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Abstract: A system of a large number of classical particles moving on a one-
dimensional segment with virtually reflecting boundaries is studied. The particles
interact with one another through repulsive pair-potential forces and are subjected
to resistance proportional to their velocities. Because of the latter it is only the
number of particles that is conserved under the evolution of the system. It is proved
that in the hydrodynamic limit of diffusion type scaling the normalized counting
measure of particle locations converges and its limiting density is governed by a
non-linear diffusion equation which in typical cases is of porous media equation

type.

0. Introduction

This paper concerns the problem of a hydrodynamic limit for a system of a large
number of particles that move on a one-dimensional segment according to a classical
equation of motion. Particles interact by exerting upon each other repulsive potential
forces given by a common pair-potential function that is unbounded at zero and
may have an infinite range of influence. Also at both ends of the segment there
act potential forces that repel particles approaching one of the endpoints and keep
them in between. In addition the medium exerts on each particle a damping force,
“resistance,” whose magnitude is proportional to the velocity of the particle, so
that nothing except the number of particles is conserved under the evolution of
the system. We take the hydrodynamic scaling limit for the normalized counting
measure of particle locations in the system and prove that its limiting density is
governed by a non-linear diffusion equation that in typical cases is of porous media
equation type.

An approach that has been recently developed for studying the hydrodynamic
limits of stochastic systems is applied to the present model. Although our system is
deterministic, the application goes well owing to the dissipative effect of resistance
and the fact that our system is essentially of gradient type. The idea for the general
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framework of the proof comes from Guo—Papanicolaou—Varadhan [GPV] and those
for technical devices from Varadhan [V], both of them dealing with stochastic sys-
tems. [V] as well as [GPV] employs a method that is based on an entropy bound
extensively, a method not available for deterministic models. However, on the one
hand, once it is established that the local states of the system converges in space-
time average to an equilibrium state, the entropy bound can be dispensed with for
the rest, especially for strong convergence of local density fields (the two-blocks
estimate), if the system is of gradient type and the spin values are non-negative, as
noted by Suzuki-Uchiyama [SU] and Uchiyama [U]. On the other hand, the equilib-
rium states assume a rather simple structure because of the existence of resistance:
in fact, every translation invariant equilibrium state for the infinite system to the
present model is degenerate at a steady state that is made up of phases such that
particles stand still with equal successive spacings. This result is established by
Lang [L] under a certain moment condition on the spacing. That condition however
is difficult to check in our case, and we shall show it is dispensable.

We shall verify the local equilibrium (in the sense mentioned above) by
computing the limit, under the hydrodynamic time scaling, of the time deriva-
tive of a certain functional of phases of the system. The rest of the proof is
similar to that of [SU] and [U] except for some technical details: at several
points nontrivial modifications must be done, necessitated for dealing with the un-
bounded potential function having a long tail and, in addition, with the boundary
term.

A stochastic version of the present system has been investigated by Olla-
Varadhan [OV] in which independent white noises are added as random forces
acting on particles. Their pair potential is smooth and has compact support. Some
of our key estimates (especially the two-blocks estimate) technically may be viewed
as an extension of theirs to unbounded potentials.

For systems of Newtonian particles (without damping term) the hydrodynamic
limit is obtained in [BDS] in the case of hard rods (moving on the line) and
discussed in [S] in the case when only nearest neighbour particles (moving on a
circle) interact by a hard core potential of finite range.

Miirmann [M] also investigates the hydrodynamic limit of a model closely related
to the present one: it deals with a nearest neighbour interaction model of determinis-
tic dynamics in which the velocity, instead of the acceleration, of a particle is given
as the gradient of a potential, with the potential function similar to ours. For such
a model there are two Lyapunov functionals, i.e., the kinetic and the potential ener-
gies taken separately, which are the main tools for the study of the hydrodynamic
limit in [M], whereas for ours there is only one Lyapunov functional, the total en-
ergy. An infinite particle system of similar nearest-neighbour interaction is studied in
[F, PS].

1. The Model and Main Result

Consider a system of N Newtonian particles of unit mass moving on the one di-
mensional open segment (0,N) such that each particle is subjected to the resistance
equal in value to its momentum, interacts with the other particles through a pair
potential and is repelled with potential forces exerted by the two “walls” at 0 and
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N. The equation of motion for the system is written as follows:
950 = po) (L1a)
dtql - pl 9 .
d /
Zpit) = =piH) = LU @u(6) — g0)
jFi

W (gi(t)) = Wi(q:(t) = N), (1.1b)

where ¢;(¢) and p;(¢) denote, respectively, the location and the momentum for the
i particle at time ¢ = 0 and U’, W/ the derivatives of functions U, W.. The pair
potential function U(x), defined for x € R — {0}, is supposed to be continuously
differentiable and satisfy

Ux)=U(=x); Ux)=20; UO+)=o00; U(0)=0; (12)

U(x) is strictly convex on 0 < x < R,

where R:=sup{x > 0|U(x) > 0} < o0; (1.3)
}OU(x)dx < 0 (1.4)
hmmf tﬁ(é)omf Y(x) >0, (L5)

where
Y(x) = —xU'(x), x#0.

From (1.2) and (1.3) it follows that y(x) = 0, i.e., the pair interaction is repulsive.
The assumptions (1.2) through (1.4) are fairly natural for our main result to hold
((1.3) is needed for showing ergodicity of the equilibrium states: see Theorem 3
below), while the assumption (1.5) may be technical although hardly restrictive; it
implies in particular that y(x) either diverges to infinity or is bounded off both zero
and infinity as x — 0.

For the wall potentials W(x) = W_(x) or W,(—x),x > 0, we suppose

W(0+) =00, (1.6a)

W(x) <0, lim x#'(x)=0. (1.6b)

The initial configuration ¢; = ¢;(0),i = 1,2,...,N, is always supposed to be such
that ¢;+q; if i+j and 0 < g; < N for every i. The assumption U(0+) = oo to-
gether with (1.6a) guarantees that this condition for the initial configuration is pre-
served for all later times. The conditions (1.2) through (1.6) are assumed throughout
the paper except in Theorem 4 of Sect. 4.

We are interested in a macroscopic picture for the particle configuration (q,(t)),‘l,
which is to be viewed under diffusion scaling. Let us introduce the macroscopic po-
sition variables

X(1) = aN0) (a7
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and the normalized counting measure
N 1Y

oy (d@) = N Zéx,.(,)(de), 0 e (0, 1) .
i=1

for an open subset 4 C (0,1) it takes the value o(4) = N~'#{ilx;(¢) € 4}. Our
main theorem that follows asserts that the limiting density for ¢ as N — oo is

characterized by the following evolution equation:

0 0?
Ep(@,t) = WP(/)(H,I)), 0<6<1,t>0, (1.8a)

0 0
a—ep(O,t) = 5pL=0, >0, (1.8b)

where P is a function of one variable ¥ = 0 defined by
P(u) = —=>_kU'(k/u), u>0
k=1

and P(0) = 0. The infinite sum here converges due to the assumption (1.4), which
is equivalent to f;’"w(x)dx < o0o. The function P may be naturally interpreted as
pressure (see Remark 1 in Sect. 6); clearly P is continuous and non-decreasing.

