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Abstract: The spreading of wave packets evolving under the Anderson Hamiltonian
on the Bethe Lattice is studied for small disorder. The mean square distance travelled
by a particle in a time ¢ is shown to grow as ¢* for large ¢.

1. Introduction

The Anderson model [6] gives a description of the motion of a quantum-mechanical
electron in a crystal with impurities. It is given by the random Schrédinger operator

Hy=14+ 2V on *(L); (1.1)
where IL is either Z¢ or the Bethe lattice B (same as Cayley tree—an infinite
connected graph with no closed loops and a fixed number K + 1 of nearest neighbors
at each vertex (K = 2, so B is not the line IR); the distance between two sites x

and y in BB will be denoted by d(x, y) and is equal to the length of the shortest
path connecting x and y). The (centered) Laplacian A is defined by

(du)(x) =3 u(y), (1.2)

y

where the sum runs over all nearest neighbors of x in IL, and V" is a random poten-
tial, with V(x), x € IL, being independent, identically distributed random variables
with common probability distribution p. The real parameter A is called the disorder.

It follows from ergodicity that the spectrum of the Hamiltonian H, is given by

o(H;) =0 (34) + Asupp p (1.3)

with probability one [33,9,3], where O‘(%A) equals [—d,d] if L = Z¢ and [-VK,
VK] if IL = B. The decomposition of ¢(H;) into pure point spectrum, absolutely
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continuous spectrum and singular continuous spectrum is also independent of the
choice of V with probability one [26,9,3]. In the physics literature ([6,32,37,
1,2,29] and others) one finds the following picture: In one and two dimensions,
as long as the potential is random (i.e., A#0), the model shows exponential lo-
calization (i.e., pure point spectrum with exponentially decaying eigenfunctions).
In three and more dimensions both localized and extended states (i.e., absolutely
continuous spectrum) are expected for small disorder, with the energies of extended
and localized states being separated by the mobility edge; the model exhibits the
Anderson metal-insulator transition. In the Bethe lattice the picture is similar to
the multidimensional case ([1,2,27,31,30] and others), with perhaps a mobility
interval instead of a mobility edge (see the discussion in [22]).

An alternative way to distinguish between localized and extended states is by
looking at their time evolution. Let us consider a particle which is localized at the
origin 0 of IL (we fix an origin 0 for the Bethe lattice) at time ¢ =0, at time
¢t it will be described by the wavefunction lﬁt(“ = ¢e".§), with & being the delta
function at x = 0. A measure of the spread of the wave packet at time ¢ is given
by its mean square displacement

2@ = 3 kPR = X kP [e*20,x)| (1.4)
xellL x€llL

where |x| = d(0,x) (it is not a norm in B) and e™:(0,x) = (9, e"25,). We always

have ([35], we give the argument in Lemma A.1)

2 2 _ gd
z{d if IL=29, (15)

1
ri(t) £ C* with CzH—A
1K if L=B.

2

In the case of free motion (A= 0) one has r2(¢) ~ const>. Anderson [6] argued
that for large disorder, there are only localized states so the particle localizes near
the origin, i.e., sup, r%(t) < oo with probability one (see the discussion in [14]).
In three or more dimensions, the particle should diffuse with probability one for
small disorder, and one should have [14,28] E(r2(¢)) ~ const ¢, where IE denotes
expectation with respect to the probability distribution of the random potential.
On the Bethe lattice, however, we should expect ]E(rﬁ(t)) ~ const#? at small dis-
order, since on the Bethe lattice both free motion and what should be diffusive
motizon (e.g., the simple random walk) have mean square displacements growing
as t°.

There are now many proofs of exponential localization for the Anderson
Hamiltonian: for any disorder in one dimension (e.g., [15,26,8,11] and others),
and for large disorder or low energy in the multidimensional case (e.g.,
[14,13,10,36,28,11,5,4,19,16,12] and others) and on the Bethe lattice [5,4, 16].
When the single site potential distribution y has a bounded density and compact
support, it is also proven that E(sup,72(¢)) < oo for large disorder, both in the
multidimensional case [28,4] and on the Bethe lattice [4].

