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Abstract: We investigate the dynamics of a 2-level atom (or spin %) coupled to a
mass-less bosonic field at positive temperature. We prove that, at small coupling, the
combined quantum system approaches thermal equilibrium. Moreover we establish
that this approach is exponentially fast in time. We first reduce the question to a
spectral problem for the Liouvillean, a self-adjoint operator naturally associated with
the system. To compute this operator, we invoke Tomita-Takesaki theory. Once this is
done we use complex deformation techniques to study its spectrum. The corresponding
zero temperature model is also reviewed and compared. From a more philosophical
point of view our results show that, contrary to the conventional wisdom, quantum
dynamics can be simpler at positive than at zero temperature.

1. Introduction

In this paper we consider the dissipative dynamics of a quantum mechanical 2-level
system — the spin — characterized by its two eigenstates of energy e+ = £1. More
specifically we investigate the long time behavior of the dynamics of a spin % allowed
to interact with a large reservoir. The reservoir is an infinitely extended gas of free,
mass-less bosons at positive temperature without Bose-Einstein condensate. We prove
that, for sufficiently small coupling, the interacting spin-boson system has strong
ergodic properties. In particular it approaches thermal equilibrium exponentially fast.
Moreover, the equilibrium state is the unique KMS state of the joint system at the
temperature of the heat bath.

The spin-boson system is a simple, yet physically acceptable model for a variety
of phenomena related to dissipative quantum tunneling. The literature on the subject is
enormous. Let us only mention the review article [LCD] as an excellent introduction
to the physical aspects of the model. Also [Al, A2, AM, FNV1, FNV2, FNV3, DI,
D2, HS1, HS2, MA, PU, SD, SDLL, RO1, RO2] is a non-exhaustive list of related
mathematical investigations.
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The present work is largely based on results previously obtained by the authors in
[JP1]. There we have developed perturbative tools suitable for the study of quantum
systems with a discrete, possibly infinite, set of energy levels {e;}, linearly coupled to
a free heat bath at positive temperature. Unfortunately, the general discussion of such
systems tends to be technical. For this reason we prefer to restrict ourselves here to
a simple model, allowing us to give a more transparent exposition of the underlying
ideas. The adaptation of these ideas to more general situations will be presented in
a subsequent paper [JP2]. For the interested reader, we also compare the spin-boson
model at positive temperature with its zero temperature counterpart. We emphasize
that most of the questions answered in this paper are still open problems at zero
temperature.

Our argument splits in three conceptually distinct parts: First we formulate an
appropriate generalization of Koopman’s Lemma to dynamical systems arising from
quantum mechanics. This allows us to reduce ergodic properties of the system to
spectral problems for a distinguished self-adjoint operator: The Liouvillean. This op-
erator is defined in abstract terms, and we must invoke Tomita-Takesaki’s theory to
actually compute it. Once the Liouvillean is known, we apply complex deformation
techniques to obtain the relevant spectral information. On the technical level, one of
the main difficulties is the identification of the Liouvillean. The required results of
Tomita-Takesaki theory are readily available in the literature. The final step of the
proof boils down to an application of the results in [JP1]. An analysis of resonances
reveals the basic mechanism of thermal relaxation. In particular, Einstein’s A—B law
emerges as Fermi’s Golden Rule for the resonances of the Liouvillean.

Acknowledgments. This paper is part of a program suggested to us by .M. Sigal,
to whom we are grateful. We also thank V. Bach, H. Spohn and Ph.A. Martin for
useful discussions. V.J. is grateful to J.-P. Eckmann for hospitality at the University
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support. At an early stage of this work, C.-A.P. was visiting the Institute for Math-
ematics and its Applications at the University of Minnesota. Its research was also
supported by the Fonds National Suisse.

2. The Model

In this section we define the spin-boson model. We first introduce the isolated spin
and the free reservoir, and discuss their thermal equilibrium states. Recall that a state
of a quantum system is a normalized positive linear functional .’ on its algebra of
observables. A vector state is a state of the form . (A) = (¥, A¥), for some unit
vector ¥. More generally, a state . is called normal if there exists a density matrix
0, a positive trace class operator of unit trace, such that .#(A) = Tr(oA).

The Hilbert space of the isolated spin is $; = C?. Denoting by o, o, and
o, the usual Pauli matrices, we may choose its Hamiltonian to be Hs = o0,. The
eigenenergies of the spin are ex = £1, and we denote the corresponding eigenstates
by x=. Finally, observables of the spin are elements of M,, the algebra of all complex
2 x 2 matrices. At inverse temperature [, the equilibrium state of the spin is the normal
state defined by the Gibbs Ansatz,

1
LA = 5T (exp(~8H,) 4), @.1)
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where Z# is a normalization factor. The zero-temperature equilibrium state is obtained
in the limit # T oco: It is the vector state corresponding to the ground state of H,

F(A) = (x—, Ax—)- 2.2

At vanishing density, the Hilbert space of the free reservoir is the symmetric Fock
space constructed over L*(R?), which we denote by 95 (we work in the momentum
representation, thus elements of L?(R?) are always functions of the momentum k of an
individual boson). Since the bosons are non-interacting, the dynamics of the reservoir
is completely determined by the energy w(k) of a single boson with momentum k.
This dynamics is implemented by the strongly continuous unitary group

exp (tHpt) = I' (exp(iwt)),

which, by definition, acts on the N-particle subspace of §j; as the N-fold tensor
product of the one-boson propagator exp(iwt). In terms of the usual creation and
annihilation operators a*(k), a(k), the Hamiltonian Hj, is given by the familiar formula

Hy=dl(w) = / w(k) a*(K) a(k) dk.

In the sequel we restrict ourselves to the physically important case
w(k) = [K|.

However, our method easily accommodates other dispersion laws, as long as the
bosons remain mass-less. In this case Hy has a simple eigenvalue O corresponding to
the Fock vacuum (2, the remaining part of its spectrum is absolutely continuous and
fills the positive real axis. The observables of the reservoir are the field operators

1
o(f) = —= [(ak) +a* k) fk) d%,

1
= k) — a*(k)) f(K) dk
7(f) s (a(k) — a*(K)) f(k) &k,

which satisfy the canonical commutation relations (CCR). A mathematically more
convenient set of observables is provided by the Weyl system

W(f) = exp (ip(f)),
where ¢(f) is the self-adjoint (Segal) field operator defined by

_ 1 T 4 o 3
o(f) = 7 (ak) (k) + a* (k) f(K)) d%,

for f € L>(R%). The operators W (f) are unitary on §);, and satisfy a disguised form
of CCR: The Weyl relation
W(fOW(f2) = exp (=i Im (f1, 2)/2) W(f1 + fo)- (2.3)

The dynamics of the reservoir induces a Bogoliubov transformation

exp (iHyt) W(f) exp (—iHyt) = W(exp(—iwt)f),
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of the Weyl system.

