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Abstract: We study resonances (scattering poles) associated to the elasticity operator
in the exterior of an arbitrary obstacle in R® with Neumann boundary conditions.
We prove that there exists a sequence of resonances tending rapidly to the real axis.

1. Introduction

Let ¢ CR? be a compact set with C°°-smooth boundary I'and connected complement
Q = R*\ (. Denote by 4, the elasticity operator

Aev = podv + (Ao + o)V(V - v),
v ="(vy,v2,03). Here Ay, 1o are the Lamé constants and we assume that
Ho > 0, 30+ 2u9 > 0. (1)
Consider 4, in Q with Neumann boundary conditions on I,

=0, i=123, )
r

3
Z O'l'j(U)Vj
Jj=1

where g,;(v) = 2V - v6;; + o (%—; + %) is the stress tensor, v is the outer normal
to I'. Denote by L the self-adjoint realization of —4, in € with Neumann boundary
conditions on I'. As usual we define resonances as the poles of the meromorphic
continuation of the cut-off resolvent R,(4) = y(L — 2*)"'y from Im/. < 0 to the
whole complex plane C, y € C5° being a cut-off function equal to 1 near I". So we
accept the convention that the resonances lie in the upper half-plane.

If one considers the Laplacian with Dirichlet or Neumann boundary conditions,

then it is well known that for convex or more generally for non-trapping obstacles
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the resonances lie above logarithmic curves of the type Im 4= C;InRe/Z — (3,
C; > 0. There are several special examples of trapping obstacles [I1,12, I3, G] with
resonances tending to the real axis or with a strip of the kind 0 < Im/4 < Cp
containing infinitely many resonances. An important open problem in this direction
is to prove or reject the Modified Lax and Phillips Conjecture—for any trapping
obstacle there is a strip 0 < Im 2 < Cj containing infinitely many resonances.

In [SV2] the authors proved that for the elasticity operator L with Neumann
boundary conditions there exists a sequence of resonances tending rapidly to the real
axis provided that the obstacle ¢ is strictly convex. Moreover, below any logarithmic
curve Im 2 = CyIn|2| — C, there are no other resonances except possibly a finite
number. The reason for the existence of almost real resonances are the Rayleigh
waves which is a typical phenomenon for the elasticity operator with Neumann
boundary conditions. As proven by Taylor [T] (see also [Y]) there are three types
of rays for L that carry singularities. The first two types are classical rays reflecting
at the boundary according to the laws of geometrical optics and the singularities
propagate along them with speeds c¢; = /iy, ¢ = \/ /40 + 2pp. The third type of
trajectories lie on the boundary and singularities propagate along them with a slower
propagation speed cg > 0 (the Rayleigh speed). Thus any obstacle is trapping for
L from the point of view of propagation of singularities and one might expect
resonances close to the real axis. The proof in [SV2] is based on a construction of
a microlocal parametrix of the corresponding Neumann operator in all of the 5 zones
(hyperbolic, mixed, elliptic and two glancing ones) using the calculus of ¥DO-s
and FIO-s with large parameter (sce e.g. [G]). It turns out that the parametrix is
elliptic in the first two zones, can be represented microlocally as a hypoelliptic
operator in L%.O conjugated with an elliptic FIO in the glancing zone while in the
elliptic zone has a characteristic variety of the form X = {{ € T*I'; ¢|[/{]| = 1}.
Therefore, the parametrix is microlocally invertible outside X, which is essential for
the proof of the pole-free domain, while the proof of the existence of almost real
resonances is based on an application of the Phragmén—Lindelof principle.

In this paper we show the existence of a sequence of resonances of L tending
to the real axis for an arbitrary obstacle (. Of course, one can no longer expect a
pole-free logarithmic zone as in the case of a strictly convex obstacle [SV2] because
there might be resonances near the real axis or more generally in any logarithmic
region generated by classical trapped rays. Our main result is the following theorem.

Theorem 1. There exist two infinite sequences {7;}, {—2;} of distinct resonances
of the elasticity operator L, such that

0 <Imi; < Cyli|™" for any N > 0.

The proof of Theorem 1 suggests that the reason for the existence of these
resonances are the Rayleigh waves. In particular, it provides another proof of
Kawashita’s result [K] that the elastic wave equation with Neumann boundary
conditions does not possess the exponential local energy decay property.

