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Abstract: Consider a smooth Hamiltonian system in R?V, X = JH’(x), the energy
surface X = {x/H(x) = H(0)} being compact, and 0 being a hyperbolic equilibrium.
We assume, moreover, that X\{0} is of restricted contact type. These conditions
are symplectically invariant. By a variational method, we prove the existence of an
orbit homoclinic, i.e. non-constant and doubly asymptotic, to 0.

I. Introduction

The goal of this work is to give a partial answer to a conjecture of Helmut Hofer,
about homoclinic orbits in Hamiltonian systems (personal communication). Suppose
that X is the zero energy surface of an autonomous Hamiltonian H in IR?M having
xp € 2 as a hyperbolic equilibrium and no other equilibrium on X, and that X\ {x(}
is of contact type. These conditions are symplectically invariant. The conjecture is
that the Hamiltonian system

=Xy, Xy =JH'(x), J:(_O1 é) (1.1)

has at least one solution x(¢) homoclinic to xo, i.e. such that x 5 xo, and lim;|_, .x()

= xo. It may be seen as an analogue for homoclinic orbits of the Weinstein con-

jecture in IR?M| which was solved by Viterbo in 1987 (see [W,V,H-Z]). In the

present paper, we replace the contact condition by a restricted contact condition,

less general but also symplectically invariant. We find a homoclinic orbit, as the

critical point of the action functional associated to a suitably chosen Hamiltonian.
More precisely, we consider the following set of hypotheses on X:

(#1): X is a compact set. It may be defined as 2 = {x/H(x) = 0}, where H
is a smooth Hamiltonian defined on R?, whose differential H’ does not vanish
on X, except at one point xo that we identify with O after translation. Moreover,
A = H"(0) is non-degenerate.

(A#2): JA is hyperbolic, i.e. sp(J4) N iR = .
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(#3): There is a C'-field of vectors (1, x € R?), transverse to 2\{0}, and
such that %, = w everywhere in R2V. Here, (X, Y) = (JX, Y) is the usual sym-
plectic form in RV,

Remark 1. 1f X is fixed, the conditions (#2, 3) do not depend on the choice of
H satisfying (#'1). The existence of a solution of (1.1) homoclinic to x; is also
independent of this choice. Moreover, (1, 2, 3) and the existence of a homoclinic
orbit are invariant by symplectic diffeomorphism.

Remark 2. Denoting Q. = i, = w(y, - ), condition (#3) implies that Q, — %(Jx, -)
is closed (i.e. exact, in R?V), and that Q,(X};)#0 for any x € X\{0}.

Remark 3. (#3) is the restricted contact condition. “Restricted contact” means that
1 is defined on the whole space R?. In the real “contact” condition, 7 would just
be defined in a neighborhood of ¥. When /H'(X) = 0, there is no difference between
“contact” and “‘restricted contact.”

Our main result will be the following:

Theorem 1.1. Assume that (A1, 2, 3) are true. Then the system (1.1) has at least
one solution homoclinic, i.e. doubly asymptotic, to 0.

Our method of proof will be variational.

To our knowledge, the first result on homoclinic orbits obtained variationally
is due to Bolotin [B]. It concerns Lagrangian systems in Riemannian manifolds,
having an unstable equilibrium. In the last few years, this type of system has been
extensively studied (see [K, B-G,R,R-T, A-B] and the references in these papers).

In the case of autonomous Lagrangian systems in IRV, G + V'(q) = 0, the exis-
tence of a homoclinic orbit was proved by two different methods in [A-B, R-T], un-
der very natural assumptions on the potential /" : 0 is a point of non-degenerate local
maximum for V', with ¥ (0) = 0, and the set {g/V(¢) < 0} is compact, its frontier
being a regular hypersurface on which 7’/ never vanishes. Independently of these
two works, Scholze [Sc] proved the existence of a homoclinic orbit for a Hamilto-
nian system in IR*", assuming that (#1, 2) are true, and that ¢,H(p,q) - p > 0

for any (p,q) near X with p=+0. It is clear that, if H = %2 + V(q), with V as in
[A-B,R-T], then the assumptions of [Sc] are satisfied.

In the field of variational methods for homoclinic orbits, another direction of
rescarch is the study of Hamiltonians in R?V which have the form H(x, t) =
%(x,Ax) —+ R(x, t), with J4 hyperbolic, R smooth, one-periodic in time, and super-
quadratic' in x (see [CZ-E-S,H-W, T, Sel, Se2]).

In [CZ-E-S], under the additional assumption that R is strictly convex in x,
the existence of a homoclinic orbit was proved thanks to a dual action principle
(a multiplicity result for non-autonomous systems was also given). This existence
result was improved by [H-W] and [T], who relaxed the convexity assumption by
two different methods.

The following proposition shows that the results in [A-B, R-T, Sc] can easily be
obtained as a consequence of Theorem 1.1:

Proposition 1.2. Assume that X satisfies (A1, 2), and suppose that ¢,H(p, q) -
p > 0 for any (p, q) in a neighborhood U of X with p=0.

' le., such that for some ¢}, ¢; > 0 and % > 2, and any (x, 1) € R*¥*! ¢||x|” £ R(x) £ e2)x]”
and R'(x, t) + x = aR(x, t).



Homoclinic Orbits on Compact Hypersurfaces in IR*Y 295
Then X also satisfies (H3).

Proof. Geometrically, the assumption “C,H(p, q) - p > 0 for any (p, g) € # with
p=+0" implies that 2 is starshaped with respect to the Lagrangian plane L, =
{(g, 0), ¢ € R"}. So a natural idea is to take 1(g, p) = (0, p). We find that ¥, =
w, and n is transverse to 2\L, but vanishes on L;. To avoid this problem, we
remark that the Lagrangian plane L, = {(0, p), p € RV} is contained in the tangent
space to 2 at (¢,0) for any non-zero (¢,0) € 2N L. This comes from the inequality
CpH(p,q) - p = 0, true in a neighborhood of (¢,0). As a consequence, the set
S = {q:kO/(q,O) € X} is a regular hypersurface of RY. Let vy be a smooth vector
field in RY, null in a neighborhood of 0, and transverse to %, pointing outward.
We choose 1.(q, p) = (0, p) + ¢v(q, p), where ¢ > 0 and Ju(q, p) is the gradient of
the real-valued function f(q, p) = (p, vo(q)) -

The form i, is exact, so from Remark 2, ¢, o = w. We easily check that for
¢ small enough, (H'(x), ) is positive on X\{0} - (#°3) is thus satisfied. [J

Similarly, in the autonomous case (i.e. when R does not depend on ¢), the
existence results of [CZ-E-S,H-W and T] can be deduced from Theorem 1.1:

Proposition 1.3. Assume that X is the zero eneryy surface of a Hamiltonian
H(x) = %(v AX) + R(x), with JA hyperbolic, R smooth, ci|x|” < R(x) < ca|x|*
and (R'(x), x) = aR(x) for some ci,c; > 0,0 > 2, and any x € R*N. Then X
satisfies the assumptions (A1, 2, 3) of Theorem 1.1.