There are presently no rigorous results about extended states in Z¢. In previous
work [20,21,23] we proved the existence of extended states on the Bethe lattice
for small disorder. In this article we show that

2
lim sup IE (”t—(j)> >0 (1.6)

t—oo
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on the Bethe lattice, for sufficiently small disorder. Combining this result with the
uniform deterministic bound given by (1.5), we conclude (see Lemma D.1) that
. 2(¢
P (llm sup rl_(2) > O) >0 (L.7)
t—oo 1
for the Anderson model on the Bethe lattice with small disorder. It follows from

ergodicity that

. r)%)(t)
IP | lim sup ’t"z > 0 for some xeB| =1, (1.8)
t—00
where
rea(t) = > d(x, P[5I - (1.9)
=

We will now describe our results in more detail. Our assumption on u is that
its characteristic function h(t) = [ e="du(v) is differentiable on (0,00), with h'(t)
absolutely continuous, h'(t) and h"(t) bounded on (0,00). These conditions are
satisfied by any probability distribution u with a finite second moment (e.g., uni-
form, Gaussian or Bernoulli distributions) and by the Cauchy distribution. Our main
result is:

Theorem 1.1. Let IL = B, then for sufficiently small A we have
t
lim inf ?13' JE@2(s))ds > 0. (1.10)
— 00 0

In particular, we have (1.6),(1.7) and (1.8).

Notice that (1.6) follows immediately from (1.10). From (1.5) we know the
uniform deterministic bound:

1L, K
p Jri(s)ds < 3 for any ¢ . (1.11)
0
Thus we also get
1 t
P (limsup = [ri(s)ds > o) >0 (1.12)
t—00 t 0
from (1.10) by Lemma D.1. Ergodicity again gives
1 t
P (li{nsup t?g'ril(s)ds > 0 for some x € IB) =1. (1.13)

This paper is organized as follows: In the next section we reformulate the prob-
lem in terms of Green’s functions; Theorem 1.1 is shown to follow from Theorem
2.2. A review of the mathematical setting we use is given in Sect. 3. Theorem 2.2
is proven in Sect. 4. The appendices contain some results needed in our proofs.

2. Green’s Functions

We will now reformulate Theorem 1.1 in terms of the Green’s function G, (x, y;z) =
(6x, (H, —z)7'8,). We start with the well known relation (see Lemma A.2)

o] 1 o 2
Ofe—"' E(r3(t)) dt = 5_:{0 {xglxlﬁE <|Ga (O,x;E+ig)| )} dE, (2.1)
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valid for any # > 0. Similarly to (A.8), (A.9) and (A.10), we always have

o0 2 2n
JE OGA <o,x;E+ig)) ) s (22)
i {Z [ E (}Gz (O,x;E+ig)|2)} aE < 114 2 . (23)
—oo (x€lL n 2
and
T\ |2 1P
swp K E ((G,l (o,x;E+z§)| ) < 7 ||32 (2.4)

By a Tauberian Theorem (e.g., [34, Theorem 10.3]; notice the proof is also
valid for liminf), Theorem 1.1 follows from (2.1), (2.3) and

Theorem 2.1. Let IL = B, then for sufficiently small A we have

liml%)nf n [ {z x> E(|G; (0,x;E+i11)[2)} dE > 0. (2.5)
n

—oo \x€B

By Fatou’s lemma, Theorem 2.1 follows immediately from the next theorem.

Theorem 2.2. Let IL =B, then there exists Ay > 0, such that for any A with
|A| < Ao we can find energies Ef € (—VK,VK), with lim_,0 Ef = £VK, such
that H) has purely absolutely continuous spectrum in the interval I) = (E; ,E}),

and
liml%nf S xXPE(G(0,E + i) >0 forall Ecl;. (2.6)
n x€B

Purely absolutely continuous spectrum was proved in [20,21], in the remainder
of this article we will prove (2.6).

Another quantity that has been used to distinguish between localized and ex-
tended states is

Dy(E) =lim n* 3 x| B(IG; (05 E +im]*). 2.7
n x€ll

D; (E) is related to the D.C. conductivity by a Kubo-like formula [29,14]. The
belief is that D;(F) =0 in the localization region and D,;(£) > 0 in the region
of extended states. The usual proofs of localization (e.g., [14,13,11,5,4]) all show
Dj,(E) = 0 in the energy intervals where they give localization. For the Bethe lattice
(2.6) gives

Corollary 2.3. Let IL. = B, and let Xy, I, be as in Theorem 2.2. Then D, (E) = oo
in ],1.

3. The Mathematical Setting
We fix an arbitrary site in B which we will call the origin and denote by 0. Given

two nearest neighbors sites x, y € B, we will denote by B®?) the lattice obtained
by removing from IB the branch emanating from x that passes through y; if we do
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not specify which branch was removed we will simply write B*). Each vertex in
B™ has degree K + 1, with the single exception of x which has degree K.

