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Abstract: The hyperbolic conservation laws with relaxation appear in many phys-
ical systems such as nonequilibrium gas dynamics, flood flow with friction, vis-
coelasticity, magnetohydrodynamics, etc. This article studies the long-time effect of
relaxation when the initial data is a perturbation of an equilibrium constant state.
It is shown that in this case the long-time effect of relaxation is equivalent to
a viscous effect, or in other words, the Chapman—Enskog expansion is valid. It is
also shown that the corresponding solution tends to a diffusion wave time asymp-
totically. This diffusion wave carries an invariant mass. The convergence rate to
this diffusion wave in the LP-sense for 1 < p < oo is also obtained and this rate
is optimal.

1. Introduction

We consider the following model of hyperbolic conservation laws with relaxation
[5,8]:

u+ f(u,v) =0, (1.1)
v+ gu,v)y =h(u,v), —oc0o<x<oo, t>0. (1.2)

A concrete physical model is the following flood flow with friction:

e+ (hu)e =0,
h?
(hu)t + (th + 'g_z“) = (gh tan o — Cfuz) »

where £ is the height of the water, u, the velocity, g, the gravitation constant,
o, the inclined angle of the river, and Cy, the friction coefficient of the river. Other
physical models include the nonequilibrium gas dynamics, the viscoelasticity, the
magnetohydrodynamics, etc. [8].
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System (1.1) (1.2) is assumed to be strictly hyperbolic, i.e. the matrix
2(f,9)/0(u,v) has two real and distinct eigenvalues A;(u,v) < A;(u,v). The corre-
sponding left/right eigenvectors are denoted by /; (u, v)/r;(u,v), i = 1,2, respectively.
We assume the relaxation term 4 (u,v) to satisfy the following condition [5]: there is
a smooth function v,(u) such that A(u,v.(u)) =0 and

0h(u,v)
v
for all (u,v) under consideration. The states (u,v.(u)) are called the equilibrium

states. Assumption (1.3) means that the equilibrium states are stable. To have non-
trivial coupling of Egs. (1.1) and (1.2), we further assume

So(u,0)£0 .

System (1.1) (1.2) has been studied by Liu [5]. There, the nonlinear stability of
weak, smooth travelling waves and rarefaction waves have been rigorously analyzed
by the energy method. Liu also argued via the Chapman—Enskog expansion that the
effect of relaxation is closely related to a viscous effect when the solution is near
a constant equilibrium state. This article provides a rigorous proof to his argument.
We show that the long-time effect of relaxation is equivalent to a viscous effect when
the initial data is a perturbation of a constant equilibrium state. Further, we show
that the corresponding solution tends to a diffusion wave [2] time asymptotically.
This diffusion wave carries an invariant mass. The convergence rate to this diffusion
wave is also obtained and this rate is optimal.

Without loss of generality, we may assume the constant state considered to be
the zero state and we may further assume v,(0) = 0.

<0 (1.3)

2. Two Observations

To study the effect of relaxation, we first see the following two observations.

2.1. Chapman—Enskog Expansion. When v = v,(u), system (1.1) and (1.2) are
reduced to

U+ filu)y =0, 2.1)
where f, (1) = f (4, v.(u)). This is called the equilibrium equation. When v+ v,(u)
but close, we expect that the solution of system (1.1) (1.2) propagates according to
the equilibrium equation with a correction coming from the fluctuation v, =
v — v.(u). To see this correction, we perform the following Chapman—Enskog
expansion [5]. Let v = v,(u) + v;. Substitute this into (1.2) to obtain

v + g(u,v)y = h(u,v)
~ hy (0. (1)) 1 .
This gives vy ~ h; (v, + g;). We further expand v, + g, about (0,0) and neglect
all higher-order terms to obtain an expression of v; in terms of u,:
o1 ~ by (o + g (u,0):)
~ hv_](viut + Guttx + gvviux)
~ N (=V, A + Gu + Gt Yty