To prove Theorem 1 it suffices to show that for any integer N = 1 there are
infinitely many resonances in {Z€ C:Im/. < |47V, |[ReZ| = 1}. Then, the
assumption that there are finitely many resonances in this region would lead to
polynomial a priori estimates on .4 ~!(1), /(%) being the Neumann operator on
I', in a smaller region near the real axis. The final step is to show that these a
priori estimates cannot hold because the parametrix of the Neumann operator fails
to be elliptic at X. To do so, we use the calculus of YDO-s and F1O-s with large
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parameter as presented in [G] to construct a parametrix of the Neumann operator in
the elliptic zone. Note that this is possible despite the fact that ¢ is not necessarily
convex. In fact, it is sufficient to construct the parametrix in a neighborhood of the
characteristic variety 2. We take a finite number 2m + 1 of terms in the asymptotic
expansion of the corresponding amplitude in order to get a parametrix Ny, _1(4),
such that /*"~!N,, () is analytic in /. Then we extend /?"~!N,,_;(4) as an
elliptic DO with large parameter 4; = Re 4 globally, thus obtaining a ¥DO P(/%)
which is an entire function of 4. Applying the Phragmén-Lindelof principle, we
show that P(.) has “zeros,” i.e. we have P(/;)f; = 0 with some /; in a logarith-
mic domain and || ;|| = 1. Next we show that /; are asymptotic zeros of Na,—1(4),
ie. Nowo1(2)f, = O(|2;]7°°), as well as Im 2; = O(|4,|72"2). Since Ny, is a
parametrix of the Neumann operator A/, for m sufficiently large this turns out to be
enough to get the desired contradiction.

2. Some A Priori Estimates on the Resolvent

The purpose of this section is to prove the following a priori estimate of the cut-off
resolvent which is crucial for our proof of Theorem 1.

Proposition 1. Assume that R, (%) is analytic in {/. € C; Im ). < 2|7V |Re /| = C}
with some C > 0 and integer N > 0. Then
I'RZ()~)||L(L2;H2) =

AN for Im ] < 127NTE |Res| = G,

with some constants Cy,C, > 0.

Remark 1. It is easy to see from the proof that a similar statement holds in any
odd-dimensional space as well and for compactly supported perturbations of the
Laplacian. The proof however does not work if the space dimension is even.

Remark 2. As an immediate consequence of Proposition 1 we get that the exis-
tence of real quasimodes implies the existence of resonances {/;}5°, with Im /, =
O(|7,]7°°). The advantage of this conclusion is that, as shown in [P] (see also
[CP, L)), if there exists an elliptic broken periodic ray (with Poincaré map satisfy-
ing some technical conditions), one can construct real quasimodes k; — +oc of the
Dirichlet Laplacian in an exterior domain Q C R”, n = 3 odd, with C*® boundary
I, i.e. there exist uniformly compactly supported functions u;, ||u;|,» = 1, such that

A+k)u; =0k ) in Q,
{( + k7 u; (k; ™) in 3)

u; = O(k; ™) on .
The proof of Proposition 1 is based on the next two lemmae.

Lemma 1. Assume that f(z) is analytic in {z€C; Imz < Cy|z|™", |Rez| > C,}
and | f(z)] £ C3eS " with some positive constants Cy,Cy, C3, and integers n,N =
0. Assume moreover that |f(z)| < Cqlz|"/|Imz] for —1 <Imz < 0, |z| > 1 with
some Cy > 0 and integer m = 0. Then

f@)] £ Cslz["" 2 for [lmz] < |27V [Rez| = Cs,

with some constant Cs > 0.
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Proof. Without loss of generality we can assume that Rez = C,. Set
u(z) = exp{iz’} = exp{i(Rez)* — s(Rez)* 'Imz + -},

s being an integer to be chosen later on. On y, :={z € C; Imz = C|z|7",
Rez = C,} we have for g := fu,

9(z)| £ C3eSF" exp {—s(Rez)* 'Imz + C(Rez)* *(Imz)? — -}

(Rez) ™! ,(Rez)* 3
=V "G |z _}

= C36C3|2|" exp {—Cls

n 1 Rez) ™!
g C3eC3|Z] exp{_zcls(_%zl__}
z

for |z| sufficiently large. Therefore, if s > n+ N + 1, we have

lg) =C  forzey,. 4)

Set y. ={z€C; —Imz =|z|°, Rez = C;}. On y_ we have

| m

C4|Z
<
lg(2)] = ]

exp {s(Rez)’ '[Imz| — Cy(Rez) *[Imz|* + -} < Clz|"**. (5)

