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Abstract: It is shown that there is a critical value of the Chern-Simons coupling
parameter so that, below the value, there exists self-dual doubly periodic vortex
solutions, and, above the value, the vortices are absent. Solutions of such a nature
indicate the existence of dyon condensates carrying quantized electric and magnetic
charges.

1. Introduction
In this paper, we shall concentrate on a mathematically simplified anyon model
known as the Abelian Chern-Simons Higgs model in which the Yang-Mills or
the Maxwell field term is dropped and the Higgs potential takes a specific form.
The dominance of the Chern-Simons gauge field gives rise to both electrically and
magnetically charged vortices known as dyons. In the recent work [HKP, JW], it
is found that there exists a self-dual structure so that the model permits a class of
topological multivortex solutions with quantized charges similar to the solutions in
the Abelian Higgs equations [JT, Tl, T2] and a class of nontopological solutions
carrying fractional values of charges [CHMcY, JLW, SY1]. This raises hope to
establish the existence of condensates or periodic multivortices in the model. In this
paper, we will present such a result. Note that the vortex condensation phenomenon
in a gauged nonlinear Schrδdinger equation has been established in [O]. There
some evidence, which is consistent with our result here, is also given that there
may exist periodic multivortices in the full self-dual Chern-Simons Higgs model
when the basic lattice cell is sufficiently large so that its approximation by the
gauged Schrodinger equation becomes effective.
In our problem, the self-duality condition requires the specific assumption that
the Higgs potential be of a φ6 type which limits, of course, the applicability of the
theory to general situations. On the other hand, however, the mathematics here is
certainly richer than the classical self-dual Abelian Higgs model where the potential
* Present address: Department of Mathematics, Polytechnic University, Brooklyn, NY 11201,
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function is of a φ type. In the Chern-Simons model the topological solutions
[SY2] asymptotically recover the solutions in the Abelian Higgs model. Besides,
nontopological solutions, which are absent in the Abelian Higgs case, are present in
the Chern-Simons case and give rise to fractional values of electric and magnetic
charges and a continuous spectrum of energies.
In its full setting, the equations of motion of the anyon model assumes a difficult form. However, it may be useful to mention that there has been considerable
attention on the model recently (see [FM1, FM2] and references therein). Mathematically, the anyon model is a classical field theory defined on the (2+l)-dimensional
Minkowski space R 2 ' 1 and contains the coupling of the scalar fields and the YangMills and Chern-Simons gauge fields. The condensate solutions have been discussed
by many people (see [CH, H, IL, P, RSS]) and it is believed that these solutions are
relevant to various important issues in theoretical physics such as high-temperature
superconductivity and the quantum Hall effect. Therefore it is of interest to pursue a
mathematical study of the existence of the condensates or stationary periodic vortices
in the anyon model, or sometimes, its simplifications such as the one studied here.
An interesting connection may be made of our problem with Abrikosov's mixed
states [Ab] in a type-II superconductor, also known as condensates, whose existence
is due to a sublevel magnetic excitation. There the excited state always exhibits a
lattice type periodic structure so that the total magnetic flux through a basic cell
can only assume a few selected values related to the local defects. These defects
are represented by the zeros of the order parameter and are indications of a partial
destruction of superconductivity. The order parameter is just the Higgs scalar and
the quantized flux is characterized by the winding number of the scalar field around
the boundary of a lattice cell. In fact, the winding number is actually related to
the number of algebraic zeros of the field confined in the interior of the cell. It is
already known that, in the self-dual coupling, such a picture may be realized exactly
and the number of zeros of the Higgs field or the vortex number for a solution in
a periodic region is bounded from above by a threshold depending on the size of
the region [WY], but independent of the locations of the vortices. Our analysis in
the Chern-Simons case here seems to indicate that a similar threshold depends on
these locations.
Here is an outline of the contents of the paper to follow. In the next section, we
derive the governing self-dual equations for the Chern-Simons vortices in a periodic
region using the method of [JW] and the 't Hooft periodic boundary condition
['t H]. We then state our existence theorem. In Sect.3, we use a sub/super solution
technique to construct the solutions of the underlying elliptic equation. In Sect.4,
we sketch an alternative variational approach to the problem.