Proof. By assumption, (#2) is satisfied. Since c¢|x|* £ R(x), 2 is compact. We
choose = 3. Clearly, ¥, = w. Moreover,

1 o—2
(H'(x), n) = E((A‘, Ax) +(R'(x), x)) = H(x) + — k().
So for any x € X\{0}, (H'(x), i) is positive (geometrically, this implies that X is
regular outside 0 and starshaped with respect to 0). So (#'1, 3) are satisfied, and
Theorem 1.1 can be applied to 2. [J

In the proof of Theorem 1.1, we shall write H(x) = %(x, Ax) 4+ R(x), with JA4
hyperbolic, R smooth, R(0) =0, R'(0) =0, R”/(0) = 0, as in [CZ-E-S,H-W,T]. In
our situation, R is not necessarily superquadratic, moreover it may be negative on
some parts of 2. Our functional will be similar to the one in [H-W],

I(x) = %J(—JV — Ax, x) -]‘]{R(X)
R

=3 (Jx, X) fH(x) xe H2(R, R*Y). (12)
R
Hofer and Wysocki [H-W] used the theory of first order elliptic systems of the
type Cu+JOu+ H'(u) = 0, to find a Palais—Smale sequence for /. In the present
work, we won’t use this “elliptic” approach.
Our assumptions being much weaker than those of [H-W,T], we will have to
solve new problems:

e Since the superquadraticity of R is relaxed, it is more difficult to prove that the
Palais-Smale sequences are bounded in L*(R, R*¥). Assumption (#3) will be
crucial here.
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e Since the sign of R near X is unknown, it is more difficult to find a topological
argument for the existence of a Palais—Smale sequence. This second problem is the
most important one.

II. Main Notations and Sketch of the Proof of Theorem 1.1

Throughout this paper, we shall use the standard notations IR} = [0, +00), R* =
R;\{0}, N=ZNR,, and N* = N\{0}.

If N =1, then the Hamiltonian system is integrable, and Theorem 1.1 is trivial.
So we only have to treat the case N = 2. Consider X satisfying (#'1 to 3). We
can replace 2 by the connected component of 0 in 2, (41 to 3) remaining true,
and the homoclinic problem being unchanged. So, using the freedom in the choice
of H, n, we may impose the following additional condition, without restriction of
generality:

(#4). N = 2,2 is connected, and, outside some bounded neighborhood of X:

H= %(x, Ax) +alx|*  with a > @ ,

Q = %(Jx, ), with @ =i,w as in Remark 2.
JA being hyperbolic, we have signature (4) = signature(i/) = (N, N). So, for
N = 2, C* = {x+0/{x, Ax) = 0} is connected, and, if X is connected, then 2\0 is
also connected. We will use this in Lemma 3.1.
If (#1 to 4) are satisfied, then the functional / given by formula (1.2) is

well-defined and smooth on the Hilbert space £ = H'?(R, R?").
Indeed, these conditions imply that

R=0(x]*), R = O(|x)*), R” = O(|x]) for x near 0, (2.1)
R = O(Jx]*). R' = O(|x]), R” = O(1) for |x| large, (22)

and that the higher derivatives R"), n > 3, are bounded and compactly supported.
Now, denote

D:E—E =H "R, R?)

X — (_Jc% — A) X,
L=D"". (2.3)
In the Fourier representation, we have l/)}(cf ) = D(&) (&), where
D(&) = —iJé — 4 (2.4)
is a hermitian matrix, always non-degenerate because J4 is hyperbolic.
We denote
B = VD0, Bate) - %(Iﬁ(é)l +D(&)). (2.5)

We have D(&) = D, (&) = D_ (&), |D(E)| = Dy(&) + D_(&).
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Let us define X A
n (&) = D) 'D(). (2.6)

We have ny + 7 = lgov, nyon. =n_ony =0, and n (&), n_(&) are two or-
thogonal projectors on €V for each of the hermitian products (X, Y)gov and
(X, DY) s

Now, if we consider the bilinear form on E

(x, V) = [dER(E), [DE)H(E)), (2.7)
R

(-, - )e is a scalar product whose associated norm || - ||z is equivalent to the clas-
sical H'?-norm. Moreover, denoting

Pix(¢) = mi(E)R(E),  PrE=Ey, (2.8)

we see that £ = E, & E_, the sum being orthogonal for the classical L? scalar
product and for ( -, « )g. Thus, for any x € E,

Ix)E = IPsxlfz + 1P-x]z . (v Dx)gssr = ||Pyxlz — ||P-x]% -

So we may write
1
16 = 1Pl = 1P-l2) — [Rex). (2.9)

The differential of / at x € E is
I'(x)=Dx —R'(x) € E, (2.10)
and denoting
ILIx(&) = D)%), (2.11)
we can define the gradient of / for the scalar product (-, - )¢,
VIi(x)=P,x —P_x—|L|IR'(x) EE. (2.12)
In Sect. I1I, we will prove the following compactness result.

Theorem 2.1. Suppose that (#'1) to (AH4) are true. Let (xy),>0 be a
Cerami sequence for I, ie. a sequence in E such that I(x,) — ¢ € R, and
(1 + HXMHE)“]/(XH)”E’ — 0 as n — +o0.

Then there is a finite integer p = 0, and homoclinic orbits Z',..., ZP such
that, after extraction, we have

—0 asn— +oo,
£

Xn(t) - ZI):Z’(t - tlll)
1=

where 1) € R, |t) — 11| — 400 as n — +o0, if i+,
Moreover, for any i, I(Z') > 0. As a consequence, c =Y " | I(Z"), and |x,||z —
P NZg. So ¢ Z 0, and if ¢ =0, then ||x,||g — 0 as n — +oc (case p = 0).
This type of compactness result is well-known for functionals invariant un-

der the action of a non-compact group (see [St,L]). A general method of proof,
based on the Concentration-Compactness principle of P.L. Lions, is described in
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[L]. To apply this method, it is necessary to have an “a priori” estimate on
the norm in E of the critical sequence (x,). To obtain this bound, we use the
assumption (1 + ||x,|)I'(x,) — 0, I(x,) — ¢), introduced by Cerami for general
variational problems, (see [C,E]), instead of the more classical Palais—Smale
assumption (/'(x,) — 0, I(x,) — ¢), which seems too weak here (see the proof of
Lemma 3.3).