_ _f:l(i* —113((12 —i*)ux ‘
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Here and after, the functions 4,,g,, 4;, etc. are evaluated at (0,0), A, = f%(0), and
k stands for A, !. In the derivation above we have used that u, ~ —A,u,. This is
due to the assumption that u propagates mainly along the equilibrium direction
dx/dt = . Substitute this approximation of v; into (1.1); we obtain

0=u + f(u,v*(u) + vy )x
~ U +f*(u)x + (ﬁ)vl)x
~ o+ fi(u)e — Vi

where
v= (A — A1)(A2 — A)/k . (2.2)
We notice that the reduced equation
U+ fre(U)y = iy, (2.3)

is well-posed for v > 0. To have a nontrivial influence of fluctuation to system
(1.1) and (1.2), it is natural to make the following stability assumption:

v>0,

or equivalently,
M < de < . (24)

Thus, the fluctuation v; produces a diffusion effect on the equilibrium equation under
the stability assumption and the assumption that all higher-order nonlinear terms are
less important.

2.2. Linear Analysis. We can take another viewpoint to see the effect of fluctuation.
We linearize system (1.1) and (1.2) about (0,0) to obtain

) a) ) =G m) ()
(), =*(&) (%)

The solution operator e’® has the following Fourier representation:

Or equivalently,

L pemingit ge
2n

R =it (J 1Y ()0 (25)

The spectral representations of R(i¢) and e®<) are

with

2
R(S) = Zl ITIUSTAUS
=

. 2 ;
RGO — S et (té)Pj Gé), (2.6)
=1
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respectively. Here, p; (i) is the eigenvalues of R(i&), P; (i), the projection oprerator
to the corresponding right eigenvectors r;(if), i.e. P, =7 ®l;, and [; is the left
eigenvector. From a direct calculation and by using the stability assumption (2.4),
we find that for any &, > 0, there exists a constant § > 0 such that

Rep;(i¢) = P, j=1,2 (2.7)

for |¢| = &. Thus, the fluctuation with frequency |€| = &, decays exponentially. For
low-frequency fluctuation, i.e. |&| << 1, p; (i), j = 1,2 have the following asymp-
totic expansion:

(&) = —idé —vE& + 0(EP) ,

= 1(i&) + 0 (&)%) (2.8)
o (i&) = —k — iE(A + 4o — A) + O(|EP)
=W (i&) + 0(|&P) . (29)

Formula (2.9) indicates that low-frequency fluctuation in the 7, direction decays

exponentially. However, in the r, direction, the Fourier inverse of ¢*1(® is the
kernel of the following diffusion equation:

U + Astiy = Vigy ,

which in turn decays only algebraically. Thus, the long-time, long-range effect of
relaxation is equivalent to a viscous effect in the linear sense.

From the above two observations, we expect the Chapman—Enskog expansion to
be valid in the sense of large time. This means that system (1.1) (1.2) and Eq. (2.3)
are expected to be equivalent time-asymptotically.

3. Main Theorem
It has been shown in [1, 2, 4] that the time-asymptotic solution of (2.3) is a diffusion

wave, which is the self-similar solution of the following Burgers equation carrying
a constant mass m = [ ug(x)dx:

l 1" 2 _
0+ 1.0, + (/1060 = b,
0(x,—1) =md(x) .

This diffusion wave has the following exact expression:

0(,0) = — 0*(“’1*(’“)), 3.1)

Vi+1 Vi+1
m —é 3 1! —_
RGERE i /0=0.