We get from (4),(5) that z7"°g(z) is uniformly bounded on the boundary of
the domain between the curves y;, y_ and Rez = C) with C} > C, sufficiently
large. Moreover z~ " ®¢g(z) satisfies an a priori exponential estimate in the inte-
rior. An application of the Phragmén-Lindel6f principle implies that z=" %g(z) is
uniformly bounded in the interior of that domain as well and therefore

|f(2)] < Clz|" exp {s(Rez)’ 'Imz — Cy(Rez)*" *(Imz)’ + -} < Cslz|™**,
provided that [Imz| < 1/(Rez)’. Now it suffices to pick s = N +n + 2 in order to
complete the proof of the lemma. [J

We would like to apply this lemma to the operator-valued function R,(4). To this
end we need the following a priori estimate (compare with [SV2, Proposition 5.2]).

Lemma 2. Assume that R,()) is analytic in D¢, ¢, = {4 € C; |[Imi| < Ci|A|7",
[Re A| > Cy} with some C, > 0, C; > 0, N > 0. Then for any C; < Cy, C} > C;

we have : ciift
1R, Gl 22,12y S Ce™ (6)

with some C > 0 in Der ¢ ={2 € C; [Im7] < Ci|A7V, [Re i| > C5}.

Proof. This is a refinement of Proposition 5.2 in [SV2] (see also Lemma 3 in the
present paper) and we refer to [SV2] for more details. As in the above cited paper
we can find an entire function A(4) of order 3, such that in

V=C\ U {}.; [A—z| < |zj|_5*N}
J
we have
IR, (Dl cz2:m2) < CeC* for ) e v, (7)
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where {z,}2, are the zeros of h(4). Let us observe that C\V = J;2, Us, where
U, are disjoint connected sets and each Uy is a union of a finite number of disks,
because the series -, |z;|~* converges and hence so does - °, [z;| >V Clearly,

for each k, diam Uy < 2M, where M := )" |z;|~*%, which implies

SN = AN
|z]>4
Therefore,

diam U, < 2M[min{|A]; 4 € U1V < 2m(|A] — 20 )~V ! (8)

for each A€ Uy, and k sufficiently large. Fix C| < C,C; > C, and set K={keN;
Der ey N Uy #0}. For large k € K we have Uy C D¢, ¢, because of (8). Since (7)
holds on 0U; we can apply the maximum principle to conclude that (7) holds in Uy
as well with some other constant C > 0 for large k. Thus (7) holds in the entire
DC]’,Cé except perhaps in a bounded set. [J

Proof of Proposition 1. We have by the above lemma that the operator-valued
function R, (%) : L?> — H? satisfies the first assumption of Lemma 1 with n = 4. On
the other hand, it is clear that in the lower half-plane R, satisfies the estimate

C
R,( = Tman
IR Dl g2y £ lIm A||4] °
which easily yields
_ o
IR (| g2, 102y < [Tm | forIm/ < 0.

Thus R,(1) : L? — H? satisfies the second assumption of Lemma 1 as well with
m = 1. Now Proposition 1 follows from Lemma 1 at once. O

Let us define the Neumann operator A7(/) by the formula

s

N W

3
N HN(D) S £ S ai(v)y;| € H (D), s =
j=1 -
where 6; = '(01,02;,03;), 0;; is the stress tensor (see (2)) and v solves the follow-
ing problem:
(de+72)=0 inQ,
v=f on I, )
v — outgoing .
As A"7(4) can be easily expressed in terms of R,(4) (see [SV1]), the assump-
tion that R,(4) is holomorphic in {4 € C: Im . < [4|7", [Re 4| = C} implies that
so is 4 ~!(/) and moreover, by Proposition 1,

1A O iz gy < CIANVT for ImA] < J47¥7% Re2| 2 ', (10)

In the rest of the paper we will find a contradiction to (10).

3. Parametrix for the Neumann Operator

We will recall briefly the construction of the parametrix of (9) in the elliptic zone
(see [SV2,CP]). We will use the calculus of ¥DO-s and FIO-s with large parameter
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as developed in [G]. We choose 4 to be the large parameter and we suppose that
/€ AC1~C2 = {; e C; |}2| < Cilni, 41 > Cz} 5 (11)

where /:1 = RC;,, 22 =Im /l, C, >0, G >~o(o)
Given an open set X in R" denote by C (X)) the space of all functions u(x, 2),
/. € A such that u( - ,4) € C°°(X) and p(u( ,2)) = O(]A]7°°) for all seminorms

p in C*°(X). In a similar way we define c™ (K), K being a compact, Co (X) and
F'(X).