The second step in the variational proof of Theorem 1.1 is to find a topological
reason for the existence of a critical sequence. In [H-W, T], a linking argument is
used, based on the fact that for some ¢ € £, I is negative on E_\{0} and outside
a bounded subset of M_ = E_ 4 R, e. Unfortunately, we cannot use this standard
approach: since our conditions (#°1) to (#4) do not imply that X C {x/(x, Ax) <
0}, the sign of R may be negative near some parts of 2. So it is not always true
that /(E_) £ 0.

Our solution will be to replace £_ by the unstable manifold # _ for the flow
(¢, T € R) of —VI, issuing from 0 (it is obvious that / is negative on # '_\{0}).
We will have to choose ¢ € E very carefully, and to introduce an auxiliary func-
tional / < I, with (/'(x) =0 < i,(x) =0). Then we will prove that / is negative
outside a bounded part of # _ & IR e. We will conclude by arguments inspired of
[H-W] (see Lemma 4.4).

To start this program, we define

B(e) = {x € Ef||x|r £ ¢}, S(e)y={x € E/|x|lg =¢},

Bi(c)=B(e)NEy,  Si(s)=Si(e)NEys. (2.13)
The flow (¢, € IR) is defined by

(/)O(X) =X Vx € E,
(2.14)
8r¢)1(x) =-Vlio ¢T(x)’ V(‘L’,X) ERxE.
It is easy to see that the formula
P(x) = lir+n de”x), x€E_ (2.15)

defines a smooth mapping @ : E_ — ¥ . From (2.12) we find, by the method of
variation of the constant, that

B(x) = x + |Lk(x), (2.16)

where k is solution of

k(x) = Te(P* TR (e 7y + |L k(e X)) dT . (2.17)
0

The following consequence of Theorem 2.1 will be very useful:
Corollary 2.2. Suppose that (#'1) to (#4) are true. Consider the function
[(c)=sup [ o (S _(0)). (2.18)
We have lim,_ ,  [(6) = —oc.

Proof. From the relation ®@(e'x) = ¢, o @(x), it is clear that / is strictly decreasing.
Let /.. < 0 be its limit as ¢ goes to infinity. Assume by contradiction that /.
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is finite. Then there is a sequence (X,),=o in @(B(0, 1)) such that [ o ¢ (X,) —
lOO; [ o d)erl(/Yn) - IOC

n+1
Since fzz,, Il o (/).\.(X,,)Hfg, dt =10 ¢w(X,) =10 ¢yun(X,) =o0(l), there is a
sequence (T,),z0, 2" < 1, < 2", such that

2)1/2

1
11 0 oy (X)ller = o <_> ,
n+1
But we also have f02 ' 1" o ¢T(X,,)|Ié,dr < /., thus

e, (Xl < M + [1c32°F
where M = sup{||®(x)||g/x € B(0,1)}.

As a consequence, (1 + [|¢, (X,)[[£)[[I" 0 ¢, (X,)][er = o(1).
Moreover, I < 1o ¢, (X,) = 1o dm(X,) =l +o(l).

So ¢, (X,) is a Cerami sequence at the negative level /. But from Theorem 2.1,
this is impossible, and Corollary 2.2 is proved by contradiction.

O
Given g > 0, e € E,, we denote

A _(a,e) = ®(B_(a)) + [0,0]e ,

(2.19)
0M _(a,e) = (P(S_(0)) +[0,0]e) U(P(B_(0c)) + {0,0}e) . (2.20)
Finally, I is called /-admissible if
I(x) = 1(x) = [R(x),
with R = 0, R smooth, R = 0 in a neighborhood of X, (2.21)
R= dlx|?, @ = 0, outside another neighborhood of X .

Let (¢,,t € R) be the flow of —V/, defined by

ho(x) =x, Vx € E,
o) =x Vr £ (222)
O (x)=—-VIiogp(x), V(t,x) e R xE.
In Sect. IV, we will prove the following result:
E, and I,I-admissible, with:

Theorem 2.3. Suppose that (#'1) to (#'4) are true. Then there are G,p > 0,e €

(i) I(e.4 (5,2)) <0,
(i) inf /(S+(p)) > 0,

(iii) For any © = 0, ¢ (A4 _(5,2)) NS (p) is non-empty.
Theorem 2.3 has the following consequence:

Corollary 2.4. Suppose that (A1) to (#'4) are true. Then there is a Cerami
sequence for I at the positive level

¢ =infsup /o (4 _(5.¢)) > 0.
=0

The proof of Corollary 2.4 is standard (see [C]).



300 E. Séré

Clearly, 2" and H = H + R satisfy the conditions (#°1) to (#4) of Theorem 2,
and H = H in a neighborhood of X. So Theorem 1.1 is an immediate consequence
of Theorem 2.1 and Corollary 2.4.

III. Proof of Theorem 2.1

We consider a smooth function 6 : IR — [0, 1] such that

1
0 =0 on <—oo,—§J ,

0=1 on [l,—i—oo) , G-1)
2
0t)+0(—-t)=1, Vte R .
We define
@]R(t) =1,
Oiaoo)(t) =00t — a),
[a+ ) (1) ( a) (32)

O o)1) =0(b —1),
@[a, b](t) - @[u,+oo)([) ‘ @(~oc.l7](t) .

In what follows, the “action of x on the interval of time #” is the integral

Ly(x) = [[Qx) = H(x)]O,4(t)dt . (3.3)
R

Sy is well-defined on E, and ¥ =/, as we will see in Lemma 3.2. Moreover, if
a+1<b = c—1,then S = Siae+Sp.a -

Our arguments are organized as follows:

First of all, by the restricted contact assumption, the orbits of (1.1) on X must
have a positive action on IR, and the ones having a finite action on R are homo-
clinic to 0. We make this precise in Lemma 3.1 (and later in Lemma 3.6, for the
consequence on Cerami sequences).

Lemma 3.3 tells us that Cerami sequences must stay “near” 2. The proof
of Lemma 3.3 is the step where we need “(1+ ||x,]|){'(x,) — 0" instead of
“I'(x,) — 0.7

Thanks to Lemma 3.3, we prove that (x,) is bounded in leoc-norm (see
Lemma 4), and that, for a given sequence (#,),z¢ of translations in time, we have,
after extraction, x,(t — t,) — X(1) in HIL/CZ norm, where x.. is an orbit of (1.1) on
2 (see the proof of Lemma 3.6). Lemma 3.5 means that, if x,, is small in local norm
on a bounded or unbounded interval of time ¢, then the action and L?-norm of x,
on ¢ are small. It is closely related to the “concentration-compactness lemma” in
the “vanishing case” (see [L]).

