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Abstract: An attempt is made to understand the root spaces of Kac Moody algebras
of hyperbolic type, and in particular E\o, in terms of a DDF construction appropriate
to a subcritical compactified bosonic string. While the level-one root spaces can be
completely characterized in terms of transversal DDF states (the level-zero elements
just span the affine subalgebra), longitudinal DDF states are shown to appear beyond
level one. In contrast to previous treatments of such algebras, we find it necessary to
make use of a rational extension of the self-dual root lattice as an auxiliary device,
and to admit non-summable operators (in the sense of the vertex algebra formalism).
We demonstrate the utility of the method by completely analyzing a non-trivial level-
two root space, obtaining an explicit and comparatively simple representation for it.
We also emphasize the occurrence of several Virasoro algebras, whose interrelation
is expected to be crucial for a better understanding of the complete structure of the
Kac Moody algebra.
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1. Introduction

Affine Kac Moody algebras (see [29, 25] and references therein), which first appeared
in physics in the guise of (two-dimensional) current algebras, have come to play an
increasingly important role in string theory and conformal field theory as well as
other branches of mathematical physics. By contrast, Kac Moody algebras based on
indefinite Cartan matrices have not yet found applications in physics. In view of the
scarcity of results about such algebras, it is remarkable that they have nevertheless
been suggested as natural candidates for the still elusive fundamental symmetry of
string theory (and hence of nature). Being vastly larger than affine Kac Moody al-
gebras, Kac Moody algebras of indefinite type might certainly be "sufficiently big"
for a unified and background independent formulation of string (field) theory, but an
even more compelling argument supporting such speculations is the intimate link that
exists between Kac Moody algebras and the vertex operator construction of string
theory (this connection has been known for a long time [1, 28]). More specifically, it
has been established that the generators making up a Kac Moody algebra of finite or
affine type can be explicitly realized in terms of tachyon and photon emission vertex
operators of a compactified open bosonic string [16, 24]. On the basis of these results,
it has been conjectured that generalized Kac Moody algebras of indefinite type might
not only furnish new symmetries of string theory, but might themselves be understood
in terms of string vertex operators associated with the higher excited (massive) states
of a compactified bosonic string [24, 14]. Despite its great appeal, however, this idea
has not led to a truly satisfactory understanding of these Kac Moody algebras until
now.

Disregarding possible physical applications in string theory, very little is known
about indefinite Kac Moody algebras beyond their mere existence and the remarkable
result that the Weyl-Kac character formula continues to hold for them [36, 29]. The
basic problem here is the proliferation of timelike roots (having negative (length)2)
and the concomitant exponential growth in the dimension of the corresponding root
spaces. For a limited number of cases, and in particular for roots of level two at most1,
one knows explicit multiplicity formulas counting the dimension of the root spaces
[30], but the complete root multiplicities are not known for a single Kac Moody
algebra of indefinite type (root multiplicities can be determined in principle from
the Peterson recursion formula [31], but this formula quickly becomes too unwieldy
for practical use). Unfortunately, the available results have not shed much light on
the structure of the corresponding root spaces, and, in contrast to affine Kac Moody
algebras, a manageable representation of the root space elements has not been found
so far. In an interesting recent development (more concerned with understanding the
monster group than with applications in physics), complete and explicit multiplicity
formulas were derived for the so-called fake monster Lie algebra based on the 26-
dimensional Lorentzian even self-dual lattice ZΓ25,i [4]; this algebra is, however, not
a conventional Kac Moody algebra in that it has imaginary simple roots beside the

The notion of "level of a root" is defined in Sect. 4.1.
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usual simple roots [3] (the extra simple roots correspond to new Lie algebra elements
that cannot be generated by multiple commutators of the conventional Chevalley
generators and must therefore be adjoined "by hand"). These results rely heavily on
special properties of 26 dimensions such as the no-ghost theorem, and so far no other
example has been fully worked out2.

In this paper, an attempt is made to understand Kac Moody algebras of hyperbolic
type, and in particular the maximally extended hyperbolic algebra E\Q9 from a more
"physical" (i.e. pedestrian) point of view and to examine the known results as well as
the difficulties from what we believe to be a novel perspective. We here (somewhat
immodestly) concentrate on E\Q not only because, in our opinion, it is the most
interesting, containing E% and Eg as subalgebras, and because the basic problems are
not simplified in any substantial way by considering lower rank hyperbolic algebras
instead. Rather, we shall need to make use of two special features of E\Q not shared
by other algebras of this type, namely the self-duality its root lattice, the unique
Lorentzian lattice 1/9,1, and secondly the property, crucial for our construction, that the
fundamental Weyl chamber of Eχ0 contains precisely one null direction (i.e. touches
the light-cone in root space only once), in contrast to generic Kac Moody algebras
of indefinite type, whose Weyl chambers contain several linearly independent null
vectors, and also in contrast to strictly hyperbolic algebras, whose Weyl chambers lie
entirely within the light-cone and therefore contain no null vectors at all.

Our key observation is that, beyond level one, there appear longitudinal string
states and vertex operators, whose significance in this context has so far not been
recognized. A central role in our analysis is played by the DDF construction, which
provides the most direct and explicit solution of the physical state constraints in
string theory [11]. The physical states, which by definition are annihilated by the
Virasoro constraints, are simply obtained in this scheme by acting on a tachyonic
groundstate with the DDF operators, which commute with all Virasoro generators and
form a spectrum generating algebra. For their definition, one must choose a special
Lorentz frame, in terms of which one can distinguish transversal and longitudinal DDF
operators. As is well known, the longitudinal states (or operators) have zero norm
and hence decouple in 26 dimensions by the no-ghost theorem [26, 8, 41]. Above
26 dimensions, no consistent string theories and hence no consistent Kac Moody
algebras are expected to exist, as there are always negative norm states. Below 26
dimensions, on the other hand, the longitudinal DDF operators create extra positive
norm states (also referred to as Liouville states), and thus modify the spectrum in
an essential way. It is therefore hardly surprising that longitudinal states should also
play a role in the construction of Lorentzian and hyperbolic Kac Moody algebras
of "subcriticaΓ rank. Our results thus suggest a connection between these algebras
and Liouville (or subcritical string) theory, the precise nature of which remains to be
elucidated, however.

The adaptation of the DDF construction to the present context involves a dis-
cretization of the string vertex operator formalism. As is well known [24], the al-
lowed momenta of the string excitations must be elements of the weight lattice of
the corresponding (affine or indefinite) Kac Moody algebra. A curious feature of our
construction, not encountered in previous studies, is that we are here forced to make
use of a rational extension of the self-dual root lattice as an auxiliary device in order
to understand the root spaces associated with higher level roots in terms of the DDF

2 As an amusing aside, we note that the very notion of what the monster Lie algebra should be has
undergone several metamorphoses since it was first proposed in [7].
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construction. To be sure, the intermediate states belonging to momenta not on the
root lattice do not correspond to elements of the Kac Moody algebra, but they are
nonetheless indispensable for the construction of a complete basis for any given root
space, which we here obtain in terms of transversal and longitudinal DDF states. The
problem of characterizing the root spaces is thereby reduced to finding the "missing
states," i.e. those physical states which cannot be reached through multiple commu-
tators of Che valley generators. To illustrate our method we will completely analyze
one non-trivial example of a level-two root space in terms of the DDF decomposition.
To appreciate the simplicity of our final result (cf. (4.59)) readers need only contem-
plate the problem of classifying the states in terms of 75-fold multiple commutators
of the Che valley generators for this example. Notwithstanding eventual refinements
which may become necessary at a later stage, we thus believe that our procedure
provides a workable method to probe higher level root spaces, yielding a manageable
representation of the level-two root space elements for the first time.

Of course, we are aware that vertex operators have been utilized in previous work
on indefinite Kac Moody algebras [24, 14]. However, at least to the best of our
knowledge, neither the explicit representation of the level-one elements in terms of
transversal DDF operators (the level-zero elements just span the affine subalgebra),
nor the emergence of longitudinal states and vertex operators at level two and beyond
have been exhibited in previous treatments. Our results are couched in the language of
vertex algebras [6, 17, 19] (see also [33] for a treatment in the BV formalism), which
is entirely equivalent to the formulation of [24, 22], but slightly more convenient
for our purposes because of its economy of notation. An important technical point
is that the longitudinal vertex operators cannot be associated with definite states,
as their action cannot be defined on all of Fock space. Put differently, they do not
correspond to summable operators in the sense of [17]; in this respect, vertex algebras
encompassing longitudinal states transcend the definition given in [6, 17].

A remarkable property of the vertex operator realization of hyperbolic Kac Moody
algebras, which has not received due attention so far, is the occurrence of several Vi-
rasoro algebras in the construction. The first is the usual one with central charge c = d
(where d is the rank of the algebra, or, equivalently, the dimension of the root lat-
tice), by means of which physical states can be distinguished from unphysical ones.
Furthermore, there are two sets of longitudinal DDF operators, called A^ and £ m in
this paper, which generate Virasoro algebras of central charge c = 26 — d and (inde-
pendently of the rank) c = 24, respectively; the first choice is the standard one used
in proofs of the no-ghost theorem (see e.g. [27]). These two sets are related through a
GKO construction [23]. Since all DDF operators depend on the tachyon momentum,
there are actually infinitely many "longitudinal Virasoro algebras," related to one
another by Weyl rotations on the (Lorentzian) root lattice (the Virasoro generators
defining the physical states are, of course, invariant under the Weyl group). Thirdly,
there is a Sugawara-type Virasoro algebra, whose relevance for the general repre-
sentation theory of affine Kac Moody algebras was already known [29]. Our results
indicate a subtle entanglement of the affine subalgebra and the longitudinal Virasoro
algebras, as well as a deep connection between the longitudinal and Sugawara-type
Virasoro algebras. The action of the corresponding Sugawara generators of level £ > 1
on the states remains to be fully worked out, however. We believe that a proper un-
derstanding of these Virasoro algebras is one of the keys to unlocking the secrets of
indefinite Kac Moody algebras.

Since this paper brings together various different concepts and ideas, not all of
which may be universally familiar, we have tried to make it self-contained as far as
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possible. In Sect. 2, the formalism of vertex algebras is briefly reviewed (for more
details, the reader should consult [17, 19]). Section 3 is devoted to a rather detailed
exposition of the discrete DDF construction in the framework of vertex (operator)
algebras with particular emphasis on the longitudinal states and operators; we stress
once more the new feature that these operators are non-summable and have not been
considered in this context before. In Sect. 4, we apply the formalism to the maximal
hyperbolic Kac Moody algebra £Ίo, first recalling some known results. We then define
what we call the DDF decomposition of a given root vector of arbitrary level t\ this
is the point where we are forced to admit fractional momenta | r with r £ .09,1.
For the level-one root space elements, which are known to form the so-called basic
representation of Eg [29], we exhibit a simple and explicit realization in terms of
DDF states. Finally, we give a complete analysis of a non-trivial level-two root space
and construct an explicit basis for it, whereas only its dimension was known so far
[30]. This example displays the appearance of longitudinal and the disappearance of
certain transversal states, which we conjecture to be generic for higher level root
spaces of hyperbolic Kac Moody algebras. Of course, our results should be regarded
only as a tiny step into the terra incognita of hyperbolic Kac Moody algebras, but
we hope at least that they will give the reader a flavor of their complexity. Explicit
formulas for transversal and longitudinal DDF states as well as a number of Lie algebra
commutators giving level-two root space elements are collected in the appendix.

2. General Setup

2.1. Vertex algebras. We shall provide a short primer to formal calculus and vertex
algebras following closely [19]. In [17] the subject is treated thoroughly.

In contrast to conformal field theory (see e.g. [2] or [20]), in the vertex algebra
approach we use formal variables z, zo,z\, zi, etc. The objects we will work with are
formal power series. For a vector space W, we set

WΠ> z~
AT| - 1 \ qn zn \w G W \ O \Λ

VV \LZ, Z JJ ~ ] / v

 w n z I ̂ π t v v ί i \Δ-1)

Wlzi = I Y2wnzU\wnewV (2.2)

W[z, z~ι] = <Y] wnz
n I wn e W, almost all wn = 0 i (Laurent pol.), (2.3)

W[z] = < 2_^ tϋ n z n \wn eW, almost all wn = 0 > (polynomials), (2.4)
^ nGM ^

where "almost all" means "all but finitely many." These sets are C-vector spaces
under obvious pointwise operations. We can generalize above spaces in a straight-
forward way to the case of several commuting formal variables, e.g. W f e , ^ 1 ! =

Since we will often multiply formal series or add up an infinite number of series,
it is necessary to introduce the notion of algebraic summability. Let {xτ)ιei be a
family in End W, the vector space of endomorphisms of W (I is an index set). We
say that (xi)iei is summable if for every w e W, xiw = 0 for all but a finite number
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of i e I. Then the operator ΣteI x% is well-defined. In general an algebraic limit or
a product of formal series is defined if and only if the coefficient of every monomial
in the formal variables in the formal expression is summable.

If we define

Σ U eCE*,*"1]!, (2.5)

then, formally, this is the Laurent expansion of the classical ^-function at z = 1.
Indeed, δ(z) enjoys the following fundamental properties:
Let w(z) e W[z,z-{] , α G C x . Then

w(z)δ(az) = w(a~ι)δ(az). (2.6)

Let X(zι,z2) £ (End W)Hz\, z^1, z2, z^1! be such that lim^-*^ X(z\,z2) exists (al-
gebraically) and let a G C x . Then

= X(zuazx)δ(a^-\ (2.7)

Note that w(z) must be a Laurent polynomial to ensure existence of the product with
the ^-series. For explicit calculations it is useful to keep in mind that the substitutions
in the arguments correspond formally to az - 1 and az\jz2 - 1, respectively.