To state the theorem we need the following bound for the total energy of the
initial phase ( p,,q,) 1:as N — oo,

N
—Z +— %U(q, qj)+2[W—(qi)+ Wi(gi — N)] = o(N?), (1.9)
lj i=

where the second sum extends to all ordered pairs (i,j) with i=j,1 <i,j < N. This
condition, allowing the initial energy per particle to become large up to o(N?),
may appear very weak, but actually it turns out to be the right one for the present
issue (cf. Remark 2 in Sect. 6). We will regard o as an element of the space
of all probability measures on the closed interval [0,1], which space we endow
with the topology of weak convergence: according to it a sequence (" )y in this
space converges to an element « if and only if «V(J) — a(J) as N — oo for every
continuous function J on [0, 1], where a(J) stands for the integral of J by «.

Theorem 1. Suppose the sequence of initial phases (pi, i), = (pi(0),g:(0))L,,
N =1,2,..., satisfies (1.9). If &) converges to a probability measure g on [0,1],
then ocﬁ" converges uniformly for t < T for each T < oo, the limit measure is
absolutely continuous relative to the Lebesgue measure d0, and the density, p(0,t)
say, is a unique weak solution of the non-linear boundary value problem (1.8) with
the initial condition

p(0,1)d0 converges to og ast | 0. (1.10)

The behaviour of P(p) near p = 0 is determined by that of U(x) at x = co. In
particular if U'(x) ~ Cx™™ (m > 2) as x — oo, then P(p) ~ [Zk>1kl ™ Cp™ as
p | 0, so that Eq. (1.8) assumes virtually the same form as the equation of porous
medlum flow; according to that theory (cf. [A], e.g.) and in view of Theorem 1, the
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macroscopic density for the system (1.1) therefore has a finite speed of propagation.
By the way P(p) behaves roughly like p flzx//(x)dx as p — oo.

A heuristic argument for the derivation of (1.8) may proceed as follows. A direct
computation together with some formal manipulation will deduce from (1.1)

t

1 N
a' () = () = [ 55 3 SUNGs) = 5DV Gls)ds +o(1), (L11)

0 i=1j*i

where J is a smooth test function that is constant near each of the boundary points
0 and 1 (because of this boundary condition the wall-potential terms disappear). For
the identification of the inner sum on the right side we turn back to the microscopic
variables ¢;(N%s) = Nx;(s). Equilibrium states for the infinite system corresponding
to (1.1) are steady states in which each particle stands still in complete balance
of forces exerted on it by the other particles; and any steady state must be a con-
figuration of equal spacing, of which the common span is necessarily equal to the
reciprocal of its density. By the damping effect due to the resistance working in (1.1)
velocities would get very small after such long time as of order N2, so that the equi-
librium state must be locally built up in the limit under our scaling. If there exists
a limiting density p(0,s), this would allow one to replace i+ WN(xi(s) — x5(5)))
by 23~ W(k/p(xi(s),s)), which, by passing to the limit in (1.11) and noticing
P(p) = p> ;> V(k/p), immediately yields the weak form of (1.8).

For this story to be justified, the following theorem (an extension of correspond-
ing results in [OV, V and U] essentially to an unbounded potential) is fundamental
at least in the present approach.

Theorem 2. Under the same assumption as in Theorem 1 there exists a continuous
even function w(x), x € R — {0} such that o = 0; w(x) approaches, as x — 0, a
positive number or infinity according to whether \ is bounded or unbounded (near
zero); and

T N
I35 SN () — xi(2)))o(N (xi(t) — xi(2)))dt < CN,
0

i=ljFik+i
where the constant C depends on T but not on N.

Theorem 2 will show that (1.11) is valid and ocfv ,N=1,2,..., regarded as
continuous measure-valued functions of ¢+ < T, constitute a relatively compact set;
moreover any limiting measure is absolutely continuous relative to the Lebesgue
measure (see Corollary 1 of Sect. 3). Another, more essential application of Theorem
2 will be made, via Corollary 2 of Sect. 3, for deriving strong convergence of o
(the two-blocks estimate) in Sect. 5.

What we need as the local equilibrium statement as mentioned in the second
half of the heuristic argument given above is formulated in the next theorem. Let
1 (dq) be the probability measure on the space of configurations q = (¢;)Y; on R
defined by

W (H) = = fT f1 H(Nx’(s))d0,, (1.12)
0 0

'\]

where x? stands for the configuration x = (x; MY, viewed from 6 : x% = (x; — O)Y
and H = H(q) ranges over bounded, continuous local functions of locally finite
configurations on R.
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Theorem 3. Suppose that the same assumption as in Theorem 1 is fulfilled. Then
any limit point u of u" as N — oo must be of the form

R 1/p
p=p+ [ P,dp),  Dy(dq):=p [ de1)p0)(dq)dO .
0 0

Here y° =0 if R = 0o and 11° is a measure relative to which no particle is located
within a range of potentials of the other particles a.e. if R < oo; A is a measure
on [0,R) such that [pMdp) < 1;e(r,0),r > 0, stands for (...,—r +0,0,r +0,2r +
0,...), the configuration of particles on R with equal successive spacings of common
span r and having a particle at 0; and @ is understood to concentrate on the empty
configuration.

The proof of Theorem 3 is based on a strengthening of a result by Lang [L].

Theorems 2 and 3 are proved in Sect. 3 and 4, respectively. The proof of
Theorem 1 is given in Sect. 5. In Sect. 6 we present three remarks: the first one
explains why P(p) is pressure; the other two answer the illuminative question of
what happens when the integrability condition (1.4) or the initial energy bound (1.9)
is violated.

2. A Bound of the Kinetic Energy

We isolate this short section in which we note that for the system (1.1) the kinetic
energy per particle approaches zero in the time average as N — oo on account of
assumption (1.9), the result being basic in all the later sections. Put v;(¢) = pi(N%¢).
Then the equation of motion (1.1) becomes

d
Ex,-(t) = NU,'(l‘) N (213)

S0t = ~Nu(0) = N SUWNGs(0) ~ 50))
JFi

—N?W! (Nxi(t)) — N2 WL (N(x(t) — 1)) . (2.1b)
For the total energy

()= 3 YR+ 5 X UNG) —x(0)

i,j(#)

N —

N

i=

+
1

v
1
N
;[W—(in(t)) + Wi (N(xi(2) = D),

we calculate its derivative to obtain

d N
Efg’N(I) =-N"30(t) £ 0;
i=1

in particular &V(¢t) < £V(0) and

T1 N 2 1 N
Of ]\_/v;vi(t)dt < =670, 2.2)

of which the right side goes to zero as N — oo under (1.9).
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3. Estimation of ) y/(N(x; — x;))

This section is divided into four parts. The first three parts are devoted to the proof
of Theorem 2, while in the last one we state three corollaries of Theorem 2 and its
proof. The idea of the proof is essentially the same as that for the corresponding one
in [V]. Our potential function, however, is not bounded, nor necessarily of compact
support as in [V], and this necessitates a significant modification of the proof.

