Commun. Math. Phys. 179, 555-575 (1996) Communi c ati ons in
Mathematical

Physics

© Springer-Verlag 1996

Cut-Down Method in the Inductive Limit Decomposition
of Non-Commutative Tori, IIl: A Complete Answer
in 3-Dimension

Qing Lin"?

! Institute of Mathematics, Chinese Academy of Sciences, People’s Republic of China

2 Department of Mathematics and Statistics, University of Victoria, Victoria, British Columbia,
Canada V8W 3P4

Received: 26 May 1995/ Accepted: 13 November 1995

Abstract: We use the cut-down method and a multi-dimensional continued fraction
approximation to prove that any simple 3-torus is an inductive limit of direct sums
of four circle algebras. Consequently, simple 3-tori are classified by the ordered
Ky-group with distinguished order unit.

1. Introduction

A non-commutative n-torus is the universal C*-algebra generated by n unitaries,
Uy, Uy, ..., U,, with non-trivial linear commutation relations

(x1) U;Ui = (exp(2mi0;))U;Uj, 1 si<j=n,

where 0;; is a real number. We shall call such unitary generators canonical and a
simple non-commutative n-torus a simple n-torus.

Such a C*-algebra is often represented as a twisted group C*-algebra of Z",
with respect to a bicharacter f§, and written as C*(Z", ). The two definitions may
be identified as follows:

Let ey,...,e, be a basis of Z”", and denote by . 3 the characteristic function on
Z" supported at e;; if we write f(e;,e;)B(ej,e;) in the form exp(—2mif;;), we can
identify y., with U; as in (x1), for 1 < j < n.

We shall feel free to use both definitions and this identification.

For the importance of this class of C*-algebras, we refer to [R4,P and Po).

Built on [R3,EE,EL1 and EL2], we are now able to show that every simple
3-torus is an inductive limit of direct sums of four circle algebras. Consequently
(applying Corollary 1 of the main theorem in [Po], also see [Pa] and the appendix
of our paper for a direct proof), any non-commutative 3-torus is an inductive limit
of type I C*-algebras.

Combining the classification theorem of Elliott (Theorem 7.1 of [E]), we see
that the ordered Ky-group with a distinguished order unit is a complete isomorphic
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invariant for a simple 3-torus. Consequently, a complete stably isomorphic invari-
ant for an arbitrary 3-torus is the ordered Kjy-group, or equivalently, the range of
the canonical trace on its Ky-group, up to a scalar multiple. Notice that such a
C*-algebra may neither be simple nor real rank zero.

This answers an open question asked ten years ago (see [BCEK]).

Part of the results here was reported in December 1994, at the Fields Institute
Workshop “Classification of Amenable C*-Algebras.”

We shall outline the idea of the proof.

Let 4 be a non-commutative 3-torus with canonical generators Uj, U,, U; and
associated commutation parameters §;;’s. In the paper [EL2], we prove that if 4 is
simple and (1,012,013, 0,3) are rationally dependent, then 4 is an inductive limit of
direct sums of four circle algebras. Therefore in this paper, we will only consider
the case where (1,0;2,0:3,0,3) are rationally independent. Note that this condition
itself implies the simplicity of 4.

Our solution to this problem consists of two steps.

In general, let S be a finite subset of a unital C*-algebra B. To approximate S
by a unital C*-subalgebra of B of a special type (e.g. direct sums of circle algebras)
up to J, we might try the following naive idea. If a projection e in B satisfies the
following condition:

1)
e, x;]]| < 7 for all x; in S,
then

lxj — (exje ® (1 —e)x;(1 —e))|| < g, for all x; in S .

Therefore the above approximation problem reduces to two similar problems for
eSe in eBe and for (1 —e)S(1 —e) in (1 —e)B(1 —e). If, in addition, eSe and
(1 —e)S(1 — e) are both nearly “half” of S, we have a better chance to solve the
two reduced problems. The difficulty lies in understanding the word “half” in a
correct way and formulating a nice sufficient condition on e which leads to such a
situation.

Let 4 be a simple 3-torus as above such that (1,6;,60;3,0,3) are rationally
independent, and § = {U, U, Us}. In this case, we may choose the rank of the
corresponding Kj-classes to measure the size “half.” Thus our first step is, for a
sufficiently large class of approximately central projections, formulating a nice suf-
ficient condition which leads to the desired situation. We do it in the following
way. At first, for a projection e approximately commuting with all U;’s up to ¢
and in the class which we shall specify in the next section, we study the ap-
proximate position of eSe in ede and that of (1 —e)S(1 —e) in (1 —e)A(1l —e),
up to a universal multiple of /¢. We achieve this in a local reduction theorem
by a suitable strong Morita equivalence construction (cf. [R3 and ELI1]). Then
by considering {[eUse]; : j = 1,2,3} in Ki(ede) and {[(1—e)Ui(l1—e)];:j=
1,2,3} in K;((1 — e)A(1 — e)), we are able to formulate a nice sufficient condi-
tion which leads to an approximation of S by direct sums of four circle algebras
in 4. We formulate this condition as a non-standard Diophantine approximation to
(1,012,013, 023).

The second step is to solve this non-standard Diophantine approximation prob-
lem. We achieve this by a natural modification of the ordinary strongly convergent
multi-dimensional continued fraction approximation.



Cut-Down Method in Inductive Limit Decomposition of Tori 557

2. The Local Reduction Theorem

In this section, we will assume that 4 is a simple non-commutative 3-torus with
canonical generators U, U, and Us. Also we assume the rational independence of

(1,012,013, 023).
We will first specify a class of projections that we are going to study.