2. Periodic Multivortices
We adapt the notation in [JW]. The (2-1-1 )-dimensional Minkowski spacetime metric
is diag( 1,-1,-1) which will be used to raise or lower indices. The Lagrangian
action density of the Chern-Simons Higgs theory is

if - (Dμφ)(D»φT + \κε^AaFβy

- V(\φ\) ,

where Dμ = dμ — iAμ,Aμ is a 3-vector field called the Chern-Simons gauge field,
φ a complex scalar field called the Higgs field, F^β = d^Aβ — dβAol9oί9β,y,μ =
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0,1,2, K > 0 the coupling parameter, ε°^r totally skew-symmetric with ε 0 1 2 = 1,
and V the Higgs potential function.
The Euler-Lagrange equations associated with the action density j£? are

=f =
(1)

= -$r,

where j * — (p, j) is the conserved matter current density and F\2 the magnetic field.
In the self-dual model [HKP, JW], the potential function takes the triple-well form

K

In the rest of the paper, we shall always observe this assumption.
We are to look for stationary solutions of the Chern-Simons equations (1) over
a periodic cell with a gauge-periodic boundary condition to be specified later. Since
the α = 0 component of the first equation in (1) reads
κFl2=f

(2)

= p = -2Ao\φ\\

the magnetic flux Φ and the electric charge Q are related by the equation
= Jpdx = Q .

Φ = κfFndx

K

(3)

On the other hand, it is straightforward to see that the energy-momentum tensor
of ζ£ is given by
Tμγ = 2Re{(Dμφy(Dvφ)}

- gμv[{D,φ){D'φf

- V(\φ\)] .

Thus the energy density $ = Too is written in view of (2) in the form

where j = 1,2.
In order to introduce a suitable periodic boundary condition, we recall the gaugesymmetry of if given by the general expressions
φ i—» (/>elω,

Aμ —
i > Aμ -|- dμω ,

Since we are interested in stationary field configurations, the above gauge-symmetry
becomes
ιω
φ\-^φQ ,
AQ H^ AO, AJ —
i > Aj -f- djco ,
(5)
where ω is a real-valued function of the spatial coordinates xj (j = 1,2) only.
We are now ready to examine the 't Hooft boundary condition.
Consider a basic lattice cell Ω in R 2 generated by independent vectors a1 and a2:
2

x

2

G R I x = s\a +s2a ,

Q = {x = (xux2)

0 < sus2

< 1} .

Define
k

2

Γ = {x e R I x = ska\

0 < sk < 1},

k = 1,2 .

Then the boundary of Ω is given by
ΘΩ = Γι U Γ2 U {a1 + Γ2} U {a2 + Γ 1 } U { O , ^ 1 ^ 2 ^ 1 + β 2 } .
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In view of the gauge transformation (5), we impose the following 't Hooft
boundary condition on Ω:
exp(i&(x + ak))φ(x + ak) = exp(iξk(x))φ(x) ,
A0(x + ak) =Ao(x) ,
(Aj + djξk)(x + ak) = (Aj + djξk)(x),
1

2

έ

JCG Γ U Γ - Γ ,

(6)

λ = 1,2,
2

where ξ\,ξi are real-valued smooth functions defined in a neighborhood of Γ U
{V + Γ 2 },Γ ! U {α2 + Γ 1 }, respectively.
It will be more convenient to denote the value of a function ξ at a point x =
sitf1 +S2# 2 G Ω b y £CSΊ,5 2). Since 0 is a single-valued complex function, its phase
change around Ω can only be a multiple of 2π. Thus, the boundary condition (6)
leads to the equation
, 1 " ) - 6 0 , 0 + ) + 6(0,0+) - 6 ( 0 , 1 " )
+ &(0 + , 1) - 6 ( 1 " , 1) + 6 ( 1 " , 0 ) - 6 ( 0 + , 0 ) + 2π7V = 0 ,