Now we want to introduce the tools for formal calculus which correspond to
contour integrals and residues for complex variables. We will need quotients of formal
power series which will often be expressed by analytic functions of z and z~ι,
respectively. They are understood as formal Taylor or Laurent expansions. E.g., for
α e C w e have

/Λ\
α e CΠXD, (2.8)

~n £ Clz~1^. (2.9)

In the following we will always (though sometimes not explicitly stated) refer to the
binomial convention which says that all binomial expressions are to be expanded in
nonnegative integral powers of the second variable. This is the only point in explicit
calculations at which one must not be too sloppy. For example, for a e C the following
expressions are in general not the same:

° X2 ( }

With the binomial convention we can rewrite the generating function for the deriva-
tives of the ^-series as
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- * - • - * « ( ! ) •!

As an important exercise one may prove subsequent identities which will be extremely
useful for vertex operator calculus:

J

where all binomial expressions are expanded in nonnegative integral powers of the
second variable.

We shall use the following residue notation. For a formal series

z-\ (2.15)

we write

w-u (2.16)

so that we may think of Resz [...] as the operation f0 ^ [ •] in complex analysis.
Indeed, formal residue enjoys some properties of contour integration. For w(z) e

z~1^ as above and n G 7L we find that

wn = Res2 [z-n-ιw{z)] (2.17)

for v(z),w(z) G WRz, z~ι~§ integration by parts reads as

υ(z)—w(z)
dZ

w(z)—v(z) (2.18)

We have already used exponentials of derivatives in (2.12) to obtain a formula for
the higher derivatives of δ(z). However, one might also expect ez°£ to act somehow
as a one-parameter group of automoφhisms (parametrized by zo). This turns out to be
also true in formal calculus. Let w(z) = Σ m G S ^ m ^ m £ ^ t t ^ " 1 ] ] , V £ ̂ oCI^o]]
and write Dn = —zn+ι-£;i n € N. Then we have

1. (Translation)

t~yD-ιw(z) = ey£w(z) = w(z + y), (2.19)

2. (Scaling)

(eyyDΰ w(z) = eyz&w(z) = w(eyz), , (2.20)

3. (Protective change)

tyDnw(z) = w ((z-n + nyΓι/n^ for n ^0, (2.21)
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with binomial convention.
We shall give a definition of vertex algebra [15] using the notation of [21] which

we believe is more accessible to physicists.
A vertex algebra is a ^-graded vector space,

(2.22)

equipped with a linear map ^ : tW —> (End^)[[z, z~ι\ which assigns to each state
ψ G ^ a vertex operator ^(ψ, z\ and the vertex operators satisfy the following
axioms:

1. (Regularity) lfψ,φe&' then

Resz [zn^(φ,z)φ] = 0 for n sufficiently large, (2.23)

and n depending on φ and φ.

2. (Vacuum) There is a preferred state 1 £ J^\ called the vacuum, satisfying

^ ( l , 2 ) = idjr. (2.24)

3. (Injectivity) There is a one-to-one correspondence between states and vertex op-
erators,

<2r(ψ,z) = 0 <=> ψ = 0. (2.25)

4. (Conformal vector) There is a preferred state ω £ J^\ called the conformal
vector, such that its vertex operator

Σ~ \ (2.26)

a) gives the Virasoro algebra with some central charge e e l ,

[L ( m ), L ( n )] = (m - n)L ( m + n ) + τ ^ ( ^ 3 - rή)δm+n^\ (2.27)

b) provides a translation generator, L(_i),

^ ( L ( _ D V > , ^) = ^-^(Ψ, z) for every ^ G J ^ ; (2.28)

c) gives the grading of & via the eigenvalues of L(0),

LΦ)φ = nφ = Δψψ for every ψ e 3\n),n £ Z, (2.29)

the eigenvalue Δψ is called the (conformal) weight of ψ.
5. (Jacobi identity) For every ψ, φ £ 1W,

(^5 zxWίφ* Z2) ~ zόl
zo J

= z~ιδ (^f^) ^ ( W , zo)φ, zi\ (2.30)

where binomial expressions have to be expanded in nonnegative integral powers
of the second variable.
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We denote the vertex algebra just defined by (J^, ^ , 1, ω).
We may think of 3f as the space of finite occupation number states in a Fock

space so that & is a dense subspace of the Hubert space 3@ of states. The regularity
axiom states that, given ψ, φ G & , there is always a high enough power zn such
that zn(^r(φ, z)φ is (at "z = 0") a regular formal series. In other words, the regularity
axiom ensures that any ^(ψ, z)φ contains only & finite number of singular (at "z = 0")
expressions. In terms of creation and annihilation operators it reflects the fact that
any finite occupation number state φ is killed by a finite but large enough number
of annihilation operators contained in (the normal ordered expression) ψn. We also
mention that in physical applications the vertex operator of the conformal vector
corresponds to the stress-energy tensor of the field theory.

A vertex operator algebra is a vertex algebra with the additional assumptions
that

1. the spectrum of L(0) is bounded below,
2. the eigenspaces ^\n) of L(0) are finite-dimensional.

The first condition is an immediate consequence of a physical postulate. As we
will see L(0) generates scale transformations. Recalling that the variable z in conformal
field theory has its origin in tt+tx (cf. [20]) one finds that L(o> corresponds to time
translations. Thus it may be identified with the energy which should be bounded
below in any sensible quantum field theory. In fact, vertex operator algebras can
be regarded as a rigorous mathematical definition of chiral algebras in physics [38].
Then the formal variable z can be thought of as a local complex coordinate and the
above relations (2.17) and (2.17) can be realized by contour integrals. The vertex
operators ^ 0 0 , z) correspond to holomorphic chiral fields, i.e. they can be viewed
as operator-valued distributions on a local coordinate chart of a Riemann surface. In
this context the three terms of the Jacobi identity are geometrically interpreted as the
three ways of cutting the Riemann sphere with four punctures into two spheres with
three punctures [18, 43].

Since vertex operators are operator valued formal Laurent series we can give an
alternative formulation (see [5], e.g.) of the axioms of a vertex algebra using the mode
expansion

Σ (2.31)

One has

1. (Regularity)

ψnφ = 0 for n sufficiently large, (2.32)

2. (Vacuum)

lnΨ = δn+ivΨ, (2.33)

3. (Injectivity)

φn = 0 WneZ <=> ψ = 0, (2.34)

4. (Conformal vector)

ωn+\ =L(n), (2.35)
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5. (Jacobi identity)

Σ<-
2>0

/m\

WWn- ξ, (2.36)

for all φ,φ,ξ e ^ , l,m,n e Z.

In what follows we will frequently make use of two important formulas which
are the special cases m = 0 and I = 0, respectively, of Eq. (2.36):
(Associativity formula)

(Φιφ)n = 2^(-l)M , ) (Ψi-iΨn+i - (- l )W-t^t) , (2.37)

(Commutator formula)

[Φm, Ψn\ = y " ( "." ) (φίφ)m+n-i, (2.38)

for all ιp, φ e &, l,m,n e 7L.
To get a feeling of the formalism and the axioms it is instructive to derive some

important properties of vertex algebras. Iterating (2.28) and using translation (2.19)
we find that L(_i) indeed generates translations,

Φ (eZoL^ψ, z) = ̂ (ψ, z + zo). (2.39)

Moreover, the vacuum is translation invariant because (2.28) for φ = 1 together with
the vacuum axiom (2.24) and injectivity (2.25) gives

L(_i)l = 0. (2.40)

Taking ResZo [Res2l [^(Jacobi identity)]] in the special case φ = ω we obtain

, z)} = T (n + l) ΦQ^φ, z)zn-\ (2.41)

In particular,

!ίj (2.42)

(φ,z) ifφe^Δψ). (2.43)

Using the well-known formula cABe~Λ = ΣΓ=o ^ ( a d A ) n B = ΣZo ^ U . ^
[^4,5]]...] and Eqs. (2.19) and (2.20) above equations give, respectively,

(Translation property)

U ^ ^ z + y), (2.44)
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(Scaling property)

e ^ ^ O / ? , z)Q-yLw = eyΔ*9^(φ, eyz) if φ e &[Δφh (2.45)

for every y G zoCI^o]]. Thus L(0) generates scale transformations. Note that (2.43)
also implies

ψn^m) C ^Δψ+m-n-l) H ψ € <^Δφ)> (2.46)

which means that the operator φn shifts the grading by Δφ — n — 1, i.e. it can be
assigned "degree" Δφ — n — 1. In view of this relation the reader might wonder again
why we use subscripts in round brackets for the grading of & and for the Virasoro
generators in contrast to the naked subscripts occurring in the mode expansion (2.31)
of a vertex operator. This possibly causes some confusion but stems from the fact that
we employ two different mode expansions. In conformal field theory we are familiar
with the expansion

ψ(z) = Φφ, Z) = Σ ψ(n)z-n-Δ*, (2.47)

which depends on the conformal weight of the field ψ(z). To exhibit explicitly the
Virasoro algebra in the definition of a vertex algebra we used this expansion for the
vertex operator associated with the conformal vector (stress-energy tensor!) in (2.26).
It is quite easy to convert results obtained in one expansion into the other formalism,
namely, simply by shifting the grading:

Ψn = Ψ(n+\-ΔΦ), Ψ{n) Ξ Ψn-l+Δψ, (2.48)

for any homogeneous element φ G &. For example we can rewrite (2.46) as

C 3%n-n), (2.49)

so that ψ(n) always has "degree" — n irrespective of φ. The mode expansion (2.47)
is therefore the more natural one because it respects the grading of &. On the other
hand for formal calculus it is more useful to stick to an expansion which does not
refer to the conformal weight of a state. Hence we shall almost everywhere in the
formulas assume the mode expansion (2.31).

Note that the Jacobi identity is obviously invariant under (ψ, z\, zo) <-» (φ, z2y —ZQ).
This symmetry property together with (2.7), (2.13), (2.39) and (2.25) finally yields

(Skew-symmetry)

9T{ψ, zo)φ = e ^ - ' ) 9^(φ, -zo)ψ, (2.50)

or, in components,

φnφ = -{-\)nφnφ + Σ h(-iy+n+lLt-i)(ψn+iΨ) (2.51)

In particular, we observe that the vertex operator ^(ψ, z) "creates" the state
G i ^ when applied to the vacuum:

)l = e^L(-1)τ/;, (2.52)

by (2.24). In components,
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( 0 for n > 0

Ψ forn = - l (2.53)
— L _ L ( " W f o r n < - 2 .

Hence the vacuum satisfies
L ( n ) l = 0 V n > - 1 . (2.54)

We shall denote by S?(A) the space of (conformal) highest weight vectors or
primary states of weight Δ satisfying

(L ( n ) - Sn0Δ)φ = 0 Vn > 0. (2.55)

Thus in any vertex algebra the vacuum is a primary state of weight zero. We imme-
diately infer from (2.41) that, for φ e ^\)»

A + ( n + 1)Δ\ gr(ψ9 z) vn G Z, (2.56)

or

[L(n), ψm] = {(Δ - l)(n + 1) - m} ψm+n Vm, n G Z , (2.57)

i.e. ^"00,2;) is a so called (conformal) primary field of weight Δ. We can rewrite
(2.56) as

[L(n), z^Vφ-W, z)] = zn+ι j - z {zΔ(n+ι^(ψ, z)} , (2.58)

so that, by (2.21),

-p-\ ^(ψ,zx) Vn^O, (2.59)

for every y e zoClzoi where z\ = (z~n - ny)~ι/n = z(\ - nyzn)~ι/n.

We shall provide a certain subspace of the Fock space & with the structure of a
Lie algebra (cf. [6, 5, 17]). We define a bilinear product on & by

[tl>,<p]:=ifo<p, (2.60)

which turns out to be antisymmetric on the quotient space ^ r /L(_i ) J^'due to skew-
symmetry (2.51). Putting / = m = n = 0 in the Jacobi identity (2.36) we get ^oί^oO ~
φoiΨoO - (Ψoφ)oζ- But this equation translates precisely into the classical Jacobi
identity for Lie algebras,

[IΨ, Ψlξ] + llφ,ξlΨ] + IK, Φlψ] = 0, (2.61)

on ^ r / L ( _ i ) ^ r . Note that we may identify the Lie algebra ^ / L ^ i ) ^ with the Lie
algebra of commutators of operators ψo, ψ e ^ . Indeed, the commutator formula
(2.38) for m = n = 0,

bfo,<Pol = (bl>,<p])o, (2.62)

together with definition (2.60) tells us that in the adjoint representation ψ acts on
/ i ) ^ Γ a s the operator ψ0. Moreover, if ψ = L(_i)(^ G L(_i)«^o) for some
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φ G Jf0) then φ0 = Res, [^(L<_i)y>,*)] = Res, [£^(φ,z)] = 0 by (2.28) and
(2.18). In other words, dividing out the subspace L ( _ i ) ^ reflects the fact that the
zero mode ψo of a vertex operator ^ 0 0 , 2) remains unchanged when a total derivative
is added to Φ^iψ, z).

The Lie algebra J^/L(_i)J^is too large for further investigations. In physical
applications such as string theory a distinguished role is played by the primary states
of weight Δ = 1 which we shall call physical states from now on. In fact, we learn
from Eq. (2.57) that for a physical state ψ the corresponding zero mode operator
ψo commutes with the Virasoro algebra thereby preserving all subspaces S^n) of
primary states of weight n. In particular, it maps physical states into physical states,
i.e. [5fi),5fi)] C ^fi)modL(_i)^o) Hence it is natural to look in detail at the Lie
algebra of physical states,

/ ) ^ 0 ) , (2.63)

where we used the fact that

L(-i)^ 0 ) Π &fa = L(-i).3?o) (2.64)

in any vertex algebra. To see this we start from the following identity:

L ( n )L (_i)^ = in + l)L(n_i)V> + L (_i)L ( n )^ V ψ G ^ , n G l (2.65)

Then the inclusion " D " in (2.64) obviously holds. On the other hand, let ψ G <5fo)

and demand L(n)L(_i)^ = 0 Vn > 1. Hence

L(n-i)^ = - ^ L ( - i ) L ( n ) ^ Vn > 1, (2.66)

which by induction yields the inclusion " C " in (2.64) when the regularity axiom
(2.32) is applied to the right-hand side.

