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Abstract: Operators of representations corresponding to symmetric elements of
the g-deformed algebras Uj,(suy 1), Uy(s02,1), Uy(s031), Uy(so, ) and representable by
Jacobi matrices are studied. Closures of unbounded symmetric operators of repre-
sentations of the algebras Uy(suy,;) and U,(so0y) are not selfadjoint operators. For
representations of the discrete series their deficiency indices are (1,1). Bounded
symmetric operators of these representations are trace class operators or have con-
tinuous simple spectra. Eigenvectors of some operators of representations are eval-
uated explicitly. Coefficients of transition to eigenvectors (overlap coefficients) are
given in terms of g-orthogonal polynomials. It is shown how results on eigenvec-
tors and overlap coeflicients can be used for obtaining new results in representation
theory of g-deformed algebras.

1. Introduction

There is a connection between representations of a semisimple Lie group and rep-
resentations of its Lie algebra [1]. To noncompact generators / there correspond
unbounded operators in infinite dimensional irreducible representations 7 of a
semisimple Lie algebra g. To every such representation 7' of g there corresponds
an irreducible representation 7 of the Lie group G with the Lie algebra g. Opera-
tors of a representation 7 of G are bounded. If a representation 7' of G is unitary,
then to noncompact generators / from g, multipled by i = \/—1, there correspond
symmetric operators on a Hilbert space. Unitarity of a representation 7 of G means
that closures of these symmetric operators are selfadjoint operators. Properties of
self-adjointness for operators corresponding to symmetric elements of the universal
enveloping algebra U(g) of g are also well known (see, [1], Chapter 11).

The corresponding theory is absent for infinite dimensional representations of
quantum algebras. Moreover, simple examples show that the situation for quantum
algebras is unlike that which we have in the classical case.

Quantum algebras are g-deformed universal enveloping algebras U,(g) corre-
sponding to simple Lie algebras (we do not consider here quantum algebras corre-
sponding to affine Lie algebras). Such g-deformations are constructed for all
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complex simple Lie algebras [2,3]. Real forms A4 of these quantum algebras are
constructred with the help of involutions, which are antilinear antiautomorphisms
(that is, if o € C and a,b € 4, then (0a)* = da* and (ab)* = b*a*). The real form
A is called noncompact if it corresponds to a noncompact Lie group. In the other
case the real form is called compact. A representation T of a real form A4 will be
called infinitesimally unitary if operators 7'(a) are symmetric for elements a € 4
such that a* = a. For ¢ = 1 (that is, for Lie algebras) these representations corre-
spond to unitary representations of Lie groups. Dealing with infinitesimally unitary
representations we shall omit the word “infinitesimally.”

In Sect. 3 we consider operators of the representations 7;" of the discrete series
of the quantum algebra U,(su;;) and show that closures of unbounded operators
(for example, of the operator 7, ,JF(EJr — E_)) are not selfadjoint operators, as is
the case for the Lie algebra su;;. Deficiency indices of these closures are equal
to (1, 1), that is, deficiency subspaces are one-dimensional and these closures have
selfadjoint extensions (there exist infinitely many extensions). Coordinates of basis
vectors of these subspaces are expressed in terms of g-orthogonal polynomials.

A distinction of the case of the quantum algebra Uy(suy,;) is that the op-
erators T,+(12) of the representations 7," of the g-deformed algebra Up,(soz,)
(which are analogues of the operators T, ,+(E+ — E_) for Uy(suy,;)) have bounded
closures. At ¢ — 1, their spectra are expanding and these closures tend to unbounded
operators.

It is very important to have a general theory of representation operators for non-
compact quantum algebras analogous to the corresponding theory for classical Lie
algebras. However, it is a difficult problem to construct this theory. Especially, if
we take into account that infinite dimensional irreducible representations of quantum
algebras are not satisfactorily studied. Irreducible infinite dimensional representa-
tions are constructed only for some special types of g-deformed algebras. In this
connection, it is of a great importance to construct the spectral theory of represen-
tation operators for simplest g-deformed algebras and for simplest representations
of complicated quantum algebras, especially if they are interesting for physics.

In this paper we study those representation operators which are given by
Jacobi matrices with respect to some bases. The theory of Jacobi matrices reduces
the spectral theory of such operators to studying three-term recurrence relations, the
corresponding orthogonal polynomials and orthogonality relations for them. Solu-
tions of these relations in our cases are g-orthogonal polynomials. Actually, values
of these polynomials are coefficients of the transition from a certain orthonormal
basis to another one (for infinite dimensional representations the second basis can
be continual, that is, of the type of the basis {¢*} of the Hilbert space L*(R)).
Sometimes these transition coefficients can be evaluated explicitly. They allow us
to find spectra and spectral measures for the corresponding operators. The transi-
tion coefficients under considerations are also called overlap coefficients or overlap
functions for the corresponding bases of the carrier space.

Overlap coefficients for two bases of carrier spaces of irreducible representa-
tions of Lie groups and Lie algebras are of great importance for. physics. If we
interpret infinitesimal operators as physical observables, then overlap coeflicients
are connected with probabilities of observable values. Overlap coefficients for rep-
resentations of quantum algebras can be also used in physics.

Overlap coefficients for operators of representations of quantum algebras can
also be applied for studying g-special functions. Various applications of overlap
coefficients for the case of Lie groups can be found in [4].
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In this paper we are not interested in a structure of a Hopf algebra (a comul-
tiplication, a counit, an antipode) for quantum algebras because we do not need
this structure for our investigation. Quantum algebras and g-deformed algebras are
considered here as associative algebras generated by a finite number of elements.
Everywhere below we suppose that 0 < g < 1.

In Sect. 2 we give some information on difference operators of the second order
which is used below. Section 3 is devoted to studying representation operators for
the quantum algebra U,(suy,;). Consideration here is more detailed than in the next
sections. In Sects.4 and 5 we study representation operators for the g-deformed
algebras Uy(soz1) and Uy(so3). In Sect. 6 we deal with representation operators of
the compact g-deformed algebra U,(so,). The aim of Sect. 7 is to show how results
on eigenvectors and overlap coefficients can be used for obtaining new results in
representation theory of g-deformed algebras. In this section we construct infinite
dimensional representations of the algebra U,(so,). Most of these representations
are irreducible.

2. Difference Operators of the Second Order

We denote by ¥ the Hilbert space with the orthonormal basis |n), n =0, 1, 2,....
Let L be a linear operator on V' acting upon basis elements as

Lin) = apln+ 1) + byln) + cyln— 1), (D
and let -
|z) = E;Opn(Z)ln> (2)

be an eigenvector of L with an eigenvalue z : L|z) = z|z). Then
o0 o0
Liz) = Zo(p,,(z)anln + 1) + pu(2)ba|n) + pa(z)cnln — 1)) = zzop,,(z)ln) .
n= n=|

Equating coeflicients at the vector |n) we have the recurrence relation for the coef-
ficients from (2):
Cnt1 Pnt1(2) + bn pn(2) + Gn—1 pp—1(2) = zpu(2) . (3)

Since p_j1(z) = 0 then setting po(z) = 1, we see that this relation completely de-
termines the coefficients p,(z). Moreover, p,(z) are polynomials in z of degree n.