Given two open sets X,Y in R", for m,k € R,p,0 €[0,1) we define (see
[G, Def. A.12]) the class S'”()k(X x Y) to be the set of all a(x, y,n,4) € C°(X x
Y x R"), such that for any compact K CC X x ¥, all o, 8,7 € Z", 1 € A we have

|0003a] = Co A IR - [y (12)
IfX =Y, we set SV (X) = S (X x X). Given a € S)(X x Y), denote by Op(a)
(or Op;,(a)) the operator

(Op(a)u) (x, 1) = <2/—n) [ [ ™= a(x, p,n, Ay, ) dydy . (13)

We have well-defined operators in the case where a has bounded support in y
and 2 € A or if u is unbounded on suppa, but 4 is real. We refer to [G] (see also
[SV2]) for more details, as well as for a definition and properties of elliptic ¥DO-s
with large parameter, wave front set WF(f'), etc.

Let us recall [SV2] that operators of the form Op;(a) can be represented as
PDO-s with large parameter 4; = Re A, provided that || is bounded on suppa. In
other words, Op,(a) = Op; (@), where

alx, y,n,4) = (1 +ily/ 2 Yle 2= gy, Y, A) .

One can regard here 4,/4; € [—C},C;] as an additional parameter. Assuming
4. € Ac,,c,, we get that a € Soé implies d € Sofj(ﬁr for any ¢ > 0. This follows
from the fact that |e=726=¥) 1| < 2V < ||¢ for
any ¢ > 0. Therefore, @ is an amplitude. Using [G, Pr. A.14, Pr. AL.5] we can
calculate the symbol of d (depending only on x, #, 2) and we find that actually

ae Sg:'g and the principal symbol is a|,—, — i(Z2/A1)n + Vya|,—. Thus if a € Sg:é‘,
we have Op,(a) = Op; (a) with

N

—a— z/ﬁ 0 - Vya mod SUE! (14)
1 ’

Let us now recall the construction of the parametrix in the elliptic zone. Recall
(see e.g. [SV2]) that the operator —4, has two sound speeds ¢, ¢; and the variety
S ={leT*T; ck||| = 1} lies in the elliptic zone {{ € T*I; ||| > ¢; '}, || - |
being the norm in 7*I. Let {® € T*I" with [|{°]| > ¢;' and from now on we as-
sume that the space dimension is #» = 3. Let us pick local coordinates such that
{% = (0,1°), the boundary is given locally by x; =0 and the normal derivative
at x =0 is given by 8/0x;. Then x’ = (x;,x3) are local coordinates on I'. Let
20 (x',n) € CE(T*T') be a cut-off function equal to 1 near 0. If supp Lo is suffi-

. 0 . ;
ciently small, one can construct a local FIO H° with large parameter /. € Ac,.c,
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such that P
{(AeJr/lz)H"f:Kf, 05
0
H flr = O0p,(x0)f
where K has kernel in €. The operator H ¢’ is of the form
N
Hf = (-;;) S fH o= D 2) f (. 2) dy (16)

The phase function ¢ solves the eikonal equation (Vo)> =1, ¢|r =x - 5 to
infinite order at I and Im ¢ = cx; on supp y0 with some ¢ > 0. This implies that

i f = O(e“11). The matrix-valued amplitude 4 is a solution of the correspond-
ing transport equations and has the form /4 = E;’io hj(x,n)2~/, with h, formal series
in x;. Set

m .
A = Zo/i_/hﬂ(x,n)
=

. 0 . . 0
and consider the operator Hy, associated with A" Then H; solves a problem

similar to (15) with K replaced by K plus a FIO of order —m. Denote Mf,o f=
Z?zl o-](H,iOf)vJ-}p, where 6; = (01;,0,,,03,), 0;; is the stress tensor. Then N;:,O is
a YDO with large parameter /4 and symbol

0 mo_.
o(Ny )= > 27n_;(xm).
j=—1

The principal symbol is Anj(x,1) = Ay (x, 7)1 (x, 1), Aj(x,n) being a Hermitian
matrix with three distinct eigenvalues near X. One of the eigenvalues has simple
zero at X, the other two are elliptic. Moreover, 7 is elliptic everywhere in the
elliptic zone outside X (see also [CP,K]).