When defining the Lie algebra ^ / L ( _ i ) J ^ we had to divide out the space L (_i)J^
for mathematical reasons. Surprisingly, this reasoning is motivated by physical con-
siderations (cf. [27]). Suppose that 3s is equipped with an inner product (_,_) such
that the operator L (_n ) is the adjoint of L ( n ) . Then (L(_i)</?, φ) = (φ, h^φ) = 0 VV G
<^,ψ G SP{n)^n G Z, i.e. the space L ( _ i ) ^ is orthogonal to all primary states. In
particular, L(_i)^f0) consists of null physical states, physical states orthogonal to all
physical states including themselves. Hence the Lie algebra 9 ^ is obtained from SP^
by dividing out (unwanted) null physical states.

It is well known that there are additional null physical states in SP^ if and
only if the central charge takes the critical value c = 26, namely the space
(L(_2) + |L^_j))^_i) (see [27] for the calculations). The existence of these addi-
tional null physical states is used in the proof of the no-ghost-theorem [26].

22. Toroidal compactification of the bosonic string. It is by no means obvious that
nontrivial examples of vertex (operator) algebras exist. However, a class of vertex
algebras is provided by the following result (see [6, 17]):
Associated with each nondegenerate even lattice A is a vertex algebra ( ^ , ^*, 1, ω).
If in addition A is positive definite then ( ^ , ^ " , 1, c*;) has the structure of a vertex
operator algebra.

The rest of this section will be concerned with the explicit construction of the
vertex algebra stated above. For physical motivations of the construction below the
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reader may consult the articles [24, 22, 25] or the comprehensive review [32]. A
precursor of the construction is given in [28].

Let A be an even lattice of rank d < oo with a symmetric nondegenerate Z-valued
Z-bilinear form _•_ and corresponding metric tensor ημu, 1 < μ, v < d (A even means
that r 2 G 2Z for all r G A). The vertex algebra (J^, 9^, 1, ω) which we shall construct
can be thought of as a bosonic string theory with d spacetime dimensions compactified
on a torus. Thus A represents the allowed momentum vectors of the theory. We take
Λi := R <g>% A to be the real vector space in which A is embedded.

Introduce "zero mode states" Ψr, r G A, which are by definition orthonormal,

(Ψr,Vs) = δr,s, (2.67)

and oscillators α ^ , m G TL, 1 < μ < d, satisfying the commutation relations

K/J^iΓί^o, (2.68)

and the hermiticity conditions

«)t = otm, (2.69)

and acting on zero mode states by

aί^Φr = 0 i f m > 0 , (2.70)

(2.71)

where pμ = QQ and rμ are the components of r e A. While the operators a!^ for
m > 0 by definition act as annihilation operators, the creation operators α ^ , m < 0,
generate the Fock space from the zero mode states. For convenience let us define

d

r(ra) := ]Γ r μ α^ = r α m (2.72)

for r € -Λi, m G Z, such that

[r(m), s(n)] = m(r s)^ m + n , 0 . (2.73)

We denote the d-folά Heisenberg algebra spanned by the oscillators by

h := {r(m) I r G A 1 ? m G Z}, (2.74)

and for the vector space of finite products of creation operators (= algebra of poly-
nomials on the negative oscillator modes) we write

N Ί
L (2.75)

Γ N Ί
i J lr^-m,) | Γ i G A^rra > 0 for 1 < i < N L

where " 5 " stands for "symmetric" because of the fact that the creation operators
commute with each other.

If we introduce formally position operators qμ, 1 < μ < d, commuting with a(^
for m ^ 0 and satisfying

[q^pμ] = iημ^ (2.76)
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then we find that

e i r q ^ s = Ψγ+S, (2.77)

i.e. the zero mode states can be generated from the vacuum ΨQ:

Ψr = erqΨQ. (2.78)

Thus the operators e i r q , r G Λ, may be identified with the zero mode states and
form an abelian group which is called the group algebra of the lattice A and is
denoted by R[A\. One might expect the full Fock space & of the vertex algebra to
be S(h~~) 0 M[Λ], However, it is well known that we must replace the group algebra
M[Λ] by something more delicate in order to adjust the signs in the Jacobi identity
for the vertex algebra. We will multiply e1Γ q by a so-called cocycle factor c r which
is a function of momentum p. This means that it commutes with all oscillators a^
and satisfies the eigenvalue equations

c rft = e(r,s)^ s. (2.79)

More specifically, we define operators eΓ := e i r q c r and impose the conditions

e'e" = e(r,s)eITS,
eres = (-l) r s e s e r ,

ere-" = (-1)*1*,

e° = 1,

which are equivalent to requiring, respectively,

e(r, s)e(r + s, t) = e(r, s + t)e(s, t),

e(r,s) = (-l) r se(s,r),

e(r,-r) = (-lf*r\
e(0,0) = 1.

(2.80)
(2.81)

(2.82)

(2.83)

(2.84)

(2.85)

(2.86)

(2.87)

For example, associativity of the product eΓese t and (2.80) yield (2.84). Note that the
cocycle condition (2.84) implies e(0,0) = e(0, r) = e(r, 0) Vr. It is not difficult to show
that it is always possible to construct cocycles with these properties (see [25], e.g.).3

Also note that every 2-cocycle e : Ax A —> {±1} corresponds to a central extension
A of ylby {±1}:

1 -> { ± l } - > i ί - > Λ - > 1, (2.88)

where we put A = {±1} x A as a set and define a multiplication in A by

(p, r) * (σ, s) := (e(r, &)ρσ, r + s) for p, σ G {±1}, r, s G A. (2.89)

We will take the twisted group algebra M{yl} consisting of the operators eΓ, r G Λ,
instead of R[Λ]. This means nothing but working with the section in the double cover
A of the lattice A.

3 Without loss of generality we can assume that the function e is bimultiplicative, i.e. e(r + s, t) =

e(r, t)e(s, t) and e(r, s + t) = e(r, s)e(r, t), Vr, s, t. Together with (2.86) and the normalization condition

(2.87) this then implies that e(mr,πr) = [ e ( r , r ) ] m n = ( - l ) 5 m n f 2 , Vr, m,neΊ.
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To summarize: The Fock space associated with the lattice A is defined to be

(2.90)

Note that the oscillators r(m), m / 0 , act only on the first tensor factor, namely,
creation operators as multiplication operators and annihilation operators via the adjoint
representation, i.e. by (2.73). The zero mode operators aβ, however, are only sensible
for the twisted group algebra,

r(0)es = (r α o )e s = (r s)es Vr e ΛΆ, s e Λ, (2.91)

while the action of eΓ on R{Λ} is given by (2.80).
We shall define next the (untwisted) vertex operators ^(ψ, z) for ψ e 1W. For

r G τli we introduce the formal sum

r(z):= ^τ{m)z-m-'\ (2.92)

which is an element of h|[z, 2" 1]! and may be regarded as a generating function for
the operators r(m), m £ 7L, or as a "current" in contrast to the "states" in J^\ It is
convenient to split the current x(z) into three parts:

(2.93)

where

r<(z) := ] Γ r{-m)zm'\ r>(z) := £ rfm)^1"-1. (2.94)
m>0 m>0

We will employ the usual normal ordering procedure, i.e. colons indicate that in the
enclosed expressions, qv is written to the left of pμ, as well as the creation operators
are to be placed to the left of the annihilation operators.

For e r e !{v4}, we set

^ ( e r , z) := e / r < ^ ^ e r ^ r ( 0 ) e / r > U ) ^ , (2.95)

using an obvious formal integration notation, i.e.

ίr<(z)dz := V — r(-ra)zm, / r>(z)dz := - V —r(m>~m. (2.96)
J m>0 J m>0

This can be written in a way more familiar to physicists by introducing the Fubini-
Veneziano coordinate field,

Q*(z) = qμ - Ίpμ \nz + i V —α^z~ m , (2.97)
m<=JL

which really only has a meaning when exponentiated. We find that the vertex operator
in (2.95) takes the familiar form

^ ( e r , 2 ) = :e i r ' Q U ) :c r , (2.98)

and the current τ(z) becomes
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Λ[rQ(z)]. (2.99)
az

This shows that the vertex operators in (2.95) are indeed already normal ordered and
carry a cocycle factor hidden in the elements of the twisted group algebra M{Λ}.

Let ψ ~ [ Y\f=ι Sj(—nj)] (g>eΓ be a typical homogeneous element of tW and define

Extending this definition by linearity we finally obtain a well-defined map

^ i ^ - ^ ί E n d J O I * , * - 1 ] ! , ^ ^ ^ n ^ " 7 1 " 1 . (2.101)

We shall prove the first four axioms in the definition of a vertex algebra.

1. (Regularity) Note that 3? contains only states with a finite occupation number
of creation operators and the vertex operators are normal ordered expressions.
Having this in mind it is clear that ψnφ = 0 for n large enough (depending on
ψ, φ G &) since annihilation operators are always attached to negative powers
of the formal variables.

2. (Vacuum) We choose the vacuum to be the zero mode state with no momentum
and without any creation operators, i.e.

l : = l Θ e ° , (2.102)

so that

3^(1, z) = :e i O Q ( 2 ):co = Ίά^r (2.103)

by the normalization condition (2.83).
3. (Injectivity) Observe that, when acting on the vacuum, only terms involving cre-

ation operators survive in the expression for a vertex operator. Then it is obvious
that

xj)-ιl = Resz [z~~1(^(2p,z)l} =ψ V ψ G ^ . (2.104)

In particular, ^(ψ, z) = 0 implies φ = 0.
4. (Conformal vector) We claim that the element

d

ω := | ^ e ( ^ ( - l ) e ( μ ) ( - l ) ( 0 e ° ) (2.105)
μ=l

provides a conformal vector of dimension d which is independent of the choice of
the basis {e(μ)} of ΛΆ with dual basis {e(^} (w.r.t. ημu). By (2.100) and (2.92),
we have
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= \ Σ : α m α n : z - m - n - 2 . (2.106)

(Note that in the last step we had to rely on nondegeneracy of the lattice, i.e. we

used the completeness relation Y^d

μ=ι(^μ))p(^(μ))σ = Vpσ ) Thus

L(n) = ^n+1 = \ ΣJ : α m αn-m! 5 (2.107)

in agreement with the well-known expression from string theory. Using the os-
cillator commutation relations one indeed finds that the L(n ) 's obey (2.27) with
central charge c = d (see [27] for the calculation). To establish the translation
property of L(_i) we find that

L ( _ υ e r = r ( - l ) e r , (2.108)

L(_i)Γ(-m) = rar(-ra-l) for m > 0, (2.109)

by (2.91) and (2.73); but, on the other hand,

— ^ ( e Γ , z) = : r ( z ) ^ ( e r , z): = ^ ( r ( - l ) e r , z), (2.110)
dz

^{v{m\z) = TTT
dz (m — 1)1

by (2.95), (2.100) and (2.92). Together with the derivation property of L ( _ D and £

this proves (2.28). Finally, let ψ = [Π^li sj(~nj)] (δ)eΓ be a typical homogeneous

element of J ^ . Then

N

Λψ (2-112)
j=ι /

yields the desired grading of J ^ . Furthermore we observe that the spectrum of
L(0) is nonnegative and the eigenspaces of L(0) are finite-dimensional provided that
A is a positive definite lattice; while if A is Lorentzian then r 2 can be arbitrarily
negative so that the spectrum of L(θ) is unbounded from above as well as from
below.

It is not surprising that by far the hardest axiom to prove is the Jacobi identity because
it contains most information about a vertex algebra. We will skip the proof and refer
the interested reader to Ref. [17].

We turn now to the analysis of the Lie algebra of physical states, QΛ, and work
out some of its commutators. A closed formula for the commutator of zero mode
operators associated to general weight one states and a related investigation of the
Lie algebra of quasiprimary states of weight one can be found in [34] and [35].

Let us first list the simplest physical states:
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1. Tachyonic states:

2. Photonic states:

0M := {s(-l) <g> e r I r s = 0, s G ΛΆ, r G A)}

3. Massive spin 2 states:

g^] := { [(s r)t(-2) + (t r)s(-2) - 2s(- l ) t(- l

s t = 2(s r)(t r);s,t G ΛΆir G 7ί_2};

(2.113)

(2.114)

(2.115)

where Λn := {r G A | r 2 = n (G 22£)} denotes the set of lattice vectors of squared
length n and the superscript of QA counts the oscillator excitations. The relevant
physical state conditions for above polarization vectors s, t e Λ^ follow immediately
from (2.112) and

N

nk

TV

N

iV

k<k'

0 eΓ (2.116)

for ψ = [ Π =i s j (~ n j )] ^ e Γ ^ ^ The above formula also exhibits an explicit
l f h l i i (232) l h L ^ 0 f (example for the regularity axiom (2.32), namely, that L( m )^ = 0 for m >

Πfc). We want to stress again that the physical states in QA are only defined modulo
L(_i)^fo) which means for example that r(— 1) (g)eΓ = L(_i)(er) Ξ 0 in QA for r G ΛQ.