It is a well known fact that thermal equilibrium states of extended systems arise
in the thermodynamic limit, starting with a system restricted to a finite box A C R3.
For such a confined system, the grand canonical ensemble yields a well defined state.
Equilibrium states of the extended system are constructed as weak-+ limits of these
states as A T R3. At positive temperature, the equilibrium states obtained in this
way have a positive density i.e., an infinite number of particles: They do not fit in
the original Fock space (in more technical terms they are not normal). For practical
purposes however, it is convenient to restore the familiar Hilbert space framework.
This can be achieved by an appropriate choice of the representation of CCR. Let us
briefly review some facts about such representations.

Let ® C L*(R?) be a dense subspace. Weyl’s algebra over ® is the C*- algebra
generated by the set {W(f) : f € D}. A representation (7%, ) of this algebra is
called regular if the functions

R A— (WS,

are strongly continuous for each f € ©. By Stone’s theorem, regularity is equivalent
to the existence of a self-adjoint operator ¢, (f) such that

T (W(Af)) = exp(iX o (f)).

One then refers to the ¢, (f) as the field operators of the representation. A represen-
tation is called cyclic if for some 2 € .F% the set {m (W(f))2: f € D} is total in
FE. To each cyclic representation (F%, 7, {2) of Weyl’s algebra, we can associate a
generating functional defined by

D3 f=R2,mW(f)).

Generating functionals of regular, cyclic representations have been characterized by
Araki and Segal:

Theorem 2.1. A map s5:© — C is the generating functional of a regular, cyclic
representation of Weyl’s algebra over ® if and only if the following conditions are
satisfied:

1. 5(0)=1.

2. For each f € D the mapping \ — s(\f) is continuous.

3. For each finite subset {f1, f2,..., fn} C D, and any z1, ..., z, € C one has

n

> s(fi— fyexp (—ilm(f,, £)/2) Ziz; > 0.

2,5=1
Furthermore, this representation is unique, up to unitary equivalence.

At zero chemical potential (which is appropriate for mass-less particles), and in the
absence of condensate, the thermodynamic limit leads to the following generating
functional for the infinite free Bose gas (see for example [BR2, LP or CA])

1
s7(f) = exp (‘Z /(1 +2p(0) | () d%) ) 24)

for f in the dense subspace D, C L*(R?) of functions with compactly supported
Fourier transform (i.e., localized in the position representation). In Eq. (2.4), the
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function p(k) is the equilibrium momentum distribution of the bosons, and is related
to their energy according to Planck’s radiation law

1
exp(Bw(k)) — 17

The energy density of the boson gas is strictly positive, and satisfies the Stefan-
Boltzmann relation

p(k) = 2.5)

/ wk)p(k) d’k o 374 (2.6)

Let us denote by . %;,. the Weyl algebra over Dj,.. Since our system has positive
density, this is a natural minimal set of observables. By Theorem 2.1, the above func-
tional (2.4) corresponds to a regular, cyclic representation (7, 7, , %) of A,
This representation has been explicitly constructed by Araki and Woods (see [AW1,
BR2, CH or LP]), and can described as follows: .7, is the space of all Hilbert-
Schmidt operators on ), equipped with the inner product

(X,Y) =Tr(X*Y). 2.7)
The representant of W (f) acts according to
T WX = W (A +p) 2 ) XW (02 1)
for any X € .7%,. Finally the cyclic vector is the projection on the Fock vacuum
Uy = (25 (00, -).
One easily verifies that the state
KA = (W, 7, (A D)

reproduces the functional (2.4), and that the free dynamics has a unitary implemen-
tation in the space .7,

T, (€xp(iHpt) A exp(—iHyt)) = exp(iHpt)T, ,, (A) exp(—iH pt). (2.8)
The generator of this group can be explicitly written as
HBZXl—)[Hb,X]. (2.9)

In the sequel, we will always work in the Araki-Woods representation. Consequently
we shall give to the representants 7, ., (A) the status of observables of the boson gas
at positive temperature. For reasons which will soon become clear, it is convenient
to consider also the von Neumann algebra generated by these representants. Recall
that a C*— algebra of operators on a Hilbert space §) is a von Neumann algebra if
it is closed in the weak operator topology. Let .72 be a set of bounded operators on
$. We denote by .7 its commutant i.e., the set of bounded operators commuting
with all elements of .%. If .7 is closed under hermitian conjugation, .%” is a von
Neumann algebra. Moreover the double commutant .5 is the smallest von Neumann
algebra containing .7 (see [BR1] or [SA]). We define the algebra of observables of
the reservoir at positive temperature by

My =740 (Aioe)” - (2.10)
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Remark 1. The map & @ ¥ — &(¥, ) provides an isomorphism between $; ® $s
and .7%,. In the sequel we shall identify these two spaces without further mention.
For example, the formulae

Hp=H,®I —1® H,,
T W) =W (492 f) oW (s F),

directly follow from Eq. (2.9) under this identification.
In Eq. (2.4), the limit 5 T co yields the generating functional

1
5™(f) = exp (—Z | yraor d%) = (2, W(H) ),

which extends to arbitrary f € L?>(R3). Thus, as expected, we recover the original
Fock space representation and, here again, the zero-temperature equilibrium state is
the vector state associated with the ground state of the system. In this limiting case
the density of the gas vanishes (see (2.5) and (2.6)), and a natural set of observables
is the full Weyl algebra .4 over L>(R3). Note that this C*— algebra is irreducible i.e.,
A = £ ($) the space of all bounded linear operators on ;.

We are now ready to define the spin-boson model. At zero temperature, the Hilbert
space of the joint system is

H=9Hs Ny,

and its free Hamiltonian is
Hy=H,®I+1® H,.

The coupling of the two subsystems is achieved by addition of an interaction term,
namely

Hy=Hy+AQ ® p(a), .11

where ) is a real constant, Q = o, and o € L2(R?). If
(1 +w e e L2RY), (2.12)

then, by standard estimates (see [GJ], Sect. 1.2), the interaction term @ ® @(a) is
infinitesimally small with respect to Hy. Thus the operator defined by Eq. (2.11) is
essentially self-adjoint on $; ® D(H)). For simplicity we will also denote by H, its
self-adjoint extension. The dynamics of the model is given by

A exp(z’ﬁ,\t) A exp(—z'f{,\t).