Let G\(x, y;z) denote the Green’s function of the operator Hj restricted to B
with Dirichlet boundary conditions; we will write G,(z) and GEO) (z) for G;(0,0;z)

and G/({O)(O, 0;z), respectively. For any A€ R, z=E + iy with E€ R and n > 0,
we define

820302 ) = E (exp { HVD 6 - @ <,o2_>}) 3.1

= E (e {Ji2) ) (0} — o) =5V @) (0% + o2 })
3.2)
where 9?(0)(2) +if (0)(2 is the decomposition of G (z) into its real and imaginary
bl i 2 g
parts; here @1 € R? with (pft = @4 + @+. Notice fﬁo)(z) > 0 since # > 0.
If A =0 we can calculate G((]O)(z) obtaining [3]

50 Z(‘pi’ (pz_) — eﬁ{(_z+\/z2_K)(p3_ - (—Z+\/22..K)(p2_} , (33)
where we always make the choice Im /= > 0. If [E| < VK, we have the pointwise
limit

Zo.s(9l, 02 ) = lim &y .(g2, 92 ) = eT {TEWA 0L )-VE-BleeD )} (34)
’ B nlo 77 -
We now introduce the Banach spaces #,, 1 £ p < oo, given by the completion
of
{g:0,00) x [0,00) = € of class C* |lgllsr = llgllz + llgll, < o0}, (3.5)

where
2 2
91 = 199 02 ) Eacuscm. izt + 120000 ) Ermascnt. izt
+||26_g(qoi, o> )“ip(nﬂ xR2,d2p,d?p_) T ||46+6_g(<pi, 9> )”iP(IRZ xR2,d2¢pd?p_) >

with 01.g(¢2, %) = /09 g(¢2., ¢*) . We have [20,21] &), € A for all A € R
and z = E + iy with n > 0. The map (4,E,n) — &; g4y is continuous from R X
R x (0,00) to K. If |E| < VK we have &g € Hoo and limyjo Eopyiy = Co
in A . (Notice that although &y g can be defined for any £ € IR by a pointwise
limit, as in (3.4), &z is in the Banach space A%, if and only if |E| < vK.)

We will also use the Hilbert space &, defined as the completion of

{g: [0,00) x [0,00) — € measurable;
lglle = llg(e%, 02l 2me xr, a2, a2y < 0} - (3:6)

We can identify % with the subspace of L2(R? x IR?,d?¢p,d*¢_) consisting of
functions depending only on @2 and ¢?, and define # as the restriction to % of

the Fourier transform on L*(R? x R?,d?¢ d?*¢_), so & is the unitary operator on
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& given by

1

. . /_. . 7
a7 | e T gl R o D gl diel . (3T)

R2xR2

(F9)eh, 0> ) =

We define linear operators
T =4F0,0_ (3.8)

and
Bre = ME TR 92)) (3.9)

where M(g(¢2, ¢*)) denotes multiplication by the function g(¢2, @2 ). It turns out
that J is unitary on %5 [7] and a bounded linear operator from J#] to Ao, %,
is a bounded linear operator on all 2}, and g — g" is a continuous map from H#5,
to ) for any n=2,3,... . Moreover, ¢, ., satisfies the nonlinear equation in H#5:

6),,2 = 7'@/1,26{{; » (310)

not only for all 2 € R and z = E + iy with n > 0, but also for y =0 if A =0 and
|E| < VK. (Equation (3.10) can be verified by writing explicitly the right-hand
side and performing all integrations.)

The following result is proven in [20,21] and will play a major role in the proof
of Theorem 2.2.

Theorem 3.1. For any E such that |E| < VK there exist Az > 0 and eg > 0, such
that the map (AL,E',n) — &, pryiy € Hoo, defined for

(/LE/,"I) € ([(—AEalE) X (E - 8EaE+ SE) X (O’OO)]
UI{0} x (E — &g, E + &) x {0}]),

has a continuous extension to (—Ag,Ag) X (E —¢eg, E + ¢g) x [0,00) satisfying
(3.10).