(7)

for some integer N. As a consequence of (6)-(7), we obtain
φ = jFndx

= jAjdxj = 2πN ,

(8)

dΩ

Ω

which says by (3) that the magnetic flux and electric charge are both quantized in
a cell domain. Without loss of generality, we assume N ^ 0 in the sequel.
To calculate the energy, we follow [JW] to rewrite (4) as
1 Γ

9

Ί

I^|F12 + -|^|(|^|2-1)

2

+\Dιφ + iD2φ\2+Fn

by using the identity \Djφ\2 = \Dxφ + \D2φ\2 + i[(Dιφ)(D2φ)* where
2
A = -Fn\Φ\ + i[φiφ){D2φγ (Diφnihφ)]
= lm{djεβφ*(Dkφ)}

+Λ

(9)

(Dλφ)*(D2φ)],

is a total divergence whose integral over the cell Ω vanishes by virtue of (6). Thus,
applying (8) in the decomposition (9), we find
E(φ,A) = JSdx ^ Φ = 2πN ,
Ω

with equality fulfilled if and only if the pair (φ,A) satisfies the self-dual equations

2Ao\φ\2 = O,

(10)

subject to the periodic boundary condition (6)-(7). It is straightforward to examine
that the solutions of (10) satisfy the full Chern-Simons equations (1). The system
(10) was first discovered in the work [HKP, JW] on a full space setting. We have
just rederived it on a general periodic lattice cell. The solutions of (10) subject
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to the boundary condition (6)—(7) are condensates which saturate the designated
energy level labeled by the integer N. Such an energy level is actually determined
by the number of vortices confined in the cell. One of the interesting results below
is the conclusion that there are only finitely many possible energy levels for each
given Chern-Simons coupling parameter K.
To formulate our problem properly, recall that the first equation in (10) says
that, locally, φ is holomorphic up to a nonvanishing multiple. Therefore the zeros
of φ are isolated and have integer multiplicities. These zeros give the locations of
point vortices. Let the zeros of φ be p\,...,pm
with multiplicities n\,...,nm, respectively. Then N = n\ -\- - + nm is the total vortex number which leads to the phase
condition (7). Namely, the vortex number gives the winding number of φ around
the boundary of a lattice cell and thus determines the quantized magnetic and electric charges. Counting algebraic multiplicities, an TV-vortex solution is represented
by a solution so that φ has N zeros. Our basic existence problem for 7V-vortices
is: Under what conditions, does the system (10) permit a solution satisfying the
periodic boundary condition (6)-(7) and realizing a prescribed TV-zero set for the
Higgs field φΊ Our main existence theorem is stated as follows.
Theorem 1. Let p\,...,pm
E Ω,n\9...,nm be some positive integers, and N = n\ +
Ynm. There is a critical value of the coupling parameter, say κc, satisfying
the upper bound
1

l\n\

(Π)
so that, for 0 < K < κc, the self-dual Chern-Simons equations (10) subject to the
periodic boundary condition (6)-(7) have an N-vortex solution (φ,A), for which,
Pι,...9pm a r e the zeros of φ with multiplicities n\9...9nm, respectively, and the
energy, magnetic flux, and electric charge are given by the formulas
E = 2πN,

Φ = 2π7V,

Q = 2πκN .