Generally, the algebra M, ® .4 is not invariant under 7. From the analytical point of
view, the situation is even worse since 7 is not continuous in the natural topology of
this algebra. To obtain a decent dynamics we must extend the set of observables to the
enveloping von Neumann algebra which, by the last remark of the previous paragraph,
is £($). Since the function ¢ — 7{(A) is continuous in the weak operator topology,
Hypothesis (2.12) ensures that the spin-boson model defines a W*- dynamical system
(Z($H), 7r) for any A € R. Under the stronger condition

(1+w Ha e LARY), (2.13)
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the spectrum of the spin-boson Hamiltonian (2.11) is given by
o(H)) = [e-(V), o0,

and e_()) is a simple eigenvalue (see e.g. [SP]). We denote the associated normalized
eigenvector by ¥,. The equilibrium state of the spin-boson system at zero temperature
is, by definition, the vector-state defined by

KP(A) = Ty, ATy). (2.14)

Although very natural, this definition is ultimately justified by the fact that, on M, ®
Ajoc, the state K> is the weak*-limit as 3 T oo, of the thermal equilibrium states

Z(ﬁ to be defined below (see [SP]).
At positive temperature, the Hilbert space of the joint system is §)s ® F%,, and
its free dynamics is generated by the Hamiltonian

Hy=H;,®I+1I® Hp.

Denoting by ¢, .. (f) the field operators of the Araki-Woods representation, we define
the Hamiltonian of the interacting system by

Hy=Ho+AQ ® ¢, (o). (2.15)

From the physical point of view, this is just a rephrasing of Definition (2.11) in a
different representation. However, in a more mathematical perspective, the existence
of an intertwining relation of the type (2.8) between (2.11) and (2.15) is a difficult
question which, in our opinion, requires more information on the thermodynamic
limit A T R3 (see for example the discussion in Sect. 5.2.5 of [BR2] or Sect. V.1.4
of [HA]). Since this problem is of little physical relevance we will not pay more
attention to it and accept (2.15) as a definition of the model at positive temperature.

In [JP1] we proved that H) is essentially self-adjoint on $); ® D(Hp) ® D(Hp)
for any A € R, provided

(w+w Ha e L*(R?).

Again we shall use the same symbol to denote its self-adjoint extension. Note that in

this case the interaction Q®,,,, (@) is not Hy-bounded. Under the above assumption,
it is well known that

i A exp(iHat) A exp(—iHt),
maps the von Neumann algebra

M= My @My = (Mo @7y, (o))

into itself (see [FNV1] or [SP] for example, but also Sect. 6). Since on the other hand
the function ¢ — T)t\ (A) is weakly continuous (in fact it is continuous in the o-strong *
topology), the spin-boson model at positive temperature also defines a W*- dynamical
system (9, 7). Thermal equilibrium states of such systems are characterized by the
KMS condition.

Definition 2.2. Let (M, 7) be a W*- dynamical system, and 3 > 0. A state . on N
is a (1, 3)-KMS state if it satisfies:
1. .7 is normal.
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2. For any A, B € N there exists a function F 4 p(2), analytic in the strip
{z:0 < Im(2) < B},
continuous on its closure, and satisfying the KMS boundary conditions
Fa (t) = S(AT'(B)),
Fapt+if) =L (T'(B)A),
fort € R

The following well known fact, first proved in [FNV1], will naturally follow from
our discussion in Sect. 6 (see Theorem 6.1).

Proposition 2.3. For any A € R and 3 > 0, there exists a unique (T, 3)-KMS state
S8 onm
I .

Remark 2. In the sequel we refer to A as the friction constant, and to « as the form
factor.

3. Results

According to the previous section we shall, from now on, assume that
(H1) The form factor o in Eq. (2.11) and (2.15) satisfies

(w+w Ha e LARY).

For technical reasons related to the use of complex deformation techniques in [JP1],
we also need a regularity assumption on the form factor . To state this hypothesis
we need some additional notation. If  is a Hilbert space, we denote by H?(8, ) the
Hardy class of h-valued functions on the strip

&(6) ={z: [Im(2)| < 6}.

The Hilbert space H2(6, h) consists of all analytic functions f: &(8) — h satisfying

[e o)

flan = s [ lf@siolf dz < .

la]<é J —o0
Let S? denote the unit sphere in R®. Given a function f on R’, we define a new
function f on R x S? by the formula

—|s|'/2 f(|s|k) if s <0,

s'2fsky  ifs>0. 3-1)

f(s, k) E{

Our central technical hypothesis is:
(H2) There exists 0 < § < 27 /(3 such that

a e H*(6, L*(SY)).
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Finally we must assume that the spin effectively couples to the reservoir at Bohr’s
frequency Aw = le, —e_| =2,

(H3) / la2k)|? do(k) > 0,
S2

where do is the surface measure on S2.

The most severe restriction on the infrared behavior of « is Condition (H1) which
requires a(k) = O(]k|") as k — 0 with n > —1/2. Conditions (H1)—(H3) are satis-
fied, for example, by the function a(k) = \/m exp(—|k|?). More general conditions
will be discussed in [JP2]. We are now ready to formulate the problem of return to
equilibrium. Our discussion is motivated by the work of Robinson ([RO1, RO2]).

Definition 3.1. The spin-boson system at zero temperature has the property of return
to equilibrium if
lim & (%/{(A)) =.K*(A), (3.2)

ltl———»oo

for any normal state & and any A € My ® Ay

Definition 3.2. The spin-boson system at positive temperature has the property of
return to equilibrium if

lim .7 (t4(A)) = £ (A), (3.3)

|t|—o0
for any normal state . and A € M.

We remark that, whenever Relation (3.2) or (3.3) holds, one would also like to know
the rate at which the limit is achieved.

In the zero-temperature case, the question of return to equilibrium is still an open
and, we believe, an outstanding problem of mathematical physics. We will briefly
discuss this problem and related difficulties below. For additional information we
refer the reader to [HE, SC and HS1].

Let us now state the main results of this paper which, in view of the difficulties
encountered in the zero-temperature case, come perhaps as a surprise.

Theorem 3.3. Suppose that Hypotheses (HI1)-(H3) hold. Then, for 3 > 0, there
exists a constant £(3) > 0, depending only on the form factor o, and such that the
spin-boson system has the property of return to equilibrium for any real X\ satisfying
0 < |\l < 4P).

Remark 1. An immediate consequence of this theorem is that, for any density matrix
p on the space H ® 7%, and any X € M,, we have

Tr(exp(—(H;) X)

Tr(exp(—fSH,))
For a related discussion in the framework of master equations, see [D1 and D3], Eq.
5.13.

