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Abstract: For a vertex operator algebra V and a vertex operator subalgebra V which
is invariant under an automorphism g of V of finite order, we introduce a g-twisted
induction functor from the category of ^-twisted V -modules to the category of g-
twisted K-modules. This functor satisfies the Frobenius reciprocity and transitivity.
The results are illustrated with V' being the ^-invariants in simple V or V being
g-rational.

1. Introduction

A lot of progress on the representation theory for vertex operator algebras has been
made in the last few years. For example, the representation theory for the concrete
vertex operator algebras, which include the moonshine vertex operator algebra V#

([FLM, D3]), the vertex operator algebras based on even positive definite lattices
[Dl], the vertex operator algebras associated with the integrable representations of
affine Lie algebras and Virasoro algebras ([DMZ,DL,FZ,W]), have been studied
extensively. There are also abstract approaches such as Zhu's one to one corre-
spondence between the set of inequivalent irreducible modules for a given vertex
operator algebra and the set of inequivalent irreducible modules for an associative
algebra associated with the vertex operator algebra [Z], and the tensor products of
modules ([HL, L]); see also [FHL] for the results concerning intertwining operators
and contragredient modules. Many of these results are analogues of the correspond-
ing results in the classical Lie algebra theory.

The purpose of this paper is to give a construction of induced twisted mod-
ules for vertex operator algebras and present some initial results. The main idea
in constructing the induced module comes from the induction theory for the
representations of Lie groups, algebraic groups, quantum groups, Hopf algebras
([V,J,APW,Linl-Lin2]). In order for the induced module to have the functorial
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property, one has to enlarge the category of g-twisted modules to ensure the ex-
istence of the induced modules. This resembles Harish-Chandra's theory in the
representation theory of Lie groups. We prove that in most interesting cases, the
induced modules from a simple module for a vertex operator subalgebra are in-
deed g-twisted modules. The structures of these modules in certain special cases
are discussed.

One of the main motivations for introducing the induced modules is to study the
"orbifold conformal field theory". Roughly speaking, an orbifold theory is a con-
formal field theory which is obtained from a given conformal field theory modulo
the action of a finite symmetry group (see [DVW]). Let V be a vertex operator
algebra and G be a finite subgroup of the automorphisms of V. Denote by VG the
subspace of V consisting of the fixed points under the action of G. Then VG is
a vertex operator subalgebra of V. Algebraically, the orbifold theory is to study
the representation theory of VG. The main new feature of the orbifold theory is
the introduction of twisted modules. A g-twisted module for g e G is automatically
an ordinary module for VG under the restriction. It is proved in [DM2] that if
V is holomorphic and G is nilpotent then any irreducible g-twisted F-module is
completely reducible as a FG-module. It is conjectured that this is true for arbi-
trary G and that any irreducible Fσ-module appears as an irreducible component
of some irreducible twisted module (see e.g. [DVW, DPR, DM2]). The theory of
induced twisted modules for vertex operator algebras, discussed in this paper, is
being developed with this conjecture in mind.

This paper is organized as follows: In Sect. 2, after recalling the notion of twisted
module for a vertex operator algebra from [D2] and [FFR], we define the twisted
enveloping algebra A(g). We give a necessary and sufficient condition under which
an A(g)-modu\Q is a ^-twisted module. A linear topology is defined on A(g) by a
topological basis at 0 consisting of all A n n ^ ^ m ) for an element m in a twisted
module. It turns out this topology is the weakest topology on A(g) so that the
A(g)-moώx\Q structure on any twisted module M gives a continuous map from A(g)
to Endc(M), which is equipped with the point-wise convergence topology. It is
important to note that we need the representations to be continuous in order for
the Jacobi identity to hold. We also introduce a certain ^(#)-module category ^
which contains the ^-twisted F-module category ^ as a full subcategory. In fact,
Ήg consists of the objects of % together with their direct limits in the category of

Section 3 which devotes the definition of induced module is the center of the
paper. Let g be a. finite order automorphism of V and V a subalgebra of V which
is ^-invariant. Denote the restriction of g to V1 by gr. Then there is an algebra

embedding from A{gf) into A(g). For a g'-twisted F'-module W we define Ind - (W)

to be the subspace of Yiovs\A^g/>){A{g), W) consisting of elements which are killed
by some A n n ^ ^ m ) for some m in a g-twisted F-module. Then we prove that this
induction functor enjoys all the properties an induction functor should have, such
as Frobenius reciprocity and transitivity.

In Sect. 4 we investigate the ^-induced modules for vertex operator algebra with
only finitely many irreducible ^-twisted modules. In the case that V is ^-rational,
that is, any g-twisted module is completely reducible, we show that the induced
module of W, which has a composition series, from a ^-invariant subalgebra to V
is in fact in %>g. In particular, the induced module from any irreducible module in
this case is an ordinary g-twisted module.
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In Sect. 5 we discuss the induction from a subalgebra which is the fixed point
of a finite automorphism. First we show that the cyclic group (g) acts on any
irreducible g-twisted module, each eigenspace of g is an irreducible FG-module,
different eigenspaces are inequivalent FG-modules, and the eigenspaces from in-
equivalent irreducible $-twisted modules are inequivalent VG-modules. Using this
result together with Frobenius reciprocity we show that the g-induced module of an
eigenspace of g in an irreducible g-twisted module W from VG to V has a unique
simple g-twisted submodule isomorphic to W, and the g-induced modules from any
other irreducible VG module is zero.

2. Twisted Enveloping Algebras and Their Modules

2.1. Twisted Modules. Let (V, Y9l,ω) be a vertex operator algebra (we refer to
[B, FHL, FLM] for definitions and properties) and g be an automorphism of V of
finite order K. Then V is a direct sum of eigenspaces of g:

V= 0 V,

where Vr = {v G V\gv = er2πί/κv}. (We will use r e { 0 , l , . . . , I - l } to denote
both the representing residue class and the integer itself.) Following [D2] and [FFR],
a 0-twisted module M for V is a C-graded vector space:

M=]\Mλ

(for w G Mχ9 λ = wt w is called the weight of w) such that for each λ G C,

dimM^ < oc and Mn/K+χ = 0 forneZ sufficiently small; (1)

and equipped with a linear map

V -> (EndM){z} ,

v h-> YM(Ό,Z) = Σ vnz-n~ι (vn e EndM)

(where for any vector space W, we define W{z} to be the vector space of W-
valued formal series in z, with arbitrary real powers of z) satisfying the following
conditions for u9v G V9w G M, and r G

YM(v,z)= Σ υnz-n-χ for v e Vr, (2)

— 0 for / G Q sufficiently large , (3)

YM(1,Z) = 1 , (4)

γM(u,zx)YM{υ,z2)-z^δ (ϊ*^) YM{υ,z2)YM(u,zλ)z0 / \ -z0

δ { ^ ή YM(Y(u,z0)v,z2) (5)



160 C. Dong, Z. Lin

if U G Vr\

[L(m\L(n)] = (m - n)L(m + n) + — (m3 - m)5m+w,0(rank K)

for m,n eZ, where

LO) = ωπ +i for w G Z, i.e., 7M(ω,z) = Σ L(n)z~n~2 ,

Z(0)w = nw = (wtw)w for w e Mn(n G C ) , (6)

This completes the definition. We denote this module by (M, YM) (or briefly by M).
The following are consequences of the definition

z)] = YM(L(-l)υ,z), (8)

[1(0), YM{v,z)] = YM(L(0)v,z) + zYM(L(-l)v,z). (9)

Remark. From (5), (6), (7) and (9) we find that if υ G V is homogeneous, then vn

has weight wtf — n — 1 as an operator, that is, υn : Mχ —» M^+ W t t ;_n_i. In particular,
L(n) has weight — n.

Remark. For each v £ V, and u £ Vr and any p E Έ and s, ί G R, we can compare

Vthe coefficients of z0

 p xzx

 s ιz2

t ι on both sides of the Jacobi identity (5) to get

Σ ( - ! ) m ( f ) (up+s-mvί+m - (-l)pvp+t-mus+m) = Σ f L )

(10)

On the other hand, all these identities together will imply the Jacobi identity (5).
We will use these identities more often.

A vertex operator algebra V is called g-quasi-rational if V has only finitely
many irreducible ^-twisted modules. If V further satisfies the condition that any
g-twisted module is completely reducible, we call V a ^-rational vertex operator
algebra. If g = 1, we get a rational vertex operator algebra.

2.2. Let M and N be two ^-twisted F-modules. A homomorphism φ : M —* N of
g-twisted F-modules is a linear map which commutes with the operators vn for all
v G V and n G ηξTL. In particular, a homomorphism is always a homogeneous homo-
morphism of graded vector spaces in the sense that φ(Mχ) C Nχ since φ commutes
with the operator L(0).