Definition 1. Let Wi and W, be two unitaries in a C*-algebra with the nontrivial
linear commutation relation:

W1 Wz = (exp 27Ii0)W2 W] 5

where 0 < 0 < 1/2. We call the following projection the normalized Rieffel pro-
Jection generated by the ordered pair (W, W) :

e(W1, W) = Eo(W1) + Go(W1) - Wa + (Go(W1) - W2)*,

where Fy and Gy are two continuous functions on R/Z defined as follows. In the
interval [0,1], the support of Fy is [1/2 — 0,1/2 + 0], the function Fy takes 1 at
1/2 and linear in the remaining subintervals; the function Gy equals \/Fo(1 — Fy)
on [1/2,1/2 + 0] and zero otherwise.

Notice that, if 6 is irrational and 7 is the canonical trace on C*(W, W,) which
annihilates the set {W"W} : (m,n)=(0,0)}, then t(e(W,, W>)) = 6.

Let ji = (1, o, 43) be an integral vector. We denote by U# the unitary U} U}?
U3” 3 in 4. Let v be another integral vector, then

UUF = (exp2mi(ji x ¥, @) UFU”

where 6 = (03, —013,012) and i x V' is the classical vector cross product in R’.

For the vector v which is 1 at the j-th component and zero otherwise, we
have that (i x V,0) = —(i x 0,V) = —(fi x ©),. This is exactly the commutation
parameter of U; with U”. We have the following easy estimate.

Lemma 1. Let ({i,V') be a pair of rationally independent integral vectors and & be
a small positive number. If for the Euclidean distance,

dist(i x 6,Z%) < ¢ and dist(vx 6,Z°) < ¢,

and if the fractional part 0 of (i x \Z@) is less than 1/2, then

Ile(U”, UF), U]|| < 2me + g +4\/§, for j=1,2,3.

A weaker converse is true, but we will not need it.

Our special class of projections consists of all projections of the form e(U", U¥),
where (i, V') is a pair of integral vectors which are rationally independent and satisfy
the following technical condition (*2).

If we write i{ = pji; and ¥V = k¥) such that p, k are positive integers and [,
are primitive integral vectors, then

(1) j§, x ¥ is primitive;
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(2) 1/(15p) < a:=a+ k{j, x 71,0) < 1/2p, where —a is the integral part of
k(g x ¥, 0);

(3) (1 — pa)/k is an integer.

In the next section, we shall produce many integral and rationally independent
vector pairs satisfying the above technical condition.

From now on, we will always assume that the pair (ji,V) satisfies the above
condition and use the notations p,k,a,a,ii;,v; as defined in (*2). We will also
denote by e the projection e(U”, U¥) and use the symbol “~” to mean “near.”

Next, we study the approximate position of {eUje:j=1,2,3} in ede and
{(1—e)Ui(1 —e):j=1,2,3} in (1 —e)4(1 —e), up to small distances.

Since the way we study ede is through a Morita equivalence ede-4 bimodule
of M.A. Rieffel (cf. [R3]), we need to smooth e first.

Denote F - xio,1] by fo, where y[o,17 is the characteristic function on [0, 1] and
Fj is the continuous function in the definition of e(U”, UF).

For each large number N, we define a non-negative Schwartz function f; with

the same support as that of f, and satisfying:
(1) fo(x+ pa)=1— fo(x) and fo(1 —x) = fo(x), 1/2 — pa = x = 1/2 — pa/2;
@) [V fo =4/ folleo < 1N

Then we define a smooth projection ey by the same formula as that of e, with
Fo, Go replaced by

Fo(x):= > fo(x+n) and Gy(x):= E V fo(x +n) fo(x +n— pa).

neZ

Clearly, when N — 0o, we have fy — fo and ey — e(U", UF).
Also it is easy to check the following inequality

() VARG - ViD= 5+ /o2 xper,

Definition 2. We say that a unitary generator {Vy, V1, V>, V3} of ede is standard, if

(1) their commutation relations are all linear (as in (x1)),
(2) the unitary Vy has finite order.

Note that, if 4 is simple, then C*(V1, V3, V3) must be a non-commutative 3-torus.
For a pair of rationally independent integral vectors (i, V) satisfying the above
condition (*2), we prove the following crucial theorem.

The Local Reduction Theorem. With the notations above (including those intro-
duced in (¥2)) and 0 < ¢ < 1/15, suppose

dist(i x 6,Z°) = [|ix 6 ~ 0|l < ¢
and

dist(Vx 0,Z>) = [T x 6 — §,|| < ¢,

where O, and Q, are two integral vectors. Then there is a standard unitary
generator {Vo, V1, V2, V3} of ede (where e = e(U", U*)) and there is another one
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{170,171,172,173} of (1 —e)A(1 — e) such that, for j =1,2,3,
eUje ~ a Laurent monomial in Vy, V1,V Vi, (up to a scalar multiple)

(1 —e)U;(1 — e) ~ a Laurent monomial in Vo, V1, Va, Vs, (up to a scalar
multiple)

all to within 16+/¢ + 17re.

Proof. At first, for a large number N, we smooth e to a projection ey as above.
One can check directly that

o, Ul 270 5 405+ 12
for j =1,2,3. We will work with e instead of e. At the end, the result will be
passed from e to e by taking the limit as N — oo.