Remark 2. 'We can recover the zero-temperature model in the limit 5 T oco. Indeed,
the partial trace of any normal state . of the positive temperature model over the

third space in $5 ® H @ H, is a normal state . of the zero temperature model. In

. . t -
lim lim Tr (pTiX ®1) =
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fact any such state can be obtained in this way. Moreover one can show that for any
normal state .,

lim KX @ 1,0, (W) =KX @ W),

lim 7 (T{(X @ 7,0, W(HD) = (X @ W),

hold for arbitrary X € M, and f € D;,.. However this limit is quite singular and, by
the best estimate we have, the constant of Theorem 3.3 vanishes like 4(8) = O(5~1)
as B T oo. Thus, our result does not yield any new information concerning the zero-
temperature spin-boson system.

Theorem 3.4. Suppose that Hypotheses (H1)-(H3) hold and let £(03) be as in Theorem
3.3. There exist a norm dense set of normal states g and a strongly dense *-algebra
Mo C M, both independent of B3, and such that for |\| < €(B), S € g and A € My,
one has

7 () - KW < 0, ayer (3.4

for some C(.%, A) independent of A and 3. The function y()\) is strictly positive for
0 < |\l < UB), and satisfies

Y\ = N2 %% /S i la@B)|* do(k) + OO,

as A — 0.

Remark 3. ~()) is the negative imaginary part of the complex resonance of the
Liouvillean which is closest to the real axis (see Sect. 6 for details).

Remark 4. For any X € M,, we have X ® I € M.

The proofs will be presented in Sect. 6. We now turn to the promised discussion
of the mechanisms behind thermal relaxation. To emphasize the physical content of
the model, we shall use its atom-photon interpretation (see e.g., [CDG]). We discuss
first the zero-temperature case. The relevant physical process is radiative decay via
spontaneous emission. The atom “radiates” its energy into the vacuum. As the emitted
photons propagate towards infinity, the interacting system dissipates to its lowest
energy state: The ground state. We discuss the spectral consequences of this process
in some detail in the sequel.

The spectrum of the uncoupled Hamiltonian Hy is given by

Tac(Ho) = [~1, 00,
Usc(ﬁ()) = ®a
opp(Ho) = {~1,+1}.

As the coupling is “switched on,” the lowest eigenvalue moves along the real axis
to a new location e_(A). It remains simple, merely experiencing what is called the
Lamb shift. The fate of the other eigenvalue is different: Since it is embedded in
the continuous spectrum we expect it to turn into a resonance, in some appropriate
sense. This scenario is still a conjecture, nevertheless there exists a well developed
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formal method, going under the name time-dependent perturbation theory, which has
been used since the 20’s to compute the coefficients in the formal Taylor expansion
of e,(\) (see [DI, HE and SC]). The imaginary part of the first non-trivial term in
this expansion is generally known as Fermi’s Golden Rule. For the model (2.11), this
method yields

Im (e.(\)) = —\%4rn / . la2k) |2 do(k) + ON%).
S

To second order, this quantity is the probability per unit time for the atom to sponta-
neously emit a photon while making a transition x+ — x— (see [WW and HE] for
more details).

If the above picture is not qualitatively altered by re-absorption and other higher
order processes, we expect the following spectrum

Oac(Hy) = [e_ (M), o0l
0se(Hy) = 0, 3.5)
Tpp(Hy) = {e_ (W)},

the eigenvalue e_(A) being simple. From this and the fact that
K2 (AF(B) = (A0, exp (iCHr — e~ ) B )

an elementary property of absolutely continuous spectrum ([RS], Sect. 3, Lemma 2),
would imply the mixing property of the spin-boson system at zero-temperature:

lim K> (AF{(B)) = K7 (A)K=(B), (3.6)

[t|—o0

for any observables A, B € M, ® .;,.. One easily shows that (3.2) implies (3.6),
but the opposite is not true: At zero-temperature, mixing is strictly weaker than re-
turn to equilibrium. We shall see in Sect. 4 that the situation is different at positive
temperature.

In our opinion, the first step towards a proof of return to equilibrium at zero
temperature should be a derivation of (3.5), or at least of the mixing property (3.6).
However, in view of the previous discussion, we believe that there is no natural way
to map this question into a purely spectral problem, and that a new idea is needed.

Important advances in this direction have been recently made in [HS1, HS2]. In the
first paper, Hiibner and Spohn develop a scattering theory for the model. In particular,
they show that return to equilibrium is a consequence of asymptotic completeness.
The second paper presents an adaptation of Mourre theory to the massive spin-boson
model at zero temperature. It would be very interesting to extend these results to the
mass-less model discussed here.

When this work was finished, we learned that Bach, Frolich and Sigal announced
a result which, specialized to the model (2.11), yields (3.5) under some technical
assumptions on «, e.g. dilation analyticity ([BFS]). In addition, their results in essence
justify the resonance picture sketched above.

In the remaining part of this section we briefly discuss the situation at positive
temperature. Here two elementary processes are responsible for thermal relaxation:
Absorption and induced emission. The atom continuously exchanges energy with the
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radiation field. The resulting thermal fluctuations drive the system towards equilib-
rium. The operator Hy has the following spectrum:

0ac(Ho) =R,

Jsc(HO) = (Z))

opp(Hp) = {—1,+1}.
Unlike in the zero-temperature case, we expect here both eigenvalues to turn into

resonances as a result of the coupling. This was rigorously established by the authors
in [JP1], where Theorem 2.2 translates into the following statement.

Theorem 3.5. Suppose that Hypotheses (HI1)—(H3) hold. Then there exists a dense
subspace & C Hs Q@ Fb, and, for 0 < n < 6, a constant A(n) > 0 such that if
[A| < A(n) and &,¥ € &, the functions

2 (9, (Hx — 2)7'D), 3.7)
have a meromorphic continuation from the upper half-plane onto the region
O ={z:Im(z) > —n}.

On (@, the functions (3.7) are analytic except for two simple poles located at F+(\).
The functions E(\) are analytic for |\| < A(n). Furthermore the first coefficient in
the Taylor expansion

Es(\)=4+1+aPN+...,

is given by

exp(£0) / N
_— 2k)|"do(k

V/ exp(£0s/2) s, b
RxS? |Sh(ﬁ3/2)| 2—s

where PV stands for Cauchy’s principal value.

Fﬁ = —Im(@@P) =2n

1 R
1% =Re(@?)=+=P dsdo(k),

2

As an immediate consequence we obtain that, for small non-zero A,

oac(H)) =R,
osc(Hy) = ®>
opp(Hy) = 0.