3.1. Let g =g(x),x+0, be an even, continuous function such that g is non-
increasing on (0,0) ,

a 1
g(x) = p 0< |x| <3
VIl 2

= 0, x| > 1,

where a is a positive constant (the precise form of g as given above is unimportant)
and

}Og(x)dx =1.

Let h(x),x € R be a smooth non-negative even function such that [A(x)dx = 1 and
h(x) = 0 for |x| > 1. We write gy(x) = Ng(Nx) and define a function Gy, on R by

x oy
Gavy(x) = _f dy [ (gn(u) — h(u))du

— 00

so that
Givy(x) = gn(x) — h(x) .

Both |Gw)| and |Gy,| are bounded by 1, and vanish for |x| > 1. Put
By(x) := NW' (Nx)+ NW_ (N(x—1)), |x|] <1.

Then for G = Gy, Eq. (2.1) yields

d
— Y G —x)v =N Y G'(xi —x;)vi(vi — v;) — N* S G'(xi — x;)v;
dt ;i) 07 (%) 0 (+)
—NY > G'(x; —xx) | NU'(N(x; — x;))
i k+i J*i

—NY > G'(xi — x;)Bn(x;) .

i j*Fi

Here (and below) the time variable is suppressed from functions x;(¢),v;(¢), etc.
for the sake of brevity. In the third term on the right side above we may replace
G'(x;—x;) by %[G’(x,-—xk)—G’(xj—xk)] if j=k, since U’ is odd. Noticing Gy, is
also odd, we see that the first term on the right side equals %N S (Wi—v; G (x;i—x;)
and the second —%N(d/dt) >-G(x; —x;). Integrating both sides of the resulting



110 K. Uchiyama

equality on [0, T] and then dividing them by N3, we obtain after rearrangement of
terms

1 T
il X [ENU'(NG: = )G (i = xe) = G'(x; = xe)ldt
0 5,jk(*)
T
{ ; [—NU'(N(x; — )]G’ (x; — x;)dt
T 1 T
7\[— (Z (Xi - xj) t=0 " Wi,/%)G(Xi - xj) t=0
T
\({‘ (Z (Ui - Uj)ZG”(xi — Xj)dl‘
1T
+57 Of ' % )BN(xi)G'(xi —x;)dt 3.1)
L]

where the triple sum on the left side extends over all ordered triplets with three
components different from one another. In view of (2.2) and the inequality

1/2
]%supzm(m < sup [N*Zv?(z)] < NTEVO0N,  (32)
t t

the sum of the first two terms on the right side of (3.1) may be estimated from
above by 21/6V(0)/N? + || G||o. Since —G{y,(x) < h(x), the third term is bounded
above by 2||4s&"(0)/N3. For estimating the boundary term we make use of the
relation (5.3) given in Sect. 5 ( clearly its verification is made independently of any
result obtained in this section). Taking J(x) = (x — %)2 in (5.3) and applying (2.2)
and the assumption (1.6b) we see

N N(O)
Z]BN(x,)ldt SN+C—=+ 2f V(N (x; —Xx;))dt . (3.3)
i=1 0 ij(*)

Sy

Thus from condition (1.9) or, what is the right one here, £V(0) = O(N?) it follows
that

T
T MU' x5~ x0) = Oy =)l
2 0 i, j.k (+
—l—fT Z —NU'(N(x; — x;))]G’(x; — x;)dt
Wz 0 ij(+
2 T
SO+=[ 3 YN —x;))de . (34)
N 0 4,j(#)

The remainder of the proof of Theorem 2 concerns inequalities that are valid for an
arbitrary configuration (x;,xa,...,xy)and have nothing to do with the dynamics (1.1).
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3.2. Let us estimate the left side of (3.4) from below. For simplifying the arguments
that follow we assume R > 1. To begin with we notice the following two trivial
inequalities:

G'(xi —x) = G'(y —x) _ [aw = iy — x)dy

X; —Xj X; — jx_,
1
z - ng(y—xk)dy— lIAlloo 5 (3.52)
1 jx_,
G'(x; — x;
GO =3 5 i —x7) = [l]oo - (3.5b)
X —xj

It is here in the proof of the next lemma that we need assumption (1.5). We put

Y = v)rflx] = 1/4},
where x{]x| < a} =1 or 0 according as |x| < a or |x| > a.

Lemma 1. There exists an even function w(x), x € R — {0} such that @ = 0; w(x)
is positive and continuous for 0 < |x| < 1/4; w(x) converges to a positive number
or diverges to infinity as x — 0 according as Y* is bounded or unbounded, and

> YN —x;)) ng(y—Xk)dy 2N 3 Y(NGi —x)) o(N(xi —xi)) -

i, Jk (%) Xi— jxj i,j,k (%)

Proof. Since (y —x)~" [Ygn(u — z)du = min{gy(x — z),gn(y — z)}, the inequality
required in the lemma is implied by

nglgé)[w(qnm In( ) Min{g(gn(iy — Gn(i))> 9(n( ) — Gnk))}]

= 6ng1<5az(3)[¢ (griiy — G ) O(Gniiy — dn))] > (3.6)
where & (3) is the permutation group of three letters 7,/,k and ¢;,q; and g; are
arbitrary three real numbers different from one another. If we define d(x),0 < x <
1/2, by

inf g(u)
u:x<ux<l/2 zp(u)
(recall we have supposed R > 1), then & is non-increasing; @(x) approaches infinity

or a positive number as x | 0 according as y* is unbounded or bounded by virtue
of assumption (1.5); moreover if 0 < s < ¢t < 1/4,

() = inf g, ) = Y()

Y(s)g(s +1) 2 % max{y/(s + 1)a(s), Y()(s), Y(s)(1)} . (3.7)

Finally define w(x) = (6v/2)~'@(|x|)x{|x| < 1/4}. A little reflection then shows
that (3.6) follows from (3.7), finishing the proof of Lemma 1.
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Substituting the inequality (3.5) and that given in Lemma 1 into (3.4) we con-
clude:

T
] S 0 ) S o - 50
0 i,j(#) k+i
T
< CH @+ o)y [ X YOG — )t G8)

0 5,j(+)

3.3. We wish to dominate the integral on the right side of (3.8) by a small fraction
of that on the left side. We continue to assume R > 1 and choose the function w
in Lemma 1 so that ® < g as in the proof of it.

Lemma 2. There are constants Cy and C, that depend only on \y such that

> W(N@x —x)) S CIN+C Y Y (N(x; —x;)) .