Thus for any { in a neighborhood of X in the elliptic zone we constructed an
operator H; solving (15) provided that supp ¢ 1s contained in a small neighborhood
Uy of {. Let W) be a bounded neighborhood of X in the elliptic zone and let us
pick a partition of unity {yy} associated with {U;} covering W; and supported
in a slightly larger domain. Using this partition of unity, we construct a solution
operator

Hy(2) = S Hy, ¢ (17)
J

where ¢;(x) have small supports and ¢;(x) = 1 in a neighborhood of ,(supp ;).
This operator solves

{(Ae+z2)Hmf=Kmf, )

Huflr=f+0f,

provided that ﬁ( f) C Wy, where K,,(4) is a FIO with amplitude of order —m and
10f [l = O =), ¥s = 0. (19)

Set ,
Nmf - Zl o'j(Hmf)vj
)=

r
Then N, € Lg'o(I') and "N, is holomorphic in /.
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Now we are going to find a relationship between N, and the Neumann
operator 4. Following [G], we set

H (7)) = 1Hn(2) = So(2) (1Kn(2) + [Aes 11Hm(2)) (20)

where Sy(/) is the free outgoing resolvent. Thus H,,(/4)f solves the problem

{(Ae+/12)ﬁmf:03 (21)
Huflr = f+Of +Ruf,
with

IR (| gz3ry, = Claf—mt (22)

provided that 4 € Ac, ¢, with C; small enough. If we denote the exact solution to
(9) by #(1)f, we see that

H(Sf+Of +Ruf)=Huf .
By differentiating this at the boundary, we get

N(f +Of +Ruf)=Nuf +Ruf,  WE(f)C W, (23)

where ||1§m|lg(H3/z’Huz)=0(|)@|*”’+2) and Qf, R, satisfy (19) and (22),
respectively.

4. Proof of the Main Result

Let {yy } be the partition of unity used to construct H,, (see (17)). Choose an open
set Wo C T*I'", such that X C W, CC w and pick yp € Cg°(T*I'), such that yp = |
on W, and supp yo C W. For each {/ let us define a local ¥DO using the special
coordinates related to {/ by AY = Op;(x0xz) and set 4 = ZjAgjqﬁf (see (17)).

Then 4 € Lg:y(I'), A is an entire function of 2 and 6,(4) =1 on W5, ,(4) =0
outside ;. Moreover, the symbol of 4 in any local coordinates is supported in
W,. Since the symbol of N, has also compact support, we will extend N,, as an
operator elliptic outside #; with characteristic variety 2. To this end fix an integer

m > 0 and set
P(2) = 2" "Ny 1A +i(J* — ApY"(I — A), (24)

Ap being the Laplacian on I'. Note first that P is an analytic function of 4
with values in ZL(H***", H*). Secondly, let us mention that in any logarithmic
region Ac, c,, P can be considered as a ¥DO with large parameter 4; = Re 4 and

Pe Léfg’m(l” ). We claim that P is elliptic outside 2. Indeed, for the principal sym-
bol of P we have

0p(P) = 22" o,(A)0p(Nom—1) + i23"(1 — 0,(A)) ((1 + ida/20 Y + |n2)™ .

where a,(4) is a function supported in W and |y|, denotes the norm of the
covector (x,1). Note that here we consider N,,—;, 4 as ¥YDO-s with large para-
meter 4, not 4, and respectively 6,(Nyn—1), 0,(4) are the principal symbols of these
operators obtained by using (14). In W\ 2 the principal symbol g,(P) is elliptic,
because a,(4)|w, = 1 is elliptic. Outside Wi, a,(P) = A3"((1 + ida/A1)* + [n2)™ is

elliptic as well, including at the infinite points of 7' T. Finally, on W\ W, our
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claim follows from the fact that for any Hermitian elliptic matrix B we have
|aBx + ifx|> = o|Bx|? + B*|x|> = c|x|* provided that « 4 f = 1.
The next proposition establishes existence of “resonances” of P.

Proposition 2. There exist /; and f; € C(I'), j = 1,2,..., such that
a) P(4;)f; =0,
b) |Im 4| < Cln|4;| and |2;| — oo, as j — oo,
&) 1fillgsngy =1, WE(S) C Z, where f(x,2) 1= f,(x), A= 4;.

To prove Proposition 2 we are going to apply the Phragmén—Lindel6f principle
to P~'(4). To this end we need the following two lemmae. First we prove an
a priori exponential estimate of P~!(2) similar to that in Lemma 2 (see also [SV2],
Proposition 5.2).