—(n YO if b= fI(0)+0,

¢/
Y& = ebm/4 jﬁe_yz/“dy-i—e"b'”/4 Ofo e_y2/4dy .
- 94
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Since [u — 0dx =0, we may let u = 0 + z,. By a simple calculation, it is natural
to let v = v.(0) — £,716, + w. We substitute them into (1.1) and (1.2) to obtain

z+ fuze + fow =H, , (32)
Wy + GuZex + oWy = hyzy + hyw + H, | 3.3)
where 1 R
1'7] == ﬁ] + Hl N

~ M1 A2
H2:H2 +H2 +H2x 5

Hy = 0(|0] + (00, + 62) , (3.4)
Hy = O(10P + 00| + 62 + 0| + [6c] +106/]) , (3.5)

~2 ~2
Ay Hy = 0(10] + [z + W] + [w]) - (3.6)

We shall measure the initial perturbation by
3 2
b=m+ 3 I1D;z(0)]| + by IDsw @) + 120l + W@ - 37

Here, || - || is the abbreviation of || - |2, and z(¢), the abbreviation of z( - ,¢).
Our main theorem is stated as follows.

Theorem 1. Suppose the initial perturbation 6 <1, then there exists a unique global
smooth solution (u,v) of (1.1) and (1.2). Further, let 0 be defined by (3.1), then the
solution converges to the equilibrium diffusion wave (0,v.(0)) time asymptotically
with the following rate estimates: for [ =0, 1, 2,

_1__ L

D [u(t) = 6] [|lr=O(1 + 1) "2"%, 1< p=<oo,

1D [0(t) = 0 (0] o= 01 + )7 "5, 2 < p<oo.

The proof of Theorem 1 follows easily from an a priori decay estimate of z and w in
the L?-sense, which is the main task of this article. Thus, we shall prove Theorem 1
at the end of this article. To describe such an a priori estimate, we define the
following notations: given any T > 0, define

3
lllzlllr = sup S>(1+0)"*2|Dlzt)| , (3.8)
0t<T =0
2
llwlllr = sup S(1+ )2 | Dlw(n)] , (3.9)
0<t<T =0
and
1
eT)= sup Y (IDLO(®)|oo + IDE'z(1)|oo + IDEW(E)loo) (3.10)
0=t=TI=0

where | « | stands for the sup-norm. Our main task is to prove the following
a priori estimate.
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Proposition 1 (A priori estimate). If ¢(T) of (3.10) and 6 of (3.7) are small, then

lzlllz +[lwlllr = € (3.11)

for some constant C which is independent of T.

We shall break the proof of Proposition 1 into the following two steps:

1. energy and decay estimates for the linearized equations,
2. energy and decay estimates for the nonlinear equations.

4. Proof of the A Priori Estimate

4.1. Decay Estimate for the Linearized Equations. In this section, we study the
decay of solutions of the linearized equations

zi+ fuzx + fow =0, “4.1)
W + GuZxx + GoWx = hyzy + how . 42)

Proposition 2 (Energy estimate). The solution (z(t),w(t)) of the linear equations
(4.1) and (4.2) has the following energy estimate: given any t > 0, any integer
1 = 0, we have

DO+ 104 =) + DI+ IDE 2 + | Dhw(s) | ds

< C(ID:z O + 1D 2(0) [ + D w(0)]1?) (43)
for some positive constant C independent of t.
Proof. Substituting w of (4.1) into (4.2), we obtain the telegraph equation:

zu + (A + A2)2xs + A1 AaZex + k(2 + Auz) = 0 .
Changing the variable to ¢ = x — A,¢ and using (2.2) we obtain
zZy + (A + A2 — 24z — kvzeg + k2, =0 . 4.4)

J(4.4)zd¢ gives

d k R
7 (f +3 nz||2> kv llze I~z lP= A7z

where A = Ay + A — 24,. Applying the Cauchy-Schwartz inequality on [ zze, we
obtain

~2
kd . kv, o 24 ,_ d
- — — [ < -
s I+ e (14 5 ) el s e 49)
[(44)z, dE gives
d /1 o kv 2 2
(5 12l +5 Nzl?) + z)P=0 . (46)
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We choose y > 0 to satisfy