Let %(V) be the category of g-twisted F-modules. Then %(V) is an abelian
category. For simplicity, we will use ^ if the vertex operator algebra V is under-
stood. We will abuse the notation a little by using M G ̂  to stand for M being
an object of the category %>g.

Let V be another vertex operator algebra and φ : V' —> V a homomorphism of
vertex operator algebras. If g' is an automorphism of V such that φ o g' = g o φ,
then φ sends the g'-eigenspaces to g-eigenspaces. In fact, let K' be the order
of g1. If υr G (Vf)r\ then φ{v') G F r . Here we have ^ = ψ> By examining
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the Jacobi identity, one can verify that every g-twisted F-module is automati-
cally a #'-twisted F'-module. In this way, φ induces a functor ^ —• ^ / , which
is exact.

In the sequel, we will describe the category ^ as a full subcategory of the
category of all modules for an associated algebra.

2.3. g-Twisted Enveloping Algebras. Consider the C-vector space V = 0 ^ ! (V* <g)
?/κ(C[t,t~1]) and the tensor algebra T(V). Note that V is a graded vector space
with the gradation V = Θμe±z(V)μ. Here (V)μ = ®neΈ(Vn ® tn~^1). Thus the

tensor algebra T(V) is a graded algebra with the gradation induced by the gradation
on the vector space V.

For each g-twisted K-module M, the module structure of V on M induces a
linear map

V -> Endc(M)

where ι;w is the component operator of YM(v,z) = X ] n G i z vnz~n~ι, which extends

uniquely to a homomorphism of associative algebras

Let EndcίM)^ = {/ e End c (M) | f(Mλ) C ΛfA+μ for all /I G C}. Then the C-
graded algebra Endgr(M) = φ A ί G € Endc(-M)μ is a subalgebra of Endc(M). By the

definition of the homomorphism PM, one can see that PM(T(V)) C Endg r(M) and

the map pM : Γ(F) —> Endg r(M) is a homomoφhism of graded algebras. Thus the

kernel KQV(PM) is a graded ideal of T(V).

Set / = ΠMG^ kerPΛ/ Then / is also a graded ideal of T(V). We define

= T(V)/I, which is also a ^Z-graded algebra with

Ug(V)= 0 (Ug(V))n

ne±z

such that

wt(f ®tn) = wtvn — wtv — n — 1

for homogeneous v e V. We will also use vn to denote the image of v <g> tn in
Ug(V) acting on any g-twisted F-modules. Consider the Lie algebra sfa generated
by the operators {Z(1),L(O),L(—1)}. Then Ug(V) becomes an ^/2-module with
Z(1),L(O), and L(—l) acting on Ug(V) as derivations. As an 5/2-module, Ug(V) is
a direct sum of Z(0)-weight spaces, which gives Ug(V) the graded algebra structure.
Furthermore, any g-twisted modules are automatically modules for sl2 with weight
space decomposition defining the graded vector space structure.

Lemma. (1) Every g-twisted V-module M is naturally a graded left Ug(V)-nϊodule
with the graded structure given by the weight spaces decomposition as an s/2-
module.

(2) Any Ug(V)-submodules and quotient Ug(V)-modules of a g-twίsted V-
module M are also g-twisted V-modules.
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(3) For any two g-twisted V-modules M,N, a linear map φ : N —• M is a
homomorphism of a g-twisted module if and only if φ is a homomorphism of
Ug(V)-modules.

Proof (1) It follows from the construction of Ug(V). To prove (2), let N C M
be a t/^(F)-submodule of M. We first show that N is a graded ί/^(F)-submodule
of M. Let x e N and x = Σxχ be a finite sum in M with xχ G Mχ for distinct
λ's. We must show that xχ G N. We use induction on the number of the nonzero
terms of the summation. By applying the operator Z(0) (the image of ω <g> tx in
UgiVY) w e Set C^(0) ~ ^o)* — Σ)(Λ, — Λ-o)*;ι with a shorter expression. By induc-
tion hypothesis, we have xχ G iV. Now the conditions on the gradation of a g-
twisted F-module is automatically satisfied. If YM(v,z) = X]nG i ̂ i^z""" 1 , with

ϋπ G End(M), we have uΛN C N. So we can consider VH\N G End(N) and define
7^(t;,z) = ^ n G i z t ; n |Arz~ n ~ 1 . Now all other conditions for a g-twisted ^-module

structure on N can be verified straightforward. Note that both sides of the g-twisted
Jacobi identities make sense as operators on N at every element of N. For the
quotient, since the kernel is a L^(F)-submodule, it is a g-twisted F-submodule
of M. Thus the quotient is a graded module and one can verify that the Ug(V)-
structure on the quotient g-twisted F-module M/N is the same as the quotient of
the £4(F)-modules.

(3) It is straightforward to verify that any homomorphism of g-twisted V-
modules is naturally a homomorphism of L^(F)-modules. Conversely, if a linear
map φ is a L^(F)-homomoφhism, then it has to commute with the operator L(0).
This shows that φ(Nχ)CMχ. Since φ commutes with all v<g)tn, then we have
φoYN(υ,z) = YM(v,z)oφ.

2.4. The Algebra A(g). Note that many of the identities such as the Jacobi identities
will involve infinite sum, which does not make any sense in the purely algebraic
setting in Ug{V).

For each (C-vector space A, let ^4[[X]] be the vector space of formal power
series. The natural embedding A —>^4[[X]] (sending elements of A to power series
with constant term only) makes A a subspace of ^[[X]]. If A is further an algebra,
then ^4[[X]] is an algebra containing A as a subalgebra. Here the multiplication is
given by the multiplication of formal power series.

Let M be a vector space, and A = End(M). Then ^4[[X]] has a subspace

CM =
ί = 0 i=0

1 e M[X] for each m £M

In fact CM is a subalgebra of ^4[[X]]. In this way, we can make M a Q
by defining the action f(X)m = Σ^o anm.

Consider the vector space Ug(V)n[[X]] and the algebra ®ne^z(Ug(V)n[[X]])9

which is a proper subalgebra of Ug(V)[[X]]. For each g-twisted F-module M, the

homomorphism pM ' Ug(V) —> End(M) induces a homomorphism PM[X] ' 0 w G i z

Ug(V)n[[X]]-*End(M)[[X]].
Let C = C]Me%(pM[X])-ι(CEnd{M)). Then C is a subalgebra of 0 w G ^

Ug(V)n[[X]l Note that ®neizUg(V)n[[X]] is a ^Z-graded algebra by defining
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= 0 and wt/A = w t / + wtA for f,h eφnej.zUg(V)n[[X]\. Then C

= φ π G i z C» is a graded subalgebra with C» = Ug(V)n[[X]] Π C.

Since M in ^ is a natural graded C-module. Annc(M) is a graded (two-sided)
ideal of C. Define A(g) = C/(f]Me^ Annc(M)). Then A(g) is a graded algebra.

The constant subalgebra Ug(V) of 0 w G i z Ug(V)n[[X]] is actually contained in C.
Moreover we have a natural algebra embedding Ug(V) -+A(g). Note that the .s/2-
module structure on Ug(V) extends naturally to CM, which has a weight spaces
decomposition and the map PM ' C —> End(M) is a homomorphism of sh-modules.
Thus the kernels Annc(M) are graded ideals. This naturally induces a graded algebra
structure on A(g).

2.5. By our construction of the algebra A(g), every ^-twisted K-module extends to
an ^(^f)-module. We can now regard Ug(V) as a subalgebra of A(g). Thus, every
0-twisted F-module M is a ^(g)-module and every homomorphism between any
two ^-twisted F-modules are also a homomorphism of ^4(#)-modules. This yields a
functor δ : % —> A(g)-Mod (the category of all

Theorem. The functor δ is an isomorphism of ^g to a full subcategory of
A{g)-Moά.

Proof First we show that δ is full. Let M and N be two modules in %. Then
a linear map f : M ^ N is a homomorphism of ^-twisted F-modules if and only
if it is Ug(V)-linGar and further, if and only if it is ^(#)-linear. This shows that
Hom<^(M,7V) = HomA(g)-Mod(M,N) as vector spaces. This shows that δ is full. The
faithfulness and the exactness follow from the fact that δ does not change the vector
space. D

From now on, we can simply identify ^ with %>A(g) and still use ^ to denote it.

2.6. Topology on A(g). For each vector space M, Endc(M) is equipped with a
natural product topology (point-wise topology), which is induced from the product
topology on MM, where M is equipped with the discrete topology.

In particular, if M is a graded vector space, each End<c (M)μ is a closed vector
subspace of Endc (M), although End^M is not closed in general. A graded vector
subspace E = (&μEμ of Endc iM) is called graded closed in Endc (M) if each Eμ

is closed.