Proposition 3.7 is a key step in the proof of Theorem 2.1. It gives a global L?
estimate on Cerami sequences. To obtain it, we cut the time domain R into a family
of intervals (.#7);c4n. On some of them, x, is small in local norm. On the others,
the action of x, is greater than some y > 0. Moreover, any interval of the first type
is adjacent to at least one interval of the second type. This decomposition is based
on Lemma 3.6, and gives the estimate of Proposition 3.7, because Card(4") and
[0z y";” ;2 are bounded independently of n = 0, [/ € A4".
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To end the proof of Theorem 2.1, one can either apply the general concentration-
compactness theory [L], or use once again the partition (.#7);cn.
To start our program, we prove

Lemma 3.1. Assume, for N = 2, that (#1) to (#3) are true, that X is connected,
and that H is positive outside some bounded set. Then Qo =0, and for any x €
2\{0}, we have Q,(Xy) > 0. Moreover, there is y > 0 such that, for any { > 0,
exists a positive integer T(L), with the following property:
. . . y
For any orbit x(1) lying on X, if |Spo.(x)| + [y [x|* = (%, then

S ronren®) = [Or oy - QX)) > 7. (34)

So a solution x(t) of (1.1) is homoclinic to 0 iff it lies on X\{0} and has a finite
action on R, and we then have I(x) = ./iRQ_‘()é) = _f]R Qu(Xy) > .

Proof. Since N = 2,2\{0} is connected, so the sign of Q.(Xy) is constant
on 2\{0}. As a first consequence, the sign of Qu(JAx) is constant on C* =
{x+0/(x, Ax) = 0}. So Qy = 0.

2 is the frontier of the bounded volume 7" = {x/H(x) < 0}. For x € 2\ {0}, we
have Q,(Xy) = w(n, Xy) = (n,H'(x)). So Q(Xy) > 0 iff n points outward.

Denoting i, the flow of », if the volume of y4(7") is an increasing function of ¢,
then n points outward. We write

/ ‘ . .
£ J o' o= L") =nfo" > 0.
Aty ir i i

So the first part of Lemma 3.1 is proved.

Now, the flow ¢ of X is hyperbolic at 0, and its restriction to a small neigh-
borhood of 0 is C’-conjugate to the flow of the linearized vector field JA4x. So there
is { > 0 such that, if x(¢) is an orbit of (1.1) on 2 satisfying |x(0)| = p > 0, then
either |x(.7 (p))| = B, or |x(—=7 (p))| = B, for some 7 (p) € N*, independent of
X.

We choose 7 = inf{S;_ 1)(»)/»(0) € 2, |»(0)] = f, y = Xu(»y)}. Given { > 0,
we take p({) > 0 such that, if an orbit x of (1.1) on X satisfies |x(0)| < p({), then
1S10.17()| + /ol Ix[? < %

We choose T(() = 7 (p({))+ 1, and the second part of Lemma 3.1 is easily
checked. [

The following lemma concerns the action ., defined by formula (3.3):

Lemma 3.2. Suppose (A1) to (#4) are true. Then, for any interval § of size
greater than 1, the functional ¥, is well-defined and continuous on E, and for
any x € E,

: [
[Q.(x) = = [(Jx,x), hence SRr(x)=1I(x). (3.5)
R 2
Moreover, for some xk > 0 independent of x, ¢, we have

1)+ [Ix* < xllx]lZ (3.6)
pa



302 E. Séré

Proof. From (#'4), %“ and the differential Q) are uniformly bounded on RV,
Now, given x € H'2(R, R*) = E, there is ¥ € H'(IR?, R?) such that the

trace of ¥ on R x {0} is x, and that [[X||},, < K||x||z for K > 0 independent of x.

The following estimates prove that x — Q. is well-defined as a function from E

to £ ,
Qe = OU|92,1) = Ol 2 + 1125 - VF]l,2)

= O(x]l2 + IVX[l;2) = OC[lx]|£) -

In a similar way, and with the help of Lebesgue’s convergence theorem, we
find that x — Q. is continuous from £ to E. [J

We now consider a smooth function »: IR — [0, 1] whose support is a subset
of [—1,1], and such that f[Rb = 1. We denote

b= 1a(2)
o

+ (3.7)
B(1)= [ b(r)dt.

We have the following result:
Lemma 3.3. Assume (A1 to 4) are true, and suppose there is a sequence (X,),=0
in E satisfying
(1 + HXHHE)”[/(XH)”E/ —0 asn— +00 .
Then, for any ¢ > 0 fixed, we have
i [|H ) 5 b, ey = 0. (38)

Proof. For a fixed ¢, and a given x € £, smooth and compactly supported, we have

[H(x(2)b(t — 1)d7
R

(integrating by parts)

= | [(H'(x(0)) - &(1)B(r — 1) do
R

(remarking that X = JH'(x) + JI'(x))

= | [(H'(x(1)) - JI'(x)(1))B.(t — 1)dt
R

= {H'(x(2))B.(t — 1); " (X))} s it
< CHIH" el )l
< Clxlle I/l s from (2.1, (2.2).

Here, C, > 0 is a constant independent of #,x. By density, the final inequality is
true for any x € E. Taking x = x,,, we obtain (3.8). [J
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As a consequence of Lemma 3.3, we now prove

Lemma 3.4. Assume (A1 to 4) are true, and that (x,),>o satisfies

(1 [alle) ! Gl — 0.

Then there is a constant C > 0 such that, for any n = 0,

sup [1Xuzpipu0+11ll2 = C. (3.9)
HER

Proof. Otherwise, by extraction and translation, we get a sequence y, = X, (f — t;)
such that ||y, zj0.11ll,2 — +o0.

Y
=
S
=3
(@]
o

.. . N
- Vi 2
W T | B -
Il'[ll’lg Zy “""/(0-11”1,2 , WEC have jO Zy

Now, recall that R(x) = a|x|* with a« > M, for |x| large enough. So, for
3 g

”l/%#“’z— large cnough, we get

" I 4]l

fR(yn)Z s g EHyn Z[O.]]”Izj (a— T) .

0 {|—/u{:%}
Consider the finite bound m = —min, cpavH(x), and fix 0 < ¢ < 21
There is ny > 0 such that, if » = ng, then for any t € [—¢,¢],

I4+t+e 1 A

[ R(yn(t))dt 2 EH,VII Z[O.I]Hiz <a - ‘H-ZJ) —2m

T—

= 10, for instance.

So we will have

l+e 6 141+

[ (H(yy)* b )0)dt = [deb(=1) [ H(y,)u)du = 10.