Moreover, the solution can also be chosen so that the magnitude of φ,\φ], has
the largest possible values. Such a solution is called a maximal solution which
represents a state that is the most superconducting. If K > κc, Eqs. (10), subject to (6)-(7) have no solution realizing the zeros p\,...,pm,
with respective
multiplicities n\,..., nm.
Furthermore, let the prescribed data be denoted by S = {p\9...9pm;
n\,...,nm},
where the n's may also take zero value, and, write the dependence of κc on S by κc(S). For Sf = {p\,...,pm\n\9...,n'm},
we write S g S'
if n\ ^ n[9...9nm ^ n'm. Then κc is a decreasing function of S in the sense that
κc(S')

S κc(S),

whenever S ^ S' ,

(12)

The inequality (11) says that, for any given coupling parameter K, the periodic
Chern-Simons system over Ω can only have finitely many saturated energy levels
of the form E = 2πN.
In the following sections, we present proofs of these results. The construction
employing sub/super solutions should be useful to numerical simulations of the
multivortex solutions. We will show that the iterations can always start from a
largest supersolution (with some point singularities) so that the desired solution
obtained in the limit is the maximal solution. Although we do not have accurate
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estimates for the critical number κc, the analysis suggests that it seems to depend
on the locations of vortices as well as the total vortex number. Another interesting
approach is through a variational principle subject to an inequality type constraint.
There is a Lagrange multiplier problem if the minimizer occurs at the boundary of
the admissible set. A crucial part in the proof is to show that, as far as the parameter
K is not too large, the minimizers must be interior. Due to an obstacle arising
from the optimal constant in the Trudinger-Moser inequality which is important in
our alternative variational approach, we have to assume then that the locations of
vortices are sufficiently even in the region. Fortunately, such a gap is filled by the
sub/super solution approach.

3. Construction of Solutions
For convenience, we introduce the new parameter λ — 4/κ2. In this section, the
prescribed zero set of φ is written Z(φ) — {p\,...,pN}
containing all possible
multiplicities. Then the new variable u = ln\φ\2 reduces the system (10) to the
equation
N

Au = λeu(Qu-

l) + 4πJ2δPj

in Ω ,

(13)

7=1

where δp is the Dirac distribution concentrated at p e Ω. The boundary condition
(6) implies that we are now looking for a solution of (13) defined on the doubly
periodic region Ω or the 2-torus Ω — R2/Ω. In the rest of the study, we always
observe this assumption.
Conversely, if u is a solution of (13), it is well established that (see [JT]) a
solution pair (φ,A) of (10) may be constructed according to the rules
N

1
1

φ(z) = e x p ( - φ ) + i]T>g( z - Pj)) >
2

j=ι

Ax(z) = -Re{2i<3*ln φ(z)} ,
A2(z) = -Im{2iδ*ln φ(z)} ,
where z = x\ + ix2 and d* = (d\ + i^2)/2. Thus it is enough to solve (13). All the
functions below are defined on the 2-torus Ω.
Let UQ be a solution of the equation (see [Al])
4πN
\Ω\

N

\

Inserting u = u$ + v into (13), we obtain
Λυ = λQu^\^+υ

ΛπN
- 1) + -j— .
\Ω\

Integrating this equation on Ω yields the constraint

(15)
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Thus we are led to the following necessary condition for existence:

4> W
as expected. We introduce a monotone iterative scheme to solve (15):
(Δ -K)vn

= λςPO+Vn-HeUo+v^ _ 1) - ^ ^
v0 = - w 0 ,

+

40_?

n = 1,2,... .

(18)

Lemma 2. Let {vn} be the sequence defined by the scheme (18) with K ^ 2 1
Then
VQ > v\ > v2 > - > vn > - - - > v(19)
for any subsolution V- of (15). Thus, if there exists a subsolution, the sequence
{υn} converges to a solution of (\5) in the space Ck(Ω) for any k ^ 0 and such
a solution is the maximal solution of the equation.
Proof We prove (19) by induction.
First, it is standard that vx e C°°(Ω - {pu...,pN})Γι
Ca(Ω) (0 < α < 1).
Since (A — K)(v\ — v0) = 0 in Ω — {p\,...,pN}
(see (14)) and v\ — vo < 0 on
dΩε, where Ωε is the complement of Uy=i{ χ ll x ~ Pj\ < ε l m ^ w i t n ε sufficiently small, the maximum principle implies v\ — vo < 0 in Ωε. Hence υ\ — vo < 0
throughout.
Suppose that v0 > v\ >
> Vk. We obtain from (19) and K ^ 2λ that
(Δ - K)(υk+ι