Sometimes, vectors V=Y v,[n) of V are written down as numerical sequences
(vo,v1,...). In this case formula (1) can be represented as

(LV),, = Qy_1Vp—1 + byt + Cnt1Un41 -

Because of this, such operators L are called second order difference operators.
Now let L be a symmetric operator. Then formula (1) is written as

Lin) = ap|n + 1) + by|n) + ap—1|n — 1) 4)
and Eq. (3), determining eigenvectors, is reduced to the recurrence relation
@n Pr1(2) + by pu(z) + an_1 pn1(z) = zpu(z) . (%)

One says that the operator L is representable by a Jacobi matrix. If the coefficients
a, and b, in (5) are real, then all coefficients of the polynomials p,(z) are real.
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We suppose that a, and b, are real and a, > 0. If the operator L is unbounded,
then we denote the closure of L by L. The operator L may be not selfadjoint. In this
case L has nonzero deficiency indices (m,k) which determine dimensions of defi-
ciency subspaces. (The definitions of deficiency indices and deficiency subspaces,
as well as their properties, can be found in [5].) To every complex number z, Im
z=%0, there corresponds its deficiency subspace N,. The following statements are
valid [6]:

(A) Deficiency indices of the operator L are coinciding. Moreover, these indices
are (0,0) or (1,1). In the first case the operator L is selfadjoint. In the second case
L is not selfadjoint, however it has selfadjoint extensions.

(B) Deficiency indices of L are (0,0) if and only if the series >l p,,(z)l2
diverges for all complex z, Im z<0, where p,(z) are polynomials from (5).
If deficiency indices are (1,1), then this series converges for all complex z,
Im z 0.

(C) If deficiency indices are (1,1), then deficiency subspaces are one-
dimensional. The deficiency subspace N; corresponding to a complex number Z
is spanned by the vector Y~ p,(z)|n), where p,(z) are taken from formula (5).

Hamburger’s moment problem is related to the operator L given by formula
(4) [7]. Moreover, if deficiency indices of L are (0,0), then it corresponds to a
determined moment problem. If deficiency indices of L are (1,1), then we deal with
an undetermined moment problem.

To find whether or not the operator L is selfadjoint, one may use the following
statements [6]:

(a) If the coefficients a, and b, from (4) are bounded, then the operator L is
bounded and, therefore, selfadjoint. Therefore, the corresponding moment problem
is determined.

(b) If b, are any real numbers and a, are such that

> 1
— =0,
n=0 Gn
then the operator L is selfadjoint (Carleman’s criterion). In this case the moment
problem is determined.

(¢) Let |by| = C, n=0,1,2,..., and for some positive integer j; we have

an-1@piy < ap, n 2 j. If :

— < 00, (6)

then the operator L is not selfadjoint and an undetermined moment problem corre-
sponds to it.

If L is not a selfadjoint operator, then it has selfadjoint extensions. There are
infinitely many selfadjoint extensions of L. We refer the reader to the books [5, 6]
for a more detailed discussion of selfadjoint extensions.

Using the terminology of [6], we can say the following about the operator L.
Let B be either the operator L if it is selfadjoint or its selfadjoint extension if
it is not selfadjoint. Let E(4) be the decomposition of unity of the operator B.
Then

E(4) = AfP(i)dp(/l),
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where P(1) are operators of generalized projections acting from the space /2([0, o),
d,) into the space I*([0,00), d;!). Here d, = 0 and such that Z;'iodj_l < oo0.

Note that /2([0,00), d,,) is the space of sequences (ao, a1, az, . ..) such that Z:Z()lanlz
d, < oo. The operators P(A) are matrix operators with positive definite matrices
(Pjx(4))7%=o satistying the condition [6]

; | @A) (didi) T 1.
j’ =

0

Moreover, we have

¢_/k(/l) = pj()’)pk(x)gpo()(l)? jak = 05 1,2,... 5

where p, are the polynomials from (5). Let da(4) = Ppo(A)dp(A). It is shown in
[6] that

T p o) = 55, jE=0,12,.... o

If the operator L is bounded and selfadjoint then we can set d, =1,
n=0,1,2,..., and polynomials p;(1) from (7) are overlap coefficients for the cor-
responding bases. In this case do(4) is the spectral measure of L and (7) is the
orthogonality relation for polynomials p,.

Remark that if the operator L is selfadjoint (that is, the corresponding mo-
ment problem is determined), then there exists a unique orthogonality relation
for the polynomials p, which are solutions of recurrence relation (5). If the
operator L is not selfadjoint (and we have an undetermined moment problem),
then there exist infinitely many selfadjoint extensions of L and to every exten-
sion there corresponds an orthogonality relation for the polynomials p,. Thus,
in the last case there exist infinitely many orthogonality relations for p,,n =
0,1,2,....

In the general case, it is difficult to explicitly evaluate the polynomials p,(z).
There are different methods of their evaluation: by using the corresponding gen-
erating function, by using the recurrence relation, and so on. For many repre-
sentation operators of type (4) corresponding to infinite dimensional representa-
tions of simplest Lie groups (for the groups SL(2,R), SOy(3,1)) and to infi-
nite dimensional class 1 representations of high dimension Lie groups they are
evaluated by means of matrix elements of representations (see [4] and refer-
ences therein). In this paper we evaluate them for certain operators of repre-
sentations of g-deformed algebras. They are expressed in terms of g-orthogonal
polynomials.

3. Representation Operators of the Quantum Algebra U,(suy,)

The quantum algebra U,(sly) is the associative algebra generated by the elements
E., E_, H that satisfy the commutation relations
gt — g sinh hH

[HE+] = +Es, [Ey,E-] 47 —q-12 " sinh(h/2)

Introducing into U,(sl,) the involution defined by the relations £} = —E~, H* =
H, we obtain the real quantum algebra Uy(suy).
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The representations 7;" of the discrete series of the algebra U,(suy,1) are given
by a positive number / and act on the Hilbert spaces ¥; with the orthonormal bases
|m), m=1+1,1+2,.... The operators T, (E+) and T,"(H) act upon basis elements
|m) by the formulas

TP(H)m) = mlm), T (EQ)m) =~ +mlll +m+1D)"2m+1), (8)

THE)m) = —([~1 +m — 1[I + m))"*|m — 1), )

where [a] is a g-number defined as

[al = (¢"* —q PN —q ).