We define the topology on A(g) to be the weakest topology such that all induced
maps pM A(g) —•> Endc (M) f° r M £%>g are continuous.

For each m G Mμ, the left ideal AnnA(g)(m) = {a e A(g)\am = 0} of A(g) is a
graded left ideal of A(g). In fact, if a e A(g) such that a = φ α ^ (a finite sum
with aχ E A{g)χ and distinct A's), then am = 0 implies α^m = 0 for all A, thus
aλ e AanA(g)(m).

Let ££g be the collection of left ideals of A(g) defined by:

= {AxmA{g)(m)\m G M, M G %} .
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For each J G &g9 we denote Jχ = J Π (A(g))λ. Then 7 3 0 ^ 4 Note that
φλJχ is a graded left ideal of Ug(V). (In general, J is not graded.)

Lemma. (1) For each J G ££g> v4(#)π = Jn if n e ^Έ is sufficiently small.
(2) isαcA A(g)n/Jn is finite dimensional.
(3) For Ji, J2 € J2?0, /fere exists J G JSf̂  Λ WC/Z ί/zαί J C Ji Π J2
(4) i<br α«^ a £ A(g) and J G ££g there exists I G S£g such that la C«/.

(6) Every J G J ^ contains a graded left ideal I G JSf̂ .

Proof. For convenience we write J(m) = Ann^^ra) for m G M and M £^g.

(1) We assume, at first, that J = J(w) for a homogeneous element m £Mχ and
G ^ . Consider the ^(g)-module homomorphism:

A(g) ->

α \—> am.

Then A(g)m is a ^-twisted F-submodule of M by Lemma 2.3. Since (A(g)m)χ+n =
A(g)nm, where « G ̂ Z and (A(g)m)n+χ = 0 for « G ̂ Z sufficiently small. Thus we
must have ^4(^)π C Λ for « G ̂ Z and sufficiently small.

In general, let rn = Σμ

mμ w ^ t n mμ £ Mμ with distinct μ's in ^Z. Since
J = Ann^(^)(m) D f>\μJ(mμ). Note that Jχ 2 ΠμΆmμ);ι f° r anY ^ Thus we have a
surjective linear map A(g)λ/f]μJ(mμ)λ -> A(g)λ/Jλ and (A(g))λ/f]μJ(mμ)λ C 0 μ

(A(g))χ/J(mμ)χ. Now the result follows from the proof for homogeneous m above
and the fact that there are only finitely many nonzero mμ's. The proof of (2) is
also included in this proof.

(3) Let πii G Mι such that Jι = Ann^(^)(mz ) for i— 1,2. Consider the module
M — Mι 0 M2 and m = πt\ 4- wi2. Then a G A n n ^ ^ m ) if and only if a eJ\Π J2.
That is, J\ Π Λ = Ann^)(m) G «Sf̂ .

(4) Let «/ = Ann^(^)(m) with m G M. For any β G A(g), set / = Ann^(^)(α/w)
6 i ^ . It is obvious that la C / .

(5) If a G Q/G^ / ' t h e n PM{O) = 0 for all M in ^ . Therefore α = 0 in A(g)
by the definition of the algebra A(g) (see 2.4).

(6) Let J — Axmug(v)m for some m G M for a ^-twisted F-module M. Let
m = Y^i=ι m>i with πii£Mχi as homogeneous components. We have J 2 Πί=i
Ann^)(/wI ). Here Π/=i Am^)(m/) - Ann^)((mi,.. .,m 5 )), with (mu...9ms)e
@ s i i , is a graded left ideal and in <£g. D

Theorem. The collection ££g forms a basis at 0 of a linear (Hausdorff) topology
on A(g) such that the topology defined earlier on A{g) coincides with this topology.
In particular, the graded left ideals in ^g also form a basis at 0 of this linear
topology.

Proof. For each M in ^ , the pointwise convergence topology on End(M), which is
a topological group with discrete topology on M, has a basis at 0 consisting of sets

W(m) = {/ G End(M) | f(m) = 0}
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for any m G M and the finite intersection of these sets. Since the topology on
A(g) defined earlier is the weakest topology on A(g) such that PM ' A(g) —>
End(M) continues, then p~^X(W{m)) with meM and M running through ^g

generates a basis of this topology at 0 on A(g). However, by definition
one sees that p~^λ(W(m)) = ArmA(g)(m). Therefore 5£g is a basis of this
topology.

It is a direct consequence of Lemma 2.6 (5) that the topology is Hausdorff. By
Lemma 2.6 (6), the collection of graded left ideals in ££g also form a basis of this
topology at 0. D

Corollary. With the topology defined above the left and right multiplications by
an element of A(g) are continuous linear maps.

Proof Fix a G A(g). Clearly we have a J C J for any J G £?g. This shows that
the left multiplication by a on A(g) is continuous. By Lemma 2.6 (4) there exists
/ G ££g so that la C«/, i.e., the right multiplication by a is continuous. D

2.7. Extending the Category ^g by the Topology on A(g). For each
M, we define

' = {m G M I Jm — 0 for some J G J£g} .

First of all, by Lemma 2.6(3), #"(M) is a vector subspace of M. Further by
Lemma 2.6 (4), we see that for any m G #"(M), then am G #XM). Therefore J^(M)
is an ^(^f)-submodule of M. Following the definition, we can see #X#XM)) =
#XM). In particular by the definition of 5£g, we also have J^(M) = M for all M
i n <gg.

Note that A(g) is an associative algebra and is equipped with the topology
defined above. We say an ^(g)-module M is continuous if the map π : A(g) x M —•
M is continuous. All modules are equipped with discrete topology. However, an
^(^f)-module M is continuous if and only if # χ M ) = M. Indeed, all modules M
such that J^(M) = M is continuous since for each m £ M, (1 + J) x {m} is an
open set in A(g) x M and (1 +J)m = m. Here J G JSf̂  and /w = 0. Conversely,
if M is continuous, π~1(0) is an open set in A(g) xM. For any m eM, since
(0,m) G π " " 1 ^ ) , there must be a J G J ^ such that J x {m} C π " 1 ^ ) . This shows
that Jm — 0.

We now define ^ to be the full subcategory of v4(#)-modules M such that
J^(M) = M. Therefore % is a full subcategory of <$g. We use J : ^ -> Λ(#)-
Mod to denote the natural embedding functor. It is straightforward from the defini-
tion to verify that Λί(0)-submodules and quotient of modules in ^ are still in ^ .
Thus for each ^(#)-module M,^(M) is the unique maximal v4(^)-submodule of M
contained in ^g. Furthermore, if / : M —> N is a homomorphism of ^(g)-modules
for any two y4(#)-modules Λf and M, then #"(M) C ^(N). Therefore we see that
$F: ^(^)-Mod -> Ήg is a functor.

Lemma. (1) (*/,#") w α« adjoint pair of functors.
(2) ^ z'51 αw Abelian category and closed under the direct limits of A(g)-

modules.

Proof (1) Let M G % and N any ^(g)-module. Any / G Homy4(̂ )(j^ΓM,iVr) if and
only if f(M) C ^(N). The verification of functorial property is routine.
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(2) All other conditions of an Abelian category are straightforward. We only
verify that direct limits of ^4(^)-modules in ^ are still in ^ . Let (Mα, fa,β)a,βei be
a direct system. Let M be the direct limit in A(g)-Mod with maps /α : M{α —> M.
Note that as an ^(g)-module, M is generated by the submodules /α(Mα) for all
α G /. Since Ma is in <βQ, so is /«(Afα). Thus /α(Mα) C J^(M) for all α € / . But

is a submodule of M. Hence ^ ( M ) = M and M is in ^ . D

Theorem. Let M be any A(g)-module and m G 3F{M\ Then A(g)m is in %>g. In
particular, every module in ^g is a union of submodules in ^g and direct sum of
L(O)-eigenspaces.

Proof Since m G J^(M) there exists J G Seg such that Jm = 0. Let W e% and
w G W with J — Anny4(^)(w). Clearly, A(g)w is a g-twisted K-submodule of W.
Note that the map from A(g)w to A(g)m by sending aw to am is well defined
and an ^(g)-module homomorphism. Thus A{g)m is a g-twisted F-module, that is,
A(g)m e%. The other assertions in the theorem are clear now. D

Corollary. (1) A module M in % is in % if and only if for each λ G <C, Mχ is

finite dimensional and Mχ_n = 0 for n G \TL with n > 0.

(2) Extι

%(M,N) = Ext]^(M9N) for all M,N in %.

(3) Every simple module in ^ is in %>g.