To study epdey and (1 —eg)A(1 —ep), we extend [}, V] to an integral basis
{it,,%1,@} of Z* with
det(ﬁl,\'fl,d')]) =1.

Denote by (i, I ) the inverse matrix of (;TI,\Tl,cT)])T. Then it is clear that

After the papers [EL1 and EL2], the format of the following construction be-
comes standard. Therefore, we will sometimes sketch a routine calculation and refer
to the above two sources for the detail.

Part One. The eydey part.
Let us first take an Abelian group

G=RXZXZ,xZ;)x(RxTxZ,xZ)
twisted by the Heisenberg cocycle f§ (cf. [R3]), and then a lattice D = span(éy, &, &3)
C G defined by

£ xx mom L oy oz 0 I a1
|l=|x m m L y z 0 L')|=(uiimnml-Iz0am),

&3 X3 N3 m3 13 Y3 Z3 0 13, k

where Z = —(#i, ©)] + (I, &)
From the identity
S x 47T x 2= 6+
we have C*(D, f) = A4, where Uj is identified with y,;/po.
M.A. Rieffel ([R3]) has shown that a suitable completion of the space of
Schwartz functions on R x Z x Z, x Z;, forms a strong Morita equivalence

C*(D*, B)-C*(D, B) bimodule, where D' is the identified annihilator of D through
the anti-symmetrization of f, that is

mx1,

) Q

D' = {x € G: B(x,y)p(y,x) =1, for all y € D} .

We will show that C*(D+, B) = eydey in a nice way.
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Denote (1 — pa)/k by so. We claim that D+ = span(y, 61, 62, 53), where

PN 0 0 11, o0 0 0 0 0
o | _| —k@mé) -1 0 0 =N5éy o o o
) 1 0 0 0 0 0 0 [Ik
03 0 0 0 [-1] ;—; 0 [s], O

It is easy to check that §;’s are all in D*.
To see the converse, let @ = (x,n,[m],,[l],y,[2]z,[m'],,[I']y) be in
D' <= m is arbitrary and

1 - )i / . o él
%xl—ayn'i—zﬁ’—l—nz“-l— %rh’— m;rh’—zl:(ﬁi,l,ﬁ') (fz) s

where £;’s are integers.
<= m is arbitrary and

1- . * L1-1 , "
§l, —om, —H y =&z ,—km '+ k& .
z+ & p km' — pal + kp&,
Since
1- ! 1 u
<];la _(xn_i’ _ﬁ> = <kvla_&ﬁla_@1> >

@ = mdy — ndy + (I' + k&), + (— pal + km' + kp&,)d; .

we deduce that

We shall denote xs; by V.
Define a Schwartz function f on RXZ X Z, xZ; simply by setting

f(x,0,0,0) = 1/ fo(x) (x € R) and zero otherwise. Then a direct calculation as in
[EL1] shows that

1 1
ﬁ(f’f)[)_]_ =1C*(Dl,ﬁ) and ﬁ<f,f>D=e0.

For the formula concerning the two C*-algebraic valued inner products (,),
and (,),, we refer to [EL1 or R3].

Now, we have a natural isomorphism @, of eydey onto C*(D+, ) defined by

1
epcey — ﬁ<f*c,f>D_L .

We will identify the two C*-algebras via this map and then {V, V1, V2, V3 } becomes
a standard generator of egAey.

In a way similar to the computation in [EL1 and EL2], for each j = 1,2,3 and
@ € DL, we have

(f*Uj, f)pL(@) =0, unless
@ = —m;dg + n;01 + t;02 + (I; + t35k)03 = (X0, V0j5---) »

where #; and #; are integers.
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Moreover, for such a w,

1 1 .
R(f x Uj, [ (@) = o IV fox) fox + xo; + x;) exp (—2mix(y; + yo;))dx
R
Lam:
- exp (—2751’ (xojyj —njz; — ]c;cm,)) ,
where
X10 N .
Yo=| X0 | =—k(mO)i+1,,

d X30

an

Consequently, we get
Bo+X=(x0—0,)+ (0, +aii+ 1),

a—1- = o
PET-0,-5).

1 — —
ST _ix 6
Yoty pa((Ql Ax0)+
Considering the support of fo, it is clear that
<f*Uj’f>D_L(w):O>

unless 7 = —(0, + ar) + A, where the components of A are taken from {0,£1}.
Let us denote by Q;; and Q) the j-th component of Q; and 0, respectively.
We can rewrite the above calculation in the following form:

1 —m, n; —(Qpn+am;)  pal,—kQ;
——<x<f* Uj’f>D_L = éj()HjO(ng)Vo ’"/Vlj Vz j2+am; V3 )|

—mj o nj  —(Qjp+am;)+1 __pal;—kQ

+éj,+Hj,+(V3k)V0 /VI"J Vz j2ram; V3 J 71

—mj i,—(Qjp+am;)—1__pal;—kQ;
& Hy (V)W 1y, R

where £jo,;+ € T and

Hox) = T ) folpal=x + m) fopa—x + m) + (7 x 6 - 0,);)
- expQui(x +n)(Gy — i x 6))), j=123,
Hys@) = X 1/ folp—x +m) fo(pa(—x +m) + (7% 6 — G,), + 1)

neZ
- exp (2mi(x +n)(0, — i x 0))), j=1,23.

Applying the estimate (*3) to these three functions, we deduce that
[ UvjeO ~ éjO Vo_mj Vlnj VZ_(Qj2+amj) V3palj_ij1 > ] =1, 2’ 3,

to within 8/N + 164/¢ + 177e.
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Part Two. The (1 — ep)A(1 — ey) part.