—& —& T—¢

But remembering that (y,) comes from (x,), we see that Lemma 3.3 is contradicted.
Lemma 3.4 is thus proved. [J

The following result deals with the “vanishing” situations:

Lemma 3.5. Suppose (#1 to 4) are true. There are a constant {y > 0 and
a function v: IRy — R%, such that, given M >0, x €E and my < my € ZU
[Zoc,+och,

if sup{[|x 7iap+11ll 2. 10 € R} is smaller than M, and

o=

(= (Sup {|r‘/’[A,A+|](X)| + [ P Sk =m—1 ke Z})

[k, k+1]
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is smaller than (g, then:

1) In the case m; = —oo, my = 400, we have

IxlI7 < (o) (C+ I1'OlE) - (3.10)

2) In any case, we have

y 1
{'—g/[ml,mz](x)l + f{x|2 < vw(M) (Can (E) + ||1/(x)H[25’) . (311)

mi

Proof. We only treat the case my,m; € Z, which contains the essential
difficulties.
To simplify the notations, we write @, instead of Oy, 4y m,—p- We have

O,x = O,LR'(x) + O,LI'(x)
= @pL(R/(x)Z[m[-i»p, mz—p]) + @pL(R/(x)X[mI.m[+}1]U[/nz—p. mz])
+ @[7L(R/(X)Z[R\[ml,mz]) + @]JL[/(X) . (312)

We recall that L = (—J% —A4)~ ! is an isometry between E’ and E. Moreover,

©,L is continuous from E’ to E, and for some K*) independent of p,
16pLll sz 6y = K

L may in fact be defined as a convolution product, Lx = ¥ xx, where Z(¢) is
the matrix e (yr, ()], — zr_()[],). Here, [, and [], are the matrices of pro-
jection on the stable and unstable spaces of the flow e“/. We see that
for some KM, i > 0,]27(1)| + | L(1)] < KDe 1 for 140. As a consequence,

HL(RI(X)XIR\[IHI.;112])(Z) . @p(f)HE é K(2)€—/lp Suf]’{ ||R/(x))([/0.10+I]HL2

e
< KMt (3.13)
The same argument gives
||®/1L(R/(x)l[m].m|+pJU[mz—p,mz])HE é KO)C . (314)

Now, since [R'(x)| < K™ min(|x], [x|*?) we get
R < KO+ (|&xf + (1 = Oxf?)
for any 0 < ¢ < [, K© being independent of {. So we have

J me§Km< 1o+ J w—%W>

[my+p.omy—p] [my+p, my—p] [y pomy+ pt1]
Ulmy —p—1.my—p]|

my—p—1 /H:I
< KO 2804+ S [lex] ] .

k=my+p k
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But we may write

k1 . k1 , 2 [k+1 . 2
f |@px]” = / |©)x] f |©px| >
k k k

by the Cauchy—Schwartz inequality. So

1
2

my—p—1 [k
I [R(x)? < KO [ 202 +¢ Ef ((fW@pxﬁ>

[y + pomy— pl k=mi+p \ k
< KO+ [16px17) .
by a classical Sobolev inequality. Hence
IOLR ) gy  pomy— o)l £ KT+ 2@ - (3.15)
Combining (3.12), (3.13), (3.14), (3.15), we get

X0, lle < KU+ 2 x0,|lp) + KO (Me™ P + )+ KON (x)][ g -

SO, lfgy < C() = (7(%)—2, then
x@lle = K + 727+ ')l + M) (3.16)
Writing
iy my—p—1 N
| [my, mv](x), + j )X’ |~'(//[m|+[)+l.mz-/)-lj(x)| + f |x|b
mj my+p+1
) A+1 )
+ > [ S+ [ |x[ ]
h€lmy.my+p] k
Ulny — p—1.my—1]
and using the inequality (3.6) of Lemma 3.2, we get
my
Loy + [P < kX0, |7+ 2(p+ DE. (3.17)

my

We also have the rough estimate

ny
L 1) O]+ [P S (my — m)E (3.18)
ny

So there are two possibilities:

Ist case: "5 — Ln

ny

u(t)

Then, from (3.18), | ;. m,1(x)| +f”’ LS Gl + D2

2nd case: ML
CT
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Then we choose p € [l—'an(:[,) — l,ll‘Ln(%)], and from (3.16), (3.17), we get
my

LS 1oy g COL + [P S kK4 MY+ 722 1 |[1/(0)][2) + 2(p + DE

my

IIA

KK+ MY+ 8+ 1))

2 |
+ (—Ln (—) +2> .
U £

my 1
| L 1y ) ()] f|x|2 < (M) (Can <Z> + ||I/(x)||25> , (3.19)

my

So, in both cases,

and Lemma 3.5 is proved. ]
The following result deals with “non-vanishing” situations:

Lemma 3.6. Assume that (A1 to 4) hold. and (1 + ||x,||z)'(x,) = 0 as n —
oc. Take { > 0. There is N({) > 0 such that: given to € R and n = N({),

p to+1 2 I3 2
lf |<9/)[,0’ ,0+1](X)| + f;oo |XI g gz y then vg[lo_r(()~,0+r(g)](x,,) > and f/y(x,,) >0

for any interval . such that [to,to + 11 C .7 C [to — T({), 10 + T(Q)].
Here, the constant 7y and the integer T({) are the same as in Lemma 3.1.

Proof. Otherwise, there would be { > 0, a subsequence x,,) and a sequence of
. . | 2
translations (#,),=o0 such that, denoting y, = x,.(f + t,z),|¢9”[0,1](y,,)| + fo |va|” =

{2, and either Sr—renrey(yn) £ 9, or S5 (ya) < 0 for some interval .7, with
[0, 1] C 4, C [-T(0), T(O)].

By Lemma 3.4, we have supyer || viiig. o112 = C.

So v, = LR'(y,) + LI'(y,) is precompact in L7 .

After extraction, we get y, LT Ve in leoc, and, by a standard bootstrap argu-
ment, fy, — fys in E, for any fixed smooth function f, compactly supported.
H—02C

As a consequence, yoo = LR (Vo). SO ys is a solution of (1.1). Moreover,
] M Z
[ 100 (Ya)| + [y [vee|” = %, and either L1OT) Vo) = 7, 08 Sy (vee) £ 0,
by continuity in E. Here, .7, is an interval whose end points are the limits of the
end points of (.#,), after extraction. Now, from Lemma 3.3, for any ¢ > 0 and
t € R, we have

[H(yao) * b(](t) = rzlil;—noo[H(y") * b::](t) =0.