Proof. (1) Let M be any module in ^g. We can define

YM(v,z)= Σ vnz~n~ι

in End(M){z} for each v G V. Here vn is the image of v 0 tn in End(M). Note that
all conditions for a ^-twisted F-module except Eq. (1) and Eq. (5) are satisfied.
Now we show that for the so defined YM(V,Z), the Jacobi identity is also satisfied.
We only need to verify Eq. (10). For each M G Γ and v G V, we denote by

f(X) = Σ ( " I f (ί) (up+s-mVt+m - {-\)PVp+t-mUs+m)Xm ,

= Σ

to be two elements of C. We will use f(X) and #(X) to denote their images in
A(g) as well. Since, for any g-twisted F-module W, we have f(X)w = g(X)w for
all w G W by the Jacobi identity (10), we have f{X) = g(X) in A(g). So we have
f(X)m = g(X)m for all m G M since M is an ^(^f)-module. This only shows that
f(X) = g(X) as elements of A(g), but there is no reason to believe that the actions
of f(X) on M is the same as the "limit" as required by the Jacobi identity. Thus
we have to show that for any m G M,

f(X)m = Σ (-I)' (P) (Up+s-fVt+i - (-lyvp+t-iUs
ί=0 V l J

and

g{X)m =
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for sufficiently large n. Set

ί=0

and

i=0

Here we have to use the fact that all modules in ^ are continuous. Since M is
in Ήg, there exists J G i ^ such that Jm — 0. Then J — A n n ^ ^ w ) for some W in
Ήg and w G W. Since W is ^-twisted, there exists «o such that f(X)w = fn(X)w
for all n ^ n0, i.e., /(X) - fn(X) G J . Thus we have f(X)w = fn(X)w. Equality
g(X)m = gn(X)m for sufficiently large n is proved in the same way.

Finally, in order for M in ^>g to be in ^ , one only needs the condition Eq. (1).
But this is assumed in the corollary.

(2) Let 0 —> N -> E —> M -> 0 be an extension in ^ . Since £ is in ^ , by (1),
we have E e%. This shows that every extension in <$g is actually an extension in
Ήg. Since ^ is a full subcategory of ^ , two extensions in %>g are equivalent ^g if
and only if they are equivalent in ^βg. (3) follows from the theorem since A(g)m is
a submodule of M and in # f l. •

2.5. Construction of Modules in ^g. Let M be a C-vector space. Then space
) has an y4(^)-module structure defined in the following way:

for / e Hom<£(A(g\M) and a e ^ (^) . One can easily see that

(abf)(x) = /(xαft) =

We define Jf (M) = ^ ( H o m c ( ^ ( ^ ) , M ) ) then J^(M) e %.
There is a natural C-linear map ev : 34?(M) —> M defined by ev(/) = / ( l )

for all / G Jf (M). If N is another vector space φ : AT —> M is a linear map, the
natural induced map φ : Homq:(A(g\N) -^ Hom(c(^4(^),M) is an
homomoφhism, which further induces an τl(g)-module homomoφhism
Jf(N) -+ J^(M). Thus one can verify that J f defines a functor (C-Vect
where C-Vect is the category of complex vector spaces. If ^ : <βg —> C-Vect is the
forgetful functor, then

Lemma. J f w α fe// exact functor from the category of vector spaces to ^g.
Furthermore, (^, 2tf) w an adjoint pair.

Proof As the right adjoint to the exact functor «/,#* is obvious left exact. It is
well known that the functor Homc04(#), ) is left exact. So 2tf is a composition
of two left exact functors and is left exact.
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The adjoint pair follows from the following isomoφhism of vector spaces for
any N in ^g and vector space M:

Homc(W,M) =
A{g)

(11)

Here the second isomoφhism comes from the adjointness of the "tensor functor"
and "Horn functor" while the last equality follows from the fact that N is in <βQ.
Naturality of the isomoφhism is also routine to check. D

Remark. Since both #" and Jf have exact left adjoint functors, they send injective
modules to injective modules. In particular, Jf (M) is an injective module in ^ for
M G C-Vect.

Let M e %. Define a linear map φ : M —> Homc04(#),M) by φ{m) = fm: a^
am for m G M and a G A(g). Then for a,b G A(g) we have

φ(am)(b) = fam(b) = b(am) = fm(ba) = (afm)(b) = (aφ(m))(b) .

This shows that φ is an ^(g)-module homomoφhism. Thus φ(M) C
M)) — J-f (M), since φ{M) is in ^g. Next we show that φ is injective. If φ(m) = 0,
then φ(m)(a) = am = 0 for all a G A(g). In particular, φ(m)(l) = m = 0. Note that
the functor Jf preserves the arbitrary direct sums. Then Jf (M) = 0 6 G 5 34?(£b)
with B CM being a (C-basis. Thus we have proved.

Theorem. % has enough injective objects and every injective module is a direct
summand of the direct sum of copies of J f (C).

2.9. Proposition. If ^g is semisimple, then all modules in ^g are also semisίmple.

Proof Let M be a module in ^g. For any m G M, there exists a submodule N C M
such that TV is in ^ and m e N. Since JV is a direct sum of simple modules in ^ ,
we have shown that M is the sum of all simple submodules in %>g. Thus M is a
direct sum of simple modules in ^ . D

3. Induction for a Subalgebra

3.7. Let V be a vertex operator subalgebra of V such that g(V) = V. Let g; = g\vt
and 0(0') = K'. Then X 7 ^ and each ^-twisted K-module M when restricted to V'
is a g'-twisted F'-module. Let <£', be the category all #'-twisted F'-module. Then
we have a restriction functor

Resj :%-<,.

Consider the enveloping algebras ^4(#) and A(g'). The natural embedding F' =

@^\V'J <8) f/^'ci/,*-1] -> F induces an algebra homomoφhism ψ : Γ(F ; ) ->

Γ(F), where (V')r = {v G F ' l ^ = ^ 2 π ^ ^ } For each M e% the composition of

the algebra homomoφhism PM ' T(Ϋ) -> Endc(M) with ψ produces an algebra

homomoφhism p'M : T(Vr) —> End(c(M). Since M|F/ is a module for Ug/(V')

the kernel 77 of T(V')-* Ug'(V)-^ 0 is contained in Kerp^ and ^(Kerpj^) c
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Thus φ(If) C / = Π M G ^ ^0TPM and ^ induces an algebra homomorphism

, which is still^denoted by φ.

Theorem. With the above assumption, the algebra homomorphism φ : Ugr(V) —>

Ug(V) induces a homomorphism φ : ̂ ( # 0 —• ^4(#) of associative algebras such that

for each M e # 0 , Res^* (M) as A(g')-module factors through A(g), that is, A(g') —>

Proof. The homomoφhism ι/f : Ug/(Vf) —> Ug(V) induces an algebra homomor-
phism φ[X] : Ugf{V')[[X]\ -> ^(F)[[X]] . It follows from the definition of CM(g)
in 2.4, that ^ K C M ^ , ) Q CM. Since M|κ/ is in ^ , ( Γ ) for each M in < (̂K),ι/ί[ΛΓ]

induces an algebra homomorphism φ : A(g') —> ^4(^). The conditions on the module
structures in the theorem are clear from the construction of the algebra homomor-
phism φ. D

3.2. Let ££', be the corresponding collection of left ideals defining the topology on

A(g') as in 2.6.

Lemma. For any J e ϊ£g there exists J' e <&}, such that ψ(J') C J.

Proof Let m £ M with M G c€g and J — Ann^^m) . Set J' — Ann^/)(m). Then
«/' G JSfί,. Now the result follows. D

y

For any ^(gfO-module M', let &'{M') be the submodule of M' for ^ ( ^ r ) . We
will use <£'g/ to denote the category oϊ A(g')-moά\x\Q$ M' such that #r'(M')=M'.£g

For each ^4(^)-module M,M\A(gt) is the ^(g)-module via φ. The lemma implies that

C ^f{M\A{g/)). In particular, M | ^ ) is in ^ ' if Λf is in ^g. We thus define
— — cp

a functor ^ —> ̂ ' . We will still use Res^, to denote this functor if V and F7 are
g'

understood from the context
& — —

Proposition. The restriction functor Resjl : ^g —> ̂ ^ w exact.