For the antisymmetric product (2.60) on ^ i ) / L ( _ i ) ^ b ) w ^ obtain

[er,es] := Res,

= Res,

0 ifr-s>0,
e(r, s)S_!_ r. s(r) ® e r + s if r s < 0,

<1 x / J

where we used the Schur polynomials S m ( r ) = Sm(r(—1), r ( — 2 ) , . . . , r ( - r a ) ) which
are defined via the generating function

(2.118)
m > 0
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so that, e.g., S0(r) = 1, Si(r) = r(- l ) , S2(r) = ^( r ( - l ) 2 + r(-2)). For notational
convenience we put Sm(r) := 0 Vra < 0, r € Λ. We also find that

[s(-l)θe r ,e t ]

= ReSz

= Res^

0

: e / r < ( . ) ^ e r ^ r ( O ) e / r > U ) ^ s ( 2 ) : ( 1 ^ ̂ J

m > 0 n>0

®eΓe'

if r-t > 1,
- l - r t[ rt j

(s t)S_,.,(r)+ Σ Sm(r)s(m + r t) <g>er+t if r t < 0; ( 2 1 1 9 )ra=O

= Res2

= Res?

m > 0

((s t ) u - ( r u)s)(-l) - 1

(s(-n)u(-l) - (r u)s(-n
n > 0

eree

( 0 if r t > 2,

c(r,t)|[(s u - ( r u)(s.t)]S1_r.t(r)

((s t)u-(r.u)s)(-l)S_r.t(r)

- l - r t

(s(-m-r t)u(-l)
m=0

(2.120)

- (r u)s(-m - 1 - r t))Sm(r) <g> e r + t if r t < 1.

These formulas simplify drastically in the special case where A is a positive definite
even lattice. Obviously, Jfo) = Ml and the spectrum of L(0) is nonnegative so that

). Its elements are easy to describe,

QΛ = {Mer I r e Λ2} Θ {s(-l) | s e

The commutators become

[r(-l),s(-l)j = 0,

[r(-l),es] = (r s)es,

Γer,esl
' 0 if r s > 0,

e(r,s)eΓ+s if r s = - 1 ,
, - r ( - l ) if r s = -2.

(2.121)

(2.122)

(2.123)

(2.124)
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Note that in this special case the Schwarz inequality yields |r s| < 2. Moreover,
r s = — 1 <=> r + s e Λ2 and r s = — 2 <=> r + s = 0 for r, s e Λ2.

We are not interested here in this well-understood case of positive definite A
which leads to a finite-dimensional Lie algebra g^, but rather the case of Lorentzian
lattices, which is of course far more complicated.

We have seen that a special role is played by the norm 2 vectors of A which we
call real roots of the lattice. The reflection ror associated with a real root r is defined
as n)r(x) = x — (x r)r for x e Λ&. It is easy to see that a reflection in a real root
is an automorphism of the lattice. The hyperplanes perpendicular to these real roots
divide the vector space A& into regions called Weyl chambers. The reflections in the
real roots of A generate a group called the Weyl group 2XJ of A, which acts simply
transitively on the Weyl chambers of A. This means that if we fix one Weyl chamber
W then any real root from the interior of another Weyl chamber can be transported
via Weyl reflection to a unique real root in W. The real roots r$ that are perpendicular
to the faces of W and have inner product at most 0 with the elements of W are called
the simple roots of W. The Coxeter-Dynkin diagram & of W is the set of simple
roots of W, drawn as a graph with one vertex for each simple root of W and two
vertices corresponding to the distinct roots r ,̂ r̂  are joined by — r̂  Γj lines.

Let us denote the group of graph automorphisms of the Coxeter-Dynkin diagram
by Aut(ί^). Note that an automorphism σ G A u t ( ^ ) induces an automorphism of
A by σ(Yi) := r σ (^ Vi. Hence A u t ( ^ ) may be identified with the group of automor-
phisms of A fixing W. Furthermore, one can show that σ\Όγ%σ~ι = tυΓ σ ( i ) and that
W Π Aut(SP) = 1. Then the group of all autochronous automorphisms of the lattice
A is a split extension of its Weyl group by Aut(^),

0 —> 2U - ^ Aut(Λ)+ - ^ Aut(SP) —> 0, iπu = kerπ,

i.e. it is equivalent to a semidirect product of the Weyl group and the group of graph
automorphisms:

The full automorphism group of A is just the autochronous subgroup extended by
the negative of the identity operation (which interchanges the forward and backward
light cones).

Returning to the vertex algebra (J^, 9^, 1, ω) associated with the even Lorentzian
lattice A, we immediately infer from (2.113) and (2.114) that, for any simple root r ,̂
the elements eΓ i, e~Γi, and r^(—1) describe physical states, i.e. they lie in S?{\). Define
generators for a Lie algebra Q(A) by

βi H-> er% (2.125)

fi .-> -e~ r % (2.126)

hi » Γi(-l). (2.127)

Then, by (2.122) - (2.124), we find the following relations to hold:

[hi,hj] = 0, (2.128)

y^ii^ji — Gl̂ jC j , L'̂ 2 5 J3I ~~ ^13 J31 yΔ.LΔy)

[eijj] = <$iΛ> (2 1 3 °)
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where we defined the Cartan matrix A = (α^ ) associated with W by ai3 := i v i y
The elements hi obviously form a basis for an abelian subalgebra of %{A) called the
Cartan subalgebra \)(A). In technical terms, from the above commutators we learn
that the elements {e*, fi, hi \ i} generate the so-called free Lie algebra associated with
A. But even more is true; for we can show that the Serre relations

( a d e ^ - ^ e , - =0, ( a d / , ) 1 - ^ / , = 0, (2.131)

are fulfilled for all i,j. To see this we recall that 3f is Λ-graded by construction,

S(hΓ) 0 e x Ξ 0 « ^ ( X ) . (2.132)
xeΛ xeΛ

Then the Lie algebra of physical states inherits a natural τl-gradation from & by
defining

[ ] (2.133)

so that

^ίSΊcgr (2-134)

for x,yG A4In particular,

(adeΓ)V e g(j r+s) Vj > 0, r, s G Λ2. (2.135)

From (2.112) we infer that the element (adeΓ)Jes has an L(o> eigenvalue of at least
\{jγ + s)2 = 1 +j{j+r s). Comparing this with the physical state condition Lφ^ψ = ψ
we conclude that

(ade r) je s = 0 for j > 1 - r s. (2.136)

Having established the Serre relations, the Gabber-Kac theorem [29, Thm.9.11] tells
us that the Lie algebra Q(A) generated by the elements {βi, fi,hi\i} is just the
Kac Moody algebra associated with the Cartan matrix A Namely, the latter is
defined as the above free Lie algebra divided by the maximal ideal intersecting f}(A)
trivially, and the theorem states that this maximal ideal is generated by the elements

1 γ
We would like to emphasize the remarkable fact that the physical state condition

= ψ accounts for all Serre relations which are usually very difficult to deal
with in the theory of Kac Moody algebras; or, in string theory language, the absence
of particles with squared mass below the tachyon reflects the validity of the Serre
relations for the Lie algebra Q(A).

To summarize (cf. [6]): The physical states {eΓϊ,e~Γϊ,r^(— 1) | i} generate via
multiple commutators the Kac Moody algebra Q(A) associated with the Cartan matrix
A = (Ti-Tj) which is a subalgebra of the Lie algebra of physical states, #Λ-

Only in the Euclidean case these two Lie algebras coincide. In general, we have
a proper inclusion

Q(A) C QΛ, (2.137)

4 Some of the subspaces ^ may be empty, e.g. for x2 > 2.
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and the characterization of the elements of #Λ n°t contained in the Lie algebra
is the key problem for the vertex operator construction of hyperbolic Kac Moody
algebras. The special feature of (2.137) is that the root system of the Kac Moody
algebra g(Λ) is well understood though its root multiplicities are not completely known
for a single example; whereas the root system of QΛ is certainly not compatible with
that of a Kac Moody algebra although the root multiplicities are always known. Thus
a complete understanding of (2.137) requires a "mechanism" which tells us how g(A)
has to be filled up with physical states to reach the complete Lie algebra of physical
states. For the special case of the unique self-dual Lorentzian lattice #25,1, this was
accomplished in [4] by the addition of imaginary simple roots, or, equivalently, by
adjoining new generators to the Kac Moody algebra Loo(= #(A), where the infinite
matrix A corresponds to the Coxeter-Dynkin diagram built up from the Leech roots
[7]), thereby furnishing the transition to the "fake monster" Lie algebra g#2 5, [4]. See
also [39] for an attempt to determine the structure constants of this algebra.

3. Discrete DDF Construction

As can be seen from Eqs. (2.113) - (2.115) and (2.116) the Virasoro conditions
(L(n) - δn0)ψ = 0, n > 0, which should be obeyed by physical states ψ, become
increasingly complicated at higher excitations. In fact, we cannot hope to arrive at a
general description of the physical states by this method of calculating polarization
vectors. However, there is an elegant resolution of this problem by Del Giudice, Di
Vecchia and Fubini [11] which allows an explicit construction of all the physical
excited states. The idea is to find a set of operators that commute with the Virasoro
operators, and which when applied successively to the tachyonic ground states give all
possible physical states. These operators form a closed algebra called the spectrum
generating algebra. It turns out that the latter consists of transversal DDF operators
Aι

n, 1 < i < d - 2, n G Z, describing the transversal modes of the string, and of
longitudinal DDF operators £ n , n G Z for the longitudinal excitations. We shall now
introduce the discrete version of these operators taking into account that the momenta
lie on the even lattice A so that we are not allowed to use Lorentz transformations to
rotate them into convenient frames. Apparently, the longitudinal DDF operators have
so far not been considered in this discrete context.

3.1. DDF vertex operators. Let k be a primitive lightlike lattice vector, i.e., k G AQ
and ^k φ. AQ Vn > 1. Using (2.120) we can immediately write down the commutator
of physical states £ ( - l ) e m k and r7(-l)e n k, ra,n G Z:

[ξ(-1 ) e m k , η(-1 )en k] = e(rak, nk)(ζ η)mk(-1 ) e

( m + n ) k

= m(£ 77)(5m+n,ok(-l), (3.1)

since ξ k = ηk = k k = 0 and k ( - l ) e n k = ^L (_i)(en k) Ξ O f o r n ^ O . Recall that
we assumed the cocycle e to be bimultiplicative so that e(mk, nk) = (—l)2 m n k = 1.
We define the transversal DDF operator A^ = Am(ξ, k) as the zero mode operator
corresponding to the physical state £(—l)e m k ,

A*m := ( ξ ( - l ) e m k ) 0 (3.2)

= Res2 [t(zW(emk,z)} , (3.3)



594 R.W. Gebert, H. Nicolai

where normal ordering in the last line is unnecessary due to £ k = 0. According to

(2.62) the above commutator then translates into

= m(ί η)tfm+nϊok(O). (3.4)

We observe that apart from the operator k(0) = k αo, this is just an oscillator
commutation relation like (2.73) but now for d — 2 oscillators since the space {£ G
Λi I £ k = 0, £ = £modIRk} has indeed dimension d — 2. Moreover, it is clear from
(2.57) that these operators commute with the Virasoro algebra,

[ L ( n ) , ^ ] = 0 \/n,me%. (3.5)

Since we shall encounter the DDF operators only when acting on physical states with
certain momentum r, say, the operator k(0) can be thought of as an integer k r. The
crucial feature of the DDF construction is then that for given momentum r, one has
to find a lightlike vector k = k(r) such that k r = 1. In this case the transversal DDF
operators A^(k) realize precisely the algebra of d — 2 transversal oscillators on the
ground state eΓ. Indeed, we learn from (2.119) that the DDF operators A^(k) for
positive m annihilate the tachyonic ground state e r,

i4«,(k)|r) = 0 Vm > 0, (3.6)

the operator A^(k) = ξ(0) acts diagonally with eigenvalue ξ r, while the operators
A^(k) for negative m when applied to the ground state generate new physical states
called transversal DDF states,

A i 2 m ί . . . A i N

m N \ r ) EE [ ^ ( - l ) e - m ' k , [ . . . , [ ^ ( - l ) e - m " k , e r ] . . . ] ] , (3 .7 )

where we wrote eΓ = |r) to make contact with the standard physics notation. For later
purposes we denote the d — 2-fold Heisenberg algebra spanned by the transversal
DDF operators by

t := {Ai I ζ G Λa, £ k = f r = 0 , m e Z}, (3.8)

and the vector space of finite products of creation operators (= algebra of polynomials
on the transversal oscillators) is written as

N 1
A - V l ί i e ^ £ r k = £ * r = 0, m* > 0 Vi , (3.9)

where " 5 " stands for "symmetric" because of the fact that the creation operators
commute with each other.

The above identification of DDF physical states with multiple commutators in the
Lie algebra #Λ will be our main guide in the analysis of hyperbolic Lie algebras; for
the DDF construction allows us to write down elements of the Kac Moody algebra
#(A) explicitly and to introduce the notion of polarization into the framework of these
algebras.

Recall that the photonic physical states in (2.114) deserve the attribute "transver-
sal" in the sense that the polarization vector s in s(—l)eΓ has to be orthogonal to the
momentum vector r. Thus, we cannot expect to obtain "longitudinal" physical states
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in a straightforward way. Nevertheless, there is a "dirty trick" [8]. Let r e Λ, k G A)
and suppose that k r ^ 0 . Then Eq. (2.41) yields

[L(n),^(r(-l)ek,z)] = zn j ( ( ) , )

+ ±π(π + l)(k r ) ^ ( e k , ^ n " 1 . (3.10)

The unwanted term on the right-hand side which destroys the conformal transforma-
tion properties (2.59) can be removed by the following trick: introduce the formal
series

and define

log ί z—— j = log[l +k x (^) ] := ̂  (kx(z))\ (3.12)

which is only defined on states with momentum s such that s k = r k: if the second term
on the right-hand side of (3.11) does not vanish on a given state, an infinite number of
terms will contribute when (3.12) is applied to it. This means that the above series is
not (algebraically) summable on the whole space 1W. In particular, it is not summable
on the vacuum state 1 = |0) which, in view of (2.53), makes it impossible to recover
the state corresponding to the log series: there does not exist a universal state whose
vertex operator is given by log(l +k x (z)) . Luckily, however, we shall only need the
action of this log series on states with momentum r — nk (with n G N), so that the
resulting series will be well-defined. And if this is the case then we may indeed find a
state whose vertex operator has the same action as the log series. Thus, the log series
should be interpreted as some sort of generating series for a class of genuine vertex
operators which can be revealed by acting on states. Keeping in mind this subtlety
let us perform some calculations in connection with the log series.