Lj(+) Lj(+)
Proof. For ¢ > 0 put

ny(0) = n,¢(0; x) := #{ Py — 0] < 2?;,}

Then, by noticing that sup,<,<,¥(x) < (b/a)f(a) if 0 <a < b,

Y= ;_W(N(xi = ;DN — x;| > 1/4}
J*i

<2Ztﬁ( )n1/4 (x,+4—k]\7+ké]|\][‘|> . (3.9)

k=+0

But for every integer £,

ko1
Zi:n1/4 (xi + N + 8_N>
m k m k-1
< - - - - -
< myps (4N) [”‘/4 (4N + 4N) s (4N TN >]

< 254 (%) . (3.10)

Thus
ST s 4[2¢( )} ?ﬁﬂ (%) . (.11)

k+0
On the other hand, by putting
=2 YW —x) N — x| = 1/4},

J*i

2

=
*
v

( inf l//(ll)) 2 (mpx) — 1)

lul<1/4

2 P —
(l llgg/4|p(u)) [;nm <4N) N] . (3.12)
We can therefore find two constants C; and C, for the inequality of the lemma to
hold.

v
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Lemma 3. For every 0 > 0 there can be found a constant M so that
> W(N(xi —x;)) S NM +06 3 {xp*(N(x,' —x;)) 2 o(N(x; —x¢)) | -
Lj(+) L,j(#) ki
Proof. Put

w; = Y o(N(x; — x;)),
jFi

y(u) = inf { > a(sg) l (sx)x is a finite sequence
k
of real numbers such that > y*(s;) = u} .
*

Then y(u) T oo as u T oo, and, since y(¥;*) < w;,

v Z ut £ —Yrw;; 3.13
wl X{W = u} = ,y(u) lwl ( )
hence > ¢ < Nu+ Y Y x{¢;* = u} < Nu+ (1/y(u))>_¥;*w;. Substituting the last
inequality into Lemma 2 and choosing u so large that C,/y(u) < 6, we obtain the
estimate claimed in the lemma.

Lemma 4. Let y* be as in (3.9). Then there are constants C; and C, such that

CIN+GC Y, [W(N(xi - xj))ka(N(xi - xk))] .
+i

Lj (%)

ST

IIA

Proof. Denote by SV the sum on the right side. As in the proof of Lemma 2 we
see

sV z (|uf2f/s t//(u)w(u)) S (mjaCer) — 1P

> i 3 (M _ 2 (M
= (|u|12f1/8'/’(”)w(”)> [%,:”1/8 (&) 62 i <4N)] ‘
The second term within the square bracket on the last line being dominated by

a constant multiple of SV + N according to (3.12) and Lemma 3, this inequality
yields

> (%) < CIN +CiSV . (3.14)
m

On the other hand applying the Schwarz inequality to the right side of (3.9) and
then making the same argument as in (3.10) we see

w5 o2y (3] [0 (9) e (o g+ 0]
o[ ()] 2 )

lIA

IIA



114 K. Uchiyama

of which, owing to (3.14), the last member is dominated by C;N + C,SV as re-
quired.

The proof of Theorem 2 is now completed in a few lines. By applying the
Schwarz inequality and Lemma 4 in turn we see

5 WV 5 Vb ] > 1/4) SV — )

Lj(*)

SCG+GC Y [‘/j*(N(xi —x;)) > o(N(x; _xk))J .
L,j(#) k+i

The asserted estimate is obtained by applying this one after substituting that of

Lemma 3 into (3.8).

3.4. We state three corollaries of Theorem 2 for convenience of later citations.

Corollary 1. For each T > 0,

hm sup supf — > YN (xi(u) — xj(u)))du = 0.
00 oss<tsT N N,j(#)

|t—s|<é
Proof. Immediate from Lemma 3 and Theorem 2.
Corollary 2. The functions ¥V(t,i):= Zj*ilp(N(xi(t) —xi(t)),N=12,..., are

uniformly integrable relative to the respective product measures N ‘12?7:16 (- ) %
dt € M({1,2,...,N} x [0, T]).

Proof. In the decomposition YN( - ,i) = y;* + y;** (where ** is defined in the
proof of Lemma 2), the uniform integrability of the first term, y*, follows from
(3.13) and Theorem 2. As for the second term Lemma 4 and Theorem 2 together
verify that its second moment is bounded; it is in particular uniformly integrable.

By making the same argument as leading to (3.11) we deduce from Theorem 2,
Lemma 3 and (3.11) the following

Corollary 3. Let ¢ be a continuous, integrable positive function on R and suppose
o(¥)/o(x) is bounded on {|x| < |y|} . Then there exists a constant C such that
foral N=12,...and all M = 0,

T

J 2 oWNGi(t) —x; () i{Nxi(t) —x;()] 2 M}dt SCN 3° o(k).

0 ij(#) Y

4. Local Equilibrium

Recall " denotes the probability measure on the set of N-particle configurations
determined by (1.12). Since the expectation of the density of configurations under

N is (uniformly) bounded, the family (1" )y is relatively compact in the space of
probability measures on the set of locally finite configurations on R under the usual
topology determined by the convergence of the integral of bounded, continuous local
functions. In this section we prove Theorem 3, namely that any limit point of uV,
which is necessarily translation invariant, concentrates on configurations of equal
spacing. We note that if y is a limit point of y", then u{q|g;+q; if i%j} =1,
as is verified by Theorem 2.
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Lemma 5. For every limit point u of u",

u{q =(q1) g.U’(qi —g;) =0 for all i} =1. (4.1)
JFi

Proof. In a formal level the result of Lemma 5 is inferred from an identity (set
g = 1 below) obtained by calculating the right side of

T

N30, 3 U (i — x))

J*i

T

= N_3fi [ZviZU'(xi - xj)} dt
=0 o dt J*i
according to (2.1) and then passing to the limit as N — oo. In the identity however
there arise singular terms that should be avoided for the latter procedure of taking
the limit. In this proof we truncate them by means of two functions g and ¢ whose
introduction we start with.

For each K > 3, let g(u) = g(u,K) be a smooth function on R such that

guw)=0 ifjul >K;, =1ifju/ <K-2; and |g|,|¢'| £ 1.
Let ¢ be a smooth function on R — {0} that satisfies the following conditions:

lU'(x)] < @(x) and —x¢'(x) >0 for x£0; [ @(x)dx < oo,

x| >1

lo'(X)| £ @(x) for|x| > 1; and |@'(»)| £ 2|'(x)| if |y| > x| > 0.

Such a function ¢ may be constructed by modifying U as follows. The problem is
how to define it for large x. Clearly we can suppose R=c0. Put f(x)=-U'(x—1)/
Ux—1),x =z 2. If sup f < 1, we can take @(x) = const U(x — 1) for x = 2, since
Ux—1) = -U'(x), x 2 2. If supf > 1, putting x, =inf{x = 2| f(x) > 1},
we define p(x) =U(x —1) for 2 < x < x, and

o(x)=U(x, — Dexp{—(x —x,)/2} for x, <x < xy,

where x; is the least value of x = x, at which U(x, — 1) exp{—(x — x,)} coincides
with U(x — 1). Necessarily f(x;) < 1/2 if x; < oo. Now starting from x; instead
of 2 we continue the same procedure as above to define ¢ on [2,K] for every K
and hence on [2,00). The function ¢ thus defined fulfills all the requirements as is
easily checked.

Let U EE)(x) be a smooth approximation of U’(x) such that 1(728)(x)| < 20(x),

|(72;)(x)| < C|¢'(x)| and (728)(x) — U'(x) (¢ ] 0) for each x+0. Now, putting

ZOEIWUCIOREIONE
JFi
Fi(t) = — S U'(NGa(t) — 5(1)).