3.3. We consider ^4(^) as a left ^(g^-module and a right ^4(gf)-module, i.e., 4̂(gf) is
a ^(^-^(^-rjirnodule. For each M G ̂ ,,HomA(<gf^(A(gXM) is a left ^(^f)-module
with the action (af)(x) = f(xa) for α , x e ^ ( g ) and / G Hom^/)(^(^),M). We
define

IndJ,(M) =

ψ —

Then Ind^(M) is a module in ^g.
g'

If M and iV are in <$', and φ : M —> N is a homomorphism of ^fr-twisted F ; -
y

modules, then

φ : Hom^/)(^(6f),M) -+ HomA{gf)(A(g\N)

f ^ 0 ° /
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is a homomorphism of ̂ (g)-modules. Indeed, for / G HomA(gr)(A(g),M), and a,x G
A(g), we have

(φ(af))(x) = (Φ o (α/))(*) = φ(/(*α)) = (φ o f)(xa) = (aφ(f))(x) ,

that is, #(α/) = α#(/). Also, for a! G Λ(#'),

(φ(f))(ψ(a')x) = φ(f(φ(af)x)) = φ(aff(x)) = afφ(f(x)) = *'(#(/)(*)),

i.e. φ(f) G Homv4(^/)(^(^),7V). Then the map / —» φ o / induces a homomoφhism

Ind j (0) : Ind}, (M) ̂  IndJ, (N)
g' g' g'

<i - -
in Ήg. We thus define a functor Ind^, : <€', —> ̂ , which we call the induction
functor. ^

3.4. For each M £*%',, there is an evaluation map

et;: IndJ, (M) -> M
V

defined by

Lemma, t̂; w α homomorphism of A{g')-modules when I n d J ( M ) is restricted to

A(gf) via ψ. 9'

Proof For a! G A(gf) and / G Ind|, (M), we have
V

^ ^ ) 1 ) = a'f{\) - «

as desired. D

Lemma. For any M e% we have ev: HomUg(V)(Ug(V),M) ^ M. Moreover, if

M e^g then Ind^(M) - M.
g

Proof. We need to prove that ev is one to one and onto in this case. If / ( I ) = 0
then f(a) = af{\) — 0 for any a G Ug(V), thus / = 0 and et> is one to one. Let
m G M and define / m G Hom^(^)(C^(F)5M) by /m(fl) = am. Then / ( I ) = m and
et; is onto. D

Theorem (Frobenius Reciprocity). For any E G ̂ 6g and M G *βgι the natural map

Φ : Honu ( 9 ) (£,IndJ |(M)) -> Hom^ (, 0(Res^(£),M)

defined by φ \-> ev o φ is an isomorphism of vector spaces.

Proof First evo φ — Φ(φ) is a composition of ^(g^-homomorphisms and thus is
a homomorphism in ^ 0 . We only need to construct the inverse Φ~ι. For each
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φ' £ HomAigf)(Res%lf(E)9M) define

φ:E
such that

(φ(e))(x) = φ\xe)

foreeE and x G A(g). In fact φ is the composition:

A(g) -> E -> M

x h-> xe H^ φ'(xe).

Then (/>(e) is a homomorphism of ^(g^-modules. Since for x' £A(gf),

φ(e)(ψ(a')x) = φ'(ψ(a')xe) = dφ\xe) = α'

Thus we have a map φ : E -^ HomA(gf)(A(g),M). Moreover φ is an
morphism:

φ(ae)(x) = φf(xae) = φ'(e)(xa) = (aφ(e))(x) .

Since E G ̂ , so is its image φ(E) in Hom^(^/)(^(^),M). Now by the definition

of the functor JF we have φ(E) C I n d ^ ( M ) . We define Φ~ι(φ') = φ. Clearly Φ " 1

is a linear map. ^;

To finish the proof, we need to show that Φ~ι is an inverse of Φ. Let / e
Φ

^)(£',Ind^/ (M)) and φ' — ev o f. Then

φ(e)(x) = φ\xe) = (ev o / ) ( ^ ) = f(xe)(l) - (x/(β))(l) = /(*)(*)

for e G E and x G A(g). Thus φ(e) = f{e\ φ = f and Φ ι o Φ = id.

Conversely, if φl G Hom^/^Res^? (£'),M) and φ = Φ~ι(φ'), then

Φ(</>)(<?) = (et> o (/>)(£?) = ev(φ(e)) = φ(e)(l) = <£(e)(l) = </>'<» = Φ\e) ,

i.e., Φ o Φ " 1 = z<ί. This completes the proof. D

Corollary. (1) (Res J, ,Ind J, ) is an adjoint pair of functors.

V V
(V?

(2) I n d J w fe// exact and sends ίnjective modules to ίnjectίve modules. D
g'

Remark. For a module M in ^ , define Soc^ (M), called the socle of M, to be
the largest semisimple submodule of M and Hd^(M), called the head of M, to be
the largest semisimple quotient of M. If M is a semisimple module (need not be
finite length) and S is a simple module, we denote by [M, S] the cardinality of the
copies of S appearing in the direct sum decomposition into simple modules. If M is
a simple module in %>gι and N simple module in ^ , then the Frobenius reciprocity
implies that

% (ΛO): M] = [Soc* (Ind j (M)) : N] .
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However, it is not clear that in the category ^ , every nonzero module has a nonzero
socle or quotient.

3.5. Transitivity. Let V" C V C V be subalgebras of V which are ^-stable. Set
q" = g' I Vff. We shall use the obvious notation ^"g" for the corresponding category
of ^"-twisted V"-modules. Let M G Φ'gii and define

ξM : I n d ^ ^ ^

by ξλfif) = f ^(#) —> Ind^v, ^ The definition of / is as follows: for x G

/(JC) is a map:

^ ^ f(Ψ(y)χ) -

Recall that ^ is the algebra homomorphism from A(g') to A(g).

Theorem. ξM is an isomorphism of A(g)-modules, and further induces an isomor-

phism of functors ξ : Ind J, —> I n d J IndJ, .

Proof. First we show that ξM(f) G Ind -̂f Ind J , (M). Let i/r' and ιλ/r be the induced

algebra homomorphisms xjj' : A{g") —> A{g') and ̂  : ̂ 4(̂ r7/) —> ^4(̂ r), respectively.

Then ψ" = φ o ψf. For z e ^ ( ^ 0 and / e Ind^, (M), we have

AxXMΦ) = ΆkΨ'(z)y)χ) = f(Ψ/f(z)φ(y)x) = zf(ψ(y)x) = zf(x)(y),

i.e., f(x) is an ̂ (g'^-module homomorphism.

To see f(x) G IndX (M), we need to show that there exists Jf G .^z such
^ g" 9

that / ' / (x) = 0. Let J e ^g such that Jf = 0 or equivalently / ( J ) = 0. From
Lemma 2.6 (4) there exists / G =^ so that Ix C J. By Lemma 3.2 there exists
J' G J^, such that ψ(J') c /. Thus

{J'Rχ)){y) = KxXyJ') = AfcyJ')*) c /(/*) c /(/) = {0},

that is, / ( x ) G l n d | ^

For af G A(g'), we have

where y GA(gf) is arbitrary. This shows that / G }lomA^g/>}(A(g),lndJ/f (M)).

In order to prove / G inάJ Inάl, (M) it is enough to show that Jf — 0,
g' g"

where J e &g such that Jf = 0. Note that (Jf)(x) = f(xJ) = 0 for all x G A(g) iff
f(J) = 0. But Λ / ) O 0 = / ( ^ ( ^ V ) C / ( / ) = 0 for all y G A(g'). Thus / ( J ) = 0
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Next we show that ξM is a homomorphism of ^(g)-modules. Let a G A(g) and
f,x,y be as before. Then

ξM(af)(x)(y) = (af)(ψ(y)x) = f(xa)(y) = (aξM(f))(x)(y),

or ξM(af) = aξM(f)
It remains to show that ξM is an isomorphism of ^(g)-modules. We achieve

this by constructing an inverse η of ξ. For φ G I n d ^ lndj/f (M), define η(φ) =

f : A(g) - M by /(x) = ̂  o 0(χ) = 0(*)(1) (note that φ(x) G I n d J ^ M ) ) . It is

easy to verify that / G HomA(grr)(A(g)9M). In fact if a" G A(g") then

/ ( W ) * ) = <KΨ"(a")x)(l) = {xli'{a")φ(x))(\)

= </>(*)( W ) ) = a"{φ(x){\)) = a"f(x).

Since there exists J G £?g such that /(/> = 0, then

',Then / G Ind^/ M. Thus ηiwiΦ) — f yields a linear map from Ind^, IndJ, (M)

to IndJ, (M). Moreover, ^ is a homomorphism of ̂ 4(g()-modules:

ηM(aφ)(x) = (aφ)(x)(l) = φ(xa)(l) = f(xa) = (af)(x).

In order to finish the proof we need to check that ^M OY\M — id and Y\M °

= id. Let / G Ind^, (M) and 0 G I n d ^ Ind J , (Af). Then

= φ(x)(y) for all x G ̂ 4(^) and y G ̂ ( ^ ) The proof is complete. D

3.6. Since Ind^J is left exact and the category ^ / has enough injective objects

we can consider the right derived functors i?zInd^ . For each (/-twisted F'-module

_ . a? _ a?