Simplest elements of U,(suj; ), symmetric with respect to the involution, are
of the form H,E, — E_,i(E; + E_). It is seen from formula (8) that the oper-
ator 7T;"(H) is unbounded. Since it is diagonal with respect to the basis {|m)},
then its closure is a selfadjoint operator. It follows from formulas (8) and (9) that
the operators L' = TIJr('LEJr +1E_) and L = T;"(E, — E_) are also unbounded. It
is easy to show that when passing from the basis |m), m =1+ 1,/ +2,..., to the
basis |m) =i"lm), m=1+1,1+2,..., i=+/—1, we go over from the matrix of
the operator L’ to the matrix of the operator L. Because of this fact, the closures L
and L’ of the operators L and L’ are simultaneously selfadjoint or not selfadjoint
and their deficiency indices are coinciding. For this reason, we shall deal only with
the operator L.

We shall study symmetric operators of the representations 7} representable with
respect to the basis {|m)} by a Jacobi matrix. Such natural operators are

T (q""(E+ —E-)q"") +cd™, pcreR.
Let us first consider the operators
B, =T/ (¢""*(E, — E_)q"""), peR.
It follows from formulas (8) and (9) that

Bp|m) = bppm|m + 1) + by m_i|m — 1), (10)

bym = qPETDRPPA [Tk + 1k + 21 + 1]

(k+14+1)(p—1)/2 . p/4
q
- q~1/2 _ q1/;] \/(1 - q"+1)(1 — gk+2i+2) |

where &k =m — [ — 1. We remark that flipping ¢ to ¢!

to —p for the operator B,.

corresponds to flipping p

Proposition 1. If' p = 1 then the operator B, is bounded and has a unique selfad-
joint extension coinciding with its closure B,. If p < 1 then the deficiency indices
of the operator B, are (1,1) and the operator B, has infinitely many selfadjoint
extensions.

Proof. For the numbers by, from formula (10) we have

by, ms1/Bpm — ¢P~ Y% when m — +o0 . (11)
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Since 0 < g < 1, then the operator B, is bounded for p = 1. This proves the first

part of our proposition. It follows from (11) that the operator ZTP is unbounded if
p < 1. To prove the second part of the proposition we note that the inequality

(1-¢""Hl-g"H=1-¢") (12)

is valid. In fact, removing the parentheses we obtain ¢ +g¢~' = 2. This inequality
is correct for all real ¢ and the equality is achieved at ¢ = 1. It follows from (12)

that )
bpm—1bpmt1 = b3, ,, forallm > 1.

Besides, in this case we have ). b, < 0o since

bom/bpmir — ¢~ P72 <1 if m— 400

Therefore, according to criterion (c) from Sect. 2 the deficiency indices of the op-
erator B,, p < 1, are (1,1). This proves our proposition.

Let us investigate the spectrum of the operator B, for different values of p. If
p < 1 then the operator B, has deficiency indices (1,1). In this case any selfadjoint
extension B;’“ of B_p, constructed without coming from the carrier Hilbert space V7,
has a purely discrete simple spectrum [6]. Moreover, there exists a function f(z)
from the space U such that the spectrum of the operator B;’“ coincides with the set
of zeros 4; (j =1,2,3,...) of f(z) and jumps

w=0(li+0)—0a(4;), j=123,...,

of the spectral function o(u) of B;’“ are such that the following conditions are

fulfilled:
1 1

(1 + 234y ) L (f1O))?
(see [7], chapter 4), where f'(z)= 4 4 £(z). Here U is the space of entire real

functions on C such that the following conditions are fulfilled: (a) all zeros 4; of
f are real; (b) the absolute convergent expansion

1 1
f(Z) j=1 f(}'j)(z—— ])

=0

T Mg
T Mg

MS

has a place; (c) all series Zoo A f'(2;), m=0,1,2,..., are convergent.

It follows from these assertions that the discrete spectrum of the operator B,
has the infinite point as the only point of accumulation.

If p > 1 then B, is an operator of trace class. In fact, in this case all matrix

elements of B, with respect to the basis {|m)} are nonnegative, and due to formula

(11) we have
(e 0]

Y b < 0.

m=I+1

Since ZTP is a trace class operator, it has a purely discrete spectrum with zero as
the only point of accumulation. It follows from the results of papers [8,9] (see also
[10]) that the spectrum is symmetric with respect to the point x = 0 which also
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belongs to the spectrum. It follows from Theorem 3 in [9] that the transcendental
meromorphic function G(z) exists with the expansion

24
Gz)=—4+ 5,
n=12" — Uy

where — Z,,A,,oc,,’2 <00, 4 £0and 4, < 0,n=1,2,..., such that the spectrum
of ITP coincides with the set of points x =0 and x = +1/a,, n=1,2,.... Clearly,
the points x = +1/x,, n=1,2,..., are poles of the function G(1/z). Jumps of the
spectral measure o(x) of B, at these poles are equal to residues of the function
z71G(1/z) at these points. They coincide with

o(x+0)—0a(x—-0) = —A,,ocn_2 (for the poles + o, ')

and a(+0) — a(—0) = —A4. Of course, the function G(z) is determined by the co-
efficients by, from (10). However, the expression for G(z) in terms of by, is very
complicated (see formula (2.7) in [9]).

We considered spectra of the operators B, for p > 1 and p < 1. Now we have
to consider the spectrum of the operator

B =T, (¢"(EL — E_)¢"™").
We have

Bi|m) = bylm + 1) + by_i|m — 1), = ([k + 1][k + 21 + 2])'2g™24"*

where £k =m — [ — 1. The operator B; is bounded. Therefore, its closure is a
bounded selfadjoint operator. A generalized vector

:liPk(y)|k+l+l) (13)

is an eigenvector of B; corresponding to an eigenvalue y if P(y), k =0,1,2,...,
satisfy the recurrence relation

k/2 1/4 K2y —(I+1)/2

q aPria(y) +4q Vap_1Pe_1(») = yPu(¥)q

a = ([k + 1][k + 21 +2])"2,
and the initial conditions P_(y) =0, Po(y) = 1. The substitution

P(») = (@ D@ g0} PP
where (d;q) = (1 —¢)(1 —dgq)---(1 —dg*™"), reduces this relation to the form
Pe (1) + (1 =g =P (0) = wq™ = ¢ PP(y) -

Replacing g~2(1 — q)y by 2x and Pj(2x(g~'? — ¢"/?)~") by P}/ (x), we obtain the
relation

P () + (1= ¢)(1 = ¢ P (x) = 20P{ (x) . (14)
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To solve this recurrence relation we consider the orthogonal polynomials [11]

Pa(c0s(0 + d); a,clg) = a~"e™ " (ace’?; q),(a*; q)n(ac; q)n

q—n qn 1a2c2 anld)eiQ,ae—l()

X403 ;4.9 |, (15)
ace®?® a? ac

where 4¢3 is the basic hypergeometric function (see [12] for the definition and
properties of this function). The recurrence relation for these polynomials is of the
form [11]