JFi

Fin(t) = —;ﬁie)(N(x,(t) —x(1)),
JFi
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WeE sc€e
14 f)v'(t)ﬁ' ()g(pi(t)) S S viFig(ei) + ! S FF;
N3 dt i=ll i,e\L )G\ Pi =N ivl 9(p;) R Fig(o:)

1 ~ 1 ~ I
-z 2 Bn(xi)Fig(e:) v > vi(vi —v)U (N(xi — x;))g(9:)
i i,j ()

5 Sufg () S0 VG — 1))~ ).
i JFi

Here the argument ¢ and the parameter ¢ are suppressed on the right side. We
integrate both sides of this identity with respect to ¢ € [0, T] and take the limit as
N — 00. We are to show that the contribution of every term except the second one
on the right side vanishes in the limit to have

lim [ S F OB K)dt = 0 42)
N—oo 0 N i

for every K > 0 (with ¢ fixed). By noticing that |F;g(¢;)| < 2K and by making use
of (2.2), (3.2), (3.3), Lemma 3 and Theorem 2, the left side as well as the first and
third terms on the right side are readily disposed of to this end. For dealing with the
rest, i.e., the last two terms on the right side we choose, for each K, 6 = 6(K) > 0
so that ¢(20) > K, which is possible since ¢(x) — oo as x — 0. Then

. . 26
9(@) =¢'(¢)) =0 if min{x; —x;_1, xip1 —X;} < v (4.3)

where x; are numbered in the increasing order: x; < x; < --- < xy and xp = —00
and xy.; = oco. It would be clear from the properties imposed on ¢ that our task
for the proof of (4.2) is reduced to showing

T ~ I
[ S0g(o) 0" NG =5y = o) (4.42)
i jFi
f S0k (0020 V(i = )y = oN) (4.4b)
J¥i

(These estimates are ready to verify if we assume &V(0) = o(N?); see also (6.1).)
We prove (4.4b) first. Put

m=x{(m—1)0 £ Nx; < md}.
Then

Zviﬁig/((/)i);_(p/(]v(xi —X;))v; ész:ZXi,m‘Uigl(q’i)lZ;l(pl(N(xi—xj))vjl - (4.5)
i J¥i rm J¥l

If yym =1, ie., (m — 1)0 < Nx; < mé, then by the last condition imposed on ¢,

glq’ (N (x; _xj))vj| = 2ZI(P (mo — ij)vjl +22|‘/’ ((m—1)0 — Nx,))vjl
JF Jj>i Jj<i
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Thus the contribution of the sum over j > i to the right side of (4.5) is at most
4KZZx,mlvzg (@) 2|9 (md — Nxj )|

Jj>i

< SKkzll@'(ké)fZZXi,mlvigl(%)lZX;’,m+k+1ll’jl : (4.6)
> im 7

Here we have applied (4.3) again. Observe that

@((k +2)d)

Then by applying the Schwarz inequality both to the double sum over i,m and to
the sum over j we can further dominate the sum on the right side of (4.6) by

. K
Yimg (@) = 0 if D jmrk+1 > —————— for some k = 1.
j

% ZEX’ mUi \/z ZX’ mlg’ (@z)lZZXJ m+k+IU
< VK @' (ko) Sl

< Z ___9%k9)
=1/ o((k +2)0)7
We can suppose 9 is chosen small enough that ¢(y + 20) > %q)( y—20)for y > 2,
which implies —q@/'(kd)//o((k +2)0) < —4¢'(x6)/+/p(xd) for x e [k—1,k],

k > 2/6, and hence that the infinite sum over k above converges. We have the
same bound for the contribution of the sum over j < i in (4.5). In view of (2.2)

this proves (4.4b). Since U ”(x) < C¢|@'(x)], the same proof works for (4.4a). Thus
the proof of (4.2) is finished.
From (4.2) it clearly follows that

Jim. fr}v ZFia)ﬁi,e(t)g(mi(t);K)f]hN(x,-m — 0)d0dt =0,
where Ay (x) = Nh(Nx) as before. The integral under the limit may be written
Tf Z;jZIU (g — qj)j;ﬁza)(%' —4;)9 <12*i<0(qi - qj);K) h(gi)u" (dq) .
Hence an application of Corollary 3 shows that for each limit point u,
J ;}ZIIU (g - qj)];ﬁzg)(qi - qj)g(§i<p(qi - qj);K) h(g:)u(dq) = 0

Finally, noticing [ > h(g:)u(dq) < oo, we let & | 0 to conclude

T2z
i J¥i

2
YU (g - qj)] g (;qo(qi = 4)); K) h(g:)u(dq) = 0.
J¥Fi

Since > y +0(qi — q;) < oo for all i a.s.(u) (this simply follows from the fact that
U is a translation invariant probability on the space of locally finite configurations),
letting K — oo in this relation proves »_,,,U’(¢; —¢;) =0 for all i as.(u). The
proof of Lemma 5 is complete.

Theorem 3 immediately follows from Lemma 5 if we prove the next theorem,
where neither (1.4) nor (1.5) is needed.
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Theorem 4. Let ((q;)icz); 1) be a translation invariant point process on R. If (4.1)
holds with U satisfying (1.2) and (1.3), then with u-probability one either (g;) has
equal successive spacings of a common span less than R or all the spans between
nearest-neighbour particles are greater or equal to R.

For the proof of Theorem 4 we suppose (¢;)icz is numbered in an increasing
order, i.e., ¢; < q;+1 for all i € Z, and put z; = q; — qi—1. Let n(z),z > 0, be a
non-increasing function such that 0 < n(x) < R and

F(n(z)) = 3F(z), where F(x):=|U'(x)|. 4.7)
Clearly such a function 7 exists. We prepare a simple lemma.

Lemma 6. Suppose U satisfies (1.2) and (1.3) and let n and z; be as above. If
> i+U'(@i — q;) =0 for all i, then min{z;1,z:i-1} = n(z;) for all i.

Proof. By applying 3, ,U’(g; — q;) = 0 first for i = 0 and then for i = 1 together
with the monotonicity of F(x) = |U’(x)|,x > 0, we see

__fzp(qo —gqj)+F(z0) =F(z1) + iF(‘Ij —4o)
j== /=

< Flan)+ $F(g) - ) = 26+ X Flar—g)
p2

j=2
—0o0

S 3F(z1)+ ). F(q0—9));
==

hence F(zy) < 3F(z1), showing zy = 7(z;) as desired.