Moreover we remark that the imaginary part of F.()) is related to the radiative
lifetime of the corresponding atomic state x=. In second order perturbation theory,
only processes in which a single photon is either emitted or absorbed are taken into
account. In this framework, the coefficients Ff are related to Einstein’s A-B law ([E],
see also [PA and P]). We refer to [JP1] for a detailed discussion.

The spectral analysis of H) is only a first step toward the understanding of the
long time behavior of the spin-boson model, and the proof of (3.3) requires a new
ingredient. In the next section, we show how to exploit the rich algebraic structure of
the positive temperature model to reformulate the question of return to equilibrium
as a spectral problem.
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4. Quantum Koopmanism

The spectral approach to classical dynamics is based on Koopman’s lemma: Let
(M, p, p) be a classical dynamical system i.e., M a measure space, p a probability
measure on M and t — ! a measurable group of measure preserving transformations
of M. If L>(M, dy) is separable, then f — fo¢! defines a strongly continuous unitary
group with generator L. The ergodic properties of the system can be characterized by
the spectrum of L (see [CFS] for more details). Note that if the system is Hamiltonian,
L is nothing but the familiar Liouville operator.

Our aim is to extend Koopman’s framework to quantum mechanics. Let 9 be a
von Neumann algebra. Recall that a state . on 90 is faithful if .#(A* A) = 0 implies
A =0. We shall call (I,.%,7) a quantum dynamical system if t — 7° is a weakly
continuous group of automorphisms of 9, and . a faithful normal 7-invariant state.
We further denote by (F#%, , §2) the canonical cyclic representation of 9 (see [BR1],
Sect. 2.3.3) associated to .. The two conditions

n(Tt(A)) = exp(iLt) m(A) exp(—iLt),

4.1
LN =0, @1

uniquely determine a self-adjoint operator L on .7 . In analogy with the classical case,
we call L the Liouvillean of the system (see [RO1], where L is called equilibrium
Hamiltonian). Note that the second condition in (4.1) is crucial: Many operators satisfy
the first condition. In fact if Ly is such an operator, so is Ly + V for any self-adjoint
Venrm.

It is a simple exercise to show that if (I,.¥”, 1) is the W*-dynamical system
naturally associated to (M, u, ), the Liouvillean reduces to the familiar Koopman
operator. We will show that the spectral characterizations of ergodic properties carry
over to the quantum case. To formulate our result, we need the following definitions.

Definition 4.1. Let (M,.,T) be a quantum dynamical system, and denote by N~
the set of normal states on .
1. M, 1) is ergodic if, for any A € M and F' € N, one has

. 1
lim

T
_ o’ - G
Jim [Ty(f (A))dt = F(A).

2. It is weakly mixing if, for any A, B € 9, one has

T
lim 1 | L (Y (A)B) — 5/(,4).%19”2 dt =0.
T—oo 2T _T
3. It is mixing if, for any A, B € I, one has

tlixgo F(rH(A)B) = .F(A).F(B).

4. It returns to equilibrium if, for any A € M and .5 € N, one has
tlim F(rHA) = F(A).
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Theorem 4.2. Let (M,., T) be a quantum dynamical system, (F%,m, (2) its cyclic

representation and L its Liouvillean. Denote also by Pq, the orthogonal projection of

F along the cyclic vector (2. Then,

1. OM,., 1) is ergodic if and only if 0 is a simple eigenvalue of L.

2. It is weakly mixing if and only if L has purely continuous spectrum, except for the
simple eigenvalue 0.

3. It is mixing if and only if

w — lim exp(—iLt) = Py,. 4.2)
t—o0
4. It returns to equilibrium if and only if it is mixing.

Proof. We start with some basic facts (see [BR1], Sect. 2.3.1, 2.4.4 and 2.5.1). Let
N be a von Neumann algebra on a Hilbert space §). A vector ¥ € §) is called cyclic
for N if NP is dense in $H. It is called separating for N if A € 9N and AV =0
implies A = 0. A vector is separating for 9N if and only if it is cyclic for 91". A
representation 7 of 97 is called faithful if it is a *-isomorphism between 91 and n(91).
A representation 7 is faithful if and only if n(A) = 0 implies A = 0. A representation
is faithful if and only if it satisfies [|n(A)|| = || Al for any A € 9. Finally if 7 is a
faithful representation of 97 in the Hilbert space .7, then a state . on 91 is normal
if and only if there exists a density matrix p on .7 such that .#(A) = Tr(p n(A)).

The proof of Theorem 4.2 is based on the following argument: The cyclic rep-
resentation 7 inherits the faithfulness of ., therefore {2 is not only cyclic but also
separating for w(9M). It follows that both w(M){2 and 7 (M)’ (2 are dense in .F&. Let
us denote by ./J4 the set of vector states arising from vectors in 7(9)' (2. The set
of finite convex linear combinations of elements of .//¢ is norm dense in ./, thus
we can replace ./ by ¢ in Definition 4.1. Now, for ¥’ € g, there exists an
operator C' € 7(9MN)’ such that

F(THA)) — F(A) = (CR,m(T(A)C) — (2, m(A)2)
= (12, F(Tt(A))C*C.Q) — (2, 7(A)D(N2,C*CND) “4.3)
= (m(A")12, exp(—iLt)(I — Po)C*C 1),

for any A € 9. In the same way we can write

L (TH(AB) — S (DS (B) = (2, 71(T(A)B)R) — (2, n(A) (2, m(B)12)

: 4.4)
= (m(A")12, exp(—iLt)(I — Po)m(B)12),

for any A, B € M. Von Neumann’s ergodic theorem (see [CFS] for example) applied
to (4.3) and the density of (92 and 7(IM)' (2 yield a proof of (i). In a completely
similar way, RAGE theorem (see [RS], Theorem XI.115) applied to (4.4) and the
density of w(9M){2 prove (ii). By (4.4), assertion (iii) is an immediate consequence
of the density of 7w(9M)(2. Finally, using (iii), we reduce the proof of assertion (iv) to
the equivalence of return to equilibrium with (4.2). This follows directly from (4.3),
the density of w(9)§2 and w(9M)' (2, and the fact that an arbitrary P € w(9N)’ is a
linear combination of positive operators. |
As in the classical case, one has the

Corollary 4.3. If the Liouvillean L of a quantum dynamical system has purely ab-
solutely continuous spectrum, except for the simple eigenvalue O, then this system is
mixing.
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Remark 1. Let (MM, 7) be a W* dynamical system. Any (7, 3)-KMS state .#7 is
faithful, normal and 7-invariant (see [BR2], Sect. 5.3.1). It follows that (I, .8, 7) is
a quantum dynamical system. This contrasts with the zero temperature case: At zero
temperature an equilibrium state (ground state) generally fails to be faithful. The loss
of faithfulness in the limit 8 T oo is the source of one of the previously mentioned
difficulties in the zero temperature spin-boson model: There is no Koopman Lemma
at zero temperature, hence no spectral characterization of the dynamics. This is not a
quantum phenomenon, the problem already exists in the classical description.