24 k
< =
(1+kv)y=2. (4.7)
Then y(4.5) + (4.6) gives
d (ky 1 kv
a(z Il +5 Nzl +5 uzfn2> Szl 5 el s 92 fae

We integrate this equation in ¢ from 0 to ¢ and apply the Cauchy—Schwartz inequal-
ity to handle [zz. In this process, we require y to further satisfy
4y 1
k= 4°

I\

(4.8)
then we obtain
k 1 k Lk k
7 2O+ 1201 +5 1201 +] (5 12©)F +5* 0l )ds
< (21 + 120 + 1z @) ) - 49)

We can change the variable ¢ back to x to obtain
t
1217 + 2O+ 2O + [ lzx O + [z )| ds
0

< (@I + 12O + 2O ) . (4.10)
Here, we have used that
052> =Cillzx|* £ Calladlezl? < [10clezl|? +Co |z« |

for some positive constants C; and C,. This is followed from chain rule. Similarly,
we also have from (4.1) that

WO =CillzIP £ Gl P Iw®) | +Cillz @) -

Thus, we can further convert ||z || of (4.10) in terms of ||w|| and ||z| to obtain

Iz + @I+ lw®)? +{ lzx)I* + lw(s)|? ds

< C(z) 7 + |z () 1> + [[w(0) )

This proves the lemma for / = 0. Notice that (D’ z, D! w) satisfies the same equation,
therefore (4.3) also holds for / > 0. |

Proposition 3. Let (z(t), w(t)) be the solution of (4.1) and (4.2) with initial data
(z(0), w(0)). Then there exist constants § > 0, C > 0 such that

2> < Ce P (IDxz(0)|I* + [|2(0)|* + [|w(0)]?)
+CL+0)7"2([|20)]2, + [[w(0)]Z) (4.11)
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and
I DLz(t) % | D ()| < Ce 2P (| DLz(0)||* + || DL z(0)||* + || DL w(0)|?)
+ C(L+ )RR (| DE2(0) |2, + IDEw(0)]17:)
(4.12)

for 1 21,0 <k £1— 1. Here, the constant C is independent of t.

Proof. The solution (z(¢), w(z)) of (4.1) and (4.2) has the following Fourier re-

presentation:
1)\ _ gmae) ((15(50)
( W(E 1) ) =t ( Ww(&,0) ) ’ (413)

where R(i£) is given by (2.5). We use (4.13) and the Parseval equality to estimate
|IDLz(¢)||* and ||D:~"w(t)||>. In the integration in the Fourier space, we break
the integral [ d¢ into fl t<to dé + fl f>d dé, where & is a small positive number

to be chosen later. For |£| > &, we have from (2.6),(2.7),(4.13) and the Parseval
equality that there is a positive constant § such that

J G260 + 1G0T (& n)Pde < Ce (|| Dyz(0) > + | Dy w(O) ) -
[¢1>&o
For |¢] < &, [(i&) and # (i) have the following asymptotic expression:

L&) = 1,00+ 0D ,
1(i&) = (—v,(0), 1) + O0(I¢]) ,

166 = fpy ) + 00D
ri€) = (‘1’) +0(ld)) -

We denote the dominating terms of /; (i€)/r;(i&) by l?/r}), respectively and define
P! = rj‘? ® 19. We then choose & so small that when |&] < & we have

Re(—v+O0([¢])) < —a and Re(—k + O(|¢])) < —p

for some constants & > 0 and > 0. Then from (2.8) and (2.9) we have

. 2 i
R0 — 5~ MEOPYE) 1 O(|E])e™ " + O(e ) (4.14)
j=1

for €] < &. Now, from (2.8),(2.9),(4.13) and (4.14) we have

J G EEDPdE S [ e GEY2(E 0) dE
€1 <<o 1€l <4o
+ [ CeE(EZ(E0)P + € (EO)) dé
[¢l<éo
+ [ CeM(|E2(E0)P + €W (E 0)2) dé
[¢1<&o
=1+1+1 .
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0ty -
Here, we have chosen f < k and absorbed the term €2/’ into e=#. We extend
the domain of integration from [£| < & to the whole line. Then

I £|G@)*Dz(0)|?