Proof of Theorem 4. Let ¢ be an arbitrary positive number. Let g(x),x = 0 be a
bounded continuous function such that g(x) =0 for x < é and strictly increasing
for x > 6. Then the condition (4.1) implies, in view of Lemma 6, that with pu-
probability one

min{z,z1,2,} = n(8) if g(z;) > 0 (4.8)

and, by symmetry of F = |U’|, that with p-probability one

0=ygz) | XU (g1 —q:)— Y U'(g0— qn)
n+l n=+0

- g(zl)ijz [F(qn — 1) — F(gn_1 — q0)]

—91) Y [F(G1 — Gniz) — F(qo — gns1)] . (4.9)

n=2

From (4.8) it follows that

g(zl)g1 (1U"(q1 — an)l + 1U"(q0 — gn-1)]) = ; [@(q1 — gn) + ©(90 — gn—1)]
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with ¢ a bounded even function having a monotone integrable tail. Since the den-
sity p = limgy; oo kz20 (K +L) '#{i| —L < q; < K} exists as.(u), we may
suppose f pdp < oo (otherwise one has only to restrict 4 on the set {p < M} and
afterwards let M — 00). This makes the right side of the inequality above (and
hence the left side) integrable relative to p, so that we can change the order of the
summation in (4.9) even under the integration by u, which we now carry out. The
translation invariance of u then shows that

0= i_’fzf [9(z1) (F(gn — 1) — F(Gur — 40))
~9(z,) (F(qn — q1) — F(gn-1 — 90))] u(dq)
= 5=/ o) ~ 0N [-F(gn — ) + Flgim — )l u(da).

Since (g, — q1) — (gn—1 — go) = z, — z1, and since both g and F are monotone,
all the integrands have the same sign and hence must vanish a.s.(u); in particular
[9(z2) — 9(z21)][F(z2) — F(z1)] = 0 a.s. (u). Finally letting the constant J, on which
the support of g depends, tend to zero, we arrive at the conclusion of Theorem 4.

Remark. The same result as Theorem 4 is obtained by Lang [L] under the additional
assumption that [|U’(z9)|dpu < oo. The proof given above is essentially the same
as his except for the use of Lemma 6 in place of the integrability of U’(z).

5. Proof of Theorem 1

This section is divided into four subsections. In the last one we show that the weak
convergence of o implies the strong convergence of its mollified local density
o (hyje( - — 0)) as N — oo and £ — oo in this order. Taking this result for granted
we deduce Theorem 1 from Theorems 2 and 3 in the first three subsections.

5.1. First we carry out some calculation to see that our system is essentially of
gradient type. This part of the proof is very similar to the corresponding one in
[OV]. Let J be a smooth function on the closed interval [0, 1]. By (2.1) we obtain

d N
@ )= 2 o) (5.1)
and

&S G = NS00~ NP G~ NS (5B
~N2E () U (N (s = x7) (52)

J¥i

as well, where, as before, By(x) = N[W’(Nx)+ W (N(x —1))] and the time pa-
rameter is suppressed. Since U’ is odd, the last term in (5.2) may be rewritten

as
1
—N? Y (J(x) = T DU (N (i — x7) -
N ES)
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Notice that N? times the right side of (5.1) appears as the second term on the
right side of (5.2), substitute its expression accordingly obtained into (5.1) and then
integrate both sides of the resulting equality on a time interval [0,¢] and you see

t

() — o) (J) =

= I

5s=0

t
fZJ"(xi)vfds - %ZJ'(x,-)v,-
0
1

f J'(xi)Bn (x;)ds
N3
ft Jl(xi) —J'(x))

0N11(4=) Xi — X YN —x;))ds. (5.3)

By (2.2) and (3.2) the first and the second terms on the right side converge to zero
as N — oo. Suppose that J'(0) =J'(1) = 0. Then the third term also converges
to zero due to the assumption (1.6b) (see the estimate (3.3) that is an immedi-
ate consequence of (5.3)). If ¥ decays for large x sufficiently fast, then the ratio
(J'(x;) — J'(x;))/(x; — x;) in the last term might be replaced by J”(x;). Corollary 3
in Sect. 3 ensures such replacement is valid under the assumption (1.4), so that

A0 =)= 5 3 YN ~ 5N s +o(1). (54)
ij

where o(1) is locally uniform in ¢.

5.2. For each smooth J satisfying J'(0) = J’(1) = 0 the family of continuous func-
tions (oV(J),0 <t < T),N = 1,2,..., is equi-continuous according to Corollary 1
and (5.4). Clearly it is uniformly bounded. Hence it is relatively compact in the space
of continuous functions under the topology of uniform convergence. This shows the
family of continuous measure-valued functions (oY,0 < ¢t < T),N = 1,2,..., also
is relatively compact; by Corollary 3 any limit point of it is absolutely continuous
for each ¢t. We can identify the limiting density, p(6,t) say, and thereby complete
the proof of Theorem 1, if we show that the integral on the right side of (5.4)
converges to

f fl P(p(0,5))J"(0)dbds , (5.5)
00

since p(6,t) is then revealed to be a weak solution of the Cauchy problem (1.8)
and (1.10) that is unique by virtue of the following theorem. (See also Lemma 8
below.)

Theorem 5. Let oy be a finite Borel measure on [0,1]. Then for every T > 0
there is at most one non-negative weak solution p = p(0,t) to the problem (1.8)
on (0,T] that satisfies the integrability condition fOTdt folP(p(H,t))dG < 0o and the
initial condition (1.10), as well.

Proof. Theorem 6 in [U] asserts a similar uniqueness for the nonlinear diffusion
equation (1.8a) with the periodic boundary condition. Its proof given there is avail-
able also for the case of the reflecting boundary condition (1.8b) without any alter-
ation except that we here use the fundamental solution of the heat equation (that
plays as a test function in the proof) with the reflecting boundary condition instead
of the periodic boundary condition.



Scaling Limit for a Mechanical System of Interacting Particles 121

5.3. Let & be the same smooth even function as introduced in Sect. 3. Write Ag(0) :=
Kh(K0) for K > 0 as before. Then for £ > 0,

f 1 1!
0 2N ,J(aF)l//(N(xi — s
¢t [ 14N 1 p
= | T 5 52 A — OUNG — ) ”(9)d(9} ds+ 0( )
0 //N l](=i=)

where J” is smoothly extended outside [0, 1]. Introducing the function

1
Hy(@) =5 3 (g = g)h@). 4= (g,
Lj(#)

we can rewrite the inner integral on the right side above in a concise form:

1+£//N
[ Hy(Nx(s))J"(6)d0 .
—//N

The contribution from the boundary region [—¢/N,0) U (1,1 + Z/N] to this integral
is negligible since YV (t,i) := Zj 2 W(N(xi(¢) — x;(¢))) is uniformly integrable as
asserted in Corollary 2 of Sect. 3. For the proof of Theorem 1 it therefore suffices
to show

11m lim supfa’s f|Hj(N x%(s)) = P(p(0,5))|d0 =0, (5.6)

—0 m—oo

where N,, is an arbitrary subsequence of {N} along which & converges to p(0,)d6.
Again by virtue of the uniform integrability of ¥"(zi) we can replace H/(q) in
(5.6) by

Hl/{,M(q)z %Z([;W(% J /\M>h1//(% .
i JFi

On the other hand, since p(0,s)P(p(6,s)) is integrable with respect to dfds on
[0,1] x [0,T] as we will see in Lemma 7 at the end of this section, we can also
replace P(p) in (5.6) by

Pu(p) = ([ gw(k/p)} A )

Put i
P (q) =3 hye(gi) = 7 Y oh(ail!) .