M in ^ / , Rιlnά^9, (M) is a ^-twisted F-module in ^ / . Furthermore, since I n d J

sends injective modules to injective modules, we have the Grothendieck spectral
sequences with Ei -terms

for each g"-twisted V"-module M in <$"g,,.

3.7. We have already defined the functor J f from the category of vector spaces to
% and proved it to be exact earlier. Now we can see that Jf7 can be defined with
the induction functor. Note that our induction even makes sense if we take A being
any subalgebra of A(g) such that the corresponding category ^ is defined in the
following way: an ̂ 4-module M is in ^ if and only if {m G M\(J ΠA)m = 0 for
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some J G ̂ g} In particular we may take A = C Then ^A = C-Vect because for
any J G £Cg the intersection J n C = {0}. Thus

lnάlg (M) =

4. The ^Rational Vertex Operator Algebras

4.1. In this section, we consider the induced modules for ^-rational vertex operator
algebras. We call V ^-rational, if ^ is semisimple with finitely irreducible modules.

However, we still fix an arbitrary vertex operator algebra V and an automor-
phism g of finite order K of V. On each ^-twisted F-module, the operator L(0)
acts semisimply and the graded ^(^)-module structure is given by the eigenspaces
of the operator L(0). Similar to a finite dimensional semisimple Lie algebra, we say
λ ^ μ for two weights λ,μ G C if 0 ^ μ - λ G ^Έ.

Recall that the algebra A{g) is graded with gradation given by the adjoint action
of L(0). The weight space A(g)0 is an associate subalgebra of A(g), with the operator
L(0) being in the center of A(g)o. On every finite dimensional simple ^(#)o-module,
L(0) acts as a scalar.

The subspace A-0 = 0 O < Λ G I Z ^ ( 0 ) - Λ is a graded subalgebra of A(g), and

A~ = ($0<nejLZA(g)_n is a graded ideal of A-0. Let M be a module in Ήg, a

weight λ of M is called a minimal weight if there is no weight of M that is smaller
than λ in the sense defined above. Note that each weight space Mμ of M is an
^(g)o-module. However, if A is a minimal weight of M, then Mχ is an ̂ 4=°-module
with A~ acting as zero.

Lemma. Let M be an irreducible module in %>g, then there is a unique minimal
weight λ such that Mχ is a finite dimensional simple A(g)o-module.

Proof. By the definition, there exists λ G (C such that λ is minimal and Mχ
is not zero. If μ is a different minimal weight with Mμή=0, then A(g)Mμ =
®nei^A(g)nMμή^0 is a submodule of Λf, which does not contain the subspace

Mχ. This contradicts the irreducibility of M. Thus λ is the only minimal weight.
If Oή=N CMχ is an A(g)0-submodule of Aίλ, then A(g)N = 0 M G i N ^(^)«A^ is

a submodule of M by the Jacobi identity (10), with p = 0. However we have
(A(g)N)χ = N. TVφO implies that ^(^)7Vφ0. The irreducibility of M implies that
N = Mχ. The finite dimensionality of M^ follows from the definition of modules
in %. D

A module M in ^ is called a lowest weight module if there is a vector m e Mχ
for a minimal weight λ such that M = A(g)m. Thus all irreducible modules are
lowest weight modules by the lemma. For a lowest weight module M of lowest
weight λ, all weights of M are of the form λ + v with v € | N .

4.2. Proposition. Le/ M1 α«J M 2 be two lowest weight modules %>g with lowest
weights λ\ and λι respectively. If there exists a non-split extension

in %, then λ\ - λ2 G ̂ 5
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Proof. Let rri2 G M2 be such that A(g)rri2 = M2. Since E is in ^ , there exists
Oφm G £Ά2

 s u c n m a t π ( m ) = m2 Then we consider the submodule A(g)m of E.
All weights of A(g)m are in Λ2 + £ Z . If A(g)m ΠMι = 0 then π : Λ(#)m -> M 2 is
an isomorphism since π(A(g)m) = M2. This contradicts the nonsplitness of the exact
sequence. Thus we must have A(g)mΓ\Mι+0 which is a ^-twisted F-submodule
of M 1 . We pick Oφx e ^ M ^ 1 - We can assume that x is a weight vector
of weight v. Thus v e λ\ + ^Z. But we also have v e λ2 + ^-Z. This shows that
λi - A2 G jTL. D

4.5. Let iV be a finite dimensional ^4(gf)0-module such that L(0) acts on it by a
scalar λ. Then we can extend N to an ̂ 4-0-module by letting A~ act as zero. We
consider the ,4(g)-module M(N) = A(g)®A^oN. However, M(N) need not be in

Ήg. The following are some standard properties of the module M(N):

(1) M(N) is a graded A(g)-moάu\Q with the gradation given by the eigenspaces
of the operator Z(0) and the projection prA : M(N)χ —> Λf is an isomorphism of the
vector spaces (actually as A-0-modules).

(2) All weights of M(N) are in λ + £ N .
(3) Suppose that Â  is a simple ^(^)o-module. Then there is a nonzero quotient

of M(N) in the category ^ if and only if there is a simple module in the category
Ήg with lowest weight space isomorphic to N as ^(^)o-modules. Furthermore, if
M(N) has any nonzero quotient in %>g, then it has a unique maximal submodule
and thus a unique simple quotient in %>g. Here any ̂ (g)-submodule containing a
weight vector of the lowest weight λ contains the whole module M(N) since N is
simple while the sum of all submodules not containing the weight λ is still such a
submodule.

(4) Sharpiro's lemma holds: for any module M in ̂ g and any finite dimensional
^(^f)o-moduϊe N, we have the canonical isomorphism

UomA(g)(M(NlM) = UomA{g)o(NMf)

Here Mf is the subspace of Mχ consisting of all vectors killed by all elements
of A'.

Remark. It is not known in general that the ^(g)-module M(N) has a unique
maximal quotient in ^ , which we would like to denote by D(N). However we
expect that this is the case. If the module £>(W) exists and is not zero, then in the
above listed properties we can simply replace M(N) by D(N) so that all the above
listed properties hold when M(N) is replaced by D(N) except the isomorphism of
the projection in (1).

4.4. Proposition. Let M 1 and M2 be two irreducible modules in ^g with lowest
weights λ\ and λ2 respectively. Then Mι and M2 are isomorphic in %>g if and only
if Mχλ and Mχ2 are isomorphic as A(g)o-modules.

Proof. One direction of the proposition is clear. We only show that Mx and M2 are
isomorphic if Mχλ and Mχ2 are isomorphic as ^(#)o-modules. We first observe that
λ\ = λ2 (we denote them by λ) since they are the scalars by which the operator
Z(0) acts on the two modules respectively. Let Nx = M\ and Λf2 = M2. Then Nι
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and N2 are irreducible A(g)o. We consider the ^(g)-module M(Nι). By (4) of the
previous subsection, we have

HomA(g)(M(Nι),M2) = HomA{g)o(Nl,N2)=¥0.

Thus M(NX) has a unique simple quotient, which has to be isomorphic to M2 since
M2 is simple. We can replace M2 by M 1 in the above argument to show that M 1 is
also a simple quotient of M(Nι). Thus M 1 = M2 by the uniqueness of the simple
quotient of M(NX). D

Remark. This proposition is related to some results obtained in [DLM] (also see
[Z]). In [DLM] an associative algebra Ag(V) associated with the vertex operator
algebra V and the automorphism g is constructed. It is proved there that there
is a bijection between the set of inequivalent weak irreducible ^-twisted modules
(the eigenspace of L(0) in a weak module can be infinite-dimensional) and the set
of inequivalent irreducible ^(F)-modules. One can easily verify that Ag(V) is a
quotient of A(g)0.

4.5. Recall that a block M in <$g is a full subcategory of ^g generated by an equiv-
alent class of irreducible modules with respect to the equivalent relation generated
by the following: M 1 and M2 are equivalent if there is a non-split extension in
Ήg between them. By Lemma 4.2, each block uniquely determines an element in
(C/ (^Z) by taking the images of the lowest weights of the irreducible modules in
the block. We say that a block is bounded above if λ + ^Z is the class in C/ (^Z)
corresponding to the block $ and the set of lowest weights of all irreducible mod-
ules in ^ is a subset of λ + ^ Z with an upper bound.

Proposition. Suppose that all blocks in %>g are bounded above, then every A(g)-
finitely generated module in %>g has a composition series.

Proof. Let M be a finitely generated module in ^ . Without loss of generality, we
can assume that M is generated by finitely many weight vectors, say, m\,...,mn

with weights λ\,...,λn. Consider the finite filtration of submodules generated by
these vectors:

0 = M° CM 1 = (mi) C (mum2) Q C Mn - (mu...,mt) =M .