4. Proof of Theorem 2.2
We start from the equation

E(IG, (0,5:2)P) = (& &)as s (4.1)

where

1
(o= | SO oDIBME 0L 0 s (42)
R2x R

1 -
= ([ #ME ) e (4.3)

is a bounded symmetric bilinear form on %, and hence on Ay, and ¥, =
F B)..M (éf’z_l) is easily seen to be a contraction operator on #. A derivation
of (4.1) is given in Appendix B.
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Thus
J(E+in) =Y xPE(G, (0,5 E + in)*) (44)
x€B
K+1x .
=% = (GG (45)

where ¥, , =K¥ ;.
Lemma 4.1. Let A€ R, z=FE+in with E€ R and n > 0.
(i) For all f,ge &,

<f l Wﬂ»,z g)l,z = <Wl,z f | g)i,z . (46)
(il) #7%, is a compact operator.
(iii) Let
0, =204 +0-)&;,. 4.7
Then 0, , € & and
4
W).,z 91,2 = 0/1,2 - E’l Wﬂ,z 6/1,2 . (48)
(iv) For any r =0,1,2,... we have
<éi,z I Wﬁ,z 01,2)/1,2 > <6l,z I W;,tl 02,2>l,z >0 (4,9)
and
(01| #7, 002002 > (00| W75 012002 > 0. (4.10)

Notice that (4.8) is in [31].

Proof. (i) follows from & being unitary on % where we have Z f = Z f. (ii) is
a consequence of %, .7 %, being a compact operator in £ for # > 0, which can
be shown as in [25, Proposition 9(i)].

To prove (iii), we use (3.10) and (3.8) to get

0h0 = 204 +0_) T B85, = 20, +0_)[AF0,0_ (.51 (4.11)

Since [7,25]
40, F 0L = F , (4.12)

we have

000 = FI-200 + 0Bl N = WO b P Wbz, (413)
as
— 284 +0_ )(eiE(wi—wz_)w(wﬁwz_ (M@ — o))
— dp(eB@h o )—n(h ol M(A(P: — 9% ))). (4.14)
We prove that
(Caz|#7,.00,2)0 >0 and (0. |#7,0,2:),: >0 (4.15)
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in Appendix B. Using (4.8), we have
<‘f/12 | WH—I ) Az — <é/1,z l W‘Z,z 01,2)2,2 - <é) z | Wr+1 5/; z> Az (416)
<Gz [ W72 002)az (4.17)
since (&2 | #77 &,.2)1,2 > 0 by (4.1). Similarly,
4
Oz [ W7 03210 = Oz | W7, 032ne — = (Oa | W &)z (418)
K >
< (011972 052)0z (4.19)
since (0. | #7, "1 E2)n2 > 0 by (4.15) and (4.16). Thus (iv) is proven. [J

Lemma 4.2. Let A€ R, z=E+in with E€ R and n > 0. Then

. (K+1) K(K+1)
E = A,z 0 z) Az =,
Ji (E +in) o (Eiz03,2)az + T
o0
X ((9,1,2 l 0,1,2>;1,z +2 Z(Ol,z | ’Wiz 01’z>g,z> . (4.20)
r=0
Proof. Using (4.8), we have
L r K &, r—1
Y | W ) = pm W T =W a2)002)a (4.21)
r=1 r=1

K (R=1
= Z/I- { 2%)(2" + 1) <€i,z | W;,z 9/1,Z>l,z - RZ(&LZ | Wﬁz 9).,z>1,z} . (422)

Since ¥~ iz is a compact operator and (&, , | #" he 0,,2) 4.2 is not constant and has a
limit as » — oo by (4.9), we can apply Theorem C.1 to conclude that (&, [#7,
0;.2)2.- — 0 exponentially fast, so we have

. K41 ,
J(E+in) = ——-——-4’1 Z(2r +1) <f,1,z I ‘////{’z 02,z>,1,z . (4.23)
r=0
Repeating the procedure, we get

R K R
2Qr+ D& W02 = I z_jl(zr + D =W 02) 00 | W 00200z

r=1

(4.24)

K R=1 .
= {wl,z (0sc)ie + 2 52 (00| 5. 05.)1 — QR+ 10|, em,z} .
(4.25)

As before, we use (4.10), the compactness of #3  and Theorem C.1 to let R — oo
in (4.25). Combining the resulting expression w1th (4.25) we get (4.20). O

We now need the following extensions of (4.8).
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Lemma 4.3. Let A€ R, z=FE +in with E€ R and 5 > 0. Then for any r =
1,2,... we have

W, 0, =0, — F" Z W,z - (4.26)

and

4
(04 1952 0iVae = (00| 0ahae = 27 (€ Ondie

6n? r
S — s+ ) (& | W, Edae . (427)
s=1

Proof. Equation (4.26) follows immediately from (4.28) by induction. Using (4.26)
twice, we get

4
(03,2177, 002002 = (02,21020,2)2,2 — il <5Az

ZWIZO)»Z>
Az

u=

4 1677 7, &
(s 00z + oL X G WG (429)