-vk)

= 2e2w°(e2y* - e 2 ^-^) - K(vk - υk-X) - Aew°(e^ ^ 2λc2u°+2w(vk

eυ^)

- ^_i)

- υh-X)-K(Όk

where vk S w ^ ^ - i ^ ^o The maximum principle implies Vk+\ — v^ < 0 in Ω.
Next, we establish the lower bound in (19) in terms of the subsolution v- of
(15), namely, v- e C2(Ω) and
u +v

u +v

Δυ_ ^ λe ° -(e » -

AπN
- l)+ Zgl .

(20)

Initially, we have in view of the definition of vo and (20) that
Δ(υ- -v0)

= Δ(vUQ

+u0)
v

UQ+v

^ λe + ~(e

-

v

v

Ό

Ό

- 1) = λe -- °(e -- o

~ 1)

in Ω — {P\,...,PN}So if ε > 0 is small, then V- — v0 < 0 on δί2ε, and by the
maximum principle, we have v- — VQ < 0 in Ωε. Hence υ- — vo < 0 throughout
Ω.
Now suppose that v- < v^ for some k ^ 0. Then (19)-(20) give us
(A -K)(υ-

- υk+x) = XQ2U\Q2V~

- Q2vk)-K(v^

^ 2/le2Mo+w(ί;_ -vk)-

- vk) - λeu°(eυ- - QVk)

K(v^ - vk)

where υ- ^ w ^ vk ^ VQ. SO the maximum principle again implies that ι?_ < vk+\.
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The statement of convergence follows from (19) and a standard bootstrap
argument.
The proof of the lemma is complete.
Lemma 3. If λ > 0 is sufficiently large, Eq.{\5) has a subsolution υ- satisfying
(20).
Proof Choose small ε > 0 so that the balls
pj;2ε)

= {x € Ω \ \x - pj\ < 2 ε } ,

satisfy B(pj;2ε) ΠB(pj/;2ε)
0 ^ fe <, 1 and

j = 1,2,...,YV

= 0 for Pjή= p/. Let fε be a smooth function so that

Λ(x)=l,
/«(*) = 0,

j = 1,2,.. .,W ,

xeB(pj;εl

x£UB(Pj;2ε).
7=1

Then we have

Define

Since f gε = 0, we know that the equation
Λw = ^ ε

(22)

has a solution which is unique up to an additive constant.
First, from (21), we see that, for x 6 B(pj\ε),

(!

<23>

if ε is small enough. In the following, we fix ε so that (23) is valid.
Next, we choose a solution of (22), say w 0 , to fulfill
iy

(24)

χ e Ω >

Therefore, for any λ > 0, we have the inequality
ΔWQ

= gε > 10.
^ Ae"o+-o ( e «o+-o_ 1 ) + 4gv ?

χeB(pj

ε), j = 1,2,. ..,7V .

Finally, set
μ 0 = inf{eWo+wo | * e Ω - j j 5 ( Λ ;ε)} ,
7=1

μi

= sup{eWo+w° I x G Ω- \jB(Pj',ε)}
7=1

.