For the same group G and the same vectors 7, Zﬁ' as above, we define another
lattice D = span(éy, &,,83) C G, where

gl —_ — 1—» 7
5 ) = <_1 pan’i,ﬁ',’ﬁ’ l,—l,z_’,sol,O) .
& p g

The same argument as in Part One gives the identity 4 = C*(D, ), where U;
is identified with y; /(1 — pa). Also, another argument as in Part One shows that
ol e REY
D™ = span(dy, 01, 0, 93), where

5o 0 0 0 [k 0 0 0 0
5 —k(m,®) -1 0 0 25(Le) 0 0 0
o | 0 0 0 0 = 0 [, 0
53 : 0 [-1], © 0 0 0 [al

We denote 3, by V; J,]— 1,2,3.
If we take the Schwartz function f on R xZ xZ, x Z; defined by

700.0) = f(%000) = VT Texp 7

for 0 < x < 1/2 and zero otherwise, then a computation as in [EL1] shows that

(fa )5-‘- =1C*([3J-,ﬂ)s <f f> =1l-e.

l—poc

Thus we can identify (1 —eg)A4(1 — ep) with C*(D~ ,B) by the isomorphism
1
t(1—ep)e(l —e) — ﬁ(f e f) st

Clearly, the four unitaries Vo, V1, V>, V5 form standard generators of (1— € YA(1—ep).

For j = 1,2,3 and w € D+, we can calculate (1/(1 — poc))(f * Uy, f>DJ_(W) in
a similar way as in Part One. This leads to

1 ni o —(0n+1:(1— pa)k - . .
(1 —e())ljj(l _eO) ~ 7[11/() 1 VanVZ (Q]l"’ j(1—pa)/ )Vém] P(Q]Z"’amj) ,

to within 8/N + 164/¢ + 177¢, where #; is in T.
Notice that the inverse maps of @, and @, are given by

_ 1
D, 110Hﬁ<f’c*f>D

452_1:5'_)1_ <f7c*f>

Using the continuous functional calculus, it is not hard to check that the unitaries
dil_l(Vj) and @, ( V;) continuously vary as N — oo. By taking the limit, we pass
the result from ey to e. [
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Corollary. Under the same conditions as in the theorem, if in addition that
“(lig) (7)) = peee+ @09 -0
=(1 - pa)(1 = pa+(7,0,) ~ (£.0,)),

then {eUje : j = 1,2,3} is approximately contained in a matrix algebra over an
irrational rotation algebra (or direct sums of several copies) in eAe, to within
161/ + 17ne. So does {(1 —e)U;(1 —e):j=1,2,3} in (1 —e)A(1 —e).

Proof. With the notations and the approximation to U;’s as in the above theorem,
it is elementary to check that the condition (%4) is the same as

det (7, (0, + @), pal — k0;)

(+4)

. 1 — pa)- .
_ det<r'z',— (Q1 T %l)m - p0, +arh')) =0,
which is equivalent to

d rank{[eUje]; : j = 1,2,3} <3 in Kj(ede)
an

rank{[(1 —e)U;(1 —e)]; : j =1,2,3} <3 in K1((1 —e)4(1 —e)).

Let us consider the ede part, the consideration in the (1 —e)A(1 — e) part is
similar.

Since [V 11,[K]1,[¥]:1 are integral independent in Kj(ede), there
are two Laurent monomials W, W, of W, 5,15, such that, for each j =1,2,3,
Y @_(Q’2+am’ )V3pa1j ~M1 i a Laurent monomial of W and W5, up to a scalar
multiple.

Thus {eUje : j = 1,2,3} is approximately contained in C*(¥, Wi, W), to within
164/¢ + 17ne. We have to show that the C*-algebra C*(¥, W, W) has the
expected form.

Since A4 is simple, the embedding ede — A induces an ordered group isomor-
phism between their Ky-groups (Proposition2.4 of [R1]). Thus by the unique-
ness of the state of the ordered Kj-group with distinguished order unit, we have
(pa) - Teqe(Ko(ede)) = 14(Ko(A)), where T4 denotes the canonical trace on 4. Con-
sequently, if we denote by 01,, 513, 923 the commutation parameters of ¥, V5, V3, then
1,0~12, 513,6723 are rationally independent. On the other hand, we must have

rank(7i, (0, + ari), pal —k0;) 2 2.

Since otherwise, we would have

Qz = —am +nn,

— a - .

Ql = ‘%l + rn,
for some rational numbers r,r;. Consequently,

(V,0) = pa = —<ﬁaQ2> .
From (*4), we would reach a contradiction

—(pa)’ = (1 — pa)(1 + pa) =1 — (pa)*.
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Thus the cross product of some two row vectors in the matrix (7, —(Qz + ani),
pal — kQ,) must be non-zero. The commutation relations in
. —(0; . 1:—kO;
{Vln, V2 (Q/z+amj)%pa, 01 = 1’2,3}

cannot all be rational. Consequently, the commutation relation of # and W, must
be irrational. To show that the C*-algebra C*(1§, Wi, W3) is isomorphic to some
finite dimensional algebra tensored by an irrational rotation algebra, we notice that

M, k] =[V2, k] =0.
We will denote by (ay,...,a,) the greatest common divisor of the integers
ai,...,a,. Writing
VV] — Vlval Vébl V3c1 and VVZ — I/1a2 V2b2 V3€2 ,
we have the following three cases only:
(1) If ¢; = ¢, =0 (mod p), then
C* (%, Wi, W) = C* @ C*(W, W) .