= (Hl,z | 01,2)1,2 - I

so (4.27) follows. O
Lemma 44. Let A€ R, z=E +in with E€ R and n > 0. Then

(K +1)
4n

3K(K + 1)

16172 (01,2105,2) 1.2

Ji(E+in) 2

(Enz1052)0z +

4 2
L RE (0221032012 = $(E1210:.2),.2)

4.29
647 (Ere0na)ae (4.29)

Proof. From (4.27) and (4.15) we have

- ({000010001 - i€t 000 f Vo)

(4.30)

R,
Az 4
= ; ((0/1,2 | Hl,z>l,z - Ef’[ v <€7»,Z | 02,2>/‘»,z> (4.31)

8

Z(ei,z ' W;,,z el,z>ﬂ,,z =

r=1 r

Il

2
K 9 z 6 z 2—41" z 9.2 z
. (( w2 | 04205z — 3z |0 >,1,> ,
8n(&121002)1.z

(4.32)
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where

K<0/lz|6?uz>/lzj|
Ri:= |77 > 433
8 Ln@,z 16,2012 (433)

with x V y the maximum of x and y and [x] the largest integer < x.
Equation (4.29) now follows from (4.20) and (4.32). O

We are ready to prove Theorem 2.2. If |E| < VK, (3.4) gives

2vVK — E?
0o,z = —x éo.r (4.34)
and
4K 4K
_ . 2 _
(60,E éO,E)O,E — IGO(O:«O,E)| - (K_I_ 1)2 — 4E2 > (K — 1)2 . (435)
Thus
8vVK — E?
(€o0.£100,£)0.6 = ®rip—ae > 0 (4.36)
and
16(K — E?
(00,£100,£)0,E ( ) >0 (4.37)

T KK+ 1242 "

We now use Theorem 3.1, for each E such that |[E| < K we can pick
Ag > 0 and gz > 0 so the map (L,E',n) — &, gy € Ao has a continuous ex-
tension to (—Ag,Ag) X (E — &g, E + &g) X [0,00) satisfying (3.10). It follows that
the map (4, E’,n) — 0; g1, € &£ also has a continuous extension to (—Ag, Az) X
(E —¢eg,E +¢eg) x [0,00) and (4.7) holds. In addition, the complex valued maps

(LE' ) = (& rinlOnervin) e/ vin and (LE',0) — (0; g1 4ig|04, g/ 4in) 4,7 41y have
continuous extensions to (—Ag, Ag) X (E — eg,E + €g) X [0,00) such that
(CrprsinlO0n g sin) g +in > 0 and (01 priinl0s prsin) i pram > 0, (4.38)
if Az > 0 and ¢z > 0 were chosen sufficiently small.
Theorem 2.2 now follows from (4.29). O
A. Time Evolution and Green’s Functions
In this appendix we prove some useful facts. We consider the Hamiltonian

Hy=14+V on (L), (A.1)

where V is a fixed potential; we define r2(¢) as in (1.4).
We start with a result of Simon [35].

Lemma A.1. For any t € R we have

(0 < |4 2 (A2)
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Proof. Let |x| denote also the operator multiplication by |x|. We have
() = || [x[e" dol* = [le™™|x[e™ 5o |* . (A3)

Using the Fundamental Theorem of Calculus we get
2
1
= [z
O

The next well known lemma gives the Laplace transform of #2(¢) in terms of
the Green’s function G(x, y;z) = (dx,(H —z)7'8,) (e.g., [14,28]).

Lemma A.2. For any n > 0 we have

{ > P ]G <O,x;E+ig>‘2} dE.  (AS5)

xell

2 1 2
t2§H—A 2. (A4)

(1) = 5

¢ .
’fe‘“HU1|xﬂe””5ods
0

oo 1 oo
—-nt 2 —
Ofe ri(t)dt > S

—0o0

Proof. By the spectral theorem,
_ N T i i i)
H E+z2 = [e"e 20dr . (A.6)
0
Taking matrix elements of both sides and applying Plancherel’s Theorem we get
[e et (0,x)2dt = — | ‘G (o,x;E + i—)] dE . (A7)
0 27 2

The lemma follows. O
From (A.7) we obtain
[ee] . ‘ﬁ 2 < g'z
_L |G(o,x,E+z2)[ dE < 5. (A8)

Combining Lemmas A.1 and A.2 we get
2

oo 2 47 || 1
2 N
GomE+i)| b aE < 23|24 A.
T{grrlomeri)f}ae =, (49)
This last estimate should be compared with
2
) 12 41 l
su x|“ |G (0,x; E + i~ l < —|=4|] , A.10)
EE]II){ X§L| | ( 2) ’74 2 (
which follows from Lemma A.1 and the inequality
2
2 ) ﬂ [2 _ _ _’1 —1
pog ‘G(O,x,E-ﬁ-lz) = ||lx| (& (E+12>> 3 (A.11)
oo . . o 2
= || J xle™ ™12 dr (A.12)
0

IIA

(o] n 1 2
(f e 2'[F2(1)]2 dt) ) (A.13)
0
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B. The Supersymmetric Replica Trick

In this appendix we derive (4.1) and (4.15), using the supersymmetric replica trick
(see [18,24,31]).