< PTHEIDEz O
Ct 32 DEz(0) |2, +Ce~ 2= 1 DEw(0) I3
Ce P (I DLz(0)|* + 1D w(O)]1?) -

7
1

IA - 1IA

Here, G(x, t) is the heat kernel —‘t\/l—ﬁe("'l*’ /(4 Similarly,

[1GE (@ DPdE < [ [0y 2(E,0)2
[ <0 [¢| <0

+ CeT M (|EHZ(E 0)F + €W (& 0))
+ Ce (|G 0P + 18w (E 0

=I+0+01I .

The terms I, I and III have the same estimate as above. Summarizing the above
estimations, we obtain

1Dz @), DL w(n)|? < Ce= (D20 + DL w(O)]?)
+ C V2 (D2 ), + 1Dk w () )
+ G D2 (O -

This formula together with the energy estimate (4.3) gives (4.12). Next, we prove
(4.11). We represent (z(t), w(t)) by

Z(E,0) \ _ kae [ 2(&,0)
(Mr)) =e (M,m) ’ (4.15)
where
By iéf, o 0 0
Rw“((ié)zgu iégv)+ (izhu hu) :

Notice that R(i¢) = N'(i&)R(@¢)N (if), where N(if) = (lg ?) Therefore,

R(i¢) and R(i¢) have the same eigenvalues. From (2.7) and (4.15) we have

| lf (2O + (& )P)de < Ce 2 (|lz(0)]* + lw(0)|?) .
E>¢&

For |¢| < &, the eigenvectors of R(i¢) have the following asymptotic expansion:

138 = (L, =k ' f) +0(ED) ,
L3i¢) = (0,1) + 0(|¢])

AiiE) = ((1)) +0(e) ,

-1
Fa(i€) = <”v1f") +0(ié)) -
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By a similar calculation as above we obtain

lz )| <Ce (|2 + [Iw(0)|?)
+C(E + ) (2O + wOZ) -
These formulae together with the energy estimate (4.3) gives (4.11). |

4.2. Energy Estimate for the Nonlinear Equations. In this section, we give an
a priori estimate for the solution of the nonlinear equations (3.2) and (3.3). Let us
assume the solution (z(¢), w(¢)) of (3.2) and (3.3) to exist in [0, 7], where 7 > 0
is an arbitrary number.

Proposition 4. Let us assume the solution (z(t), w(t)) of (3.2) and (3.3) to exist
in [0, T and assume &(T) of (3.10) and 6 of (3.7) to be small. Then there exist
constant > 0,C > 0, which are independent of T, such that we have for t €
[0, 71,

1Dz + 1D 2O + 1D w(®)|]?

t
+ [P (DI )| + DL w)I) ds
0
< Ce(|ID 2@ + 1D 2O)]12 + DL w(O))

¢ [ e (Do) + D) + 1D W) ds . (4.16)
0

Proof. When ¢(T) is small, we can solve w from (3.3) in terms of z, and z,:

w=—f""+ fuz) + £, H + O(10] + |z + |z:) 20 + O(10] + |z:] + |z]) 2.
4.17)

Substituting this into (3.2) and changing the variable from x to & =x — 4.z, we
obtain
ze + (4 + A —2).*)Zt¢—kVZ§§ -z =K, (4.18)

where
K=K +K, + Kz + Ky
~1 ~1
Kl =H1 '—f;JHZ 5
Ki=Az +Bizg, i = 2,3,4,
A,‘, B,:O(|9'+lzt|+|zf|),l:2, 3,4 (419)

Let V denote for (J;, 0¢) and let us define

p(T)= sup i(|V’0(t)loo+IV’“z(z>|oo). (4.20)

0<t<T =0
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We claim that the statement of this proposition is equivalent to the following state-
ment:

V2P + V2@ + [ e 292 ()|? ds
0
< Ce (V2O + V"2 (0)]1?)

t
+Cf e—zf?“-”(nvleu2 + ||v’z||2) ds (421)
0

provided p(T) and 6 are sufficiently small. The proof of this claim is basically
followed by the following lemma.