Lemma 3. Assume that P~'(2) has no poles in Ac,,c, with some Cy,Cy > 0. Then

_ o 514 ”
P 1(/~) P(LAT)) =< CeC , A€ Acpac, -

Proof. Let us rewrite P(Z) in the form
P =i(I—-Ap)"(I+K(A)), (25)
where K(4) = K;(4) + K»(4) with
Ki(A)=—-[U+0G2=1)T =Ap) "4 —i(1 = Ap) ™™ 22" Ny 14,

K(W)=[U+0G2=1D)I—=Ar) " —1.

Clearly, K(/) is an entire family of compact operators on L>(I"). Moreover, the
operator K2(/) is of trace class and we can consider the entire function h()) =
det(/ — K%(2)). As in the proof of Proposition 5.2 in [SV2] first we will prove the
following a priori estimate

||P71(/ﬂ‘~)”y’(L2(r)) = Cec’}"4, Lev, (26)
where V = C\U{2 € C; |+ —z]| < |z,|7*}, z; being the zeros of A. To this end

we will prove first that 4(4) is of order 3. We have

()| = |det — K2(2))| < ﬁ(lw,(KZ(z)))
L

o0

1+ 1, (R()) ﬁ(l + (KR @7)
= J=

where p;(K) denote the characteristic values of X and K, = K12 + K1 Ky + K>5K.
Let us first estimate uj([? 1(4)). Clearly,

w(Ki(2) = KW £ Ce, vieC, ). (28)
On the other hand,
wR(2)) = (KT + KiKo) + gy (KiKo)

K1 + KZHH[/?](Kl )+ \\Kznﬂ[%](Kl)

IIA

lIA

lIA

Cecfiiu[%](A) ) (29)
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Let us recall that 4 is a finite sum of operators 4°¢ with kernels of the kind

i\’ e -
(ZJ 70 ()

where 7 is a cut-off function supported near { in the elliptic zone, ¢ € C§° and
¢(y) =1 in a neighborhood of m.(supp y). Set M := m,(supp y). We have A =
A, Ay, where 4y : L* (M) — L*(I'), Ay : L*(I') — L*(M) have kernels (4/27)>%(x, 1)
e " and e " (), respectively. For the kernel of 4, we have

sup |(7 = A e p(p)| < CeCH(CIAN* 4 (2k)*) .
YE supp ¢, nEM

Therefore, we get for any £ = 0 and for any j > 0,
wi(A2) = (1 = 4) O = A ]| £ GV (L™ + k7).

Taking k = [|2]/2], j = C(q)|A]* gives

wi(4y) < j72e7 1 forany ¢ >0 and = C(q)|i. (30)
]

By (30) and the estimate ||4,]] < Ce®”l we get the same type of estimate for A°,
and hence for 4. Thus, choosing ¢ properly, in view of (29) we obtain

w(Ki(2) £ Cj72 for j = CAP. 31)

Combining (28) and (31) yields

[0+ < [ (CVPR I 1+ < e (32)
j=1

jEC|A]? j>C'i?
It remains to estimate ;tj(Kzz). We have
1(K3) < #f%](Kz)- (33)
On the other hand,
Kr:i<2y%—1vu—Anﬂ,

p=1

thus, setting (2) == (1 + 1), we get

Ky (K2)

I\

N

NgE
N
S 3
N——
=
3]

a1
TN
31Q
N——
|
]

S (M) gy - ) =
<) for j = ()2,

Thus we get from (33) and the estimate above

wi(K3) < C(A) 2 for j = (2)2. (34)
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Using (34) we deduce
ﬁp KA £ TT O™ TT (1 + Cly')

J=(2)? 7> (2)?

< eplCU (T exp [ () & 7]

=2
exp[C(A)2 In(2)] exp[C(2)2] < CeCl’ . (35)
Now (32) and (35) together imply

[IA

1h(4)

< 10+ (K32 < Ce, sec. (36)
=1

We will complete the proof of the lemma as in [SV2]. By [Ti, Ch. VIII] we conclude

from (36) that 4
W) £ ceVE, ser. (37)

On the other hand, we have (see e.g. [GK, Theorem 5.1])
[det(/ — K*())] - (1 = K27 = TTA + (K3 (2) £ ceCll L (38)
j=1
By (37) and (38) we obtain

17— K207 < ce€ ', aev,

which implies immediately (26). As in the proof of Lemma 2 if we assume that
P~ is free of poles in some logarithmic domain, we will get that (26) holds in a
slightly shrunken domain. [J

Denote I ={l€ C; Re/ = C, Im/i=+C;In(Re/)}. Let us assume that
C, > 1, so that In(Re Z) > 0.