So H(y~) =0, and y,, lies on 2. So we get a contradiction with Lemma 3.1, and
Lemma 3.6 is proved. [J

Thanks to the two proceding lemmas, we are now ready to prove the key propo-
sition of this section:

Proposition 3.7. Suppose that (#'1 to 4) are true. Let (x,),=0 be such that
(T4 x| I x| g = 0 and 1(x,) — ¢ € R as n — +oc.
Then the sequence (||x,||;2)nz0 is bounded.
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Proof. v,{y and 7 being thosc of Lemmas 3.1 and 3.5, we take {; < {y such that:

1 2y
WC) 3 Ln <> < L, (3.20)
G 4

where C is the constant of Lemma 3.4.
From (3.20) and Lemma 3.5, there is ny such that, for any n = ny and any
my < my € ZU{—00,+00}:

k+1
If S w)| + Xn ? < VZ’ vk € z ?
| kw17 (X)) Af| <G (3.21)

then |lx, [l = v({o) -

k1
if Sy + [ b |® < & Yk e Zn[my, my— 1],
! (3.22)

my "
i

then "C//[m],mz](xn)| + j |X,,f2 < Z .
ny

We take n = max(ng, N({;)), where the function N({) is the same as in
Lemma 3.6.
Proposition 3.7 is an immediate consequence of (3.21) in the case

o
I
L)+ [ |x]” <8, VkeZ.
X

So we may assume that | 441)(x,)| + f,\“l |x,,|2 = (3 for some k € Z. Then there

is a partition 2" = {.#],1 € A"} of IR, where 4" is a subset of N, and each set ./
is an interval of one of the two following types:

Type 1. ,(/’y:;(x,,) >y, and 27(()) < |77 < 3T({y), where the function T({) is
the same as in Lemmas 3.1 and 3.6.

Type 2. |#7] € N* U {4oc}, and, if we subdivide .#] into |#/] disjoint intervals
7'(q) of length 1, then for any ¢,(1 < ¢ < [#7]), we have
2 .
l‘(/i’(q)(xn)|+ f |x!1! < $%~
7'(q)

Moreover, any interval .# of type 2 is adjacent to two intervals of type 1 if .7
i1s bounded, and one otherwise.

Proposition 3.7 follows from the existence of 2".

Indeed, if we call A7, 45 the subsets of 4" associated to the intervals of type 1,
2 respectively, we have Card A5 < 1 4 Card A47.

So, from (3.22),
L) + x| < 2 vie s, (323)
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hence

I(x,) 2 Z ,9)77(,\‘,,) - Z |'—(/)/’I’,(Xn)|

ledy I'edl
2 L Card(4}) 2 {(Card(4") ~ 1). (324)

But /(x,) — ¢. So (Card 4") is a bounded sequence. Now, if / € A}, then ”x”l"/ [iz

< 3T({))C?, where C is the constant of Lemma 3.4. Combining this with (3.23),
we find that the norm

2 2 2
“XHHLZ = Z Hxnli",’“ + Z “any';H
e 1€

is bounded independently of n.

So, to end the proof of Proposition 3.7, we just have to give the construction
of #". We write T instead of 7'({;) to simplify the notations, and we proceed as
follows:

We choose ko € Z minimal such that [, +11(x)] + j}‘AO“H Ix,[* = (3. From

Lemma 3.6, we have S, 7.4+ 71(X0) > 7.
Moreover, the interval ./ =] — 00,ky — T'] is of type 2, by minimality of k.
Now, two possibilities may occur:

Ist case. [ko + 2T, 400l is of type 2. We take 9% = [ki,+o0], with ki € Z N [ky +
T ko + 2T] minimal such that % is of type 2, and we take 9| = [ko — T, k].

Since [k ka1)(x0)] + fkkH Ix,|? = (3 for k € {ko,ky — 1}, Lemma 3.6 implies
that .#7 is of type 1.

So, in the first case, (.#],-#1,.#5) is the desired partition.

2nd case. There is minimal integer ki = ko + 2T such that [, 5 +1(x0)| +

Ay +1 2 13
f/‘ll ]xll| = S%-

If for some integer k{ € [ko + T min(ky + 27,k —T) — 1], I,F/’M(I)‘A()Jr,](x,,)| +

;}’H lx,llz > (2, then we choose I = ko — T,min(ko + 27, k; — T)]. From Lemma
0

3.6, 41 is of type 1. When ko + 2T < k; — T, we also take .44 = [ko + 2T,k — T].
This interval is of type 2, by minimality of 4.

If no such kj exists, we take S| =[ko— T ko+ 11,75 = [ko+ T, ky — T].
41 is again of type 1, .43 is of type 2.

To continue the construction, we apply the preceding procedure to k| instead of
ko. Iteratively, we find the desired partition, and Proposition 3.7 is proved. [J

So we know that any Cerami sequence (x,),>o is bounded in global L?-norm.
Moreover, x, = LR'(x,) + LI'(x,), with LI'(x,) — 0 in E, and |R'(x)| = 0(|x]).
So, by classical arguments of the Concentration-Compactness theory, (see [5, 17]),
Theorem 2 is true (“vanishing” is forbidden by Lemma 3.5).

A more direct way to end the proof of Theorem 2 is to make use of the
construction given in the proof of Proposition 3.7.
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This construction implies that, after extraction, there are an integer p (0 =< p <
24 1), p sequences ¢),...,1}) of real numbers, with (i4; = |t — t1] — +oc), and,
for cach n, a partition of R by intervals,

Q" =01005, with Of = {[t, —dy,t, +d, 1.1 i = p},

3
() =d, = ( C )T(m Card(Q3) = p+ 1,
/
and with:
for any J € Of , %,(x,) > 7, (3.25)

for any .7 € 0%, |4l + [xl® < j (3.26)
7

We have seen in the proof of Lemma 3.6 that, given a sequence g, € R,
x,(t + 7,) has at least one limit point x,. in the L} -topology, and that x. is
an orbit of (1.1) on X. We can say more: if 0, = dist(g,,{t/,1 < i < p})is a
bounded sequence, and if x.. is a limit point of x,(¢ + ¢,), then (3.25) implies that
Xoc F0. Moreover,

a +a+oy ~y
N . 7
JQ (i) £ lim [ [Q () —H(x)] S ¢+ =

n—oc 2
—a —a+op

for any a = sup(d,),z0 + (3‘ + DT(L1). So x4 is a homoclinic orbit. If §, — 4o,
then, from (3.26) and Lemma 3.1, x5 = 0. So, using Lemma 3.5, we find that, for
any ¢ > 0, there are 4(¢) > 0 and n, > 0 such that

2 =¢ fornz=n,.

“an{dnst(t,{t,’,,l <i<p
e Wwith Z’ homoclinic, and [lx, —

" Z'(t —t)|,2 — 0. By a bootstrap argument, |lx, — >." Z'(t — })||; — 0, and
Theorem 2.1 is proved. [J

Finally, after extraction, x,(f +1¢,) — Z' in L2

1V. Proof of Theorem 2.3

In this part, we shall use the notations given in Sect. Il by formulas (2.3) to (2.22).

We define a function e; € % (R,IR*"), (. being the Schwartz class of C>
functions f such that (&7 /)P is bounded on R for any o« € N, and P polynomial),
by

1 -
é1(¢) = EW(CT)X(CW (4.1)

where X(&) = (1,0,...,0,isign(¢),0,...,0) is an eigenvector of —iJ with eigenvalue
sign (¢), and ¥ is some function whose Fourier transform € (IR, R) is non-zero

and even, with lﬁ = 0 on a neighborhood of 0.
The essential properties of e;(/t) are given in the following lemma:

Lemma 4.1.
WL Po(ei Nz — [1E P as 2 — +oc, (4.2)

1
L2 P (61(/1))||E=0< 4+1> as A — +00. (43)
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Proof.  As |£| — oo, we have

D¢y =icJ +0(1),  |D(&)|=[1+0(1),

hence
nAO:%U-MQMQU+O<é>,
. 1 S 1
(&)= E(l +isign(¢)J)+ O < cf) )
So

i

T ()X (<) =X(<f)+0(

).