[L(nhk
x(z)] = znίz£+n\kx(z) + nzn, (3.13)

since the current k(z) is a primary field of weight 1. For the formal series log[l+kx (z)]
we therefore obtain

[L(n),log[l +k x (z)]] = Y^(-iy+\kx(z)y~ι [L ( n ),k x(z)] since k G Λo

n+l d X
— Z ~ lOg^-l ™r K v^/J ' ivZ ^ ^.3.1τ"J

dz

so that

L ( n ) , — log[l + kx(z)] =zn <z—- + n + l l — log[l + k x ( z ) ] + π V 1 " 1 . (3.15)

Using this formula and the fact that
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k X ^ - ^ ' ( 3 1 6 )

we deduce that

d k(z)
,(n), y log —

dz r k dz
zn-1. (3.17)

Putting everything together we conclude that the DDF vertex operators

,*) , (3.18)

enjoy the correct conformal transformation properties for primary fields of weight I:5

[ £ ) ] = zn L A + n + i i <%(Γ,*) Vn € Z. (3.19)

For r k ^ 0 we call ^4(r, 2) longitudinal vertex operator since otherwise we recover
the transversal vertex operator 9^(r(—l)ek, z).6 Also note that the log term in (3.18)
does not require normal ordering because of k G ΛQ.

3.2. Longitudinal Virasoro operators. We define the longitudinal Virasoro operator
£ m as the zero mode operator of the longitudinal vertex operator ^ n k ( r , z),

(τ,z)]

= Res, ί-^(r(-l)e m k , z) + γ ( r k ) £ log f ί ^ ^ ( e m k , z)] (3.20)

These operators satisfy the commutation relations of a Virasoro algebra with central
charge c = 24. To see this, we first note that

[ r ( - l ) e m k , r ( - l ) e n k ]

= e(rak, πk) [ra[r2 - ran(r k)]k(-l) + (n - m)(r k ) r ( - l ) ] e ( m + n ) k

= (n - ra)(r k ) r ( - l ) e ( m + n ) k + m(r 2 + m 2 (r k))^ m + n , 0 k(-l) (3.21)

by (2.120) so that

5 This is in perfect agreement with [8] since we employ a different normal ordering prescription for

pμ and qv\ we use \qv<pμ\ = qupμ in contrast to the "standard" symmetric normal ordering *qupμ* =

\{qupμ+pμqu) = :qupμ: - \\{qupμ+pμqu) = :qupμ: - \ημu which leads to

so that indeed

)j^ log[l + k x (

^ ( r ( l ) e , z ) (kr)Jlog (
1 dz \ r k

6 Apparently, the essential log term was missed in [14].
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[ResZl [^(r(-l)emk,z0] ,Res,2 [^(r(-l)en\*2)] ]

= (m - n)(r k)Res2 [ - ^ ( r ( - l ) e ( m + n ) \ z)]

+ m[r 2 + m 2 (r k)]<Wn)0k(0). (3.22)

It is also clear that the commutator of two log terms vanishes due to lightlikeness of
k. Finally, we have to calculate the cross commutator:

Res2| [^(r(- l )e m k , 2 l )] , Res22 [ ^

= ResZ2 I A log (^?pj [Resz, [^(r(-l)em k, zx)} ,

(3.23)

To calculate these two commutators we first recall the following version of the com-
mutator formula (2.38):

[ResZl [ΦXψ,Zι)\,W(φ,Z2)\ = 2r(ψ0φ,Z2)

Ξ ^([φ,ψ\,z2). (3.24)

From (2.119) and (2.120) we therefore deduce that

[Res,, [^(r ί-De"**,)] , ^(e" k ,z 2 )] = n(r k)^(e< T O +">k^2), (3.25)

and

[Res2, [^(r(-l)em k,^)] , ̂ (k(-l),*2)] =m(r k)9^(k(-l)emk^2), (3.26)

respectively. The last formula then yields

. £ ••,(!*£>)]

= m 2 ( r - k ) ^ ( k ( - l ) e m k , ^ 2 ) . (3.27)

Collecting the above commutators we finally get

[£m, Zn] = (m- n)(r k)Res2 [ - ^ ( r ( - l ) e ( m + n ) k , z)]

+ ro(r2 + m2(r-k))«5m+njOk(O)

d ,

dϊ l08Vr-k
nm

2

(r k)2Res
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777 O ί kίZ\ \

2 dz \ r k /

+ (r k)2Res2 [^(k(- l)e ( m + n ) k ,z)]

= (m - n ) £ m + n + [(r k)2 + (r k)]m3 + r2m<5m+n,ok(O). (3.28)

As for the central term, we shall assume from now on that r k = 1 so that the factor
in the central term reads 2m3 +r 2 ra. The standard form ^ ( m 3 — m) can be obtained
by redefining £o —> £o + (1 + ̂ r2)k(0) so that we end up with

[£m>£n] =(m- n)£m+n + 2(m3 - ra)<$m+n)Ok(O). (3.29)

We conclude that the longitudinal Virasoro operators £ m , when applied to physical
states with momentum r, realize a Virasoro algebra, Vir£, with central charge CQ = 24.
Remarkably, this Virasoro algebra is universal in the sense that its central charge does
not depend on the dimension of the lattice.

Let us proceed by determining the commutator of the transversal DDF operators
and the longitudinal Virasoro operators,

[£m,A£] = ["Res*, [^(£(-l)enk,2:i)] , Res*2 [
(^r(r(-l)Qrnk,z2)] 1

= Res* [n(£ r ) ^ ( k ( - l ) e ( m + n ) k , z) - n(r k ) ^ ( ξ ( - l ) e ( m + n ) k , z)\

(3.30)

by (2.120). Obviously, we can remove the second term by choosing £ orthogonal to
r; and if we make our standard assumption that r k = 1 we arrive at the important
formula

i i n . (3.31)

We claim that the tachyonic ground state eΓ is annihilated by the longitudinal
Virasoro operators £ m for nonnegative m,

£ m | r ) = 0 V m > 0 . (3.32)

First note that the operator £o = —r(0) + (l + ̂ r2)k(0) acts diagonally with eigenvalue
(1 — | r 2 ) which indeed vanishes because r G ^ Next, using the τl-gradation (2.134)
of &Λ we observe that the state £ m | r ) carries momentum r+rak. But | (r+mk) 2 = 1+ra
contradicts the physical state condition L(o)?/> = ψ for positive m in view of (2.112)
unless the state itself vanishes. We conclude that only the operators £ m for negative
m generate new physical states when applied to the ground state

£ _ n i . . . £ _ n p | r ) e ^ i ) (3.33)

for n i , . . . ,np > 1. Further, we can verify that the state £-i | r ) is a null physical
state, i.e. the action of the operator £_i is essentially the same as the action of L(_i)i

£_ 1 | r ) = e(r,k)L ( _ 1 ) | r-k), (3.34)
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which vanishes as an element of g,i! To prove this equation we first deduce from
(2.119) that

= e ( r , k ) ( r - 2 k ) ( - l ) O e r - k . (3.35)

The calculations for the log term have to be performed explicitly:

Res, ί- (er)

Res, L i A (er)

= -\ Res,

iRes,

£ log[l + kx(z)] - (er)

;Σ:

m>0

(-k)2m-M(er)

m > 0

(-n)zn-χ I x

m>0

- ie(-k,r)k(- l)er - k

«r-k (3.36)

Putting together the above two results we obtain e(r, k)(r — k)(—l)|r — k) as desired.
Thus, using the commutation relations and (3.34), we can rewrite any state of the
form (3.33) as a linear combination of states not containing £_i. As a basis for states
of the form (3.33) in QA we may therefore choose

*-'—m *->—n (3.37)

with fixed ordering ri\ > . . . > np > 2.
We turn now to the no-ghost theorem applied to our discrete construction. We fix

a tachyonic groundstate e r Ξ |r), r G 4 , and suppose that there exists a lightlike
vector k = k(r) G ΛQ such that r k = 1. Then we can always find d — 2 orthonormal
vectors ^ G Λ-&, 1 < i < d — 2, orthogonal to both r and k. If we put A^ = Am
then the no-ghost theorem [26] tells us that the states

1 lr\
—np I1/

(3.38)

for ii,...,ijsr G {1,.. .,d — 2}, mi,...,TΠM > 1 and n\ > ... > np > 1, account
for all physical states (including null physical states!) with momentum

r -
a=\ b=l

(3.39)
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Reformulated in the language of the Lie algebra g^, the subspace

ti~nk\ r e Λ2, (3.40)

is spanned by elements of the form

A'ί m i . . . A^Z-n, . . . £_„„ |r), (3.41)

where i\,..., i^ € { 1 , . . . , d — 2}, m i , . . . , TΠN > 1 and n\ > . . . > np > 2.

3.3. Spectrum generating algebra. Note that due to (3.31) we had to fix some ordering
of the operators in (3.38). Historically, this was the reason for replacing the longi-
tudinal Virasoro operators £ m by longitudinal DDF operators A^ which commute
with the transversal DDF operators. To see this, we introduce the standard normal
ordering of the transversal DDF operators by placing DDF operators with positive
modes to the left of the ones with negative modes, and we define

d-2

^n := 5 Σ Σ •ΛmK-m' (3-42)

Comparing this with (2.107) we immediately infer that the J^ n ' s obey a Virasoro
algebra, Vir^, with central charge c& - d — 2. Furthermore, it is straightforward to
show that

[Jgm,Aiι}=-nAi

n+m (3-43)

Hence, if we define

d-2

A- := £n - Jgn = £n - I ]Γ Σ -Ki^-m- ' ( 3 4 4 )

we get

[A*m, A~] = 0 Vra, n e ΊL, 1 < % < d - 2. (3.45)

The last equation can be used to show that longitudinal DDF operators form a "coset"
Virasoro algebra, Vir^-, with central charge cA- = c% — c<g - 26 — d:

= (m - n)A^+n + ̂ ( m 3 - m)<$m+n?0. (3.46)

Thus we may rewrite the basis of all physical states (including null states!) as

Λ!ί r o i . . . A^mN AZn, • • • AZnp |r) (3.47)

where i\,... ,iN e {I,... ,d — 2}, m i , . . . ,mjv > 1 and n\ > . . . >np > 1, which
exhibits explicitly how the space of physical states with momentum r — πk, n > 0,
splits into a tensor product of the algebra of polynomials in the transversal oscillators
with a Virasoro Verma module:

^ ( p k ) = S(t) (8) F(26 - d, 0), (3.48)
n>0
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where V(c, h) denotes the irreducible highest weight Vir-module. In other words, we
may regard the associative algebra

S(t-)<g)VirA-, (3.49)

as the spectrum generating algebra associated with r, since it generates all physical
states with momentum r—nk, n £ N, by acting on the fixed tachyonic groundstate |r).
In particular, we observe how the critical dimension d = 26 arises: in 26 dimensions
the longitudinal and the transversal modes decouple because the coset Virasoro module
F(26 — d, 0) becomes trivial. Moreover, (3.47) enables us to write down a formula
for the dimension of the physical subspaces with momentum r — nk, r e Λ2:

^ pd.x{n - 1), (3.50)

where pd-iOΌ counts the partitions of n £ N into "parts" of d — 1 "colours" , i.e.

Φ(qΫ~d :=
1=1

= 1 + (d - \)q + \{d - l)(d + 2)q2 + \{d - \)d(d + 7)q3 + . . . , (3.51)

in terms of the generating Euler function φ(q). Hence

n=0

(d - 2)q + \{d - l)dq2 + \(d - l)(d2 +4d- 6)q3

Note that the second term in (3.50) is due to the null physical states.
Since we will mainly focus on a deeper understanding of the Kac Moody algebra

Q(A) the question arises how to make contact between the elegant DDF formulation
of QA and the construction of Q(A) in terms of generators and relations. In other
words, we have to face the problem how to separate the DDF states contained in
Q(A) from those which cannot be generated by the set {e^,/^^ \i}. Note that a
special case of (2.117) gives us a recipe for writing physical states ξ(— l)e r as Lie
algebra commutators:

[e8,^] = e(s,t)s(-l)e s + t

= i e ( s , t ) ( s - t ) ( - l ) ® e s + t (3.52)

for s , t e i 2 such that s t = —2. The last equality is obtained by adding the null
physical state ("total derivative") ^e(s, t)L(_i)es+t. Hence we may put ξ = s — t and
r = s +1. This observation will be useful later.

We conclude with a comment that will be crucial for the discrete DDF construction
of E\Q. So far, we have tacitly assumed the DDF vectors k and r to be elements of
the root lattice. However, inspection of the computations presented above shows that
all arguments remain valid if only k2 = 0, r 2 = 2, r k = 1 and ξ r = ξ k = 0. Thus, there
is actually no need to assume the vectors k and r to be on the root lattice as long as
these conditions are satisfied. In particular, under these circumstances we may choose
k and r on the rational extension Λq := Q <g>% Λ, and the discrete DDF construction
still works. All our formulas will continue to make sense, whereas the interpretation
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of physical states and the identification of Lie algebra elements need some care. This
subtlety arises because, rigorously speaking, we are dealing with a generalized vertex
algebra associated with Λq9 into which the original vertex algebra (associated with A)
can be embedded. The generalized vertex operators are then defined as in (2.95) and
(2.100), but are no longer elements of (End&)\z, z~x\\ rather, the generalized vertex
operator associated with a typical homogeneous element ψ = [Πj=i s j (~ n j )] ® e Γ

(where now r e Λq) is an element of (End&r)^z, z~ιJ with

(3.53)

This means that the modes of the generalized vertex operators are not well defined
operators on the whole Fock space ^ , but only on certain of its subspaces.