5. Modular Theory

In this section we restrict ourselves to quantum dynamical systems of the form
M, 7P, 1), where .#P is a (1,[3)-KMS state. We show how Tomita-Takesaki’s
theory relates the Liouvillean of the system to its modular structure, and how this
fact naturally leads to multiplicative and additive perturbation theory of the Liouvil-
lean. We start with a brief review of the basic construction leading to modular theory.
For a more detailed exposition from the standpoint of mathematical physics we refer
the reader to [AR1 and BR1,BR2].

Let 91 be a von Neumann algebra on a Hilbert space §), and ¥ € §) a separating
cyclic vector. The map

AU — AW for AeN, 5.1

determines a closed, densely defined, anti-linear operator S on §). Its polar decompo-
sition
S=JAY?, (5.2)

defines the modular operator A and the modular conjugation J of the pair (N, ¥).
The fundamental theorem of Tomita and Takesaki states that

JU =0, JNJT =N, (5.3)

and
Aztw - lp, Alth—-’Lt - ;n) (54)

for all ¢ € R.

To make the connection with the quantum dynamical system (9,.%?,7) note
that, according to the previous section, the canonical cyclic representation (F#, , 2)
associated with .7 is faithful. Thus {2 is a separating cyclic vector for m(9t), and
we can apply the above construction to the pair (m(9), £2). By a slight abuse of
language, we shall say that the operators J and A obtained in this way are the
modular conjugation and modular operator of the system (90,.%, 7). It follows
from Tomita-Takesaki’s theorem that the formula

A = Jn(A) J,

defines an anti-linear representation of 9 on the commutant 7(9M). We shall see
that this dual representation (AW, HHW]) plays a fundamental role in our problem.
Another immediate consequence of Tomita-Takesaki’s theorem and of Takesaki’s
characterization of the modular group A (Theorem 5.3.10 in [BR2)) is
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Proposition 5.1. Let N, .5?, T) be a quantum dynamical system, and (F%, T, 2) its
cyclic representation. Assume that ¥ P is a (1, 3)-KMS state. Then the Liouvillean L
of the system is related to its modular operator A by the formula

A = exp(—fL).

The modular structure enjoys very simple covariance properties under unitary trans-
formation (inner automorphisms). In particular the spectrum of the Liouvillean is
invariant under such a transformation.

Lemma 5.2. Let (MM, ., 7) be a quantum dynamical system, (F€,x, (2) its cyclic
representation, L its Liouvillean and J its modular conjugation. Furthermore let V
be a unitary element of M, and denote by v the associated inner automorphism of M,
ie.,

Y(A)=V*AV,

forany A € M. To V we associate the unitary operator
U =x(V)rhV),

on . F. Then M,.5 ov,v~ ' o1 07) is a quantum dynamical system.
1. Its cyclic representation is given by (F€,m,U (2).

2. Its Liouvillean is ULU™*.

3. Its modular conjugation is again J.

This is again a simple consequence of Tomita-Takesaki’s theorem, and the proof
will be omitted. We end this section with a powerful result which describes how the
modular structure is altered by a small perturbation of the dynamics. It is an immediate
rephrasing of a well known theorem of Araki [AR2] (see also [BR2], Theorem 5.4.4
and the remarks after it).

Theorem 5.3. Let (I,.¥5, ) be a quantum dynamical system, (F€,, §2) its cyclic
representation, L its Liouvillean, and J its modular conjugation. Assume that 5P is
the unique (7, 3)-KMS state of M. Then, for any self-adjoint V' € N, the formula

T (A) = 7" (exp(i (L + m(V)t) m(A) exp(—i (L + m(V)t)) ,

defines a W* dynamical system on M. Furthermore,
1. 2 € D(exp(—B(L +7(V))/2)), and the vector state %ﬂ associated with

_ exp(—B(L+m(V)/DR
V= Texp(=B(L + n(V)/2)22]’

is the unique (Ty, 3)-KMS state of M.
2. The cyclic representation of the perturbed system (N, (%B ,Tv) is (B, 7, 2y).
3. Its Liouvillean is Ly = L + w(V) — w8(V).
4. Its modular conjugation is again J.

We are now fully equipped to proceed with the proof of our main result.
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6. Proofs of Theorem 3.3 and Theorem 3.4

As a warm up, let us describe in detail the modular structure of the isolated spin at
inverse temperature (5. Recall that the observable algebra is 9 = M. Since it is
a factor (i.e., its center M, N M, is trivial), the Gibbs state ./# given in Eq. (2.1)
is the unique KMS state of the system (see [BR2], Theorem 5.3.29). We denote by
(FHb, s, ¥,) the corresponding canonical cyclic representation of 9, which, accord-
ing to the GNS construction, can be realized in the following way: The Hilbert space

1S
'%s = M2,

with the familiar inner product
X, Y)=Te(X*Y). 6.1)
The representant 7;(A) acts by left multiplication i.e., for any A € M, and X € F&;,
ws(A): X — AX.

The unit vector |

z¢
is obviously cyclic and separating for 7,(9;), and satisfies

FP(A) = (T, T5(A) Ty).

v, = exp(—3H,/2),

Thus there is a unique self-adjoint operator Ls on 5% such that
- (exp(itHs)A exp(—itHs)) = exp(it Ls) ms(A) exp(—itLy),

for A € M, and
LW, =0.
One easily checks that the operator defined by
Ly X — [Hs, X],

has the required properties, and therefore is the Liouvillean of the system. It follows
from Proposition 5.1 that the modular operator of the pair (74(95), {2,) is given by

s = exp(—BLs): X — exp(—fH,) X exp(BH,).

Going back to the definitions (5.1), (5.2), its modular conjugation is immediately
identified as
Jo: X — X7,

from which we conclude that
ﬂg(A):X — XA

Along the same line, we shall now describe the modular structure of the isolated
boson gas at inverse temperature . Recall that the algebra of observables is M, =
Tyw (loc)’, where ., is the Araki-Woods representation corresponding to the
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equilibrium state . A, By construction, the cyclic representation of the reservoir at
thermal equilibrium is (.54, 7, ¥3), where

mp(A) =

As in the case of the isolated spin, it is straightforward to identify the Liouvillean as
the operator on .74, defined by

Ly: X — [Hy, X].