AN

|
n(@ﬂ®:0<é>-

From there, by straightforward calculations, we get (4.2) and (4.3).

From (4.2), for 4 greater than some constant 4, we can define

P (ei(41))

_etA)) 44
Pt GO, 44

6‘/(1) =

We are going to choose @ = e, in Theorem 2.3, for some 4 large enough.? This
strategy is going to work because the support of é, is included in (f/l).fAU .9,
where .7 in a fixed closed interval of R with 0 ¢ .7, so that, for 4 large, |L|k(x) is
“small” on support (¢é;) for x € B_(G). As a consequence, ¢, is “almost” orthogonal
to &(B_(¢)). We will also use the fact that for 4 large, ¢,(¢) “looks like” e, (/t).

The following result corresponds to (i) in Theorem 2.3.

Lemma 4.2. Assume that (#1-4) are true. Then there are @,/ > 0 such that,
for any 2 = 7y, exists an I-admissible functional 1, with

[(¢.4_(G,e,)) < 0. (4.5)

Proof. From formula (2.17), it is easy to check that k: E — E is smooth and has a
differential £’(x) uniformly bounded on E. We also have £(0) = 0,4’(0) = 0, hence

kO
k)l = Clixllg, vx € £ and o [xl

~0. (4.6)

This estimate will be used repeatedly.
The proof of Lemma 4.2 is divided in several steps.

First step. There is C > 0 such that, for any 4 large enough, and all ¢ > 0,
(x,5) € B_(0) x [0, a],

2
H(D(x) +se;) < 0 d(x)+ % + CSTG . (4.7)

2 The introduction of e, has been inspired by some familiarity of the author with the wavelets
theory. The interested reader is referred to the book of Yves Meyer, [M].
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Proof of the first step. For x € B_(a),s € [0, ], we have
1 1
1) +5¢,) = 3 IP|LIKC) + ses ;= 5 b+ P-ILIKG)

— [R(P(x) + se,). (4.8)
We write
1 1 )
S IP L) 4 se, [z = S P LK) + %)
— Sk [Lle Je = sTkCOl e

1
< Csa/—ﬂ, from (4.3) and (4.6). (4.9)

We also have

|
JR(P(x) + se,) — [R(D(x)) =s[dt[dh R'(P(x)+ hse;) - e;(t)
R 0

|
=s[dh(R'(P(x)+ hse,), e;);»
0

lIA

|
s[dh||R'(P(x)+ hse;)||ILe; ||
0

1
=< Cs'((r+s)/7, from (#'4), (4.3) and (4.6). (4.10)
Combining (4.8), (4.9) and (4.10), one easily proves (4.7).

Second step. We consider a non-zero function 0 in (R, IR) such that 0 is even,
and such that |y < % for any n € support(0) and ¢ € support(é,).

There are b,B > 0 such that, for 7 large enough, and all ¢ > 0, (x,s) €
B_ (o) x [0,0],
2

[10(x) + se, (1) 00t) 2 S7b By Sid
2 v

yEE (4.11)
Proof of the second step. Roughly speaking, this proof is based on the idea that
d(x) and e, are “almost orthogonal” in L%.

Denoting f(t) = 0(t) e (t), we see that f is of the form —1\/—5;](5) X (&), where
g € Y(IR,IR) is non-zero and even, and satisfies § = 0 in a neighborhood of 0. So
Lemma 4.1 can be applied to f.

We also denote 1, = ||P;(e1(At))||z. From Lemma 4.1, n, tends to a non-zero
limit as 2 tends to infinity.
We write s
DO(x)+se, =y+ ;el(),t), (4.12)
/.

with the notation y = ®@(x) — =P _(e (/1))

We have

20A0% 2 .
u{|<1§(x)+se;‘|2(t)()()~t) > ;7 ”‘C{'b - nl(y(f),f(/,r))Lz : (4.13)

/.



312 E. Sér¢

Now,
(V(0), f21))2 = (LIk(x), P (f(22))) 2 + (0(2), P—(f (41))),2

< k@l LPPLCfGle + e NILIP-(f o)l
a a a
:0<?>+0<E> :0<,;_%> : (4.14)
and (4.11) is proved by combining (4.13) and (4.14).

Third step. We consider a non-zero function 0 € CONL'(R,R) such that |0(t)] <1
Sor all t, and ||0||;1 = 1.
Given ro > 0, if a function X € E is such that

2
TXOP 0G0 = 20, (4.15)
R /.
then |
JIXOP 7gx) 20y dt = -2-f|X(t);2 0(/t)dt . (4.16)
R

Proof of the third step. Given two non-negative functions f,¢ with f in L'(R)
and ¢ in C°N L'(R), it is well-known that

. |
jfgl{fngT/%} = E_ffg- (4.17)

We choose f(t) = |X(¢)* and g(¢) = |0(/¢)|. The assumptions on () and the con-
dition (4.15) imply
L=} S y=n)- (4.18)

So ffz{/g,,(z)} > 1[fg, and (4.16) is proved.

Conclusion. We recall the notation /() = sup/ o &(S_(0)). From Corollary 2.2,
we have lim,_ o [(0) = —oc.

We fix a function 0 satisfying the assumptions of the second and third steps.
We fix ro such that |x| < % for any x € 2.

\/

2
We choose s¢ such that %Ob > ré, and G = sp such that /() < —sj. We then
. ) T §2 -2 2
take 4; = /o such that C% < %", and B4 =< ‘_qu_ Here, C,B, b are the constants
- a

of the first and second steps.
If A = /) and (®(x) + se;) € 0.4 _ (7,e;), there are two possibilities:

1) s € [0,50], and x € S_(7). Then, from the first step,

2 L
I(P(x) +se,) < [(G)+ %0 +Cf/gf_
L0

lIA
|
|
A
o

(4.19)
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2) s €[s0,0], and x € B_(7). The first step gives

=2 =2

I(P(x) +se;) < % + C?—O =M. (4.20)

But from the second step,

[1®(x) + se; [*(1) 0(3t) =

v
| —
N

[

L]

S~

|

oy
(\; A
=3
N———

=2 2 2
) [ 55 2r
> - (sob B/l],z) > 2—/b z =0 (4.21)
So, using the third step,
| . P2
J1®(x) + 5,17 100y se, | 2 A 2 §f|<p(x)+se,¢|2(t)0(/.z) > 70 . (4.22)