Lemma 4. For any Cy > 0 there exists Co > 1, such that the operator P(..) is
invertible on [+ and

C
In |2

AT el

||P_l(;“)“£f(L2(F)) =

Proof. Let { & W, and y € Cg°(T*I") be a cut-off function with sufficiently small
support in 7*I'\ W5. Since P is a YDO with large parameter 4, elliptic outside W5,
we get
C )
10PN = g3 111+ Cwlal ™A1 (39)

for any N > 0 and A € /1, where Op,, (1) is the DO with symbol y written in
the special coordinates related to {. The same estimate holds if  is supported near
the infinite points in 7*I, i.e. for y = y'(x)y”(n), where supp ' is close to a point
x% € I', while supp y» C {n; crln| > 2}.
Let us now choose { € W and pick y € Cg°(T*I") supported in #;, such that
7 =1 in a neighborhood of {. The principal symbol of P considered as a ¥YDO
with large parameter 4 € /4 is 2*"7i;(x,n) (see Sect.3). In a neighborhood U: of
supp ¥ we have
T*i T = diag(cin? — 1,1,1)S, (40)
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where S = diag(a},a2,a3) is elliptic and a; = (c|n|? — 1)a},a»,a; are the eigen-
values of 7). Here 7T is a unitary matrix. Let us now consider Op;,(ck|n|> — 1) as a
YDO with large parameter 2. From (14) we deduce that the principal symbol of
the latter reads

1 I
73 (calny = A4 =2k 2)

Therefore, modulo S ' this operator coincides with

2( Ar —21)]/L2)
A
Observe that for any g and C, sufficiently large
1 A ln)»
\ (-4 =2} =i 2 T2 ol = G et

This inequality together with (40) shows that for any N > 0 we have

C
10p, (/1 = TP 1PFII+Cul 2N A -

Choose ) € Cg°(T*T), such that supp 1 C {{; x({) = 1}. Then one easily gets

100,011 = vy IPA1+ Culil ™11 (41)

By (39),(41), c

171 = 7w

for any f and |Z| sufficiently large. Since we can prove the same type of estimate
for P*, we get that P~!(}) exists for 4 € /4 sufficiently large and satisfies the
desired estimate. [J

Proof of Proposition 2. Assume now that there is a finite number of poles of P!
in some logarithmic domain A¢, ¢,. Taking C; sufficiently large we can assume
that Ac,,c, is free of poles and Lemma 4 holds. Let us apply the Phragmén—
Lindeldf principle to the function 22"~ !'(log 2)P~'(4) in Ac,p.2c,- By Lemma 3
it satisfies the a priori exponential estimate in Ac, 2 2¢,, while by Lemma 4 it is
uniformly bounded on the boundary. Therefore, it is uniformly bounded in A¢, 2.2,
as well, i.e.

C

1P~ Dl paairy) = AP TIn A’

7] /€ Aci e, - (42)

The final step of the proof of Proposition 2 is to show that for real 4, (42) leads to
contradiction for real 2. We will do this in exactly the same way as in [SV2]. Let
{17} be the eigenvalues of —czAr and denote by @), [|@,|| =1 the corresponding

eigenfunctions. Fix {® € ¥ and let 7 be supported in a small neighborhood U of {°
in the elliptic region. Let I1(x,n), (x,n) € U be the projection onto the eigenspace
corresponding to the first eigenvalue a; = (cx|n|? — 1)a). Set

S+ 1) = Op,, (I Dero; (43)

{ex};, being the standard base in R®. Denote @ = {1, }° and fi(x,2) = fi(x, 1)),
o(x,2) = @,(x) for A€ @. Consider all ¥DO-s below as YDO-s with large
parameter 4 € ©@. Then

Pfi = Gerg (44)
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where G € Lg:ﬁ'"(l”), 0,(G) = 2*"(ca|n|> — 1)a|zI1. Since the principal symbol of
—c3Ar — 2% is J2(ck|n|? — 1), we have

Pfi = 22" Op(yai I )(—cz Ar — 7*)exp + Bexp = Beyg (45)
where B € Ly'5"~'(I'). Thus
IPfill < C22"1 fork=1,2,3; 1€ O. (46)

According to (42),(43),
C
1Op(xIDexgl| = = for k=123, 2€ 0. (47)