Lemma 1. There exist constants C;, i = 1, 2, 3, 4 which are independent of T such
that

Cie(T) = p(T) £ Coe(T),
G|IDLO)| £ [|V'0]l £ C||D6]|

10w O]l + 1D 20l < & (IV 20l + e(DITO)] ),
and
IV 20)] £ CaIDIw() + DK 2 (1)) + p(TIDLOOI)

for 0 £t £ T, provided ¢(T)<1 or p(T)<1 .

This lemma can be proved directly by (3.2), (4.17) and Lemmas Al and A2. We
omit the details.

Now, we perform the energy estimate for (4.18) as follows. From Lemma 1,
we may assume p(T') to be small. Let us abbreviate it by p. Let y be the constant
satisfying (4.7) and (4.8). Then fV’(4.18) . (yV’Z + V’Z,)déf gives

4 kyiorie s Lotz o BV yot2) o Kot 2 2 B ot 2
dt(2IIVZII + IV + IV | )+51|Vzt|| +571IV'z|
d
S o V' - Vizdi+ [VIK - V2 + Viz)dE . (422)

Further, [; e~2/t=9)(4.22)ds for any § = 0 gives
k 1 kv
SV + IV O + V2 O
! k
+ [ 70— By [9z(5) + (5 - ﬂ) IV 2()I”
0

k
+(—;’—2 - ﬁkv) ||Vlz¢(s)[|2>ds
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< ye P [1VI2,0) - V'z(0) dE+ y[|V'z(e) - Viz(t)| dE

+ 28y f [e =9\ V!z,(s) - V'z(s)| d¢ ds
0
+ f [ePEDNVIK - (yV'z + Viz,)| dé ds .
0
< Ce (V2 + V"2 (0)]?)

+ VO + LIV + 26 { e PNV ()P + [V'2(5)) ds

t
+ [ [Nk . (yV'z 4+ Viz)| dE ds .
0

Here, we have used integration-by-part and the Cauchy—Schwartz inequality. Now,
we require y to satisfy (4.7),(4.8) and y < }‘. Further, we choose S to satisfy

k

B—2By < 2

and

=
lIA
Bl

Then we obtain

k
D190 + 31921 + 19zl
! k k
+ [P GIVEGP + ZIV 'z 6IP) ds
< C (V2O + [V O)F) + € f | Tz(5) P ds
0

t
+ { [e"BEI\VIK - (yV'z + V'z,)| dé ds . (4.23)

We claim that the last term on the right-hand-side of (4.23) has the following
estimate:

{' Je BEINVIK - (yV!z + V'z,)| dE ds
< Co(IV'zI + IV z(0)I)
+ [H (LTI + Clo+ BTz ds
+ Ce (V) + |V z(0)])
+C {t e U (IVI0()| + |V 2()])?) ds . (4.24)
Once this claim is proved, we can choose f to be small and adjust p to be small

enough so that the first two terms on the right-hand-side of (4.24) can be absorbed
into the left-hand-side of (4.23). Thus, (4.21) is proved. Hence, it remains to prove
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(4.24). We need the following lemma.
Lemma 2. Let A;, B;, i = 2, 3, 4 be defined by (4.19). Then

IV 4l 1V'Bil = (19011 + V"] )
l4iloo, |Bilo = Cp .
Also, we have
[v*el < v,
where C is constant independent of T.