2x pu(x) = Ap pu+1(x) + By pu(x) + Cy pp—1(x) , (16)

where x = cos(0 + ¢) and
An — (] . azczqn—l)(l _ aZCZan—l)—l(l aZCZan)—l ,

_ 2¢" "(a+c)cos p{(1 + a*>*¢*"" " )(g + ac) — ¢"~ ‘(1+q)a202(1+acq)}
- (1 _azcz 2n— 2)(1 — a2c? 2n)

(1 — g")(1 — acg" "Y1 — a®q" ' )(1 — 2q" 1)1 — 2acq" ! cos 2¢ + a*c?q*"~ 2)
(1 —a?c2g®=1)(1 + acqg™ ')

If a and ¢ are real and |a| < 1,|c| < 1, then the orthogonality relation for these
polynomials is

1 T
in J pu(cos(0 + ¢); a,clq) pm(cos(0 + ¢); a,clq)w(0)d0 = dpnhy , 17)
where

(@ g)oo
(ae'%; q)oo(ce’; q)oo(ae?+20); q) oo (ceilO+20); g) o

w(0) =

(the explicit expression for the constants 4, see in [11]). A direct evaluation
shows that relation (14) coincides with recurrence relation (16) for ¢ = n/2, ¢ =0,
a =g x = cos(0 + %) = — sin 0. Therefore,

Pl(x) = p (cos <0+ ) I+1 OIQ) = (g™ ) (@2 g

q~k’ e—quH—l _exf)qH—l

X302 -4,.9
q21+2,0

Passing on the polynomials Px(y), normalized by the condition Py(y) = 1, we
obtain that in formula (13) we have

gk e 0git! _eifgiH1

. 2141 g, 1/2
Pk<y>=(1q’+‘>—’°((—"—(—)q—) 102 (g |, (18)
9k 72,0
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where P
2 b eV —é
y:—:——COS<0+—):—it———’. (19
g V24l P g2 =gl )

We derive from formula (17) that the orthogonality relation for these polyno-
mials is of the form

b
fb Po(y)P(yW(y)dy = Opn »

where b = 2/(qg~"/* — ¢'/?) and

_ i 2
q 1/2 _ q1/2 (_6219;‘])00

(e20g2142; g2)

This relation means that the spectrum of the operator B; is simple and covers
exactly the interval (—2/(¢~"% — ¢'/?), 2/(¢~'? — ¢'/?)). The spectral measure of
this operator coincides with the measure do(y) = w(y)dy. When ¢ — 1 then the
spectrum turns into the real line and polynomials P,(y) tend to the correspond-
ing Meixner—Pollaczek polynomials. This agrees with results for the classical Lie
group SU(1,1) (see [4], Chapter 7, and [13]). Now we can formulate the following
theorem:

2042,

w(y) = (:9)00(@7 5 ) oo ‘

47 cos 0

Theorem 2. If p > 1 then the operator B, has a discrete simple spectrum with
zero as the only point of accumulation. If p < 1 then all selfadjoint extensions of
the operator B, (without coming from the Hilbert space Vi) have discrete simple
spectra with infinity as the only point of accumulation. The operator B, has a
continuous simple spectrum which covers the interval (—b,b),b = 2/(q~"* — q'/?).

Let us remark that overlap functions (18) depend in a complicated way on
eigenvalues y of the operator B;. And utilization of the theory of g-orthogonal
polynomials make it possible to find the overlap coefficients explicitly. It is inter-
esting to note that the results of this theory, used in our paper, were discovered quite
recently. In fact, they were discovered almost simultaneously with the discovery of
quantum groups.

The operator B; can be represented in the form

Bilk) = arlk + 1) + ax_1k — 1),

(1 _ qk+1)1/2(1 _ qk+2l+2)1/2

ay = — )
g g2

where the basis vectors are labelled by & instead of m =k + [+ 1. Clearly, B,
depends on /. Taking the limit / — 400 we obtain the operator O = lim;_, ., B
such that

(g7 = g"™)0lk) = (1 = ")l + 1) + (1= ¢ Pk - 1) .

So, we see that the operator O, up to a constant, coincides with the operator of
the canonical coordinate in the g-oscillator algebra introduced by Macfarlane [14].
The spectrum, the spectral measure and the corresponding overlap polynomials p,
for the operator Q are found in [15]. The polynomials p, are expressed in terms
of the continuous g-Hermite polynomials from [16]. Thus, the polynomials p, are
obtained at the limit / — oo from polynomials (18).
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Let us consider the operators
Apyr = T (qP"(E, — E_)g""*) + bg™, p,br eR. (20)

Such an operator is given by formula (10) (with the same coefficients b,n) in
which the summand bg™|m) is added. Using the criteria of selfadjointness or non-
selfadjointness of symmetric operators from Sect.2 and the previous results on
operators B, we can formulate the following proposition:

Proposition 3. The operator Ay, is selfadjoint for all values of p,p = 1. If p < 1
then the operator Ay, has the deficiency indices (1,1) if b€ R and r = 0. In the
first case Apy, is a trace class operator if p > 1 and r > 0, and therefore has a
discrete simple spectrum with zero as the only point of accumulation. In the second
case all selfadjoint extensions of Au, (without coming from the Hilbert space V)
have discrete simple spectra with infinity as the only point of accumulation.

Proposition 3 describes spectra of operators 4, for p > 1 and p < 1. We

have to consider the operators 4., at p = 1. We do not study all such operators
but the operators

2 cos
A($) = T/ (¢"™Er —E_)g™™) + bg", b= ;‘—‘1/2_—(21/2 @D

with b depending on ¢. The recurrence relation corresponds to this operator,
@ Pri1(2) + a1 Per(z) = {(g7'7* — ¢'*)z — bg"*H Y Pu(2)
a; = (1 _ qk-H )1/2(1 _ qk+2l+2)1/2 .
Making the substitution
Pu(z) = {(@ (@ a0} PPiz)
we transform it into relation (16) with
a___ql-H, CZO, Z:2x(q_1/2——q1/2).
As a result, we obtain that

Pi(z) = {(g; (@590} ™ prlcos(0 + ¢); 4", 0|q)

_ @k

= TErg 3¢2(q-k’q1+162i¢+i6,ql+le—10;q21+2,0; 7.9,

where z = 2cos(8 + ¢)/(g~ " — ¢'/?). Tt follows from (17) that
d
J Pu(2)Pu(2)W (2)dz = Sy ,
Zd

where d = (¢7'? — ¢'/*)/4m cos(0 + ¢) and

(9 9)o0

2042, . 201+2,
W) =q"" (9@ 9o @ ) (g O )
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This formula shows that the spectra of all operators (21) coincide with the interval
(—d,d), d =2/(qg~'?> — q"?). The spectral measure do of the operator A(¢) is
do = W(z)dz.