(25)
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w

Then 0 < μ0 < μ\ < 1 ande o+ o(e"o+H'o - 1) ^ μo(μι - 1) = - C o < 0 for x G
8
a
Ω — Uy=i B(Pj> )' As consequence, we can choose λ > 0 sufficiently large to
fulfill (25) in entire Ω. Thus, wo is a subsolution of (15).
The lemma is proven.
Lemma 4. There is a critical value of λ, say λc, satisfying

so that, for λ > λc, Eq. (15) has a solution; while for λ < λc, the equation has
no solution.
Proof. Suppose that υ is a solution of (15). Then u = u0 + v verifies (13) and is
negative near the point x = pj,j = 1,2,...,N. Using the maximum principle away
from the points p's, we find that u < 0 in Ω.
Define A = {λ > 0 | λ is such that (15) has a solution }. Then A is an interval.
To show this fact, we prove that, if Λ/ G A, then [Λ/,oo) C A. In fact, denote by v1
a solution of (15) at λ — λ1. Since UQ + v' < 0, we see that v' is a subsolution of
(15) for any λ ^ λ!. By virtue of Lemma 2, we obtain A G A as desired.
Set Λc = inf A. Then A > \6πΉj\Ω\ for any Λ, > λc by (17). Taking the limit
λ —> 2 O we arrive at (26). Thus the proof is concluded.
Recall the notation in Theorem 1 for the data of the prescribed zeros of the
H i g g s field. N a m e l y , S = {pu...,pm'9nu...,nm}9Sf
= {p\9...,pm;n[9...,nfm},
and
f
the order S ^ S . Then the corresponding statement in Theorem 1 is related to the
solvability of the following form of Eq.(13),
m

Au = λeu(eu-l)+ΣnjδPj>

(27)

7=1

in view of the parameter λ. We denote the dependence of λc on S by λc(S) (see
Lemma 4).
Lemma 5. λc(S) S λc(Sf) for S g Sf. Hence (12) holds.
Proof We need only to show that, if λ > λc(Sr\ then λ ^ λc(S).
Let u' be a solution of (27) with ΆJ•• = n'pj — 1,2,...,ra and UQ satisfy

|β|

where N = /ii +
Av- -

m

4πN

Au0

π

i=i"y

'

'/'

- + nm. Then the substitution u' = wo + V- leads to
+»

n , 4πN

1 ) +

ι 4, ί

|Ω| +

^Z^V^y
7=1

n

j)°P, •>

which implies in particular that V- is a subsolution of (15) in the sense of distributions and (19) holds pointwise. However, since the singularity of V- at x = pj is
at most of the type In |x - px\, the inequality (19) still results in the convergence
of the sequence {υn} to a solution of (15) in any C^-norm. In fact, using (19), we
see that {vn} converges almost everywhere and is bounded in the L2-norm. Hence
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the sequence converges in L . Similarly, the right-hand side of (18) also converges
2
2
in L . Applying the standard Z -estimates we see that the sequence converges in
2 2
W ' to a strong solution of (15). Thus a classical solution is obtained. The conk
vergence in C follows again from a bootstrap argument. This proves λ ^ λc(S).
f
Thus λc(S) ^ λc(S ) as expected and the lemma is proven.
It is clear that the lemmas of this section furnish the proofs of all the statements
made in Theorem 1.

4. An Alternative Variational Treatment
In this section we formulate a variational solution of Eq.(15) by using an inequality
type constraint. This problem is of independent interest due to the two exponential
nonlinear terms in (15). Recall that a similar equation of the form Δv = K$ — KQV
arises in the prescribed curvature problem for a 2-surface, compact or noncompact,
which has been studied extensively [Av, CY, KW1, KW2, KW3, Me, Ni]. A basic
structure of this latter problem is that it permits a constrained variational principle
so that the Lagrange multiplier arising from the constraint naturally recovers the
original coefficient in the equation. In our equation (15), the two exponential terms
ruin such an approach because the Frechet derivative of the constraint functional
cannot assume a suitable form allowing the recovery of the original equation. Our
variational treatment of (15) can be briefly sketched as follows. We first replace
the equality constraint (16) by an inequality constraint which is equivalent to the
solvability of the equality constraint and defines the admissible set, j / , for a suitable
objective functional, /. We then show that when λ is large, the minimizer of/ will
stay in the interior of j / ; hence we are able to avoid the Lagrange multiplier
problem arising from the equality constraint. Finally we prove that the minimizer
obtained in a small space is actually a critical point of / in the usual Sobolev space.
Thus a solution of (15) is found.
We concentrate on the case that the points pi >»..>/?# are so evenly located
that the lattice region can be divided into N periodic subregions and that the full
problem is an N replication of the problem on a subregion. To solve such a problem,
it suffices to consider (15) with N = 1. This restriction comes from the optimal
constant in the Trudinger-Moser inequality which will become clear later.
w
We use the notation U = e °. Then (15) takes the form
4π
Aυ = λUeΌ(Uev-l)+-—
\U\