The proof of this lemma follows from Lemmas Al, A2 and (3.1) directly.
Now, we prove (4.24). We recall that K = K| + K, + K3, + K4¢. From Lemma 2,

V'Kl < cl[v'el
and
IV'Kall < IV 42lllzelo0 + IV Ballzeloo + 42100 V20l + |B2loo | V2|
< Co(IV' 0l + IV 2]
Hence,

JV'K - 0V'z+ V'z)| dé < CIIV'K(IV2]] + [ V'z])
k
IV'al + CAVIOIF + [VZP) . (4.25)

IA

CIV'K| (V2| + IV'z]))
Co(IV'OI* + IV2))> + IV 2|y . (4.26)

JIV'Ky - (V2 +Vz,)| d¢ <
=

Next, we estimate [ |V'(0,K3 + 0:Ks) + (yV’z+ V’z,)ldé. We recall that K; =

Aiz; + Bizg, i = 3, 4. We shall only compute the term [ V!0, (43z,) + V'zd¢ in de-
tail. The rest terms can be handled similarly. We have

V!6,(Asz,) = A5V'zy + A§V'z.e + LOT.,

where 44, Ay satisfy (4.19), and L.O.T. are the lower order terms. By Lemmas 2,

Al and A2, the L.O.T. have the following estimate:
ILO.T| < CUIV'OIl + IV 2zt loo + [2lo0) + 143, oo | V'l
< Co(IV'0ll + V"2,
d
[AiNV'!zy - V'zdE = T [ANV'z - V2 — [44, V2 - Viz — [45(V'2,)

d
= Englet . VIZ‘I’CPHVIZ;“(”VIZH + “vlzt”)
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d
JAV 2 - V'z < — [A{V'2 - V24 0|V 2el|(|V 2] + (| V'2]))

dt
1d 1
[A\V'2y - V2, = 57 JAL(V'z,)? — 5 [45,(V'z,)?
1d
< /45 (V') + Col Vi

1
ngllet-f : Vth = —Engg (Vlzt)z = O(p)||Vlz,||2 .

After computing [ |V'0,(Bsz¢) - V'z|d¢, -+, [V'0s(Baze) + V'z,dE by a similar
way, we reach

[IV!(0,K;5 + 0¢Ks) - (yV'z + V'z,)| d¢
SCp(IV'O° + IVl + V7 z))%)
+ % [(AV'z; - V2 + BV'z - V2 4+ C(V'2)* + DV'z, « V'z: + E(V'z:)?)dé
(4.27)
where A4, - - -, E satisfy (4.19). Combining (4.25), (4.26) and (4.27), we obtain
[IVIK - (yV'z +V'z,)| d¢

k
< IVl + Col V2| + C(I Vol + [19'2])

+ % [(AV'z; - V2 + BV'z, - Viz+ C(V'2)* + DV'z, « V'ze + E(V'ze)?)dE .
(4.28)

Finally, [, e=2/¢=*)(4.28)ds and using integration-by-part and that |d|o, -, |E|co
= O(p), we obtain (4.24). 1|

4.3. Decay Estimate for the Nonlinear Equations. In this section, we give the
a priori decay estimate for the solution of the nonlinear equations (3.2) and (3.3).
We need the following two lemmas [2].

Lemma 3. The diffusion wave 0 has the following estimate:
1

IDLO@r = 0B)(1 +1) 272755, 1 2 0.
The proof of this lemma follows easily from the exact expression of 6.