We found explicit expressions for overlap polynomials P,(z) and the corre-
sponding orthogonality relations for the operators (21). Unfortunately, we could not
find an explicit expression for these polynomials in the case of the operator A, for
arbitrary p,b,r. But it is possible to find polynomials P,(z) for different particular
values of these parameters. For example, if p = —1,b = 0, then for the polynomials
P,(z) corresponding to the operator 4_; o, we obtain the recurrence relation which,
after the appropriate substitution, reduces to the following one:

(1 —g"™HP 1 (2) + q(1 — ¢"P*"P._\(2) = zdq"Pi(2) , (22)

where d = ¢/"'q"/*(q7? — ¢'/?). This recurrence relation can be solved by the
method of a generating function used in the theory of g-orthogonal polynomials
(see, for example, [16]). Namely, we set

f(rz) = if‘aP;(z)r" . (23)

So, f(r,z) is a generating function for the polynomials P/(z). Multiplying both
sides of (22) by #"*! and summing over n we obtain

f(r2) = f(rq,2) +r°qf(r,2) — rqg* 7 f(rq,z) = zdr f(rq,z) .
Therefore,
1 + zdr + r’qq*+?
1+r2q

f(rz) = flgr.z). (24)

143/2

Setting zd = —2¢q cosh ¢ and iterating (24) one has

(}”I l+1e q)n(r/ I-H

Gr's @n(=1r"; @)n

f(r,z)= sCI)nf(qu)

where #’ = rq'/?. Taking the limit » — co we obtain the explicit expression for the
generating function f(r,z):

(Mg (P g e )oo
) = e e )

Applying here the g-binomial theorem

> (a;q)nxn _ (ax59)o0

LGt T e Pl bld<l

(see, for example, [17], Theorem 2.1) and comparing the obtained expression with
formula (23), we obtain the expression for P;n(z),

(—1)"(—ig"e'; )u(ig"™ e ™ mn '

Pu(@) = (=" MZ (q DG Dm—

It is a polynomial in e’ + e~’. However, we could not separate e’ + e’ in this

expression. This expression can be represented in terms of basic hypergeometric
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functions. In fact, taking into account the relation

(@ Qmg" "V

(—ag"y(qg'"a"V;q)

(& Qm—n =

we derive
m(—ig"te'; n(g™"; @
i=0 (@ (=g le!; ),

Puz)=c (ig~'e'y"

:cz(pl(__lql-)—let q q_m_le’;q,iq_le’),
where ¢ = (—ig'?Y"(ig" e™; @)m/(q; @)m- By making use of the transformation for-
mula for basic hypergeometric functions (see Apendix III in [12]) we can represent
Pl(2z) in the different form,

—mt

P:n(z) — c'e 3(P2(C]_m, l+let lql+l t. 21+2 0 q’q)

/

—mt —m I+1 ¢t ——t. 21+2.
=cde "301(qg7", —1g " €i

g 7" 44",

where ¢’ = (¢**2; Q)mg~ "V /(q; ¢)m. Here an explicit dependence on e + e~ is
also absent. These polynomials of z have many orthogonality relations. It is difficult
to find them explicitly.

In a similar way one can find polynomials P,(z) for the operators 4_; 5 ¢ and
A_yp—1,b € R. They have similar expressions in terms of basic hypergeometric
functions.

We remark that we can also find the corresponding polynomials for some partic-
ular cases of the operators of the type (20) if p > 1. For example, for the operator

THG@HE, — EDGP*Y+ (H — 1~ 11g"7 + [H + 1+ g~ ") (25)

the overlap polynomials Py(z) are

P(z) = ("

where z = ¢”/(1 — g~ ') and py are the little g-Jacobi polynomials (see [12] for the
definition of these polynomials). Due to the orthogonality relation for the polyno-
mials p; [12] we obtain

—QLDk (2142,

A ")) e 0lg) (26)

Z()Pm(qy/(l —q7 ) Palg’/(1 -q_l))W(y) = Omn ,
y=

where W(y) = ¢®7(¢**%;¢)o0(q; q); . Therefore, the spectrum of the operator
(25) consists of the negative numbers

/(1 —q ", n=0,1,2,....

Note that the little g-Jacobi polynomials pi(x;a,blq) at b = 0 turn (after chang-
ing variables and renormalization) into the Wall polynomials W;(x;a, ¢) and into
the generalized Stieltjes—Wigert polynomials Si(x; p,q) which are g-analogues of
Laguerre polynomials [12]. This result agrees with the results of [13] for the case

q=1.
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Spectral properties of operators of representations of the negative discrete series
of the quantum algebra U, (suy,;) can be considered completely in the same way. The
quantum algebra U,(suy,;) has other series of unitary representations (the principal
unitary series, the supplementary series, the strange series; see, for example, [18]).
The operators

L,=T(@""*E, -E_)g*"*), peR,

in these representations are given by formula (10), where coefficients b, ,, have
other expressions (they can be easily derived from the results of [18]) and m
changes from —oco to +oo. It is easy to verify that the operator L, is symmet-
ric and unbounded for all these unitary representations. It is well known (see, for
example, [19]) that deficiency indices of the operator L, can be found in the fol-
lowing way. We divide the operator L, into two operators L, and L, : one acting
upon basis vectors |m), where m > 0, and the second acting upon |m) with m < 0.
The deficiency indices of L, are equal to the sum of the corresponding deficiency
indices of L,,; and L, ,. As in the case of operators of the representations 7", it is
shown that the deficiency indices of the operators L,;, p = 1, and L,», p < —1,
are (0,0). The deficiency indices of the operators L, ;, p < 1, and L,,, p > —1,
are (1,1). Therefore, the deficiency indices of the operator L, in any unitary irre-
ducible representation with m changing from —oo to +oo are (1,1) if p < —1 or
if p=1and(2,2)if —1 < p < 1. Thus, this operator has selfadjoint extensions.
The detailed studying of diagonalization of the operator L, is awkward and will be
given in a separate paper.

4. Representation Operators for the Discrete Series of the g-Deformed
Algebra U,(so,,1)

The g-deformed algebra U,(so(3,C)) is the associative algebra generated by the
elements /), I, I3 which satisfy the commutation relations [20]

0, bl, = ¢"*hG — g '*nh =1,

[, ]y = L, [, 5Bl =1 .

The first relation shows that Uy(so(3,C)) is generated by two elements /; and .
These elements satisfy relations of Serre’s type:

L — (¢ + ¢ IhbhL + LI = -1,

11122 - (41/2 +q_1/2)121112 +[2211 =-I.

The g-deformed algebra U,(so,,;) is obtained from U,(so(3,C)) by introducing the
involution which is uniquely determined by the formulas I = —I, I = b.

Remark that the Lie groups SU(1,1) and SOy(2,1) are locally isomorphic and
their Lie algebras are isomorphic. The g-deformed algebras U,(suy,1) and U,(s02,1)
are not isomorphic. Moreover, they have non-coinciding sets of unitary irreducible
representations [20].