Let A be a finite subset of IB, we will use H, 4 to denote the operator H,
restricted to /2(A) with Dirichlet boundary conditions. The corresponding Green’s
function is

Gﬁ,A(x,y;Z) = <5x: (H/LA _Z)—15y>, x)y 6 A
and z=E+inwith E€R, > 0. (B.1)

The supersymmetric replica trick (see [18]) says that if x;,x, € A4, then for allz € C
with # = Imz > 0, we have

G a(x1,%232) = i [ Y@ W(x2) exp {—i 22145()0 - [(H),4 —Z)Q](x)}DMP , (B2)
x€
where ®(x) = ((x), y(x),¥(x)) with @(x) € R? and y(x), Y(x) anticommuting
“variables” (i.e., elements of a Grassmann algebra),

B(x) - V(y) = ¢(x) - 9() + 3PEW() + Y W(x))

and
D @ = [[do(x) with dd(x)= %dl/_l(x)d!ﬁ(x)dz(p(x).
x€eA

To compute functions of ¥, we expand in a power series that terminates after a
finite number of terms due to the anticommutativity. The linear functional denoted

by integration against dtp(x)dzp(x) is defined by
[ (@0 + a1y(x) + ax(x) + s W(x)) dP(x)d(x) = —as . (B3)

We will use the (bad, but convenient) notation ®(x)* = ®(x) - ®(x) and @(x)* =
o(x) + o(x). We will also denote a generic ®(x) = (¢(x),¥(x), Y(x)) by &=
((p,xﬁ,t/;). Notice that if f: [0,00) — € is continuously differentiable, then f (9%)
= f(9*) + (" Wy

The lattice IB; will consist of all sites in B whose distance from the fixed origin
0 is less than or equal to /; similarly ]ngly ), B will denote all sites in B, B®),
respectively, whose distance from x is less than or equal to /. (For convenience we
also allow [ = oo, in which case it may be omitted from the notation.) We will

write Hj,j, Hf‘l’y ) and Hf‘l) for Hjm,, H, L1y and H, pco, respectively. Similarly, we
’ ? gad el

will use Gy, (x, y;2) for Gy, p,(x, y:2) and Gy, 1(2), G5 (2), G )(z) for Gy,(0,0;2),
Gi ]B(x)y)(x,x;z), G, ]B(x)(x,x;z), respectively. We have (see [3, Proposition 1.2])
) >l

llim GLi(x,y;2) = Gi(x,y;z) foranyx,ye B, E€ R and # >0, (B4)
—00

with similar limits for G (z), G31(z) and G{')(z) .
We now fix x € B and set » = |x| = d(x,0). Let xp,xi,...,%, be the shortest
path from 0 to x, ie., xp =0, x, =x and d(x,,x,+;) =1 for n=0,1,...,r — 1,
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with x, #x,, for n£n’. For each n =0,1,...,r — 1, let J, ={1,...,K — 1} for n =
l,...,r—1 and J, ={0,1,...,K — 1} for n =0,r; we write {x,(,’);j € J,} for the
collection of nearest neighbors sites to x, which are not in the path xg,x,...,x,.
By B, ; we denote the lattice consisting of all sites in IB whose distance from the
path xg,x;,...,x, is at most /; notice that as a set

r D,
B, ; = {x0,X1,..., %} U {U U IBE" | )} ‘

n=0 jE€Jyp
We write Hj ,; and G, (0,x;z) for H,i,]Bx, , and GiB, ,(0,x;z), respectively. As in
(B.4), we have
llim Gix1(0,x;2) = G(0,x;2) . (B.5)
—00

If I < oo are finite and Imz > 0, (B.2) gives

Gix1(0,3;2) = i [ Y(O)W(x) {rﬁl e—"“’<"n>'¢<*n+l>} {H 5} Dg, &, (B6)
n=0

where

iV (n))P0n)