We see that each subquotient MljMl~x is generated by a single weight vector.
Thus we can assume that M is generated by a single vector. Thus all weights
of M are of the form λ+ j?Z. Furthermore since all the weight
spaces are finite dimensional, there are only finitely many weight spaces of
weights λ — j^ with ' G N . By a similar argument, we can assume that the generator
is a lowest weight vector. Thus M is a lowest weight module.

Now we need to use the condition that every block is bounded above. Let n be
the positive integer such that there is no irreducible module of lowest weights of the
form λ + Y with j > n. We can choose n = nχ as the smallest for each such fixed
λ and use induction on nχ. If nχ = 0, we note that Mχ is finite dimensional. Take
N C Mχ as an irreducible ^(g)o-submodule. Consider the ^(g)-module M(N). We
have a non-zero homomorphism φ : M(N) —> M resulted from the embedding N —>
Mχ. Then M(N) has a nonzero quotient in ^ and the unique maximal submodule
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M(N)m has all weights of the form λ + •£ with j > 0. If the image of φ is not
irreducible, it has to have a submodule with all weights of the form λ -f- ^ with j >
0. It has to have a lowest weight vector which generates a submodule with a simple
quotient in ^g with lowest weight larger than λ. This contradicts the assumption that
nχ — 0. Now we can use an induction on the dimension of Mχ and reduce the proof
to the case such that Mχ is irreducible as an ^(g)o-module. A similar argument
shows that M has to be simple in this case. For nχ > 0, we can use a similar
argument to find submodules F C E of M such that E/F is irreducible with lowest
weight λ and both F and M/E have either larger lowest weight or same lowest
weight but strictly smaller dimension of the lowest weight space. By induction
we see that both F and M/E have composition series. Thus M has a composition
series. D

Corollary. With the conditions in as in the theorem, all modules in %>g with weights

in a finite union (J"=1 (λi + j | ) have composition series.

Actually the proof of the theorem works for such an assumption.

4.6. Proposition. If all blocks in ^g are bounded above, then any non-zero module
in ^g has non-zero simple submodules and non-zero simple quotient.

Proof. Consider for each λ € C the subspace M{λ) = ΣieZMλ+J_ which, in fact, is

a submodule of M. By Lemma 4.2, we must have M = 0 i e ( C / z M{λ). By Corol-

lary 4.5, each M(λ) has a composition series if it is not zero. Thus each non-zero

M(λ) has a non-zero simple submodule and quotient. D

4.7. Lemma. Let V be a g-invariant vertex subalgebra of V and g' = g\vt. If^'i

is bounded above, so is %>g.

Proof Let M be a simple module in ^g. Then M is a module in %>',. The lowest

weight space Mχ generates a submodule in <£',, which has a simple subquotient

of lowest weight λ. That the Ή', is bounded above implies that ^g is necessarily

bounded above. D

4.8. A natural question about the induction functor is when Inά^9, N is not zero

for an irreducible module N in Ή',, since we are interested in modules in ^ only.

So another natural question is whether the module I n d ^ Λf is in ^g whenever N is

in ^ , . We discuss these questions in the following special case. We start with the
y

following lemma.

Lemma. Let L and M be modules in ^g such that L is finitely generated. Then
) is finite dimensional

Proof Since L is finitely generated, we can further assume that the finite set of gen-
erators are all weight vectors. Let N be the subspace generated by the generators,
which is a finite direct sum of finite dimensional weight spaces. Let φ : L —> M
be any homomorphism in ^g. Then φ is uniquely determined by the restriction
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map φo : N —+ Mo. Here Mo is the sum of the weight subspaces of M corre-
sponding to all the weights that appear in N. Now both N and Mo are finite
dimensional. D

Remark. A similar argument shows that if M has a composition series, then
Hom<^ (Z,,M) is finite dimensional for all L in ^g. This can be reduced to the
case that M is irreducible. Then one can use the fact that any module in Ήg can-
not have a quotient which is a direct sum of an irreducible module infinitely
many times due to the finite dimensionality of the weight spaces of modules

Theorem. Let V be a g-rational vertex operator algebra. Then inάJ L is in %>g

for every irreducible module L in <€',. More generally, Ind^, N is in ^g for any

module N in %>', which has a composition series.

Proof. First of all, since ^ has only finitely many irreducible modules, then any
module in %>g has a composition series. Thus a module in *βg is non-zero if and
only if it has a non-zero simple submodule. Take any simple module S in ^g.

By Frobenius reciprocity, we have Hom^ (S,Ind J L) = Hom^/ (S,L). Since L is
9 V g'

simple in ^',,Hom^/ (S,L) is finite dimensional following the above remark. Thus S

appears in Ind^, L only finitely many times as a direct summand since the category
V

^g is semisimple (thus ^g is also semisimple). Since ^g has only finitely many

irreducible modules, Ind<J L is a direct sum of finitely many irreducible modules
V

and thus in %>. D

5. Inductions for Simple Vertex Operator Algebras

5.1. In this section we discuss the case when V is a simple vertex operator algebra.
Fix an automorphism g of finite order K of V. Then V = ©fj^ 1 Vr is a direct sum
decomposition of g-eigenspaces. It is proved in [DM1] that V — V° is a simple
vertex operator algebra and Vr is an irreducible V°-module. Note that for any r,ι/G
Vr homogeneous, and any g-twisted module M in ^ , the degree of the operator
un (as a linear operator on the graded vector space M) equals wt(w) — n — 1 with
n G £ + TL. In particular, for each u G F°, un has degree in TL. Thus for any ^-twisted
Γ-module M and λ G C the vector space M°(λ) — Q)neZMχ+n is a K°-submodule
of M. Note that M°(λ) = M°(μ) if and only if λ - μ G TL. On the other hand,
M(λ) = 0 w G i z Mχ+n is a 0-twisted F-submodule of M and M(λ) = M(μ) if and

only ifλ-μe^I. Therefore, we have M(λ) = φf~o

ιM°(λ + £) , which gives a

decomposition as F°-modules.

For each fixed λ9 we can define a (#)-action on M(λ) such that # acts on

M°(λ - £ ) by the scalar ξr. Here we fix f - e ¥ .



Induced Modules for Vertex Operator Algebras 179

Lemma. With the above action, we have

9 ° YM(λ)(M,z) o g~x = YM(λ)(gu,z)
for all uβV.

Proof. Let W G F and m £ M°(λ-\- ^ ) be homogeneous elements. For each n £
£ + Z, un(m) has weight wt t; + wt m — w — 1 G w t m - ^ + Z . Thus ww(m) £

M°(/l-^-r) a n d

g(un(g-χm)) = g(ξ-Jun(m)) = ξ-jξj+run{m) = ξrun{m) = ( f «)π/w - (gw)wm .

D

Remark. Through the decomposition M = ®λe(£/,ZsM(λ)9 g acts on M. However,

this action is not functorial and depends on the choice of the λ in λ + j | .

J.2 Let /z be an automorphism of V9 commuting with g. Then h preserves the g-
eigenspace decomposition of V. Let M be any g-twisted module with the vertex
operators denoted by YM(v,z). Let hM =M as vector spaces. For each v e V, we
define YhM(v,z) = 7^(/*f,z). It is straightforward to verify that YhM(v,z) makes
hM into a g-twisted K-module. If φ : Af —> N is a homomoφhism of ^-twisted F-
modules, then hφ = φ : ^M —> A7V is also a homomorphism of ^-twisted Γ-modules.
Thus the assignment M ^hM defines a functor % -» ^ and ^ I A 2 ) M = Ai(Λ2Af).

Lemma. L^/ M be a g-twisted V-module, then for any choice of the action g :
M —> M defined in the remark above gives an isomorphism M —> hM of g-twisted
modules.

Proof For each λ, the action of g on M(λ) defines an isomorphism of g-twisted
F-modules by Lemma 5.1. Then the isomorphism extends to M through the direct
sum decomposition. D

5.3. Recall that for each homogeneous M G Γ , the weight of un is in Έ — j? as an
operator on any g-twisted F-modules. We set Λr = Q)neΈA(g)n_2L. Then we have

Λ(g) = %Λ\

which gives another graded algebra structure on A(g).
Since for each automorphism h of V commuting with g, the module hM is

also a g-twisted module, one verifies directly from the definition that h(un) = (hu)n

defines an automorphism of the associated algebra A(g). In particular g defines an
automorphism of A(g) such that the gradation A(g) = φ r J ^ Ar is given by the
g-eigenspaces with g acting on Ar by ξr.