Since the projection I1({) is well defined and does not vanish near X, we have that
>, |* is elliptic in U provided that U is sufficiently close to . Thus from (47)
we deduce that C
10p(/ ol < — (48)
ni

where y' = y'(x), 7" =7"(n) and ¥'(x)=1, '(n) =1 for (x,n) close to {°,
supp 7’7" C {x = 1}. On the other hand, (—c34r — 7?)p =0 and —c3Ar — 2% is
a ¥YDO on r in Lé;g(l“ ) with principal symbol %(ci|n|?> — 1) elliptic outside X.
Therefore, WF(¢) C 2. Hence,

1Op(/'(1 = 7" Dol = Cxi™", YN >0. (49)
Combining (48) and (49) we get

C ,
17 ol < e t €0,

~

for any cut-off function 7/, such that y' = 1 near x” = 7,({°) and supp ¥’ is suffi-
ciently small. Since (° € ¥ was arbitrary, we get ||¢|| < C/In/ which contradicts
the fact that ||| = 1.

Thus, there exists a sequence {2,} of poles of P~!(1) satisfying (b). Going
back to the representation (25) we conclude by the Fredholm alternative that for
any pole /; there is a function f;=40 such that P(4,)f; = 0. Since P, considered
as a DO with large parameter 4, (with A satisfying (b)) is elliptic outside X, we
get (¢). O

Next we show that Proposition 2 implies existence of asymptotic zeros of Ny,— 1.

Proposition 3. Let 4, f;, j = 1,2,... be as in Proposition 2. Then
(@) Nam—1(2) f; = O(|2;]~=°),
(b) [Im 2;| < C|4,|7"2 with some C > 0.
Proof. 1t follows from Proposition 2 (c) that (I — 4) f; = O(|4;|~°°), which in view
of (24) yields (a). To prove (b), set f(x,2) = fi(x), A€ O := {Aj}fil and recall
that Hs,,—; solves (18) with 2m — | instead of m. Arguing as in [SV2], we get that
(Ae + 22)pHop1 f = [Ae; $YHon—1 [ + OKom1 f (50)

where ¢ € C§°, ¢ =1 near I'. Multiply (50) by ¢H>,—1f and integrate by parts.
Using (18), we get that

[4e, d1Hom—1 f || + C|;~|_2m+l
| ¢Hom—1 1]l

Imi2 <
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Now, we use the facts that [4,, ¢] is a first order differential operator with compactly
supported coefficients vanishing near I and that the parametrix in the elliptic zone
decays exponentially in |4]x;. This implies

[ Aes §VHam—1 f|| < Ce™ VN[ f|| < Ce 7

with some y > 0 (recall that || f||,;32 = 1). On the other hand, by trace theorem,
in view of (17) and using the fact that the operator A4, with Dirichlet boundary
conditions is coercive, we have

|f+Of e = ClloHom—1f 2 = C'(||[4epHom 1 f || + || 9Ham—1 f1)
< C"AP | ¢Homr f1] + C" |27
which gives for large / € ©
120" 2P| pHom- 1 /] -
Combining the above estimates implies (b) at once. O

We are ready now to conclude the proof of Theorem 1. Let us see first
that for any integer N = | there are infinitely many resonances in {1¢€ C:
Im/ < |A]7",|Rei| = 1}. Assume the contrary, i.e. R,(4) is holomorphic in
{2eC:Imzi £ |i7™", |Rei| = Cp} for some constant Cy > 0. Choose m so that
2m —3 > N +9. Let f),/; be as in Propositions 2 and 3, and set f(x,1) = f,(x),
4 € @ :={4,}2,. In view of Proposition 2(c) we can use (23) to obtain

Now—r [+ Romr f = N (f +Of + Row—r f), 7€O.

Since @ N {4; [Rei| = C1} C {4 € C: [Im2] < |A]7¥=6|Re | = C}} for C; large

enough, by (10) we obtain
1f + O + Ron-1 Sl £ CLAP ™ INower /4 Romr [l S C2VF07002)

On the other hand, in view of (19),(22),
L=z S L+ OF + Romer fllypn + CIAT,

therefore we get a contradiction for large 4 = 4;.

We will now choose our sequence of resonances by induction. Assume that we
have already chosen Ay, ..., 4. It follows from the above analysis that there exists
a resonance A satisfying |Zx| > |4—1| + 1 and

0 <Imi; < |47, (51)

Thus we have an infinite sequence of different resonances {4} satisfying (51) for
each k = 1. It is easy to see now that

0 <Imiy < Cylkl™, Vk, (52)

for any integer N = 1 with Cy = |Ay|". Indeed, for k = N (52) follows from (51)
at once, while for £k < N we have

Imie < A4 7% < M4l

which completes the proof of (52), and hence of Theorem 1.
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