(2) If we have only one ¢; = 0 (mod p), say j = 1, then a slight modification of
the argument in [EL1] (Lemma 2 and the proof at the end of Part One) gives that
C* (¥, W, 12) 2 1y ) © Mipjcy ) ® C* (R, WD)

(3) If both ¢; and c¢; are not integral multiples of p, then there is a pair of
integers # and v such that
(cr,e2) =cru+cu.

Then a change of coordinate in C*(#], W;) gives that

W, = chz/(Cbcz)Wz—Cl/(ChQ) — nVl(awz—azCl)/(01,02)1/2(b1¢2—b2€1 )(e1s€2) ,

Wz — I/Viu VV2U — ﬁI/lalu+azv I/2b1u+b21) V3(C],(_’2) ,
where 7,7 € T. We have that

[W,%]1=0 and Wi, = Wz%exp(zanO(clp’CZ))_

A similar argument as above gives that

C*(J6, M, 12) = L(cy,c3.p) @ My, p) ® C*(Wla sz/(cl’cz’p)) .

In any case, we have the desired form for C*(¥3, Wi, W5). This completes the
proof. O

Remark.

(1) The converse of this corollary is clearly true by considering the rank of
certain Kj-classes. But we will not need it in this paper.

(2) The above corollary combining the theorem of Elliott and Evans ([EE])
gives an approximation to {Uj, U, Us} by direct sums of four circle algebras in 4,
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provided by the existence of a pair of integral vectors (i, V) which satisfies the
above conditions.

3. The Main Theorem

In this section, a non-commutative 3-torus 4 may not be simple.

The Main Theorem. If (1,012,0:3,0,3) are rationally independent, then the cor-
responding non-commutative 3-torus is an inductive limit of direct sums of four
circle algebras.

Assuming this theorem, we shall first prove the following corollaries.

Corollary 1. Any simple non-commutative 3-torus is an inductive limit of four
circle algebras. Therefore, they are classified by their ordered Ky-group with dis-
tinguished order unit.

Proof. The first statement is a combination of the main theorem here and the main
theorem in [EL2]. Once we have the first statement, the second statement follows
easily from the classification theorem of Elliott (Theorem 7.1 of [E]). O

Corollary 2. (1) Any non-commutative 3-torus is an inductive limit of type 1
C*-algebras. More precisely, it is either an inductive limit of direct sums of four
circle algebras, or an inductive limit of direct sums of two C*-algebras each of
which is a matrix algebra over a rational rotation algebra (including the commu-
tative 2-torus), or a rational 3-torus.

(2) Two 3-tori are stably isomorphic if and only if the range of the canonical
trace on the Ky-group of one torus is a real multiple of that of another torus.

Proof. Following from some standard fact and Proposition 1 in [EL2], we know
that a non-commutative 3-torus 4 is non-simple if and only if

rank(74(Ko(4))) = 2,
and rational if and only if
rank(t4(Ko(4))) =1,

where 174 denotes the canonical trace on A.
Thus the first statement is obvious in the case where

rank(74(Ko(4)))+2 .
Now, we consider the case where 4 is a 3-torus with
rank(t4(Ko(4))) = 2.

In this case, an easy consequence of a theorem of Poguntke ([Po], see the
appendix of our paper for a direct proof) asserts that 4 is strongly Morita equivalent
to A9 ® C(T), where 6 is an irrational number.

Applying the main theorem of [EE], in this situation, there is an increasing
sequence of unital C*-subalgebras {4,} in some unital C*-algebra such that

An = M, (C(T?) ® My (C(T?)), n = 1;
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and there is a projection e € | J;2, 4, such that

For a sufficiently large n, there is a projection ¢’ in 4, and a unitary W in
Us2, 4, such that
AdW)()=e.
Notice that

Ad()(An) = 4y = M,,(C(T?)) © My (C(T?)) .

We may replace the sequence {4,} by {Ad(W)(4,)} and therefore e is in
Ad(W)(4,), for all sufficiently large n.

Then the first statement in this case follows from the bijective correspondence
between the isomorphic classes of the algebras, each of which is a matrix algebra
over a rational rotation algebra, and the equivalent classes of projections in
C(T*) ® K (cf. Sect.3 in [R2]).

For the second statement, the “only if” part follows easily from the
following general fact (we will supply a proof in the appendix): for two n-tori 4
and B,

(Ko(4), Ky (4)) = (Ko(B), Ky (B))

(*5) & there is y € RT such that y - 74(Ko(4)) = 13(Ko(B)) .

Now, for two 3-tori 4 and B satisfying the condition of the “if” part of the
second statement of the corollary, let us consider the argument used in the beginning
of the proof of this corollary. We can see that 4 and B are either both simple
or both non-simple, both rational or both non-rational. Thus the “if” part of the
second statement follows from the classification theorem of Elliott for simple tori
(Theorem 7.1 of [E]) and the Morita equivalence result of Rieffel for rational tori
(Theorem 3.1 of [R2]).

To finish the proof, assume that 4 and B are two 3-tori satisfying the condition
(x5) and the additional condition that

rank(74(Ko(4))) = rank(zz(Ko(B))) = 2.

Then by a consequence of Poguntke’s theorem (see [Po] and the appendix of our
paper), we have

ARK 24y  C(T)®K and BRK 2 Ay ® C(T)®K ,

where 0, and 0, are two irrational numbers.