Now let M be any module in <βg. The decomposition M(λ) = @f~Q

l M°(λ - £ )
is a graded ^(g)-module with respect to the above gradation of A(g). This graded
^4(g)-module structure is independent of the choice of λ up to the index shifting.
Moreover, for any fixed g action on M compatible with the g-action V in the sense
of Lemma 5.1, the g-eigenspace decomposition of M gives the graded ^(g)-module
structure on M.
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We will concentrate on the case when M is simple. If we assume the lowest
weight spaces are contained in the g-invariant spaces of M, then there is a unique
way to index the homogeneous spaces such that the lowest weight space is in
M° and we will denote them by M = M° Θ M 1 Θ ΘMκ~ι. This notation is
compatible with the case when V is a simple K-module (here g = 1).

Our next goal is to show that if M is simple, then M°,Mx,Mκ~ι are non-
isomorphic simple (untwisted) V°-modules. In the following V is still an arbitrary
vertex operator algebra. The result is a strong contrast with Lie algebra and indicates
the associative algebra feature of vertex operator algebras.

5.4. Proposition. Let M be a module in %>g and m e M be homogeneous. Then
the subspace Annv(m) = {v G V\YM(v,z)m = 0} is a V-submodule of V (thus an
ideal of V).

Proof Since m generates a submodule of M in ^ , we can assume that M is in ^ .
Thus all weight spaces are finite dimensional. For any v G V, we can write v = v° -f

h vP~x such that if G Vr. By considering the weights, we have YM(v,z)m = 0

if and only if YM(tf,z)m = 0 for all r. Thus AnnF(m) = 0 f = ^ 1 ( F r Π AnnF(m)).
Let M' = φ ^ Mχ be the graded dual of M. We need to discuss the associativity

of the vertex operator product expansion (cf. [DM2,DL]). Let C[zi,z2]s be the
localization of the polynomial ring C[zi,z2] with respect to the set of all nonzero
homogeneous polynomials of degree 1 and ιiίi2 : C[zi,Z2]s —• (C[[zi,z1~

1,z2,z^1]] the
injective map such that an element (az\ + bz2)~ι is expanded in nonnegative integral
powers of zz 2, where (z'1,/2) is an ordering of the set {1,2}. Let D G P Π Ann^(m)
and WE Vj. For each ml e M' by the rationality for g-twisted modules, there exists
f(zuz2) e <C[zuz2]s such that

L L

(v,z2)m)z[ zξ = i\2f(zuz2),

and by the associativity, we have

^ = ι2Of(zo+z2,z2)

for the same / . Since v £ Anny(m), we have i\2f(z\,z2) = 0, which implies
/(zi,z2) = 0. Thus /(z0 +z2,z2) = 0 and ι2of(zo -\-z2,z2) = 0. Therefore

mf(YM(Y(u,zo)υ,z2)m) = O.

Since mr e M' is arbitrary, we have YM(Y(u,zo)v,z2)m — 0. Thus un(v) G Annv(m)
and Ann^(m) is a F-submodule of V. D

Corollary. Suppose V is a simple vertex operator algebra. Let M be a module in

y>g with any fixed g-action on M such that the resulting eigenspace decomposition

M = ®f~o

lMr gives a graded A(g)-module as in 5.3. Then M Φ 0 implies Mr φθ.

Proof We may assume that M is irreducible and the gradation is the canonical
one. Fix a nonzero vector m in the lowest weight space. Then we have M =

A(g)m = @f~Q Arm and Arm C Mr. Thus we have the equality Arm = Mr. Note
that un G ̂ 4r for all n G ̂ Z whenever w G F r . Suppose M r — 0 for some r. Then we
have Vr C Ann^(m). Thus the submodule Ann^(m)φO by Theorem 2 of [DM1].
However, 1 is not in Annj/(ra). This contradicts the simplicity of V. D
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5.5. Recall from 2.3 that V = φ f ^ C P ® t^κ(C[t9Γ
1]) and there is a natural ho-

momorphism V to A(g). Thus V "acts" on every module in ^g. Note that V is only
a subspace in A(g). However the following explains that Ug(V) is not much larger
than V. The proof of the lemma uses a similar argument as in [DM1] for the ordi-
nary module cases by using the rationality and associativity properties for ^-twisted
modules. For simplicity we denote Vr = Vr ® a<C\t,t~1]. Then V = φf~o

l Vr.

Lemma. Let V be any vertex operator algebra and g is an automorphism of finite
order K of V. If M is a g-twisted V-module generated by a set S over V, i.e.,
M = Ug(V)S, then M is the linear span of the following subset {uns\u e V,n £
f ,s e S}, or simply M = VS. D

Theorem. Let V be a simple vertex operator algebra and M a simple g-twisted
module. Then, in the decomposition M = M° + M 1 H hM κ ~ ι ,M°, . . . ,Mκ~λ

are nonzero and non-isomorphίc simple V^-modules.

Proof By the corollary above, we know that Mns are nonzero. Next we show
that they are irreducible. Let Oή=m eM\ Since M is simple, thus S = {m} is a
generating set of M on V. By the lemma above, we have M = V = ®^~Q VrS.
However, VrS C Mι~r. This implies that we have the equality Mι~r = VrS. In
particular, we have V°S = Mι and m generates the entire module Mι over V°. This
shows the simplicity of Mι.

To show that M°,...,Mκ~ ι are non-isomorphic F°-modules, one can follow a
similar argument as in the proof of Theorem 4.1 of [DM1]. D

5.6. Theorem. Let V be a simple vertex operator algebra and g is an automor-
phism of order K. Suppose M and N are two irreducible modules in ^g such that a
V®-component Mr of M is isomorphic to a V°-component Ns of N. Then M = N
in %.

Proof Let M = M° + + Mκ~λ and N - TV0 + + Nκ~x be F°-decomposi-
tions of M and N respectively. Suppose φ : Mr —> Ns is an isomorphism of V°-
modules. Then ψ : Mr —* Mr (BNS defined by \j/{m) = (m,φ(m)) is a F°-module
homomorphism with image isomorphic to Mr and a proper submodule of Mr φNs.
We now fix Oφm eMr. Consider the gf-twisted K-submodule W generated by
(m,φ(m)) in M ®N. Then we have W = V(m,φ(m)) = Σ?Jo

ι Vί(m,φ(m)). How-
ever, V^m, φ(m)) C Mr~ι' ® Ns~* C M θ i V for all /. In particular for / = 0, we
have V°(m,φ(m)) = φ(Mr) is a proper submodule of MrΘNs. Therefore, W is
a proper submodule of M 0 N and W must be a simple submodule. Since both
projections pri: W —> M and pr2: W —> N are nonzero, they must be isomoφhisms,
which gives an isomorphism between M and N in ^g. D

5.7. Now we consider the induction from V° to V for a simple vertex operator
algebra V with an automorphism g of finite order. Let <€\ be the category of
untwisted V°-modules.

Proposition. Let M be any simple module in ^g. Then Ind^ΛΓΦO. More pre-
Φ i

cisely,Inά _9 Mr has a unique simple submodule isomorphic to M.
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Proof. Note that the projection M —> Mr is a nonzero homomorphism of V°-
modules. By Frobenius reciprocity we have a non-zero homomorphism M —>

Ind ^ M r . Since M is irreducible in % , M is isomorphic to a submodule of Ind 9

(M
r.

Φλ

 y <%\
By Theorem 5.5, we have Hom^o(N,Mr) — C. This shows that M appears in the

φ

socle of Ind J0M
r exactly once as a direct summand. On the other hand for any

simple module N in %, Hom^o(iV,Mr)ΦO if and only if N = M by Theorem 5.6.

D
5.8. Theorem. Let V be a simple vertex operator algebra. Suppose that %>g is
semisimple.

(1) Then for each simple V°-module N,

^ if N = Mr for a simple module M in ^ and some r,

? I 0 otherwise.

(2) If we further assume that ^g has only finitely many simple modules, then

for any module N in <€\, Ind _9
QN is in ^g.

Proof. By applying Forbenius reciprocity and using Theorem 5.5, we see that the
identity of (1) holds if the left-hand side is replaced by its socle. Since % is

semisimple, then Ind_^iV is also necessarily semisimple by Proposition 2.9. Thus

(1) is proved.

For the same reason as above, Ind .90N is semisimple, since for each simple mod-

ule in <&g, it has only finitely many irreducible direct summands as a V°-module. On
the other hand, for each simple module L in Ήg, Hom^o (L,N) is finite dimensional

by Lemma 4.8. Therefore Hom^o(M,7V) is finite dimensional as well for any simple

^-twisted K-module M by Theorem 5.5. Thus by Frobenius reciprocity, each sim-
ple ^-twisted F-module appears only finitely many times as a direct summand of

Ind ίN, since ^ has only finitely many simple modules. Then Ind ίN is a direct

sum of finitely simple modules and thus in ^g. D

Remark. If V is simple and rational (i.e., ^-rational with g = 1), the above theo-

rem implies that V = Ind^Q V° if we consider the ordinary modules. The induction

functor is actually defined from ^\ to ^g.
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