[1}

n=

_ . B0 e
expi —i ), | P(xy) - PN+ > B(y) - [(H] 2)®@1(»)) ¢ (B.7)

JE€In

]Bix,(,/)lxn)
By an explicit computation,

fexp{—i(cb(xn)o¢(x,?>)+ > ¢(y>-[<H§f?)'x")—z)@](y))}Dm(xynx,.@

)
yEIBEX" |xn)
LG ) 2
= exp ZG'“ @)P(x,) ¢ - (B.8)
Thus
_ =1
Grx1(0,x52) = i [ Y(OW(x) { [[e ) “"x"“’}
n=0
x { I1 r,,n(cb(xn)z)} [1d90x), (B.9)
n=0 n=0
where

2 . 1 2 lxn) 2
Yia(@°) =expsil|z—AV(x,)+ I ZJ: G, @)y, n=01,...,r.
Jj€In
(B.10)
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We now let / — oo, obtaining

Gi(0,x;2) = i [ Y(OW(x) { Ij; e m) - <p<x,,+1>}

x { 1 T,,@(x,,)z)} [T da) . (B.11)
n=0 n=0

We can now integrate over the anticommuting variables, getting

G;(0,x;2) = —f { _e~t<p(xn) <p(x,,+1)}

nep 2T

X { IiI0 Tn((P(xn)z)} lflodzw(xn). (B.12)

Thus

IG/:(O,X;Z)IZ 2 f H (271:)2 _l(¢+(xn)°‘P+(Xn+l)_¢—(xn)'¢—(xn+l))

% 1T Ta(@+ G s 0— G )?) TT 204 in)d>0— (), (B.13)

n=0 n=0

where
Tu(@h, 02) = Tu(03) Ta(9%) . (B.14)
Since the {V(x); x € ]B} are independent random variables, we have

]E(|G/1(0 x; Z)| )= 2 f H (27-5)2 e~ i 9+0m)* 4+ (tnt 1) =@ — (tn) " @— (nt1))

X H0 E(I (92, 9%)) H0d2<o+(xn)d2<p_(xn>, (B.15)
n= n=|
with
E(I(@%, %)) = B 02100 p(1(2 — 92 ))& (02, @2 D, (B.16)

where |J,| =K -1 ifn=1,...,r—1 and |J,| =K for n =0,r, where &;, is de-
fined in (3.1).

A moment of reflexion now reveals that (4.1) is simply an elegant (and useful)
way of rewriting (B.15). Moreover, we have from (3.1) and (4.7) that

;
0,,=E <y;°)(z) exp {Z(Gg")(z)goi - Gg"’(z)qoz_)}) . (B.17)

Proceeding as in the derivation of (B.15), we get

Il © 10y 2
(05,2177 280200 = B(F;  (2)|Ga(0,x;2)[7) > 0 (B.18)
and
. © Do) O 2

(01,:177:05200: = (I, (2); (2)|Gi(0,x;2)]") > 0, (B.19)

proving (4.15).
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C. Some Spectral Analysis

Let & be a Banach space. A bounded linear operator 4 on & will be said to be
of type K if A has discrete spectrum outside some closed set contained in the open
unit disk in the complex plane, i.e., we have

0'(A)=/1U{).1,/12,...,/1k}, (C.1)

where A CD={z€C; |z| < 1} is closed in € and {A1,4,..., 4} C C\D is a
finite collection of isolated eigenvalues with finite multiplicity. Powers of compact
operators and, more generally, Riesz operators are of type K.

Theorem C.1. Let A be a bounded linear operator of type K on the Banach space
X and let us fix x € X and 1 € X*. We set

a(n) = I(4"x) for n=1,2,.... (C2)

If a(n) is not constant in n and lim,_,, a(n) exists in €, then a(n) — 0 exponen-
tially fast as n — oo, i.e., there exist C < oo and y > 0 such that

lo(n)] < Ce™™ foralln=1,2,.... (C3)
Proof. By redefining A we can assume |4;] = 1 in (C.1) for all i = 1,2,...,k. It
follows from (C.1) that (see [17, Sect. II1.6])
k
A=R+% (4P +Dy), (C4)
i=1
where R and P;, D;, i = 1,2,...,k, are bounded linear operators on & such that:

O

PP; = 0;P; forall i,j=1,2,...,k. (C.5)
(ii) For each i = 1,2,...,k,
P,D; = D;P; = D; (C.6)
and
Df"' =0 for some positive integer 4; . (C7
(iii)
o(R) = A (C.8)
and
PR=RP;=0 foreachi=12,...,k. (C9)
It follows that
k
A"=R'+> (LPi+D;)' foralln=12,.... (C.10)

i=1

Since the spectral radius of R is < 1, I(R"x) can be bounded as in (C.3). Thus
it suffices to consider the case when R = 0, in which case we will show that a(n)
does not have a limit in € as n — oo, unless it is constant in n.
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From (C.6) and (C.7) we have
hi—1 [y
(MP:i + D) =P+ 3 <S> Dy, (C.11)
s=1

for any n = h; — 1. It then follows that

-1
I((A4P;i +Di)'x) = 3 (Z) A as (C.12)
s=0
for some complex numbers a5, s =0,1,...,h — 1. If they are not all zero, we can

choose s; € {0,1,...,h; — 1} such that
I((AP;i + D;)'x) = <:> 4 (b + Bi(n)) (C.13)

for some complex numbers b; &0 and f§;(rn) with lim,_, o, f;(n) = 0.
Thus, if R =0 and a(n) =0, we have, for all n = sup,_; , (4 — 1), that

oa(n) = (Z) v’ ( i:lcjeizngf" + B(n)) , (C.19)
=

for some » = 1, nonnegative integer s, positive integer ¢, distinct 8, € [0,1), j =
1,2,...,t, and f(n) with lim,—. f(n) =0. If t =1, we have lim,_,, a(n) = oo,
unless ¥ =1 and s = 0, in which case we also have B(n) =0, so a(n) is either
constant or has no limit as n — oo. If t > 1, we use Lemma C.2 below to con-
clude that limsup,_, . |o(n)| = oo, unless » = 1 and s = 0, in which case |u(n)| is
bounded but o(#n) has no limit as n — co. [

Lemma C.2. Let 0, € [0,1), j = 1,2,...,t be distinct (t > 1) and cj, j =1,2,...,t

t i ; ..
be nonzero complex numbers. Then I'(n) = _"_, c;e*™i" has no limit as n — oo.

J

Proof. 1If 0; € [0,1), j = 1,2,...,t are all rationals, then the range of I'(n) consists
of a finite number (at least 2, since ¢t > 1) of values, each taken infinitely many
times. It thus suffices to prove that if 6, € [0,1), j =1,2,...,¢ are all irrationals,
then I'(n) has an infinite number of distinct limit points as n — oo.

So suppose 0; € [0,1), j=1,2,...,¢ are all irrationals. Relabeling the indices
if necessary, we can find u € {1,2,...,¢} such that 1,0,,0,,...,0, are linearly in-
dependent over the integers, and there exist linear functions f; on R®*D with
integer coefficients, j = u + 1,u+2,...,¢, such that 8, = £(1,0,,0,,...,0,) for j =
u+ Lu+2,...,t. We define the complex valued function F on the u-dimensional
torus T* by

t 7’ .
F(@1,02,-..,0u) = > c;€2™  with ¢; = fi(1, 01,02, .-, Pu)
=

for j=u+1lLu+2,...,¢t.

We also let 7 be the rotation on T* given by

QL P2 0u) = (@1 + 01,02+ 02,...,0,+0,),
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all sums being mod1. As the f;, j=u+ l,u+2,...,t, are linear functions, we
have
Ir'(n) = F(1"(0,0,...,0)).

Since 1,0y,0,,...,0, are linearly independent over the integers, T is a minimal
ergodic transformation on T¥, and hence the orbit of any point in T visits each
neighborhood infinitely many times. F being continuous, it follows that any point
on its range is a limit point for I'(n) as » — oo. But the range of F is a connected
compact subset of €, which is clearly not a single point, and hence has infinite
cardinality. [J

D. Some Elementary Probability
Lemma D.1. Let X, be a sequence of random variables such that:

1. With probability one

0X, SM<oo foralln (D.1)
2.
limsup E(X,) > 0. (D.2)
n—00
Then
P (lim sup X, > 0) > 0. (D.3)
n—oo

Proof. By passing to a subsequence we assume IE(X,) > a for all » and some
a > 0. We have

a<E (X,,;X,, > ‘2—’) +E (X,,;X,, < ‘2—’) (D.4)
< MP (X,, > g) + -‘ZflP (X,, < g) (D.5)
:(M—g)IP<X,,>;—1)+%, (D.6)
* IP(X,, > g) > ZM"_a >0. (D.7)
We now define the events
i)
and
A =limsup4, .
nroo

It now follows from (D.7) that

P(4) = limsupP(4,) =

n—oo 2

— > 0. (D.8)

Since
AC {limsuan > 0} R

n—o00

the lemma is proven. [
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