Lemma 4. Let o, f, y be positive numbers. Then

t
[e P91 +5)"ds =01 +1)™* (4.29)
0
ifa<y, ,
L
JA+t—s)PA+s)y7ds=001+1)"" (4.30)
0

fapasp+y—1Lyxlorifa<pf,apf+y—1,7y=1,

f(l +t—s5) Bl +s)7ds=0(1+1)" (431)
)

if“é%d§ﬂ+3’—1a7=|=1,071'](0‘<V,Oféﬂ"'y—l,ﬁ:l'
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Proof of Proposition 1. Let us assume the solution (z(z), w(t)) of (3.2) and (3.3)
exists in [0, T),T > 0 and &(T)<1. We use the following integral representation
to estimate ||D.z(¢)|| and | DI='w(2)|):

z(t) \ _ k@) [ 2(0) S e 1'7(5)
(50) = (30)) + e (1t

_ (0 (1)
= (»ZVO(t)) + (fw)) . (4.32)

From Proposition 3, we have

D> =001 +1)~* s, 120,
IDEW )P =01+~ s, 121,

t
2O = C [ e P (IH|P + (|D:Ha ) ds
0

t
+C [(A+t—s)""2(|H |4 + |DHE) (433)
0
and for [ = 1,

t
IDZOI, 1D WOl < C{6"2’“’_”(Ill?)’f117'1II2 + |IDH P + ||DyH2 1) ds

12 12
+C { (L4t —s) " H|2 +C { (141t — )2,

t t
+C [(A+t—s) DI H |2+ C [(1+1t—s) 2 |Di 13 .

t/2 12
(4.34)
Here,
H=0+8 +H+H
= O(|0P + |00,] 4 |0cx| + 02 + 0] + |(6°)])
+0(10] + |z| + W) (lz| + [w]) (4.35)
Hy = 0(10] + lzx| + W) (Jz:] + [W]) - (4.36)

Let us abbreviate |||z||| + |||w||| by M. By using (4.35), (4.36), (3.8) and (3.9),
and applying Lemmas 3, Al and A2, we obtain
IDLHL|| < O(3)(1 + )2 + 05 + M)(IDE 'z + IDLw]))
ID{L|| < 05+ M)(IIDE 2| + IDyw)
1D Hill £ 01 +5)" 426+ M(6 + M),
1D Hillp < O(1+5)""27"2(5 + M(5+ M) ,
IDI7 Hy || £ O(1 +5)" V27 12M (8 + M),
IH I £ O(1+9)"'(6+M(5+M)),
|Hall < O +s) ' (M@ +M)).
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We apply the energy estimate to handle the term || D/'z||? + || Dlw]|?:
t
JePEINDH )P + 1Dyw(s)|*) ds
0

t
< [ #I(IDLOS)| + I1Diz(s)|)* + DL 'w(s)|*) ds
0

SCc+nPHE+ MY .
By (4.33), (4.34) Lemma 4, and the estimations of H; above, we obtain
IDE@IF < CU+0)7 (6 +M@E+M)P,0=<1<3,
IDEYW )P < CA+ )"V 0+ MO+M)P?, 1 <13
From (3.8) and (3.9), we obtain
M?> < CO+(+M)MY .

Thus, we have
M C

for some constant C which is independent of T, provided 6 and &(T) are small
enough. This completes the proof of Proposition 1.

Proof of the Main Theorem. The local existence and uniqueness of the smooth
solution of (3.2) and (3.3) are followed from the energy estimate with f = 0. The
global existence is followed from the local existence and the a priori decay estimate.
The LP-decay rates of z and w are obtained by interpolation. These proofs are
standard. For reference, see [3]. Finally, the convergent rate obtained in Theorem 1
is the same as the optimal convergent rate to diffusion waves for scalar conservation
laws [2]. Thus, this rate is optimal.

Appendix

We list two well-known lemmas which are used in the paper. For reference,
see [6].

Lemma Al. If u,v € H' N L, then
1D4wo)]| < (JulooIDL] + foloo DLl
IDkwo)l < (JlullDgol] + ol D) -

Lemma A2. Suppose N is smooth function in the neighborhood of 0 and v €
H' N L. Then there is a constant n depending on N and constant C(n) such that

IDIN()|| < C(n)||DLv]) .

provided |v|oo < 1.
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