Following from our proof of this result in the appendix, we can choose 6; and 6,
in the way that there are positive integers q; and g, such that {1/g;,6,/q;} forms
an integral basis of t4(Ko(4)) and {1/q2,62/q>} forms a basis of 75(Ko(B)).

Since

7+ 14(Ko(4)) = 13(Ko(B)) ,
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{7/q1,701/q:} is an integral basis of t3(Ko(B)) as well. Therefore, there is a
matrix S in GL(2,Z) such that

S(1,0)" =7'(1,60)",

where Y’ = yq,/q;. This shows that (see Theorem 4 of [R1])
g, ®K = Ag, ®K .

Thus 4 and B are stably isomorphic. [

Because of the corollary of the local reduction theorem and the remark afterward,
to prove the main theorem, we only need to find pairs of non-zero integral vectors
(i, V) satisfying all the conditions in the local reduction theorem as well as those
in its corollary.

In the article [EL2], we proved a number theoretical lemma, which will serve
as our starting point.

A Number Theoretical Lemma. For each vector § = (1,64,...,0,) with ratio-
nally independent components (where 0 < 0; <1) and 0 <e <1/(n+2), there is a

positive integral basis A, ... ,ZH], such that

(1) the vector 0 is in the positive cone generated by A ;’s, namely,

o ontl
0= ZIOCjAj, o >0;
J=

(2) dist(4;,0R) < ¢;
(3) if pij denotes the first component of /_fj, then there isa l < j<n+1
such that

1
< p%<z.

1
P> — d
Pl/ p an 2

1
(n+2)n

Notice that, when n = 3, the condition that
1 1
E < Doy < 5
implies that there are 1 < k,i < 4 with k=i such that
(x6) ! < prio; + o < !
15 DP1i%; D1k 2 .
To see this, let us observe that there exists a i< ; such that
1
Pt < 7.

3
We have either

1 1
15 < Pud + Py < 50

or for [+i,j and k=i,j,

1 1 1
3 < ZA Diglg — 3 < puog + puor < 5
qFJ

In either case, we have (x6) inequality.
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Thus if we take 52(1,012,013,023) and an integral basis {21,22,23,E4}
satisfying the corresponding conditions in the number theoretical lemma above,
then we may assume

1 1
I < priog + prpo < PR

Also, we denote by (p;;) the matrix (21,22,E3,Z4), and we may assume
det(pij) =1

Lemma 2. Denote by 1_’; the vector (paj, p3j, p4j)T in Z° and by (a;j) the inverse
matrix of (pij). Then

pudi + pda = puan + prax + (p11Pr — p1Pi) x (p13Ps — puuPs), 6) ,
where 6 = (012,013, 023). (Warning: Do not confuse this with “®” used in the last

section!)

Proof. From the definition of «;’s, we know that
o =aj +apbin + aj3913 + 014023 .

Thus it suffices to prove that

ap an o N - o
pul aiz | +pi2| as | = (puiP2— p12P1) X (p13P4 — p1aP3) .
a4 ax

But this follows directly from the general algebraic relation of the a;;’s and the
pij’S‘ O
Denote by j the vector p11132 — plzﬁl and by v the vector p13ﬁ4 — p14ﬁ3.

We will see that the pair (i, V) satisfies all the conditions required for the local
reduction theorem as well as its corollary.

Lemma 3. The integral vector

—

B vV
(p11, P12) (P13, p14)

is primitive.
Proof. Since, for any integral vector X, (i x ¥,X) is a multiple of (pi1, p12)
(p13, p1a), it suffices to show that

(P11, Pr2) (P13, p1a) € (I x V,Z7) .

Observe that

~ —~ ~ ~
=
X
=
oo
S~
Il
”S
w
~
K
£
+
i
[ %]
Q
N
N’
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Thus (pi1, p12)(P13a31 + puaasr) and (pi3, p1a)(prian + praaz) are both in
(ft x ¥,2%). The expected conclusion follows from the identity

puai + prax + pi3as + puan =1. 0O
Notice that the above proof also shows the rational independence of i and V.

Proof of the Main Theorem. Using the notations as in the technical condition (*2),
Lemma 3 tells us that, for our special choice of (i, V) from Lemma 2,

p=(pi,p12), k=(pui,pu) and pa= pay+ pna .

Therefore, the technical condition (%2) is satisfied by this pair ([, V).
Notice that

B — p;O| < dist(4;,0R) <&, j=1,23,4,

the extra conditions in the local reduction theorem follow from the following two
identities:

fx 0+ P, xPy=(P, - pO) x (P, — pnb),
VX @+ Py x Py = (P3 — pi3O) x (P4 — p1aB).

Finally, it is easy to check that the conditions (%4) in the corollary of the
local reduction theorem are all satisfied. Thus by this corollary, the cut-down of
{U,,U,,Us} by the projection e(U”, UF) will lead to the desired local approximation
by direct sums of circle algebras. [

We make a few remarks.
Remarks.

(1) The work above and the work of [EL2] together show that, for each simple
3-torus 4 with a fixed canonical unitary generator {U, U, U3} and each ¢ > 0, there
is a unital C*-subalgebra A, of 4 with the same unit such that

(i) A; = direct sums of four circle algebras,
(i1) the unitary U;, U,, Us are all within the distance ¢ from 4,.

Then, by a general procedure as described in [Br], we can express 4 as an
inductive limit of direct sums of four circle algebras. We briefly describe the in-
duction step of this procedure to remind the reader.