We choose a(4) = /%1 and we construct a smooth nonnegative function R, such
0

that R;(x) = 0 when x| < ’7" and R,(x) = d(/)|x|> when |x| = ry. The functional

f/v(x) =1(x)— f]?,;(x) is /-admissible, and from (4.20), (4.22), we have
T(P(x)+se;) = —M < 0. (4.23)

Lemma 4.2 is thus proved. [J

We define, for 2 > 4,

F,:B (¢)x][0,6] - E_ xR,
(x,8) = (P (P(x) +5€;) || P(x) + 5¢;|7) - (424)
We have the following result:

Lemma 4.3. Assume (#'1) to (#4) are true. Then there exist . = ) and p > 0
such that (4,,G are those of Lemma 4.2):

o Forany x € B (p), I1(x) = L"_‘4H_E‘
e The equation F(x,s) = (0,p%) has a unique solution in B_(G) x [0,7), (x,s) =

(0,p).
o The differential of F5 at (0,p) is an automorphism of E_ x RR.

The geometric meaning of the two last properties is that

Sy (p)yN . _(7,e5) = {pes} ,
and that this intersection is transversal.

Proof. We first take p < @ and 4 = /4, arbitrary.

The equation F;(x,s) = (0, pz) has at least one solution in the set B_(7) x [0,7],
(x,s) = (0,p). At that point, the differential of F, is dF;(0,p) = (dx,2pds). It is
an automorphism of £_.
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The tangent space to # _ at 0 is £_, and the differential of & at 0 is the identity
of E_. So there is ¢ > 0 such that the only solution of the equation P_ o ®(x) =0
in B_(¢) is x = 0. As a consequence, the equation F;(x,s) = (0, p?) admits (0, p)
as unique solution in B_(¢) x [0,7].

We now have to study the equation F,(x,s) = (0, p?) in the set (B_(7)\B_(¢)) x
[0,7].

Let n = inf{||@(x)||g, x € E_\B_(¢)}. n is strictly positive, because /(¢) =
sup/ o @(S_(¢)) is strictly negative.

There is K > 0 such that, for any x € B_(d)\B_(¢) and s € [0,7],

190) + se 7 = [PEE + 25(2(x). ;) + 57
= n? + 2s(|LIk(x), e, )i + s*
>’ - K? + 5%, from (4.2) and (4.6)
>0 - KETZ . (4.25)

- . =2 2
Let us fix # = /; such that K& < .. We get
/

flD(x) + se;”% 2

2
n
= 426
5 (4.26)
So, if p? < é, the equation F>(x,s) = (0, p*) has no solution in the set (B_(7)\
B_(¢)) x [0,5].
To end the proof of Lemma 4.3, we choose p < % such that for any x € B (p),

2
[R(x) + R(x) < iz 4 (427)
R / 4

In Theorem 2.3, the constants G and p will be the same as in Lemmas 4.2 and
4.3, and we shall take (€,7) = (e;,/5). We define

F B (5)x[0,5] x R, — E_ xR,
(x,5,7) = (P_(D(x) +5¢,) , ||, (D(x) + s€,)||%) . (4.28)

Here, ¢, is the flow of —V/.
We have the following result:

Lemma 4.4. Suppose (A1) to (#4) true. Then F is a smooth Fredholm operator
of index 1, and there is ¢ > 0 such that for any T > 0, the restriction of 7 1o
Ugr=F"'B_(e)x[(p—e)V,(p+e)PDNN(B_(d) x [0,7] x [0,T]) is proper.
Proof. From the form of the differentials of V1, VI,

(VIY «h=P.h—P_h—|L|(R"(x) - h),

(VIY «h= (V1Y - h= LR (x) - h), (4.29)
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we find by the method of variation of the constant that 7 is a smooth Fredholm
mapping. Since
(7)(0) - (h,ds,dt) = (h,0), (4.30)

Z is of index 1.

Let us take ¢ > 0 and a sequence (x,,s,,7,) in U,r such that #(x,,s,,1,) =
(Vn,p2) converges to a limit (y.,p?) € B_(e) x [(p — ¢)*,(p +¢)*]. To end the
proof of Lemma 4.4, we have to show that for ¢ small enough, (x,) is precompact
in £_.

If we could write (Z)T = A. + K, with A, a linear isomorphism, and K, a compact
mapping, as is the case in periodic problems, then the compactness of (x,) would
be trivial. Unfortunately, this classical decomposition is impossible here, because we
work with a space of function defined on the time domain R, and qu is equivariant
by translations in time.

This difficulty has been solved by Hofer and Wysocki in ([H-W], proof of
Lemma 4.4). In our framework, their idea can be expressed as follows:

First of all, by the method of variation of the constant, we may write

G (P(x) +58) = e (x + |LIK(x,5,7)) (431)

where K is uniformly continuous from B_(d) x [0,7] x [0,T] to E.
We have x, =e "y, —e "P_[L|IK(xy,8,Tn) =€ "y, —z,, where (z,) is

. 3 ‘ .
bounded in H2(IR,IR?). After extraction, we impose that (s,,7,) converges to
1

e CH 2, we sec that after
a new extraction, there is z, € £ such that fiz, — fz, in E as n — oo, for any
compactly supported function f € C*(IR,IR).

Let us denote x) =x, —e ™y, —z,. Clearly, x) € E_, and it is not very dif-
ficult to prove that P_ o qZT” o@(x))— 0 in £ and that ||(;§T” o @(x))||x is smaller
than p + 2¢ for n large enough. So, choosing ¢ small enough, we find from Lemma
4.3 that

a limit (s,, 7, ). From the compact Sobolev embedding H,’

liminf / o #(x}) = liminf/o ¢, o d(x)) = 0. (4.32)

T

Since /(r) =sup/ o ®(S_(r)) is a strictly decreasing function of r, this inequality
implies that x! — 0 in E. The sequence x, is thus convergent in £, and Lemma 4.4
is proved. [J

We now end the proof of the theorems.
Given T = 0, we denote

Vo = 7 N(B_(e) X [(7 — eV + 6P D N (B_(@) x [0,7] x {T}).  (433)

The mapping 7y = # (-, -,T) is Fredholm of index 0, and its restriction to V, r
is proper, from Lemma 4.4. Moreover, (0,p) ¢ .7 r(¢V,, r). So, following Smale
[Sm], we can define a Z, degree dr = deg(F r, V.. 1,(0,9)).

From Lemma 4.3, we have dy =1, and from Lemma 44, d; =d,. As a
consequence, the equation 7 r(x,s) = (O,ﬁz) has always a solution in V, 7. This
proves (iii) of Theorem 2.3. By Lemmas 4.2 and 4.3, (i) and (ii) are also true, so
Theorem 2.3 is proved. This ends the proof of Theorem 1.1. [
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