, pgr) is an appropriate right A°? (or A)
comodule algebra. (An example of such a construction for the case of a classical
group has been provided in [23]; in particular, see Sect. 4 of [23].) It seems in-
teresting to consider in this context bundles over the quantum sphere Sg (see [29]
or [9]) with 4 = GL4(2,IR) (see p. 161 in [36]), V' a quantum plane (see [27]) and
pr the standard right coaction (see Appendix B in [9]).
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