4. The Hyperbolic Algebra Eio and the DDF Construction

We now want to apply the concepts developed in the foregoing chapters to the study
of Kac Moody algebras Q(A) whose Cartan matrix A is of hyperbolic type, choos-
ing the hyperbolic Kac Moody algebra E\0 as our example. We remind the reader
that hyperbolic algebras are distinguished from the more general algebras based on
arbitrary indefinite Cartan matrices by the additional requirement that the removal of
any point from the Dynkin diagram leaves a Kac Moody algebra which is either of
affine or finite type (for a review of hyperbolic root systems, see [36]). As shown
in [29], the rank can then be 10 at most, and the root lattice must be Minkowskian,
i.e. with metric signature ( + . . . + |—). There are altogether three hyperbolic algebras
of maximal rank. Of these, Ei0 is not only the most interesting, containing E$, and
its affine extension Eg as subalgebras, but also distinguished by the fact that it has
only one affine subalgebra that can be obtained by removing a point from the E\Q
Dynkin diagram, while the other two rank 10 algebras contain at least two regular
affine subalgebras, (see e.g. [40]). Furthermore, the root lattice Q(E\Q) coincides with
the (unique) 10-dimensional even unimodular Lorentzian lattice 1/9,1 [10], whereas
the root lattices of the other two maximal rank hyperbolic algebras are not self-dual.

Overall, our knowledge about Kac Moody algebras of hyperbolic type is rather
limited. As already explained in Sect. 2.2, they are generally defined in terms of mul-
tiple commutators of the basic generators e$, fi, h% and the multilinear Serre relations
(2.131). In contradistinction to the finite and affine cases, a manageable representa-
tion of all the Lie algebra elements obtained in this way has not yet been found. In
principle, the string vertex operator construction provides a more concrete realization
with the additional advantage that the Serre relations (2.131) are built in from the
outset (see the discussion at the end of Sect. 2.2), but the problem of characteriz-
ing the missing elements belonging to %A and not to Q(A) in (2.137) remains. We
emphasize that we face essentially the same problem if instead we want to define a
Borcherds-type algebra [5] based on ϋ 9 ) i , because we then would have to supply the
missing generators "by hand" by adding extra imaginary simple roots, which again
presupposes knowledge of what the missing Lie algebra elements are (not to mention
the potential arbitrariness as to the number of ways in which this can be consistently
done).

As already mentioned, our analysis makes use of a discretized version of the DDF
construction and relies in a crucial way on the identification of Lie algebra elements
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with physical Fock space states. In the previous section we have seen that a central
role is played by the tachyon momentum a of the ground state (so a2 = 2) and the null
vector k, subject to the condition k a = 1. For continuous momenta a, we can always
find suitable k = k(a); moreover, we can rotate these vectors into a convenient frame
by means of a Lorentz transformation [41]. On the lattice, however, the full Lorentz
invariance is broken to a discrete subgroup (containing the Weyl group generated
by the fundamental Weyl reflections), and for generic roots Λ, the associated DDF
vectors a and k will not be elements of the root lattice ZΓ9)i in general7. Nevertheless,
we employ these vectors in our analysis because we can still use the associated
(transversal and longitudinal) DDF operators to construct a complete basis for any
root space of the Lie algebra of physical states g# 9 1 . The corresponding root space
of the Kac Moody algebra Q(A) is then a proper subspace thereof. As we will see,
longitudinal states are absent only for level zero and level one; this accounts for the
comparative simplicity of the corresponding multiplicity formulas.

Although it is possible in principle (with some effort) to extend our discussion to
other hyperbolic Kac Moody algebras, the following points must be kept in mind. Our
method may not apply to strictly hyperbolic algebras, which by definition have no
affine, but only finite subalgebras, because their associated Weyl chambers contain no
null vectors (i.e. they lie entirely within the light-cone), so the DDF operators cannot
be defined. On the other hand, the Weyl chambers of arbitrary Kac Moody algebras
of indefinite type generically contain several linearly independent null directions, a
feature that will greatly complicate (if not vitiate) the application of our method,
because one must then deal with at least two different sets of photon momenta for
the DDF operators. Moreover, if the algebra contains more than one regular affine
subalgebra, the level of a root is no longer uniquely defined; for indefinite algebras,
which are not hyperbolic (such as the fake monster), it is not even clear whether
this notion can be sensibly defined at all. We thus begin to understand the possible
significance of the fact that the fundamental Weyl chamber of E\$ touches the light-
cone at precisely one edge. In view of the limitations of the method, we will make
no attempt to state the results in the most general way.

In Sect. 4.1 we will summarize the pertinent results about E\0. In Sect. 4.2, we
apply the discrete DDF construction to level-zero and level-one elements of g(^4),
thereby recovering some known results. In Sect. 4.4, we turn to the level-two states,
analyzing one example in complete detail.

4.1. Basic results about E\o. The hyperbolic Kac Moody algebra E\Q is defined via
its Coxeter-Dynkin diagram and the Serre relations following from it. As already
mentioned, the root lattice Q(E\Q) coincides with the unique 10-dimensional even
unimodular Lorentzian lattice ZZ î The latter can be defined as the lattice of all
points x = ( # i , . . . , x$\xo) f° r which the xμ's are all in 7L or all in 7L + \ and which
have integer inner product with the vector 1 = (J[,.. ., \ | | ) , all norms and inner
products being evaluated in the Minkowskian metric x2 = x\ + . . . + x\ — x\ (cf. [42]).
In more physical parlance, we are dealing with a subcritical open bosonic string
moving in 10-dimensional space-time fully compactified on a torus (hence "finite in
all directions" [37]), so that the momenta lie on Πg^. According to [10], a set of
positive norm simple roots for ZΓ̂ i is given by the ten vectors r _ i , r o , r i , . . . ,rg in

7 To make this explicit in the notation, we designate the tachyon momentum by a rather than r as in
the previous sections.



604 R.W. Gebert, H. Nicolai

Π9tι for which r\ = 2 and rrp = -1 where the Weyl vector is p - (0,1,2,..., 8|38)
with p2 = -1240. Explicitly,

r_! = ( 0, 0, 0, 0, 0, 0, 0, 1,-110),

i o = ( 0, 0, 0, 0, 0, 0, 1,-1, 0|0),

= ( 0, 0, 0, 0, 0, 1,-1, 0, 0|0),

- ( 0, 0, 0, 0, 1,-1, 0, 0, 0|0),

= ( 0, 0, 0, 1,-1, 0, 0, 0, 0|0),

= ( 0, 0, 1,-1, 0, 0, 0, 0, 0|0),

= ( 0, 1,-1, 0, 0, 0, 0, 0, 0|0),

= (-1,-1, 0, 0, 0, 0, 0, 0, 0|0),

r,

r2

r3

r4

r5

r6

Γ

r8

- v 2 ' 2> 2 ' 2 ' 2 ' 2 ' 2 ' 2 ' 2 I 2 ' '

= ( 1,-1, 0, 0, 0, 0, 0, 0, 0 |0) .

These simple roots indeed generate the reflection group of Π^\. The corresponding
Coxeter-Dynkin diagram looks as follows

and is associated with the Cartan matrix:

whose inverse

- 1

/ 0
1

2
3
4

1 2
0 -1
0 0
0 0
0 0
0 0
0 0
0 0
0 0

1
2
4
6

2
4
6

0
-1

0
0
0
0

0
0

-12
-1 2
0 -1
0

0
0
0

-1

0
0
0
0

0
0
0
0

2 -1

0 -1
0
0
0

0
0
0
0
0

0 - 1 2 - 1
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we shall need below. The Eg null root is
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8

δ = Y^riiVi = (0, 0, 0, 0, 0, 0, 0, 0, 111), (4.2)

where the coefficients n% (called marks of £9) can be read off from

3
0 1 2 3 4 5 6 4 2 J ' ( 4 * 3 )

The fundamental Weyl chamber W of E\§ is the convex cone generated by the
fundamental weights Ai 8,

8

Λi = -Σ(A-ι)ijrj for i = -1,0,1, . . . 8 (4.4)

with the inverse Cartan matrix from above. Thus,

8

A e ^ ^ 4 = ^ kiΛ% (4.5)

for hi G Z+. A special feature of E\$ is that we need not distinguish between root
and weight lattice, since these are the same for self-dual root lattices9. Since Weyl
transformations preserve multiplicities and since every root can be brought into W by
means of a Weyl transformation, the structure of the algebra is completely understood
once the root spaces for roots belonging to W are under control. Note also that the
null root plays a special role: the first fundamental weight is just A-\ - δ, and all
null-vectors in W must be multiples of Λ_i since A^ < 0 for all other fundamental
weights.

As described in Sect. 2.2, the algebra Q(A) = £10 consists of all multiple com-
mutators of the Chevalley-Serre generators βi,fι, h% with i = — 1,0,1,..., 8. It is a
standard result [29] that this algebra can be written as a direct sum

Q(A) = n+ θ f) 0 n_ (4.6)

where the subalgebras n_ and n+ are defined to consist of all linear combinations
of multiple commutators of the form [fiχ, [/l2,... [fin_λ, fln] ..]] and [eiχ, [e^2,...
[e ΐ n _ n e ΐ n ] . . . ] ] , respectively, modulo the multilinear Serre relations (2.131). Since
n+ and n_ are conjugate and thus enjoy analogous properties, it is enough in
practice to consider only multiple commutators made out of ê  generators (corre-
sponding to positive roots). To classify such commutators one introduces the level
ί G 7L of a root, such that positive ί counts the number of e_i generators in
\eiλ, [βi 2,... [ein_λ, eln\...]] (similarly, if ί is negative, — t counts the number of
/_i generators in [/$,, [/i2,... [fin_ι, Λn] •]])• In terms of the corresponding root
A = r^ + . . . + rlrι, ί is defined by

ί:=-A-δ. (4.7)

8 Notice that our convention is opposite to the one adopted in [30]. The fundamental weights here are
positive and satisfy At Y3 = —δij Thus, we will be dealing with "lowest weight" rather than "highest
weight" representations in accordance with physics usage.

9 In the remainder, we will consequently denote arbitrary roots by A and reserve the letter r for real
roots (i.e. r 2 = 2).
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Observe that ί is not preserved under arbitrary E\o Weyl transformations, but only
under the subgroup W{Eg) corresponding to the Eg subalgebra. Therefore, we can
freely use this notion also for roots A which are not in W, but can be brought into
W by an Eg Weyl transformation.

The level derives its importance from the fact that it grades the algebra E\Q with
respect to its affine subalgebra Eg [12]. The subspaces belonging to a fixed level
can be decomposed into irreducible representations of Eg, the level being equal to
the eigenvalue of the central term of the Eg algebra on this representation (the full
EΊo algebra contains Eg representations of all integer levels!). Let us emphasize that
for general hyperbolic algebras there would be a separate grading associated with
every regular affine subalgebra, and therefore the graded structure would no longer
be unique. An important result is the following [12] (see also [13]).

Theorem 1. Suppose that x is an element ofEγo at level n. Then it can be represented
as a linear combination ofn-fold commutators of level-one elements, viz.

X = [X\, [X2, [Xn-U xn\ • •]] (4.8)

where each xι contains exactly one generator e_i in the right-most position10', i.e.

x\ = [ e i 1 , [ e i 2 , . . . [ e i f c , e _ i ] . . . ] ] (4.9)

with iy £ {0,1,. . . , 8}, and similarly for the other a .̂

We are going to make use of this result in the next section in order to effectively
construct higher level elements.

As already mentioned, little is known about the general structure of this algebra.
Partial progress has been made in determining the multiplicity of certain roots, i.e. the
number of linearly independent Lie algebra elements in the corresponding root space.
Although the general form of the multiplicity formulas for arbitrary levels appears to
be beyond reach for the moment, the following results for levels ί < 2 have been
established. For I = 0 and I = 1, we have [29]

mult(Λ) = p 8 ( l - ± Λ 2 ) (4.10)

i.e. the multiplicities are just given by the number of transversal states; we will see
in the next section that the corresponding states are indeed transversal. For t = 2, it
was shown in [30] that

mult(Λ) = ξ(3 - \A2) (4.11)

where

and the Euler function φ(q) is defined in (3.51). For sufficiently large (negative)
A2, one can check from this formula that there are roots A such that mult(yl) >
pg(l — \A2)\ this clearly implies the presence of longitudinal states. Beyond I = 2,
no general formula seems to be known although the multiplicities can be determined
recursively from the Peterson formula (see e.g. [31]).

1 0 All level-one elements can be cast into this form by use of the Jacobi identity and by taking appropriate
linear combinations.
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The derivation of the above result in [30] is based on the E9 decomposition

L(Ao) Λ L(Ao) = L{AY) 0 V(±, ^

where L(Λi) denotes the irreducible Eg module with lowest weight Ai and v( | , ^ J

the irreducible Virasoro module with c = \ and h = ^ (by abuse of notation, we
use the same labels for the Eg weights as for the E\0 weights). Observe that the
module L(Λ\) precisely corresponds to the ideal generated by the double commutator
[[eo,e_i],e_i]. For higher levels, analogous decompositions contain more than one
term on the right-hand side, and it seems no longer possible to divide out the Serre
relations by this method.