Suppose we have 1€ 4,, CA4 and a finite subset Y; C 4,,, where 4,, is a
unital copy of direct sums of four circle algebras. Let us fix canonical generators
a;’s of Ay,

For each J;, there is a C*-subalgebra A of A containing 14 such that

i1
Uy, U,, U; are all within the distance % from 4,,,, and, for each 7,
a; ~ d,‘ S A”k+l

to within 2‘%, where A4, is a unital copy of direct sums of four circle algebras.

Then by the stability of the generating relation of circle algebras (cf. [E]), we
can perturb the set {d;} to a set {d;} C 4,,_, such that

(1) a; ~ 4;, to within L ,(,i"l), for each i, where f is a positive function depending

on the algebraic type of 4, only and f(¢#) — 0 when t — 0,

M1
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(ii) the assignment {a; — d; : i} can be extended to a C*-algebraic embedding
of 4, into 4 We denote it by ¢.

Mpy1®
Now, we can choose J; so small that the diagram

id
A — A
i1 T k1
Ay — Ap,
o

approximately commutes on the set {a;} U ¥ to within #, where i is the natural

inclusion map. We choose a finite subset Y; 1 C 4,,,, such that

¢k(Yk U {ai}) C Yk+1 .

Finally, an argument similar to the approximately intertwining one as described
in the beginning of [E] shows that, with Y; chosen inductively and carefully,

limi; : im(d4p,, ¢x) — 4
—k -k

is a C*-algebraic isomorphism.

(2) In the same way as in [Bo], one can show that the flip fixed point algebra
of any simple 3-torus is AF-algebra.

(3) The success in our case might indicate some general way to show the quasi-
diagonality of the crossed product of certain non-commutative C*-algebras by Z.

(4) The method used here might be possible to extend to a higher dimensional
simple torus. At first, the local reduction theorem and its corollary can be extended
to higher dimensional tori without essential difficulty. The difficulty lies in the
Diophantine approximation. It seems that we should understand how the equivalence
classes of projections with different trace order (i.e. the order of polynomial in 6;;’s)
sitting inside the order structure of the Ky-group. Are they really indistinguishable
from the ordered group structure?

Appendix

We first give a direct proof of a consequence of Poguntke’s theorem ([Po]) by
some standard constructions of rotation algebras.

Recall that a projection in a C*-algebra is full if the closed 2-sided ideal
generated by this projection is the entire C*-algebra.

Lemma 4. Every non-zero projection of a rational rotation algebra is full.

Proof. Let us look at 4,,,, where p and g are positive integers which are relatively
prime. It is well known that we can view 4, as a M,(C)-bundle over T. Let e be
a non-zero projection of A, and denote by (e) the closed 2-sided ideal generated
by e. Since T2 is connected, e(x)=+0 for each x € T2. Since M,(C) is simple, at
each point x in T2, there is a positive element a, in (e) such that a,(x) is invertible
in My(C). Combining the compactness of T? and the elementary fact that, for any
two g X g positive matrices 4 and B with one of them invertible, the matrix 4 + B
is invertible, we get an invertible element in (e). This leads to the conclusion. [J
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Proposition 5. Any non-commutative 3-torus is stably isomorphic to its center
tensored by a simple torus.

Proof. Let A be a non-simple 3-torus with commutation parameters 0;’s. By
Proposition 1 of [EL2], we know that

rank(74(Ko(4))) = 2,
where 14 is the canonical trace on A. If
rank(74(Ko(4))) =1,

then 4 must be a rational torus which is stably isomorphic to its center (cf. [R2]).

So we may assume that
rank(z4(Ko(4))) =2.

We claim that there is a 8’ € 14(K¢(4)) and an integer g such that
1
az +0'Z = 14(Ko(A)) -

To see this, let 0,60, be any basis of the rank 2 free Abelian group 74(Ko(4)).
We may assume that none of 8;’s is of the form 1/g for some integer g. Thus,
there are two nonzero integers a and b such that

1 =ab, + b0, .
Denote by ¢ the g.c.d.(a,b). There are integers u and v such that

a b
-u+-v=1.

Consequently,
u b
01 = = + —(v0) — ub),
9 49
0, = 2 — 200, — uby).
9 49
Then, we may take 6’ = v6; — uf, and write
0 b6 0O 1 5
O :=| -0p 0 Oy | = -C+ (001 — u92)C ,
—0i3 —03 O 9
where C and C are integral skew symmetric matrices.

Applying Theorem IV.1. of [N] to C, up to an integral conjugation, we may
assume that

U ©

0
(+7) =0 0

o
|
Nl
o

where 0 is an irrational number and ¢’, p’ are integers with (p’,q') = 1.
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Let U;, U, Us be unitary generators of A with (¥7) as the matrix of their com-
mutation parameters, then
C*'(Up, Us) = Ay g -

Let us take a minimal projection e of C*(U,, Us), which is full in C*(Us, U;)
(by Lemma 4 above), and a unitary W in C*(U,, Us) such that

Ad(Ui)(e) = Ad(W)(e) .
At first, following the strong Morita equivalence of a rational rotation algebra
and the commutative 2-torus (cf. Sect. 3 of [R2]), we have
eC*(Uy, Us)e = C*(eUS ,eUY ).
Secondly, since U{‘ WUl‘k € C*(U,, Uz), by induction, we have that
URUP U € CH(Uy, Us) - (W U™ .
For instance, one can check

URUPUE = URUB(UWUS YW (WU )
Therefore,

eC*(Uy, Uy, Us)e = eC*(W*Uy, Uy, Uz )e = C*(eW™ Ul,eUgl,eUfl)
2 C*(eUY ) ® C*(eW* Uy, eUf ) 2 C(T) ® Ay .

where we use Ex. 2 in p. 220 of [T] to get the tensor product expression.
Notice that the projection e is full in C*(Uy, U,, Uz) as well. The rest follows
from a result of [BGR] concerning Morita equivalence and stable isomorphism. [J

Proposition 6. Let A and B be two non-commutative n-tori, then
(Ko(4), Ky (4)) = (Ko(B),K{ (B))

<> there is a positive real number 7y such that 7y -14(Ko(4)) = 13(Ko(B)) .