Then Py (p(0,s)), in turn, can be replaced by Py (p™*(Nx%(s))) since pé(Nx'(s)) =
oY (hyje( - — 0))/2¢ well approximates the limiting density p(0,s) as N — co along
Ny, and ¢ | O in this order. According to Theorem 6 below we can further replace
Pu(pM¥(Nx%(s5))) by Pu(p?(Nx%(s))). As a consequence of these replacements of
functions the problem is reduced to showing that for all M = 1,

hm lim supfa’s le,/‘M(NXH(S)) Pu(p’ (Nx(5)))|d0 =0,

—0 N—oo
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or by rewriting it by means of u”,

Jim limsup [1H{y, (@) = Par(p(@))] 1" (dg) = 0. (5.7)

But this follows from the local equilibrium assertion Theorem 3. (Noticing that
both Hy;,,(q) and Py(p’(q)) are the same order as p’(q) with M fixed, one should
accordingly make a truncation argument that may be based on Corollary 3.)

Thus the proof of Theorem 1 is complete if we prove the following

Theorem 6.
T 1
Jim_Tim sup lim sup [ ds [|p™(WNx"(s)) — p’ (Nx’(s))|d6 = 0 .
—00  ¢]0 N—oo 0 0

5.4. The proof of Theorem 6 is done by means of the Young measure. Define a
finite measure ¢ on [0, T] x [0, 1] x [0,00) by

m (dtdOdu) = dtd08 v yxory(du) .

Then the family (n™/(dtd0du);N = 1,2,...,/ =1,2,...) constitutes a relatively
compact set of measures. Our task was to identify every limit point of . For
any subsequence of N along which « converges, we can choose its subsequence
N* such that 77 converges along N* for all /. Hence it would suffice to study
limit points of 7™/ along such a subsequence N*. Recall that any limit point of
aN(d0) possesses a density.

Theorem 7. Let N* be a subsequence of N along which n™’ converges for all £ =
1,2,.... Let p(0,t)d0 and n(dtd0du) be limit points of ol (d0) and ™’ (dtd0du),
respectively, as first N — oo along N* and then { — co. Then the Young measure
n(dtd0du) is degenerate at p(0,t), namely n(dtd0du) = dtd0 ., (du).

The deduction of Theorem 6 from Theorem 7 is straightforward, since the
second moment [u?n™?(dtdOdu) is uniformly bounded according to Corollary
3. (Cf. Eq. (4.5) in [U].) The proof of Theorem 7 is similar to that given in
[V] for its Theorem 7.6. The proof given there is modified according to [SU]
and [U] so that we can dispense with the entropy technique as applied in [V].
In both [U] and [SU] the fundamental solution on the torus is used in place
of a function gy, = hAne — h) that is used in [V], for simplicity in [U] and
since the model is multidimensional in [SU]. This time we use the fundamen-
tal solution for the heat equation on the unit interval with reflecting bound-
ary condition not for simplicity but for necessity for dealing with the boundary
term.

Proof of Theorem 7. Let pu(x,y),0 = x,y < 1,¢t > 0, be the fundamental solu-
tion for the heat equation 0,u = (0°/0x*)u on [0,1] with the reflecting boundary
condition. We will apply the following representation of it:

pi(x,y) = fﬁ [9:(—x+ y +2n) + gx + y + 2n)], (5.8)

n=—00
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where g,(x) = (4nt) "2 exp (—x?/(4t)) . We carry out the same calculation as that
leading to (3.1). This time however we compute, instead of (d/d¢))_; i £ —
Xj )via

d

- Z axPr(xi,xj)Ui

dt i ;%)
with t fixed. Here 0, denotes the partial differentiation with respect to the first
argument of p.. Since p, is symmetric (with respect to x and y),

1d
N Z Ox po(Xi, X J0; = 231 Z poxi,x;)
l)](*) l,](*)
In place of (3.1) we accordingly obtain
T
f k( )[ —NU' (N (x; _xj))][axpt(xz,xk) xp‘z(xj’xk)]dt
e
f 2 )[ —NU'(N(x; — x;))]0x po(x:, x;)dt
e
T 1 T
= Z U; Xp‘t(xl’x) + == Z p‘t(xiax')
N j (+ Tl 2N 7m0
2N2 f Z )[vz@zpr(xi,xj) + 070,050, po(xi, X, )dt
0 5Lj(+
Nz f > BN(xz)axpr(xnxj)dt
0 iLj(*)

Integrate both sides of this identity with respect to T on an interval [K%/N2,b],
where b and K are constants. Since

b Xy
f[axpt(xbxk) - axpr(xjaxk)]dT = f[pb(uaxk) — pa(u,x)]du ,

X

two times the first term on the left side then becomes

1 T
V2 [ X YN —x))= f[l’b(u xk) — Pryn (U, Xp)]du . (5.9)
0 i)k () X = Xjx

We are to see that this is essentially non-negative in the limit as first N — oo and
then b | 0,K — o0, by examining the other terms one by one in the following items
0) through iv).

0) Since 0Oy p;(x;,x;) has the same sign as U'(N(x;, —x;)), the second term on
the left side is non-positive.

i) lfab(?xp,(x,y)dr( is bounded whenever 0 < a < b < 1.

ii) sup,, fy pe(x, y)dt — 0 as b | 0.

iii) Since 0 ay po(x, y) = (0/0t) p2(x, y), where p?¢ is the fundamental solution
of the heat equation with the absorbing boundary condition (as being clear from the
Fourier expansion of p.(x,y)), the contribution of the third term on the right side
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is bounded below by

T
b
“p | f Zdl + _ f [1), pKz/Nz(x,',xj') — U,‘Ujp?{Z/NZ(xiaxj)]dt .
0 i 0 iLj(F)

The first term vanishes as N — oo and the second term is non-negative since p, =
p. and pg(x, y) = pa(y,x).

iv) The boundary term vanishes in the limit as N — oo and b | 0 in this order
as is verified as follows. By symmetry we have only to look at the contribution of
x; £ 1/2. For every ¢ > 0 this part is bounded by

T

f 'BN(xi)IX(xi < ]%)

0 ij(*)

b
[ 0cpe(xi,x))de| dt
KZ/NZ

T
+ [ZSgplW’_(X)I] %f >

0 Lj(*)

b
[ 0xpelai,x)de| dt
K2/N?

at least for large N. For each ¢ the second term is dominated by a constant multiple
of

b
Joxpe(x, y)dt| dy

a

T 1 1

[ [lp'(Nx’(t))]?d0dt x sup sup [

00 x a:0<a<b (
as is easily shown as in the proof of Lemma 2 in Sect. 3. The first factor is uniformly
bounded and the second one converges to zero as b | 0. In view of (3.3) it therefore
suffices for our purpose at present to show the following

Lemma 7.

f Ox pe(x, y)dt| = 0.

KZ/NZ

lim sup sup sup sup sup
¢=0 0<b<1 K21 ysg)/p 0<y<l O<x<e/N

Proof. The contribution to Jy p, of the sum over n=0 in the representation (5.8)
causes no problem so that we have only to compute the one coming from n = 0,

ie.,
b

Spxny) = [ [g:(x = »)+ gu(x + y)ldt.
K?/N?