(28)

The function U ^ 0 is smooth since it behaves like ln|x — p\2 near the prescribed
vortex point p.
We shall work on the standard space H = Wl'2(Ω) (the set of doubly periodic
functions). Then
Hr =
Ω
7

is a closed subspace of H and H — R + // . Namely, for any υ 6 H, there is a
unique number c e R and v' G H' so that
v^cΛ-v' .

(29)
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Suppose that υ G H given in (29) satisfies (16). Then
2c

2

2v

c

v

- e fUe ' + ^

e fU e '
Ω

=0.

(30)

A

Ω
c

Of course (30) is a quadratic equation in t = e which has a solution if and only if
2 2v

^ 0.

-^-fU e '
\Ω

Λ

/

(31)

Ω

In this case we may choose c = c(ι/) in (30) to satisfy

{

}

With t;7 satisfying (31) and c given by (32), we define a functional / on H' by
the expression
I{v') = j(\\W\2

+ ?-U2e2c+2v' - λUzc+υ'X

+4πc .

(33)

Set stf = {v' e Hf I v' satisfies (31)}. Consider the optimization problem
υ' erf}

.

(34)

We shall find some condition under which the problem (34) has only interior
minimizers.
Lemma 6. For υ' G H1 on the boundary of rf, namely,

^JW^O,
\Ω

A

/

(35)

Ω

we have I(v') ^ —4π In λ — C for some constant C > 0 independent of λ.
Proof From (32) and (35), we obtain
v

JUe '
Ω

8π

Ω

Therefore a simple calculation shows that
1
/(«/) = - 6 π + l | | V i / | | ! + 4 π c ,

(37)

where and in the sequel we use || H2 to denote the usual L2-norm on Ω.
We now recall the Trudinger-Moser inequality [A2]

JV' ίΞ C(ε)exp| [ ^ + ε] ||V«;Ί||}, vf & H1 ,

(38)
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where ε > 0 is arbitrary. We are going to use (38) to estimate the lower bound
of/ on ds/. The optimal constant l/16π presents a basic obstacle in the general
problem.
We rewrite (36) as
v

c = In 8π - lid - ln( fUe

) .

(39)

Let p,q > 1 be conjugate exponents to be determined so that l/p+ l/q = 1.
In view of the Schwartz inequality and (38), we have the following upper bound

for \n(JUev'y

'iίue")s >(r)+Hf'
Vi Ίli + hn C(ε) .

(40)

Using (39)-(40) in (37), we arrive at

]

)

2

- 4 π ]nλ-C(ε,q)

.

(41)

We can choose suitable ε > 0 and q > 1 above to make the coefficient of the first
term on the right-hand side of (41) positive. Thus Lemma 6 is proven.
We now evaluate / at an interior trial point in the admissible set srf. For convenience, we choose ι/ = 0 as a trial element.
Lemma 7. Suppose that λ > 0 is sufficiently large so that

i.e., υf = 0 lies in the interior of si. Then there are constants C\,C2 > 0 independent of λ so that 1(0) S -C\λ + C2.
Proof Assume that CQ = c is given by the expression (32) with v' — 0. Equation
(30) with c = Co and v' = 0 enable us to obtain

L

h

\

L

J

However, Eq.(32) says that

Inserting this into (42), we obtain
2

Recall that U is independent of λ. Therefore the lemma follows.