Proof. Since a rational n-torus A4 is strongly Morita equivalent to C(T") (cf. [R2]),
in this case we have that

(Ko(4), Ky (4)) = (Ko(C(T"), K3 (C(T™))) -

Therefore by the uniqueness of the state on (Ko(C(T"),Ky (C(T")),[Llcrm]) (see
6.10.3. of [B]), any non-zero ordered group map from (Ko(4),K; (4)) into R is a
multiple of 74 and rank(z4(Ko(4))) = 1. As an easy consequence, if 4 is rational,
the following four statements are equivalent:

(1) (Ko(4), Ky (4)) = (Ko(B),K{ (B));

(2) rank(7,4(Ko(4))) = rank(zz(Ko(B))) = 1;

(3) there is a real number y such that y - 74(Ko(4)) = t8(Ko(B));
(4) B is rational.

R

Therefore we only need to consider the case where 4 and B are both non-
rational. We will keep this convention for the rest of the proof.
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Following from Rieffel ([R3]), the order structure for the Ky-group of a non-
rational torus is the strict one induced from the canonical trace.
“==" For a x%0 in Ky(4),

74(x) =0 if and only if for any non-zero y € K (4), t(y £x) > 0.

The “only if” part of this statement is trivial. To see the converse, suppose that
T4(x) > 0 (consider —x if 74(x) < 0), then x > 0 and 74(x —x) = 0.
Let ¢ : (Ko(4),K; (4)) — (Ko(B),K; (B)) be an ordered group isomorphism.
Thus
T4(x)=0 <= forany y >0 in Ky(4), y£x>0,

<= foranyz >0 in Kyo(B), zEte(x) >0,
<= 13(p(x))=0.

Consequently, ¢ induces an ordered group isomorphism ¢ from 7,(Ky(4)) onto
73(Ko(B)) such that
@o’CB = Tgo@ .

Since both 4 and B are non-rational, the additive subgroups 74(Ko(4)) and
18(Ko(B)) of R are both dense in R. Then a standard argument shows that the
ordered isomorphism ¢ maps Cauchy sequence to Cauchy sequence and vice versa.
Therefore, the map ¢ extends uniquely to an additive automorphism of R by
continuity. A well-known elementary argument shows that ¢ must be linear. The
conclusion follows.

“«=" Define an ordered group isomorphism of 74(Ky(4)) onto 75(Ko(B)) by

P(x) =yx,

where y > 0 is the one appeared in the statement of the proposition.
Since 74(Ko(4)) and 13(Ko(B)) are free,

Ko(4) = 14(Ko(4)) @ ker 74,
K()(B) = ‘L'B(K()(B)) @ kertp .

Since Ky(4) and Ky(B) are both free Abelian groups of the same rank, the
group isomorphism ¢ of 74(K¢(4)) onto t5(Ky(B)) can be extended to a group
isomorphism ¢ of Ky(4) onto Ko(B) in the way that

Tpo@ = @O‘CA .
This implies that ¢ is an ordered isomorphism as well. [

With a little more effort, we can use the same argument as above to prove the
following result. Since we do not use it here, we state it without proof.

Proposition 7. If A and B are two non-rational n-tori and the rank of
ker(t4 : Ko(4) — R) is not one, then
(Ko(4), Ky (4), [14]) = (Ko(B), Ky (B), [15])
if and only if
T4(Ko(4)) = t5(Ko(B)) .
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Remark. 1t seems to be known that the range of the canonical trace on the Kj-
group is not a complete invariant even for a simple non-commutative torus. This
statement can be made more precise, not only by Proposition 6 but also by the
following example. Let g, p, p’ be positive integers such that

(¢.p)=(g,p')=1 and p#+p’ (mod q);

also let 6; and 0, be two real numbers such that 1,60y, 0, are rationally independent.
Let {U;, U} be a canonical unitary generator of 4,, and {U, U,} be a canon-
ical unitary generator of 4, . Let « and & be automorphisms of 4,, and A4,/
respectively given by

o(Uy) = (exp2mify)U; and a(Up) = (exp 2mif,)U,,
&(Uy) = (exp2mif))U, and &U,) = (exp2mif,)U; .

Then 4 = Ay/y Xy Z and B = Ay, xgZ are both simple and have the same range
of the trace on the Kjp-groups. But

(Ko(4), Ky (4), [14]) % (Ko(B), Ky (B), [15]) -
This last statement follows from the natural embedding of
(Ko(Apjg)s Ko (pjg), [14,,1) — (Ko(4), K (4), [14]) ,

the strong Morita equivalence of 4,, with the commutative 2-torus (cf. Sect. 3 of
[R2]) and the structure of all vector bundles over T2. The problem lies in the order
unit.
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