Note that, in this case, the Liouvillean is identical with the original Hamiltonian Hp.
Proceeding as before we can write down the modular operator of the pair (7(9), ),

Ay = exp(—FLp): X — exp(—Hp) X exp(GHp).

Using Definitions (5.1) and (5.2), we see that the modular conjugation J}, is charac-
terized by

Jo exp(—BHW (VI+p 1) 120 2IW (Vo f) exp(3Hs/2) =
w(Vivar) 12)c21w (Vor)

Since exp(—(BH;/2) = I'(exp(—Pw/2)), a well known property of second quantized
contractions (see [SI], Sect. 1.4) gives

exp(—BHy /)W (/)2 = exp(— }L(f, (1—e) f)) W (exp(—Bw/2)f) 2. (6.2)

If f € D(exp(Bw/2)), it follows from this formula that W(f) 2 € D(exp(5Hy/2)),
and

exp(BHy/2) W(f) 2 = exp (i (f, (€7 =1) f)) W (exp(Bw/2)f) 2. (6.3)

Inserting (6.2) and (6.3) in the above characterization of J; leads to

w(Vor) loyeiw (Vizof)=w (Vixpf) 12)21w (Vor)
from which it becomes apparent that
Jp: X — X*.
The dual representation is given by
THA): X - (AX7)T,
in particular
T WX =W (62 1) X W (42 1)

From this, a simple calculation shows that
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T (T W/ T+ p P T, WP F)): X = WX,
(T W (0 PV T W1+ p ) X > XW (),

and since sm;, = wﬁ(zm,,), the irreducibility of the Fock representation allows us to
conclude that My, V M} = £ (F%,). Hence we recover the well known facts that 91,

is a factor and that .%’ P is the the unique KMS state of the isolated boson gas at
inverse temperature (3.

We can now describe the modular structure of the combined spin-boson system.
In the absence of interaction i.e., when X\ = 0, the state

S HER AL

is the unique (79, 8)-KMS state on 9 = M, @ M. The quantum dynamical system
on, % s ,To) has a canonical cyclic representation (%, ,¥) defined by

T = Fs @ Ty,
T=Tg & My,
7r”=7r§®7rg,
V=0, @W.

The vector ¥ is cyclic and separating for m(J), and the corresponding modular
operator and modular conjugation are given by
A=A, ® Ay,
J=Js® Jp.
Finally the Liouvillean is
Ly=L;@I+1® Ly.

To obtain the modular structure of the coupled system, we would like to follow
the perturbative approach of Theorem 5.3. This is not directly possible, due to the
unboundedness of the coupling term Q®¢, ,,, (o). However, the following twist avoids
this complication: Define

Vi =exp (iAQ ® ¢, (ia/w)).

One easily checks that Hypotheses (H1)-(H2) imply a/w € D(w~'/?), from which we
can conclude that V, € 9. Let us denote by -y, the corresponding inner automorphism
of M. Using Weyl’s relation (2.3), an explicit calculation shows that

t _ . —1 t
T =75 9&X M,

where
§f\(A) = exp(i(Hy + Th)t) A exp(—i(Hy + TH)t),

and T, is the self-adjoint element of 0 given by
T)\ ='7)\(0'z®1)—0-z @ 1.

Since & = 19, we know from the previous paragraphs that (M, .5 A ,&0) is a quantum

dynamical system, and that % # is the unique (&, 5)-KMS state. One further checks
that
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m(E4(A)) = exp(i(Lo + m(Tx))t) T(A) exp(—i(Lo + m(Ty))t)

implements the dynamics in the cyclic representation. At this point we are ready to
apply Theorem 5.3, which shows that £, defines a quantum dynamical system with
unique KMS state a inverse temperature 3. The Liouvillean of this system is given

by N
Ly = Lo+ m(Ty) — ©(T)).

Applying now Lemma 5.2, we conclude that 7, also has a unique KMS state %ﬂ ,
and that the Liouvillean of (9, (5{[3 ,Tx) is given by
Ly = i (rt (V) Lym(V*)rh(V*).
This formula can be explicitly evaluated to obtain
Ly = Lo+ Mms(Q) ® 9,40 (@) = ATHQ) @ ¢ (a), (6.4)

where ‘Pﬁw denotes the field operator of the dual Araki-Woods representation 7r£ ie.,

T W () = exp (=i, (1)

For calculational purposes, let us develop a more explicit formula. Using the tensor
product realizations .7, = ) ® Hs and FE, = Hy @ Hy, We can write

In=L@I+I1Q@Li+ANQ O ® ¢, () - M @Q)® ¢! (a)
with
Li=H,®1—-1®H,,
Ly=H,®1—1I® Hy,
and
P (@ = (1 +p)' ) @ T +1® p(p' @),
ot (@ = (' *a) @ I +1 @ o((1+p)a).
We summarize the above discussion in

Theorem 6.1. Let (9, w, §2) be the cyclic representation of the non-interacting spin-
boson system (I, .S A ,To) at inverse temperature 3 < co. For any A € R there exists
a cyclic and separating vector L.pf € F such that

FKPA) = (Wf,ﬂ(A) spf) :

is the unique (T, 5)-KMS state of . Furthermore the Liouvillean of the interacting
spin-boson system is given by Eq. (6.4).
Theorem 4.2 reformulates the problem of return to equilibrium as a spectral problem
for the operator L. Note that Ly has the following spectrum:

Uac(LO) = R)

Usc(LO) = (Z),

opp(Lo) = {—2,0,2}.
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Clearly, +2 are simple eigenvalues with eigenvectors x + ®x F ®W,, while 0 is a
twofold degenerate eigenvalue with eigenvectors Y+ ® x+ ®¥,. When the interaction
term is “switched on,” one naturally expects all these eigenvalues to “turn into res-
onances,” except for 0 which must remain an eigenvalue. The precise way in which
the degenerate eigenvalue O splits into resonance and eigenvalue is the content of
Einstein’s A-B law.