In the physical interpretation, the multiplicity of a root A is nothing but the
number of linearly independent polarization states of the associated vertex operator
of momentum A, which can be generated by multiple commutators (recall that not
all physical states can be obtained in this way, cf. (2.137)). Given a root A G W, we
call a polarization vector ξ transversal if ξ- A = ξδ = 0, and longitudinal otherwise.
This terminology is, of course, physically motivated. We also define the little group
2U(Λ, δ) to be that subgroup of the full Weyl group of E\o which leaves the vectors
A and δ invariant. Unless A is collinear with δ (corresponding to t - 0), W(A, δ) is
a finite subgroup of W(E\o), as well as a discrete subgroup of 50(8). As an example
consider £ = 1; then A = AQ = r_i + 2δ and W(A,δ) is isomorphic to the Weyl
group of Es. In fact, for A G W, it is known (cf. [29, Prop. 3.12]) that W(A,δ)
is generated by the reflections Wi corresponding to those simple roots r̂  for which
A Yi - δ Yi = 0. This indicates that the little group will not be quite as useful in this
context as it is in conventional quantum field theory, because it becomes trivial for
sufficiently high levels. However, at low levels, this problem does not yet arise, and
the polarization states and hence the elements belonging to the root space Qα ^ can
be classified as representations of 2U(Λ, δ).

Any root A G W can be represented in the form

A = ̂ r _ i + M 6 + b (4.13)

where t is the level of A and b an element of the E^-xooϋ lattice Q(E$) (b need
not be positive by itself as only Mδ + b must be positive). We now define the DDF
decomposition of A by

Λ = a-nk(a), (4.14)

where

k(a):=-£tf (4.15)

and

n = 1 - \ A2 = 1 + (M - ί)ί - \h2. (4.16)

By construction, a obeys a2 = 2 and is therefore associated with a tachyon state, and n
is the number of steps required to reach the root A by starting from a and decreasing
the momentum by k at each step (n is non-negative because A2 < 2; note also that k
is always a negative root, so A is positive for all n). Obviously, for ί > 1, neither k
nor a belong to the lattice in general. As a consequence, the intermediate DDF states
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associated with momenta a — rak not on the lattice will not correspond to elements
of the algebra. On the other hand, states associated with the root A do belong to the
algebra of physical states, and the DDF decomposition enables us to write down all
possible polarization states associated with the root A G W in terms of transversal
and longitudinal DDF states; the totality of these states constitutes the complete set
of elements in the root space g# ^ .

Of course, we could also try to apply the DDF decomposition to roots A not
2U(E9)-equivalent to roots in W. Whenever we succeed in finding a suitable null
vector k on the lattice obeying A k = 1, we can also find a Weyl transformation
tv G W(E\Q) such that ro(k) = — 6 because 6 is the only primitive null vector in W.
Since Ak = —tv(Λ) δ is just the level, it follows that XΌ(Λ) = a + nδ is a level-one
root with tachyon momentum

a = r_i + (|b2)<5 + b (4.17)

for some b G Q(E%). Therefore, nothing is gained by searching for DDF vectors out-
side the W(E9) transforms of the fundamental Weyl chamber. Note that the elements
of the form (4.17) constitute the E9 Weyl orbit of r_i [29].

4.2. The DDF states at levels zero and one. Although the multiplicity formulas for
levels ί = 0 and t = 1 are understood [29], we here derive them once more, because
our explicit DDF representation of the level-one elements has apparently not been
exhibited in the literature so far. The level-zero elements make up the E9 subalgebra
of E\o. The allowed (positive and negative) roots are all r G #9,1 obeying r 2 = 2 and
rδ = 0 (hence having no r_i component), and mδ for m G 2£x. These correspond
to the tachyonic and photonic states with multiplicities 1 and 8, respectively:

|r> ΞΞ e r for r 2 = 2, (4.18)

£(- l) |mtf) = ίiί-De™*, (4.19)

where ζ^δ = 0 and ̂  has no component along δ (i.e. r_i - ^ = 0). The Cartan
subalgebra of E$ is spanned by the states

«(-l)|0> =: K, (4.20)

( r _ i + ί ) ( - l ) | 0 ) =: d, (4.21)

ίi(-l) |0> for i = l , . . . , 8 , (4.22)

where K represents the central element, d is the derivation of Eg, and {£$(—1)|0) | i =
1,..., 8} span the Cartan subalgebra of Eg. This is the standard "light-cone" basis
of hX-Ey in the sense that K and d are lightlike. As for the commutators we rewrite
(2.120) and (2.122) - (2.124) as

[τ/(-l)|O>,C(-l)|O>] = 0, (4.23)

= m(V-6)^(-l)\m6), (4.24)

= (η r)\r), (4.25)

- m5m+tι,o(ί i ί J)ί(-l) |O), (4.26)



On Eio and the DDF Construction 609

fc(-l)|mό),|r>] = (ξ r r) | r + mό), (4.27)

r θ ifr s > 0 ,
[|r),|s)] = I e(r,s)|r + s) i f r s = - l , (4.28)

[ — r(— l)\mδ) i f r + s = ra6,

for η,ζ e l)(E$) and E9 roots r,s. To see that photonic states with all required
transversal polarizations can be generated by commuting tachyonic states, we recall
(3.52) (a special case of (2.117)): choosing s = r̂  and t = mδ — r̂  (where r̂  is any
simple root of Eg), we obtain all transversal polarizations. There is obviously no way
to generate longitudinal states, because the polarization vectors ̂  would then have to
have components along r_i, which we cannot generate by commuting tachyonic states
belonging to E9 roots only. Since we can ignore null physical states (for which ξ oc δ),
we can in addition impose the requirement ξ r_i = 0, so ξ G span^jri,.. . ,rg}, so
that by taking appropriate linear combinations we can arrange that ξi'ζj = δij with
ξi δ = ^ - r _ i = 0 for i, j = 1,... ,8. It is clear that an infinity of conjugate E9

subalgebras in E\0 can be obtained by Weyl conjugation of these states with elements
of W(El0) not in W(E9).

Let us now turn to the level-one roots. Inspection of the inverse Cartan matrix
shows that the only such roots in W are of the form

A = k-XΛ-X +Λ0 = r_i + (2 + fc_0<5 (4.29)

corresponding to the DDF decomposition (4.14) with a = r_i, k = — δ and n = 2+/c_i.
Since all these vectors are elements of the lattice, we can straightforwardly apply the
DDF construction to obtain the physical states

A^.-i^Jr.,), (4.30)

where m\+.. .+mjv = 2+fc_i and with the polarization vectors chosen as above. Recall
that Aι_rn = (ζi(— l )e m ό ) Q . These states correspond to the multiple commutators

[ ^ ( - l ) | m ^ ) , [..., [ζiN(-l)\mNδ), |r_!>] . . . ] ] , (4.31)

as we have already shown. Moreover, we can explicitly verify that they form part of
the basic representation of E9 with lowest weight vector |r_i). To see this we have
to work out the commutators of the Eg elements (4.18) - (4.22) with the level-one
states (4.30):

(4.32)

i f n < 0 '

ifn>0,
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[|s),^TOi ^ m J r - i > ]

= " ί > ^ - * » , A-™>-> [Is + rnk6), A^M • A%,N |r_0]

+ Ai±mι--Ai?mN[\s),\r-l)]. (4.34)

The first commutator tells us that the Cartan subalgebra of Eg acts diagonally on the
DDF states, giving the components of the lowest weight η-A of the representation.
The second commutator which directly follows from the definitions (2.60) and (3.2),
reveals that the Eg elements corresponding to multiples of the null root δ act by
multiplication with a DDF operator. The last commutator is obtained by rewriting the
DDF states (4.30) as multiple commutators and repeated application of the following
version of the Jacobi identity:

[\8),Almψ] = [|s),&(-l)|m<5),V>]]

= [[\s),ζt(-l)\mδ)],<φ] + fc(-l)|m«>, [|s>,^]]

[ ]Lm[\s),<ψ] (4.35)

for any state ψ. Note that the commutator [|s), |r_i)] above can be evaluated using
(2.117). For example it vanishes whenever s is a negative root of Eg as it should
be since r_i is a lowest weight vector; furthermore, we always get a level-one state
since s is a Eg root. Weyl-equivalent level-one states can be generated by Weyl
conjugation with elements m G W leaving the level fixed, i.e. tn G W(Eg). The
tachyonic momentum r_i is then mapped to a vector of the form (4.17) with a =
ίτι(r_i), while δ is left invariant. The polarizations used above must be replaced by
the rotated polarization vectors ξ r o ( i ) := tυ(^) with corresponding changes in the DDF

vectors. Denoting the rotated DDF operators by A*^ = A ^ \ we obtain the new
states

A»M...A»<%>\wir_ύ). (4.36)

The so-called basic representation is spanned by all elements of the form (4.36). Notice
that although we are using transversal indices these now transform under different
little groups (which are all conjugate to W(E%)). The multiplicity formula for the
level-zero and level-one roots [29]

mult(A) = pg(n) = p 8 (l - \Λ2) (4.37)

can be read off immediately from (4.18), (4.19) and (4.30). This multiplicity formula
holds likewise for roots related by an arbitrary Weyl rotation to a level-one root.

As already mentioned before, the states (4.30) transform covariantly under the
corresponding little group 2U(r_i, 6), which is just the Weyl group of E%. Now it is
known that W(E$) = D4(2) x (Z 2) 2, where D4(2) is the Chevalley group of order
21 235527, or, equivalently, the set of SΌ(8) matrices with entries in the field 7Li (see
e.g. [9]). Since it is the maximal discrete subgroup of 5Ό(8) of this type in the sense
that the little groups of all higher level roots will be much smaller, this also explains
why the states (4.30) look "5O(8) covariant" (although the polarization indices i, j , . . .
should by no means be regarded as SO(S) indices). The higher level root spaces will
exhibit much less symmetry.
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4.3. Higher level: Generalities. Before turning to the discussion of an explicit exam-
ple of a level-two root space, we would like to explain the general ideas underlying
the description of higher level elements in terms of the DDF construction. As we
have already mentioned, the DDF states constitute a complete basis of physical states
for any allowed momentum on the root lattice. Consequently, the root space E[Q

) is a
(proper for ί > 1) subspace of g ^ for any root A (this inclusion is a special case of
(2.137)). The physical states are explicitly given by (3.47) or, equivalently, by (3.38).
Anticipating that the final results are somewhat simpler in terms of (3.38), we will
use the basis

AU m ,(a). . . A!_M

T O M(a)£_n ι(a)... £ _ n w ( a ) | a ) , (4.38)

explicitly indicating the dependence of the DDF operators and their polarizations
on the tachyon momentum a and the associated lightlike vector k(a) = — ~δ, and
assuming Πi > 2 from now on to exclude null states. Since ί ^ 1, we have

ALm(a) = ( ( & ( a ) ) ( - l ) e T * ) o (4.39)

with an extra factor of ~ in the exponent, as appropriate for level ί by (4.15). In
accordance with the DDF decomposition A = a — nk(a), the indices obey the sum
rule mi + . . . +ΪΠM +n\ + .. .+ΠN = n. We emphasize once more that neither a nor k(a)
need be on the root lattice for ί > 1 any more. The problem of characterizing the root
spaces of the hyperbolic Kac Moody algebra is now no longer one of dividing out the
Serre relations (2.131) (these are automatically taken care of by the vertex operator
formalism as we pointed out already), but rather one of identifying the missing states
which cannot be generated by multiple commutators of the Chevalley generators e%

or fi. The above representation immediately yields the following upper bound on the
root multiplicities [6]

mult (A) < P9(l - \A2) - p9{-\ A2). (4.40)

To effectively construct higher level elements we invoke Theorem 1 of Sect. 4.1.
For instance, given a level-two root A in the fundamental Weyl chamber W, we write

Λ = r + s + ra6, (4.41)

where r and s are real positive level-one roots (i.e. containing the simple root r_i
exactly once and obeying r 2 = s2 = 2). In general, there will be many different ways
to split A in this manner, as well as different integers m. For fixed value of m, these
decompositions are related by the little group, which leaves A and 6 fixed, but varies
r and s. Thus, we work with a fixed decomposition and then act on the resulting
commutator states with the little group so as to obtain all possible states with the
same value of m. The commutator to be computed is

[A!im i ( s) . . . A%M(s)|s), A3lni ( r ) . . . AL»nN(r)|r)] (4.42)

where m\ + ... ΊΠM + n\ + . . . + ΠN = m. For the special example to be discussed
below, this expression can be evaluated with the help of the formulas given in the
appendix. Expanding it in terms of the basis (4.38), we arrive at

(4.42) = ^ <%;:%3""3"A-P, (»)• %
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with the "Clebsch Gordan coefficients" c^g?1'''*", into which all the information
about the missing states is encoded. For the Fock space states, this equality holds
of course only modulo terms L(_i)(...), which can however be ignored for the Lie
algebra, as they are factored out by (2.63). (4.43) is the crucial formula, containing
both transversal and longitudinal excitations11. For the calculations, we note that the
polarization vectors ξ i(r) and ^(s) can always be chosen orthonormal and such that
they agree for i = 1,.. ., 7; from (4.41) we then see that ^(a) = ̂ ( r ) as well for these
values of the indices. As for the remaining components £g(r), £8(s) and £8(a), one
can convince oneself that their differences are proportional to the null vector 6. Since
such contributions drop out in the non-zero mode parts of the DDF operators (cf. the
discussion after (2.62)), the respective DDF operators are really the same except for
their zero mode parts and the crucial fact that their photon momenta depend on the
level. We stress that this would not be true if the Weyl chamber contained more than
one null direction.