Representations 7;' of the discrete series of the algebra U(soy;) are given
by a positive number / and act on the Hilbert space V; with the orthonormal ba-
sis |m), m=1+1,1+2,.... The operators T1+(11) and T,+(12) act upon the basis
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elements |m) as follows [20]

T (I)|m) = i[m)lm), T (B)|m) = ap|m + 1) + ay_s|m — 1) ,

[2m][2m + 2]

where, as before, [a] denotes a g-number.
The closure of i7;7(/;) is an unbounded selfadjoint operator. Since

1/2

—12 ql/Z)—lq—l/4

lim a, =(q ,
m-— 00

then the operator 7;7(1;) is bounded. Therefore, its closure is a selfadjoint operator.
Remark that boundedness of the operator T;'(1) is the property of the g-deformed

algebra Uy(soy,1), g4 1. When g — 1 then (g2 — ¢'/?)~! — oo and the operator
T}/ (I,) becomes unbounded.

We study symmetric operators of the representations 7, representable with
respect to the basis {|m)} by Jacobi matrices. Such natural operators are

Appr = T, (((L)PLGAN)P +b(1N) ), p.br€R.
Let us consider the operators
B, =T, (ih))?L(iL)?), peR.
It follows from (27) that
Bplm) =bp mim + 1) +bp mi|m— 1),
_ (=g —g"hy?
gPm(q—12 — g2 y2p
x ((1 — ") — g1 g1 - q”'"*‘))”z
(I =g*™)(1 — g°+2) ’

In the same way as in the case of operators of the representations 7;" of U,(suy 1),
we prove that at p > 0 the operator B, is unbounded and has the deficiency indices
(1,1). If p < 0 then B, is a trace class operator. So, at p > 0 we can say that the

operator B, has the same properties as in the case of the algebra U,(suy,;). We
have to research the case p = 0. Let us find eigenvectors

bP,m

ly) = é P+ K+ 1) (28)

of the operator By = T;"(I;) and its spectrum. The arguments of Sect. 2 show that
Pr(y) must be orthogonal polynomials in y satisfying the recurrence relation

aPr(¥) + ar—1(y) = yPr(y),

( [1+k+1][+k +2] )‘/2
ap =

1/2
[2] + 2k + 2][2] + 2k + 4] ([k+ 1021 + &k +2D)"?,
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where k£ =0, 1,2,.... Making the substitution

o\ 12
(1 _ q21+2k+2)(q21+2;q)k(q21+3;q2)k 2
(1= @72 (g Oilg™5 (g2 gk

Pi(y) = Pi(y) <
we obtain the relation
1— q21+k+2 (1 _ ql+k)(1 _ ql+k+1)(1 _ qk)
_ 2I2k43Y (| _ 2l42k12 Pro(n)+ 21022 (] _ 2l k11 Pr ()
(1-g¢g X1 —g ) (I—¢g N1—¢g )

=(qg"* = ¢"™)yP(») . (29)

Setting ¢ = /2, a*> = ¢'*!, ? = ¢'*2, 2x = (¢~ — ¢"/?)y into (16) we obtain
relation (29). This means that the polynomials P,(y) from (28) are of the form

- 1/2
() = ((q21+2;q)n(q21+3;q2)n 2(1 _q2n+21+2)> /
(y) =

(4 Dn(@™ 5 On(g"259)n(1 — ¢*2)
X pa(cos(0 + 1/2); g2 ¢ +D2)g) (30)

where p,(x) are g-orthogonal polynomials from (15) and
y =2cos <9 —+ g) (q77 — g1,

In the same way as in the case of polynomials (18), we find that the orthogo-
nality relation for polynomials (30) is of the form

b
fb Pu(y)Pi(yW(y)dy = 0o , (31)

where b = 2(q~"% — q1/2)-1 and

- 1/2 : 2
a2 — g2 (@ L2 )2 (6 oo (€2 @)oo

N PR e N W DN

Formula (31) means that the operator 7;'(l;) has a simple spectrum and this
spectrum covers exactly the interval (—b,b), b =2(q~"? —¢'?)~'. The spectral
measure of the operator T} (L) is w(y)dy. Now we can formulate the following
theorem:

Theorem 4. If p > 0 then the operator _E,; has the deficiency indices (1,1) and all
its selfadjoint extensions (without coming from the Hilbert space V;) have discrete
simple spectra with infinity as the only point of accumulation. If p < 0 then B,
is a trace class operator and has a discrete simple spectrum with zero as the only
point of accumulation. The operator By has the continuous simple spectrum which
covers the interval (—b,b), b =2/(g~'? — ¢'?).

Using assertions of Sect. 2 we can formulate for the operators 4, the statement
similar to Proposition 3. As in the case of the algebra U,(suy ), it is possible to find
explicit form of polynomials P,(z) corresponding to the operators A,, for many
particular values of p,b and r.
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5. Representation Operators for the g-Deformed Lorentz Algebra U,(so3 ;)

There exist several definitions of the quantum algebra U,(so(n,C)). We use the
definition which allows the reduction from U,(so(n,C)) to Uj(so(n —1,C)) (see
[21]) and does not coincide with the algebra U,(so(n,C)) defined by Drinfeld [2]
and Jimbo [3]. Namely, we use the g-deformed algebra Uj(so(n, C)) which is the
associative algebra generated by the elements Iy, Is;,...,1, ,—1 satisfying the rela-
tions

LioaBhy = (@ + 7 D il idi s + 1y o = i
B — (@2 4 g )iy il ooy + D il =~
Uii1,1,;-11=0, [|i—j]l>1,

where [ -, - ] is the usual commutator. The elements /; ;_; are g-analogues of the
standard elements /; ;_; of the Lie algebra so(n, C).

We introduce into Uq(so(n C)) the involution defined uniquely by the relations
Iy ==, i=23,...,n, and obtain the compact g-deformed algebra U,(so,).
The formulas IMoy =L, i*r+1, I’ , = I41,, determine the g- deformed
algebra U, (so, n—r). This algebra contains the subalgebras U, 4(s0,) and U,(s0,—,).
In partlcular in this way we obtain the g-deformed algebras U 4(80,,1). We remark
that the algebra Uy(so(n, C)), defined here, can be embedded into U,(gl(n, C)) and
is important for construction of a g-analogue of the symmetric Riemannian space
U(n)/SO(n) [22].

As in the case of the algebra U,(so(3, C)), we can define three additional ele-
ments of the algebra U,(so(4,C)):

Ly = ¢yl — g7 P hoby
Ly = ¢ holyy — g sl
Ly = ¢ Iyl — gLl

The elements [, 1 < 7 < k = 4, satisfy the relations of the type
(L1, Ioly = ¢ hily — g Vol = 1y
The involution in Uy(so(4,C)), defined uniquely by the formulas
Iy = -1, I35 = —Ix, Iy =13,

determines the g-deformed Lorentz algebra U,(sos;). Irreducible representations
[20] of U,(sos;) are given in a similar way as in the case of the Lorentz group
SO0(3, 1). These representations 7, are defined by a complex number ¢ and by an
integral or half-integral number s. In order to give these representations it is suf-
ficient to have the operators Tos(l21), Tos(l32), Tes(la3). Without loss of generality
we may assume [20] that s = 0. The representation Ty acts on the Hilbert space
V, with the orthonormal basis

[Lm), I=ss+1,5+2,..., m=—L-1+1,...,1.