Observing

b "(2)d 1 bz —z/4rd Ae d
afgr(z)r—\/?fz r—z/\ffgl(u)u,

we see that if y > x and x < ¢/N, then

Ny/K+¢e/K y/Vb+e/VBN
Spxnxy) =2 [ gi(uw)du+ | giwdu,
Ny/K—¢/K y/Vb—e//BN

which with N > K/+/b clearly converges to zero as ¢ — 0 uniformly in y as well
as in the other variables. The case y < x is easier, since then |x + y|/v/a < 2¢/K.
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We have observed that the limit supremum of the formula in (5.9) as N — oo
and then b | 0, K — oo is non-negative, which implies

1 1 4
I; ;= liminf liminf * [— N(x; — x; , X )dudt
1= liminf lim in J B i’j%#)lﬂ( i =) — xf v (w23 )du
. . 1 |
< limsup limsup™ [— > Y(N(xi —x;)) [ po(u,xi)dudt =: I ,
b0 N—oo 0N ijk(+) Xi—Xj g,

where * indicates that the limit is taken along the subsequence N* specified in
Theorem 7. From now on we can proceed as in [U] or [SU]. Here is given an
outline. The integrand on the left side is very singular, but we need only a lower
bound for it and can apply Fatou’s lemma to deduce from Theorem 3,

1 [ee]

fdtfd(-) JuP(u)mp(du) < I < oo, (5.10)
o 0 0

where we have applied also the fact that n(dtd0du) can be written dtd0m,g(du).

As for the right side we first replace the integral under the double limit supremum
by [dt[Hy(Nx"(t))N '3 py(0,x)d0, which readily justified by Corollary 3 and
the smoothness of p,. Since pp(6,6’) can be uniformly approximated by a finite
sum of products ax(6)br(6") of smooth functions and by Theorem 3 together with
the same truncation argument based on Corollary 2 as made just after (5.6) we can
further replace the latter by

T T
[ dt [Py’ (INX"(0)))o (ps(0, + ))d0 = [ [[Pu(u) (ps(0, - ))m"(didbdu)
0 0

if we let / — oo and M — oo in this order after letting N* — oo. Noticing that
o (pp(0, - )) approaches [ py(6,0)p(0',¢)d6’ uniformly in (6,7) (with b fixed) and
that p(0,1) = [um,g(du) we accordingly conclude

T
L =limsup [ [dtd0 [ p,(6,0") [u' 7,9 (du')AO' [P(u)m,o(du) .
b0 0

We can take the limit within the outer double integral sign [[d¢d6. In fact by
applying both the semi-group property and symmetry of p, with the help of Fubini’s
theorem we see that its integrand may be replaced with

Fy(t,0) == [u'n3)(du) [ P(u)n)(du),
where 7'y (du) = [, dnmy,(du) py2(6,1), and that Fy(z,0) is uniformly integrable by

dtdf owing to the integrability result in (5.10) (see [SU]: the argument leading to
(7.8) of it). Therefore

L= fdtfd@fu'n,,g(du')fP(u)n,,g(du), (5.11)
0

It would be standard to deduce m,9(du) = d,(,,(du) from (5.10), (5.11) and the
monotonicity of P. The proof of Theorem 6 is finished.
By (5.10) and Theorem 6 we incidentally obtain
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Lemma 8. If p(0,t)d0 is a limit point of o (d0), then

fdt flp(G,t)P(p(H,t))dH < 00.
0 0

6. Concluding Remarks

Remark 1. The function P(p) is, at least formally, identified with the pressure in a
standard manner based on the virial theorem: indeed %El//(N (x; — x;)) is nothing
but the interior virial — ) ¢;U’(g; — ¢;) that, since the kinetic energy is negligible,
should be balanced with the boundary virial, which in turn must equal the pressure
times the volume. This argument however is legitimate only in an equilibrium situa-
tion (or in the time average). The following reasoning, though the underlying idea is
the same as above, applies to non-equilibrium states. Namely, under the assumption
of Theorem 1.1, we deduce from (5.3) that there exist weak limits

p-(1)= lim f) — WL(Nx(t)) and pi(t) = Jim %Wi(in(t) —N)
7 =1 70 =1

(the pressure at 8 = 0 and 0 = 1, respectively) and that for every smooth function
J on [0,1],

1 t t
bfp(f,@)f((?)d@ —%(J) = J’(O)bfp—(S)ds - J’(l)bfp+(S)dS

+ f flP(p(G,s))J”(B)des .
00

This identity with J suitably taken and varied verifies that p_(¢) = P(p(0,¢)) and
p+(t) = P(p(1,t)) a.s., where the version of the weak solution p(0,¢) should be
properly chosen.

Remark 2. The initial energy bound (1.9), €Y¥(0) = o(N?), is natural and indis-
pensable for the conclusion of Theorem 1 to hold. If it is violated, then the so-
called initial layer appears in general, i.e., the limiting density of o, even if it
exists and satisfies the non-linear diffusion equation (1.8), can assume an initial
trace lim,)o p(6,2)d0 different from o := lim o). For example consider the initial
phases ¢;(0) = i/2; pi(0) = N/2,i=1,...,N. Then within a macroscopically negli-
gible time, e.g., t = N, each particle ¢;(¢) travels a distance of about N/2, a macro-
scopically significant distance of 1/2, which results in the initial discontinuity of the
macroscopic mass distribution.

Even if (1.9) does not hold, & can still converge uniformly for ¢ € [1/T, T] for
each T < oo along suitable subsequences and any limit point may admit a density
p(6,1) that solves (1.8) (though it is then impossible to determine the initial trace
from the given datum «p only), which is always the case if

U(x) < ey(x) for x| <1 and &Y(0) = ON?)

with some constants ¢ and y (= 3). To see this we observe that, in view of (2.2),
(3.1), Lemma 3 and Theorem 2, the supplementary assumption on U made above
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implies
T N
[ &Y (t)dr < AN + BéaN(ZO)
0

for some constants 4 and B. Since &V(t) is decreasing in ¢, the substitution of
T = N~*t gives 16N (N~*1) £ AN'** 4 BN—2+4gN(0). Applying this inequality,
repeatedly according to the magnitude of y, we deduce from &V(0) = O(N?) that

EVNIN"H)=0WN'"") for0<Ai<?2. (6.1)

Taking A =1, e.g., and applying Theorem 1.1 to the system (2.1) started at ¢ =
N~!, we obtain the asserted convergence of o with a limiting density satisfying

(1.8).

Remark 3. 1If the condition (1.4) fails to hold or equivalently [ “Y(x)dx = oo, then
the inner sum on the right side of (1.11) diverges to infinity in the hydrodynamic
limit and we need to scale the time by a factor smaller than N? for obtaining
a non-trivial limit. A heuristic argument suggests that instead of (1.7) we should
define

x(t) = N"1gi(N""logN)t) if y(x) ~x~! as x — oo,
xi(t) = N~lgi(N~1H7p) if Y(x)~x"1*7 as x - 00,

where 0 < 7 < 1: in the former case we would have Eq. (1.8) with P(p) = p? for
the limiting density field, while in the latter case (1.8) must be replaced by

(0 +u,t) ; p(6 — u’t)|u|_ydu

0 0 p
5700 == p(0,1) [
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