(42)
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From the above two lemmas, we see that there is a λo > 0 so that
7(0) < - 1 + /(w'),

w'edst,

λ>λ0.

(43)

So it is hopeful to get an interior minimizer for (34). From now on we always
assume that λ is such that (43) holds.
Lemma 8. There are constants C\,C2 > 0 so that
I(v') ^ C Ί | | V ! / | | i - C 2 ,

i/Grf.

Proof. Using (31)—(32), we have

As a consequence,
(44)
On the other hand, the two exponential terms in I(v') (see (33)) are easily
controlled. In fact, using the Schwarz inequality, we have
jrr2

2c+2υ'

Finally, inserting (44)-(45) into (33) and applying the inequality (38) again as
in the proof of Lemma 6, we arrive at the conclusion of the lemma.
Lemma 9. The problem (34) has a minimizer v' which lies in the interior of the
admissible set stf.
Proof. Let {v'n} be a minimizing sequence of (34). From Lemma 8 and the Poincare
inequality, we see that {υ'n} is bounded in 77'. Therefore we may assume without
loss of generality that {v'n} weakly converges to an element of 77', say v''. Since
the mapping H' —> L(Ω) given by / —
ι >• e ^ is well-defined and compact (see [Al]),
r
we know that υ' £ si and c(v'n) —>• c(υ ) as n -+ oc. Applying this observation in
(33) we see that υ' is a minimizer of (34). Moreover, (43) implies
I(v') S - 1 + inf{/(M/) I w' e 8 J / } .
In other words, ι/ belongs to the interior of si. The lemma is proven.
Since our optimization problem is defined on the subspace Hr of H, it is not
obvious whether a critical point of / in H1 gives rise to a solution of Eq.(28). In
the following, we will examine that the composition c + v' with c defined by (32)
indeed is a critical point of 7 in the full 77 and thus solves Eq.(28).
Lemma 10. Let v' be the minimizer produced in Lemma 9 and the number c
defined by (32). Then v = c -f v' is a solution of (28).
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Proof. In fact, since vf is an interior minimizer, the Frechet derivative of / at υr
vanishes. Namely,
=0

[δl(v')](w')

for any W G H' .

It is more convenient to rewrite the above equation in the functional form
0 = / { Vi/ Vw' + λ[U2e2c{v')+2υ'
Ω

U^v>)+V'}w'\

-

^

*

^}

(46)

Ω

where the numerical factor in front of the second integral above, i.e.,
d

/

i

i

\

is the directional derivative of c at v' along w'. On the other hand, in view of
Eq.(30), the second integral above actually vanishes. Thus (46) takes the simplified
form
Vw' + λ[U2e2c+2v' - £ / e c + 1 V } = 0 .

/ {Vi/
Ω

(47)

}

^

Set X = L2(Ω) and consider the decomposition X = R +X\ where

X' = if ex
Choose a suitable σ G R such that
λ(U2ε2c+2v/

-Uec+v')

Then the relation H' c X' and (47) imply that
0 = / ίW
- / {W

- Vω ; -f- (λ[U2e2c(v')+2v'
r

2

V(α + w ) + (/l[ί/ e

2φ/)+2ί;/

- C / e ^ ^ ] + σ)(a

for any α G R. Consequently,
/ {Vί/ Vw' + (λ[U2e2c+2v'
Ω

- Uec+V'} + σ)w) = 0 ,

L

Vw e H .

j

This equation implies that υ' is a smooth solution of
Jt;' = λUec+Ό'(Uec+υ'

- 1) + σ .

Integrating (48) yields
λf(Uec+v/
Ω

-U2e2c+2c')

= σ\Ω\.

(48)
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Comparing the above equation with (30) we obtain immediately σ\Ω\ = 4π.
Thus, by (48), we see that v = c + v' solves (28) and the existence proof is complete.
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