On the subspace Vs spanned by the basis elements |/, m) with fixed / the irreducible
representation 7; of the subalgebra U,(so3) acts. These representations of U,(sos3)
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are described in [20]. The operator T,(l43) is given by the formula [20]

_[ois]om]

Tostla)ll, m) = =i

|, m)+a)l+1, m)+a1|l —1,m),

[IP[21 — 1][21 + 1] (32)

There exist equivalence relations in the class of representations Tys. The following
representations 7y, are unitary [20]:

a1 = ([ + ol — o))" ([s+ 1][1—s][1+mw—ml>”

(a) the representations Ty, 0 =1ip, p > 0 (the principal unitary series);

(b) the representations 745, s =0, 0 < 0 < 1 (the supplementary series);

(c) the representations Ty, Im o =m/h, Re 0 > 0, where g =exp 4 (the
strange series).

For all representations Ty, the set of matrix elements of the operator 7,4(ls3)
from (32) is bounded when / runs over values from s to co. Therefore, this opera-
tor is bounded for all these representations. For unitary representations the closure
L = T,(Is3) of Ty5(ls3) is a selfadjoint operator.

Let us sketch how generalized eigenvectors

|x,m) = §Pl_s(x)|l, my, s=m, (33)
I=s

of the operator L = T,(ls3) corresponding to an eigenvalue x are evaluated. We
remark that the condition s = m does not restrict a generality. In fact, it is seen
from formula (32) that the matrix elements of the operator Tss(/43) are symmetric
with respect to permutation of s and m. If s < m then we would consider the
representation T,; and permute s and m in (32).

The polynomials P;_;(z) from (33) satisfy the recurrence relation which is de-
rived from formula (32). After the replacement

_ 112
(¢ D) 2@ ar (1= 2 (g 9), '\ P o)
(qa+s+l ; q)n(q—a+s+1 ; q)n(qs+m+l ; q)n(qs—m-l—l ; q)n ¥

and some computation we obtain the recurrence relation for Pj(x) (we do not give

it here). Comparing it with the recurrence relation (1.24) of the paper [11] for the
Askey—Wilson polynomials, we derive that

Pp(x) = (

12
P (x) _ a-—n ((qa+s+1;q)n(qs+m+l;q)n(q2s+1;q)n(1 _ q2n+23+1)> /
" (@ Dn(q= T+ Ou@ "5 (1 — g2+
q—n’qn+2s+l’ei9a’ e—iGa ‘
X493 <qa+s+1, qs+m+l’ __qs+1 9 (34)
where x = 2(¢7"? — ¢'/2)"' cos 0 and a = —ig(etmHs+2,

Using the orthogonality relation for Askey-Wilson polynomials (Theorem 2.2
in [11]) we derive that for polynomials (34):

ff? Py(x)Pr(x)w(x)dx = Onkc (35)
b
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where b = 2(q "> — q'/?)~!. The weight function w(x) is given by the formula

1 g2 — g"2 h(x; 1)h(x; — Dh(x; ¢ Yh(x; —q"/?)

W) = T s h(x; a)h(x; bYR(x; c)h(x; d)
X (4925118 Doo(@ 7 @)oo
s+m+1, s—m+1

X (¢ @)oo(q Do~ 5905

where x = 2(¢~'? — ¢"?)~' cos 0 and

a= _iq(a+m+s+1)/2, b— iq(a——m+s+l)/2, c= iq(m—a+s+l)/2’ d = __iq(s—tr—m+l)/2 ,

. . o0
h(x;a) = (ae'; ¢)oo(ae™; q)o0 = knoa —ag*(q7'* — ¢ + a**) .

The space V of the representation 7, can be decomposed into the orthogonal

sum
(o]
Vi= 2 DVem>
m=—o00

where V, is spanned by the basis vectors |,m), | = |m|, |m|+ 1, |m| +2,.... It
follows from formula (35) that the operator 7;s(/43) has a simple spectrum on each
subspace Vs, and this spectrum covers exactly the interval (—b,b), b = 2/(g~ "/ —
g'?). The spectral measure of T,s(Is3) on Vi, is determined by the measure w(x)dx
from (35). The spectrum of the operator 7,4(/43) on the space V; is the same,
however now spectral points are of infinite multiplicity.

6. Representation Operators for the Algebra U,(so,)

We consider irreducible finite dimensional representations of the g-deformed algebra
U,(so,) which are of class 1 with respect to U,(so,—1). As in the case of the Lie
group SO(n), these representations T of U,(so,) are given by a positive integer /
and act on the same spaces V; with the same orthonormal bases as the representa-
tions 7} of the Lie group SO(n) (see Sect. 9 in [4]). The basis elements are labelled
by
[Lm,jk,...,r), lz2m=2j2kz-- 2], (36)
where j,m,k,...,r are integers. The operator T;(, ,—1) acts upon these basis vectors
as [20]
Ti(Lyn—1)|Mfy oo s¥) = blm 4+ 1,j,c o) + bpilm — 1,4,...,7), 37)

y i (Utmtn—20mtj+n—3]m—j+]1] 12
" [l —m]='2m+n—1][2m+n— 3] '
As in the classical case, the operators 7;(J;;—1), i < n, act by the same formula

upon the corresponding parts of the pattern |m, j,...,7).
The space V; can be decomposed into the orthogonal sum

Vi=Y &V, M=(,...,r).
M
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The operator T;(l,,—;) leaves the subspaces V), invariant. The operator
L; = Ty(—il, ,—1) is selfadjoint. We shall evaluate the spectrum and eigenvectors

!
o fyeesr) = 30 Puej(0)lm, j,....7) (38)
m=j

of the operator L; on the subspace V. We suppose that

Li|x,j,..., vy = [xlx,J,..., 7).

The vector (38) is an eigenvector for the operator L; with the eigenvalue [x] if
the polynomials P;_;(x) satisfy the recurrence relation

AePry1(X) + ap—1 Pr—1(x) = [x]Px(x), (39)

k+n —2Jk+1] \"2
[2k + n'|[2k +n' — 2]> ’

where [ —j =N, m—j=k n+2j—1=n". We multiply both sides of (39) by
—q~M? and set "
[k +n" =312k +n' —2]
Py(x) = 2k P(x).
[N —kY'[N + k +n' = 2]1[k]!