The method developed in [JP1] for the analysis of the spectrum of the operator H
immediately applies to L. The reason is the following: The fundamental tool in [JP1]
is a spectral deformation of H . This deformation is induced by a complex translation
of the variable s in the representation of .7, as the Fock space over L2(R x S2, ds do).
In this representation, the interaction term in H is given by ([JP1], Theorem 3.1 and
Eq. 3.6)

Hy = Q ® p(ap),
where ¢ is the Segal field operator of the corresponding Fock representation of CCR,
and
= > " a6, 12 6.5
aﬁ_<1_exp(_ﬁs)) a € H'(6, (S, (6.5)
as a consequence of Hypothesis (H2). A simple calculation shows that the corre-
sponding term in L is

L =@Q@®1D® plag) — (I @ Q) ® plexp(—fPs/2)ap),

which clearly enjoys similar analyticity properties. One can show that a complex
translation moves the essential spectrum away from the real axis and reveals the
resonances (see Fig. 1). These resonances can be computed by the familiar Rayleigh-
Schrodinger series. The radius of convergence of these perturbative expansions is
essentially determined by the singularities of the function ag. Hypothesis (H3) further
ensures that, for small A, the resonances have a positive width.

-2 0 2

2n/B

Fig. 1. The eigenvalues of L (white discs) and the resonances of Ly (black discs). The complex translation
moves the essential spectrum of the Liouvillean into the shaded area. The first singularity of the function
ag in the lower half-plane lies on the dotted line
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Recall that Ff and IT fz were defined in Theorem 3.5. We further set

rP=rfirs,
mP=mf - P,

Then a simple adaptation of Theorem 2.2 and Proposition 4.7 in [JP1] gives

Theorem 6.2. Suppose that Hypotheses (H1)-(H2) are satisfied. Then there exists a
dense subspace & C FE and, for each n €]0,6[, a constant A(n) > 0 such that for
X €] — A, Am)[ and &,V € &, the functions

2 (P,(Ly — 2)7'D), (6.6)
have a meromorphic continuation from the upper half plane onto the region
@ ={z:Im(z) > —n}.

The poles of matrix elements (6.6) in (7' are independent of ® and W. They are identical
to the eigenvalues of a quasi-energy operator X'\ on Fbs. This operator is analytic
Jor |A| < A(n), with a power expansion of the form

Syv=Ls+ Z A\ 3@

n=1

The matrix X® can be explicitly computed and, denoting by Pg the eigenprojections
of Ls, we have
P, XPPy, = (£11° —ilP), (6.7)

for the simple eigenvalues, and

B BB
25" 2ilPe )’ 6.8)

(2) —
Ro P"“( 2uirfes —2ir?

for the degenerate one. Note that the eigenvalues of the matrix (6.8) are 0 and —4iI'°.

An immediate consequence of the above result and of Proposition 4.1 in [CFKS] is
that there is a constant 4(8) > 0 such that for 0 < |A| < 4(8) the spectrum of L,
is purely absolutely continuous, except for the simple eigenvalue 0. The proof of
Theorem 2.3 is completed by invoking Theorem 4.2 and Corollary 4.3. H

Remark 1. 1t follows from the the proofs of Theorem 4.6 and Proposition 4.7 in
[JP1] that A(n) = O(B~") as 3 1 oo, therefore £(/3) behaves similarly.

Remark 2. We note that the matrix X® is intimately related to the generator of
the Markovian dynamics that arises in the van Hove limit A — 0, t = A~27. This
generator is usually derived from Pauli’s master equation (see for example [D1, D2,
D3 or M)). It turns out that, in the representation we work in, —i X ® is identical to this
generator. The relation between Pauli’s master equation and the method developed in
this paper will be discussed in more detail in [JP2].

We now sketch the proof of Theorem 3.4. We will only consider the limit ¢ T +oo,
a similar argument can be used for ¢ | —co. We invoke the dynamical consequence
of Theorem 6.2 i.e., Theorem 2.5 in [JP1].
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Theorem 6.3. Suppose that Hypotheses (H1)-(H2) are satisfied. Then there exists
a dense subspace & C FE and, for each n €]0,6[, a constant A(m) > 0 with the
following property: For |\| < A(n) there are two maps W 1 & — FBs such that for

any @, € &, one has (W, &, WW¥) = (9,¥) and
(D, exp(—it L\)¥) = (W D, exp(—i Zxt)Wi¥) + O(exp(—nt)),

as t — +oo.

If U(6) denote the group of translations introduced in Sect. 4 of [JP1], then & can
be chosen to be the set of vectors which are analytic for U(f) in a strip &(6). In
particular, we can choose & independently of £.

We define the set of states ./#5 and the algebra 90t as follows. Let

Ao = {X @7y, (W) : F e H G LA}, (6.9)

denote by /7/\'/the set of vector states associated with vectors in wu(%o)wﬂ and set
Sﬁo = W(J@O) We define .44 as the set 0 of finite convex linear combinations of states
in A/ and M as the linear span of E)LRO Clearly .45 and 9, enjoy the properties
stated in Theorem 3.4. Note also that it is sufficient to prove (3.4) for . € ﬂ/ and

Ae ﬁo. Let v()\) be the negative imaginary part of the complex eigenvalue of X'
closest to the real axis. Then it clearly satisfies the properties stated in the theorem.
By Eq. (4.3) and Theorem 6.3 the proof of Theorem 3.4 reduces to showing that the

vectors w(A)Wf and wﬁ(A)Q/f\? belong to the set & for A € .-4y. In the representation
of .7, as the Fock space over L?>(R x S?,dsdo) used in [JP1], we have that

s /2
(X @ Ty W) = ms(X) @ W ((m> f) ’

12
o : s 1) !
(X @ my, (W) =m(X)@W ((exp(ﬂs) — 1) f) '

Therefore, from our assumption on f in Definition (6.9), Theorem 3.4 will follow

from !I/f € &. Using the notation of [JP1], this can be established as follows. Let
L (—10) be the deformed Liouvillean defined as in Sect. 4 of [JP1]. By Theorem 4.6

in [JP1], there is a constant A > 0, so that for % <@ <éand $,9' € &, one has

(@, U@L, &) = (U0)D, Qr(~iO)U(—if)d), (6.10)
where ))(—i6) is the spectral projection of the deformed Liouvillean L (—%6) cor-
responding to the eigenvalue zero. Let now & = U(—if)®y and &' = U(i0)Py with Hy
an analytic vector for U(6) in the strip &(26). Then @,&’ € &, and from Eq. (6.10)
we conclude that

U-i0)20,8)| (@5, U(8)%0)| = (@0, Qu(=i8)P0)| < Cox |80

Thus for l—f‘ll < 0 < 6 we have

7 € DU(—i6)) N DU (ih)),
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and therefore U (G)Wf is analytic in &(6). All the necessary estimates follow from
Theorem 4.6 in [JP1]. This completes the proof of Theorem 3.4.
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