Just as for the level-one states, one can determine how the states (4.43) transform
under Eg. Suppressing the label (a) on the DDF operators to make the formulas less
cumbersome, this calculation requires the commutators (for t - 2)

(\ ) m i M ) . (4.44)

The scalar product in parentheses is easily seen to reduce to η Λ, giving the compo-
nents of the lowest weight of the representation. Furthermore,

[ζj(-l)\nδ),Ailmι...A%MZ-ni...£-ntf\*)]

= Λi< n(A i r o i . . . A'_"mM£_ni . . . £-„„ |a)), (4.45)

(notice that the index on the first operator is (—in) rather than (—n)!) and

[\8),Ailmi...A
i«mu£-ni...£-nN\*)]

M

= - 5 > ξ i f c ) Λ ! ! r o i . . . A%-kL, [Is + \mkδ), A^t, • Ar M £-n,
k=\

N

+ 5 > - a ) A ! ! m i . . . A«mMΔ-nι . . . £„,_, [|s + \mδ), £nι+ι ...Zn
1=1

+ A ^ . . . A%MZ-n> • • • £-»„ [Is), |a)]. (4.46)

Observe that there are no contributions from the logarithmic terms in £ _ m to the
last commutator because s δ = 0 for any Eg root s. The proof of these formulas is
analogous to the proof of the corresponding formulas for the level-one states in the
previous section, save for the following important caveat. When building up the states
from the tachyonic groundstate |a) by successive application of the DDF operators,
the intermediate states, whose momenta are not on the root lattice, do not belong

1 1 This formula also shows why the fake monster Lie algebra of [6] is, in a certain sense, much simpler
(though bigger) than E\o. The longitudinal components generated by commuting two transversal DDF
states decouple in 26 dimensions, and therefore only the terms without longitudinal states survive in the
expansion (4.43). To be sure, one must still prove that indeed all transversal states can be generated in this
way if one takes into account the imaginary simple roots.
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to the Kac Moody algebra, because the Lie bracket with arbitrary elements is in
general not defined due to branch cuts in the relevant operator product expansions12.
Therefore, the "commutators" in (4.46) are neither commutators in E\Q nor even in
the Lie algebra of physical states QA\ nevertheless, the above calculation does make
sense because all relevant products of momenta are integer, and therefore the generic
branch cuts are absent. So we must keep in mind that only the final result including
summation according to (4.43) is an element of E\Q again. The fact that the direct
construction of the DDF states has no Lie algebra analog beyond level one explains
the emergence of longitudinal states as well as the disappearance of certain transversal
states.

In the next section, we will work out one non-trivial level-two root, arriving at a
complete description of its root space in terms of DDF states, which decompose into
irreducible representations of the little group W{A, 6)\ as a by-product, we verify
the multiplicity formula of [30] for a concrete example. The comparative simplicity
of the representation obtained in this manner is perhaps best appreciated by noting
that the number of Lie brackets needed to represent any of its elements in terms of
Chevalley generators is equal to (—p-Λ — 1), where p is the Weyl vector.

4.4. A level-two example: A - Aη. Any level-two root in W must be of the form
A\ + nδ or Aη + nδ or 2AQ + nδ for some n G N. We will here only discuss the root
A = Aη, dual to the simple root r7. Explicitly, Aη is given by

2 4 6 8 1 0 1 2

i 9 4 ] =(0, 0, 0, 0, 0, 0, 0, 0, 0|2), (4.47)

so Aj = —4. Its decomposition into two level-one tachyonic roots is Aη = r + s + 26,
where

r : = r _ ! =

s :=

0
1 0 0 0 0 0 0 0 0

1

1 2 2 2 2 2 2 1 0

= (0, 0, 0, 0, 0, 0, 0, 1,-110),

= (0, 0, 0, 0, 0, 0, 0,-1,-110).

Since n = 1 — j
and

= 3 we have the DDF decomposition Aη = a — 3k where k := —^

a : = r + s - k = (0, 0, 0, 0, 0, 0, 0, 0 , - § | ± ) .

As expected, neither k nor a are elements of Πgy\. Nevertheless, since a k = 1, the
action of the DDF operators Aι_n(k) on the tachyonic ground-state |a) is perfectly
well-defined as we already pointed out. As for the three sets of polarization vectors
associated with the tachyon momenta |r), |s) and |a), respectively, a convenient choice

is

1 2 We note that the cocycle conditions (2.80)-(2.87) can be solved on a rational extension of the root
lattice [17].
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ζa ΞΞ ξa(r) = ξQ(s) = ξα(a) for a = 1,..., 7 ,

ξ{ := (1, 0, 0, 0, 0, 0, 0, 0, 0|0),

ξΊ := (0, 0, 0, 0, 0, 0, 1, 0, 0|0);

£8(r) := (0, 0, 0, 0, 0, 0, 0, 1, 111),

£8(s) := (0, 0, 0, 0, 0, 0, 0 , - 1 , 11 1),

ί 8 Ξ ξ 8 ( a ) := (0, 0, 0, 0, 0, 0, 0, 1, 0 |0). (4.48)

The little group is 2Π(Λ7,ί) = 2ffCD8) = S%y\{Έ2)
Ί of order 21 4315171. This group

is generated by the fundamental reflections {tυo, tυi, tt52, tθ3, rt»4, IΌ5, rx?6, tt)s} On the
polarization vectors £^(a) it acts as follows:

€l, (4-49)

and as the identity on all those that have not been listed. Furthermore, {roi , . . . , tτ)6? tus}
leave r and s invariant, whereas

tt)o(r) = r + r 0 , tυo(s) = s - r 0 .

The Weyl group element ro = tΌotΌitt)2ίX53ίt?4tti5ίυ8ίt)6ίt55ίΌ4ίX53tti2tt)iroo interchanges
r and s.

There are three sets of DDF operators acting on different tachyonic ground states
r), |s), and |a), respectively. Now, since QΠ^ is spanned by the 192 transversal and

the 9 longitudinal DDF states

£- 3(a) |a) ,

we can express any element of the root space E[o as a linear combination of the
above elements modulo L(_i) terms. This is done by using the formulas from the
appendix and solving the resulting (overdetermined!) systems of linear equations for
the coefficients. We will suppress in our notation the dependence of the DDF operators
on the tachyon momenta. In the following we adopt the convention that DDF operators
are always understood to be associated with the tachyons on which they act. Hence
the DDF operators occurring on the left hand side and on the right-hand side of the
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formulas below are not the same. In Eq. (4.50), for example, we have A^_x = A^λ(r)
on the left hand side but A°^_ι = A^^a) on the right-hand side. Here are our results:

= e {-μi2A
β_, - \Aβ_2A

a_λ - AI.

i i ^ A L ^ H a ) , (4.50)

- μ^i£- 2 } |a), (4.51)

μ8_1A
8_1^

8_1}|a),(4.52)

Aijla), (4.53)

(4.54)

-±6*0 [Aί3 + 3Ai,£_2 - AAi.Al.Al,]} |a), (4.55)

= el-μ^ + μ ^ L ^ μ i ^ . + μ-^^la), (4.56)

= e ί ^ ^ . ^ + μVVMla), (4.57)

for α, /3 = 1,.. ., 7 and with e = e(s, r)e(k, a); contributions involving L(_i)(...) have
been discarded in accordance with (2.63). Since these terms are, however, indispens-
able for the actual calculation, we have listed them in the appendix. An immediate
consequence is the following simple formula:

>, AUAL = Ai_2A
3_ι\a). (4.58)

Further careful analysis of the above results and use of the little Weyl group action
(4.49) finally reveals that the following states form a complete basis of the root space
E[^Ί) (no summation convention!)

Al_2Ai_x\a} for i,j arbitrary,

ALiA^Aί^a) for ί^jjkjί,

{ALa-AL^VijIa) fori^j,

{5Al3 + ALiALxAl^l*) for i arbitrary,

{A'l3 - ^!_1£_2}|a) for i arbitrary. (4.59)

Remarkably, this choice is consistent with the above eight commutator equations and
their Weyl-rotated analogs thereby proving the viability of our method. Altogether,
we get 64 + 2-56 + 2-8 = 192 states in agreement with the formula (4.11) predicting
ξ(3) = 192 [30]. Despite the fact that this number coincides with the number of
transversal states, our result explicitly shows the appearance of longitudinal as well
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as the disappearance of some transversal states. The above states form irreducible
representations of the little group, whose action on the polarizations can be determined
from (4.49) in a straightforward fashion; in particular, the longitudinal DDF operator
is inert under the little Weyl group. We note that the states (4.59) do not even look
"5Ό(8) covariant" any more, unlike the level-one states (4.30).

Having a complete description of the root space E[^Ί\ we can now in principle
explore root spaces associated with other level-two roots of the form A = AΊ + nδ
(i.e. the root string associated with Aη) by commuting the states (4.59) with the Eg
elements (4.19). From (4.45) it is evident that all states obtained by acting with a
product A%}_2rnχ . . . Aι^I

2rriM on any of the states (4.59) belong to the root space of
A = Aη + (mi + . . . niM)δ (note that each operator Aι_2rn shifts the momentum by
mδl). However, it is also clear that we cannot obtain all root space elements in this
way. For this, it is necessary to calculate DDF commutators of the form (4.42). An
alternative, more elucidating way might be to consider the action of the Sugawara
generators defined by

7^{Σ : < A ™-« : + Σ :ad|.>ad|_,_mβ):] (4.60)

on the states (4.59) (with A\ = A^(r_i)); here, hv = 30 is the dual Coxeter number
of Z?8, the level is t = 2, and the normal ordering of the operators ad|r) = (er)o is
chosen as

ad|s+m£) ad|t+n<5) if m > n,

a d ; t + n , / a d | ; + m 6 ; i f m < n , , <4.βl)

for Eg roots s,t and m,n 6 1 It is now not difficult to check that

= 2 ^ u g » = 0 (4.62)

for m > 1. Furthermore, when evaluating J2ίo

ug' on the ground state |a), only the
term with AQAQ contributes in the sum with our choice of polarization vectors. With
Al\a) = — 2|a), we thus obtain

^oS u g-|a) = i | a ) , (4-63)

showing that the state |a) is a highest weight vector of weight h = ^ for the level-two
Sugawara generators. In accordance with the remark after Eq. (4.12), we therefore
expect these states to belong to the irreducible Virasoro module with c = \ and h = ^ .
The problem that remains is to relate the Sugawara generators to the longitudinal DDF
operators. If this can be done, a completely explicit description of all level-two root
spaces is within reach.

Acknowledgement. We are grateful to M. Koca and P. Slodowy for discussions related
to this work.

ad | t + n,>. .= I ad;t+n,/ad|;+m6; i f m
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A. DDF States and Commutators

We here list the transversal and longitudinal DDF states, required in Sect. 4.4. For
the special example discussed there, we must only evaluate them for the following
scalar products: r 2 = s2 = 2, k2 = 0, r k = s k = 1, ξfξj = δij, ηi, ηy = δi>f, ξ^r =
ξi k = ηi, s = ηi, k = 0, ξfs=:δis, η^-r-.δ^r, ηt, ξ3; =: gV3. Also put e = e(k, r),
c' = c(s,r). •
The transversal states are:

AU\r) = eCiί-Dlr-k), (A.I)

^ { i [ 2 ] } - 2 k ) , (A.2)

(A.3)

(A.4)

(A.5)

+ §^(-l)[3k(-l)2-k(-2)]}|r-3k). (A.6)

The longitudinal states are:

- k ) , (A.7)

d-2

(A.8)

d-2

(A.9)
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AZ3\r)
d-1

= Λ -r(-3
2=1

§k(-2)r(-l)

ά-2

(A. 10)

Some commutators for r s = 0:

i(-l)] [s(-D2

(-l)s(-2) + 2s(-3)]

3s(-l)k(-2) + 3s(-l)s(-2)

3s(-2)k(-l) + 2 s ( - 3 ) ] | | r - 2 k + s), (A.ll)

s(-l) 3 -2s(- l ) 2 k(- l ) + 3s(-l)s(-2)

- 2k(-l)s(-2) + 2s(-3)] }|r - 2k + s), (A. 12)

g [δi>r6ja - giΊ] [s(-l) 3 - 3s(-

l ) 2 - k ( - l ) 3 + 3s(-2)s(-l)

- 3s(-2)k(-l) - 3k(-2)s(-l) + 3k(-2)k(-l)

+ 2s(-3)-2k(-3)]||r-2k + s). (A. 13)

The following commutators are written in terms of the basis (3.47) rather than (3.38)
as in the main text. Because the contributions L(_i)(...) are needed to find the correct
results, we list them here. We put e = e(s,r)e(k, a) and stress again that we are
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dealing with different sets of DDF operators depending on the tachyon momenta they
are acting on (see remarks before Eq. (4.50)).

A \ Act Λβ Iλβ Λd Λa Λβ 48
6 I 2—2^^—1 2 / i - 2 / 1 - l ~~ Λ - l Λ _ i Λ - l

Γ 7 1Λ

+ * 2 4 - 3 + 8 - 1 ^ - 2 + Ϊ6 Z.^ ι -1 -1 ~ 4 8 - 1 - 1 - 1 [ l a )
7 = 1

(A. 14)

e<\ 4^-3

7=1

7=1

- δ(-2) - i&(-

- 4^-3 ~ 4-^-1-^-2 ~ 8 Z-ί-^-1-^-1-^-1 + 8^-1^-1^-1 rl

7=1 j

|s),A8_2|r>] =

7=1
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[AZ^Atjr)]*

- 2A°L2A_X + 2A_2A_X + A_λA_xA_x

μ V:2 + i
7=1

7=1

| i } 7 > , (A.20)

ί 8 1 8 1 7 8 11 8 8 8 )
6 ] 2 4 ^ - 3 + 8 ^ - 1 ^ - 2 + 16 Z ^ ^ - l ^ - 1 ^ - 1 + 4 8 ^ - 1 ^ - 1 ^ - 1 ί l a )

1 7=1 }
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