After some transformations we obtain the relation

B B (- k=Ny(1 — k+n' =2
Ol ql/z)[x]P,’c(x) — q] ~ ;(2k+n’€2 )P,'H](x)

ar = ([N +k +n' —1][N — k])"/? (

/
B —-N(l — qN+k+n -2)(1 _ qk)
4 1 — g2k’ =2

P//c—l(x)'

Comparing this relation with the recurrence relation (7.2.1) in [12] for the g-Racah
polynomials
q7.q""190,q7" q" o
Ru(u(y); % B,,61q) = a3 ( 34, q)
ag, fog, yq
where u(y) =g~ +¢”*'95 and one of the numbers ag, Bdq, 7q in the function
403 is equal to ¢V, N € Z,, we see that

Pi(x) = Re(u(y); 0, B, 7,0lq) ,
where

(n'-—3)/2’ (n’—3)/2, 5 = ___q—Na(n'~I)/2 ,

o = ﬂ = -—q
] =¢"2(@"* — g7 ") ), ) =g +poptt =g gV

Thus, the solution of recurrence relation (39) normalized by the condition Py(x) = 1
is of the form

Pr(x) = (

7=4q

INJUN +n' — 2)1[2k +n' — 2]k +n — 3]!)”2
[ — 2)[kIN — k'[N + k +#' —2]!

’_ /_ /_ “N—(n—
X Ri(u(y); —q" =2, —g" =32 g =32 _qmN=(r =014y - (40)
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where x = N — 2y. It follows from the orthogonality relation for g-Racah polyno-
mials (formula (7.2.18) in [12]) that y runs over the values 0, 1,2,...,N. Therefore,
the spectrum of the operator L; on the subspace Vs consists of the points

The corresponding eigenvectors are determined by formulas (38) and (40). The
orthogonality relation for the polynomials P,(x) are of the form

%: Py(x)Pu(x)W (x) = Omn » 41
y=0

1 [NJI[2" = 2]1[2N — 2y + n' =312y +n' —3]!1[4y — 2N]
2 [N +n =20[n" = 312N - 2yIN1[2y]11[2y — N] ’
where [s]!! = [s][s — 2][s —4]---[1] (or [0]).

Joining spectra of the operator L; on all subspaces Vj;, we obtain the spectrum
of L; on the carrier space V; of the representation 7.

W(x) =

7. Representations of the Algebra U,(so,2)

The aim of this section is to show how results on eigenvectors and overlap coeffi-
cients can be used for obtaining new results in representation theory of g-deformed
algebras.

In the previous section we constructed the new orthonormal basis {|x, j,...,»)}
of the carrier space V; of the representation T; of the algebra U,(so,). Clearly, the
vectors ;

P foensr) = 30 Py (0)|m, j,..7) (42)

m=j
where P _ ;(x) = W2(x)P,,_ j(x), are orthogonal. These vectors differ from vectors

(38) by the multiplier W'?(x) determined by formula (41). We derived in the
previous section that the operator 7)(I, ,—1) acts upon the basis {|x,/,...,7)} as

Ti Ly 1% Js oo #) = i[x]|2, oo s 7) -
The operators 7y(1;;—1), i=n—2,n—3,...,2, act upon this basis by the same
formulas as upon the basis {|m,/,...,r)}. Thus, to determine the representation T;
in the basis {|x,/,...,#)} we have to find how the operator T;(I,—1,,—2) acts upon
this basis. Due to formulas (37) and (42),

!
Tl([n’n_l)|x,j,...,r> =Z P:’Il"‘j(x)b;|m’j + 1"' '5r>

m=j
!
+ 20 P (b _y|m,j —1,...,r), (43)
m=

where b;. are coefficients b,, from formula (37) taken for the subalgebra U,(s0,—1).
Now it is necessary to go from the basis elements {|m,j+ 1,...,7)} to basis ele-
ments (42). To fulfill this transition we apply to the basic hypergeometric function
4¢3 contained in the expression for P, _ ;(x) the recurrence formula (7.2.13) from
[12]. As a result, we express P, _ ;(x) as the linear combination of Pl (x+1)
and P)i_ j—1(x — 1). We substitute this expression for P,,_;(x) into the first sum
on the right-hand side of (43). It turns out that in this sum we can separate two
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sums (42) in which j is replaced by j + 1 and x is replaced respectively by x + 1
and x — 1. Thus, the first sum on the right-hand side of (43) is a linear combination
of the vectors |x 1,7+ 1,...,7) with certain coefficients. These coefficients are
evaluated under fulfillment of the procedure just described. Now we fulfill the same
procedure with the second sum of the right-hand side of (43) using formula (7.3.12)
(instead of formula (7.3.13)) from [12]. As a result, this sum is expressed as a linear
combination of the vectors |x + 1,7 — 1,...,r) with certain coefficients. This leads
to the following formula for the operator 7;(f,—1,,—2):

Ti(Ly—y n—2)1%, jo ky o oo 7)
=iK L[l —j—x+j+x+n—2D)"2x+1,j+ Lk...,r)
AR Lo ([l = j+x][+j —x+n—=2D"x — 1,j + Lk,...,r)
— K L[~ j+x+ 20+ —x+n— 4D+ 1,j— Lk...,r)
FiK L ([l = —x+ 2 +j+x+n—aDx —1,j — Lk...,r),

where
P ([j+k+n—4][j—k+1])”2
/ 2/ +n—2]2j +n—4] ’

e+ 11\
(o) @

Thus, we obtain formulas of actions of operators of the representations 77
upon the basis {|x,j,k,...,7)}. This basis differs from the Gel’fand-Tsetlin basis
{lm, j,k,...,r)} and corresponds to the reduction from U,(so,) onto the subalgebra
Uy(s0; +50,_2) = U(s02) X Uy(50,—2).

As in the case of representations of compact and noncompact real Lie groups,
by making use of an analytical continuation in the parameter giving representa-
tions we can obtain infinite dimensional representations of the g-deformed algebra
Uy(son—2,2) from the representations 7; of U,(so,). In this way, we obtain the rep-
resentations 7, ,,0 € C, ¢ € {0,1}, of U,(so0,—2,) which act on the Hilbert spaces
H, with the orthonormal basis

1%, j,k,....,7), x+j=¢e(mod2), j=Zkz=- =], (45)

where x runs over integers and j runs over nonnegative integers. The opera-
tors Ty o(Inn—1) and T, o(f;;i-1),i =2,3,...,n — 2 (these operators correspond to
elements from the sub-algebra Uy(so; + so0,—2)), act upon basis vectors (45) by
the same formulas as in the case of the representations 7, and for the operator
Ts,e(1;,i—1) we have

Toe(n—t,n=2)\% Jo by o ., 1)
=KL([o+j+x)—0c+j+x+n-2D)"x+1,j+ Lk...,r)
+ KL ([0 +j—x[—0+j—x+n—-2D"x~1,j+ 1L,k...,r)
~ K L(lo+j—x—=2l[-0+j—x+n—4D"x+1,j— Lk...,r)

~KiaLey([0+j+x =20 +j+x+n—4D"x — 1,j — Lk...,r),
(46)
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where K; and L, are given by formulas (44). Substituting these expressions for the
operators T, .(I;;—1) into the defining relations for the algebra U,(so(n,C)) from
Sect. 5 we make sure that they really determine a representation of Uy (s0,—22).
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