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Abstract. It is proven that integral expressions for conformal correlators in sl(2)
WZW model found in [SV] satisfy certain natural algebraic equations. This im-
plies that the above integrals really take their values in spaces of conformal
blocks.
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1. Introduction

Let P! be a complex projective line with a fixed coordinate z, A! = P! — {co}. Let g
be a complex simple Lie algebra with a fixed invariant scalar product (, ) defining the
symmetric invariant tensor {2 € g® g, Ly,..., L, its irreducible representations.
Set

W=(L®L,& - QL,),-

* The second author was supported in part by the NSF grant DMS-9202280. The third author was
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(For a representation M, we will denote be M the space of coinvariants M /aM.)

Consider the trivial vector bundle % over the n-dimensional affine space A"
with the fiber W. The system of the Knizhnik-Zamolodchikov differential equations
(cf. [KZ])

6¢(z) _ 1 Z £2,;¢(2)

Z — 2
J#t ’ J

) €]

i=1,...,n, defines the flat connection in %Z". Here ¢(2) = ¢(2,...,2,) € W, Q”
are the usual linear operators in W defined using {2, k # 0 is a complex parameter.
Suppose that x = k + g, where ¢ is the dual Coxeter number of g, and k is
a positive integer. Let 8 € g be the highest root normalized in such a way that
(8,6) = 2. Suppose that highest weights , of representations L, satisfy inequalities

(;,0) < k. In that case the flat bundle %" is not irreducible: it admits a certain
remarkable quotient 77" defined by some set of algebraic equations.

Let us describe this quotient bundle explicitly for the case g = s/(2). Pick
Chevalley generators e, f, h € g. Suppose that L, has the spin m,/2. Then the
fiber of 7" at the point (2, ..., z,) is the quotient of W over the subspace spanned
by elements of the form

Z(zif(i))k_mn+l+lm (2)

i=1

for some z, where f® denotes the operator f acting at the i factor. For details,
see Sect. 2 below. This quotient was described (in a slightly different form) in
[TK].

For an arbitrary g the definition is analogous, cf. [FSV]. The bundle % is the
fundamental object of the Wess-Zumino-Witten model of the Conformal Field Theory
(with the central charge k). We will call it the bundle of conformal blocks since its
horizontal sections are called “conformal blocks” by physicists.

In the work [SV] we have constructed horizontal sections of the dual bundle

v *, i.e. solutions of KZ equations, using generalized hypergeometric integrals.
The main result of the present paper (Theorem 3.4.1, Corollary 3.4.2) and of the

next one says that the above integrals actually lie in the subbundle ™ C %™*.
In other words, the above solutions satisfy the algebraic equations dictated by the
operator (2) (or its analogue for an arbitrary g). This result was announced in
[FSV].

The present paper treats the case g = s/(2). We decided to devote a separate paper
to this case since it is simpler in formulation and admits a proof which is simpler
and different from the general case. The next paper will be devoted to the case of a
general simple Lie algebra.

2. Spaces of Conformal Blocks

Throughout this paper g will denote the complex Lie algebra s/(2). N will denote the
set of nonnegative integers.
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2.1. Representations of g

Fix the Chevalley generators e, f, g € g; put n_ = Cf,n,_ = Ce, b = Ch, so that
g =n_®hdn, is the Cartan decomposition. We fix an invariant form (, ) on
g normalized in such a way that (h,h) = 2. If M is a representation of  we set
M, ={z € M | hz = mz}.

For a complex number m denote by M (m) the Verma module over g which is
generated by a vector v subject to the defining relations ev = 0 and hv = muv. The
Shapovalov form is the unique symmetric bilinear form

M(m)® M(m) — C
characterized by the conditions
Sw,v) =1, 5(fz,y) = Sz, ey)

for all z,y € M(m). One deduces easily from them that S(fPv, f9v) = 0 for p # ¢,
and S(fPv, fPv) =c¢ where

m,p
Cmp = PIM = 1)+ (M — p + 1), 3)

We can consider S as a map
S:M— M*,

where M* = @M, M being the dual space to M”. The quotient L(m) = M/ ker S
is irreducible. If m ¢ N then S is an isomorphism. If m € N then kerS is the
submodule generated by the singular vector f™*!v and we have an exact sequence

0— M(—m —2) — M(m) — L(m) — 0.

2.2. Representations of §

2.2.1. Let § be the corresponding affine Lie algebra: § = g[7,T~'] ® Cc with the
bracket

[aT*,bT7] = [a,b] " + i(a, b)6, ; o¢
a,b € g (see [K], ch. 7). Set fo = €T, f, = f, e = fT, e, = e, hy = c— h,
h; = h. These elements generate § and satisfy the usual relations corresponding to
the Cartan matrix of type A(ll), [K]. Throughout the paper we fix k € N (the value of
central charge). The action of ¢ on all representations of § will be the multiplication
by k.

2.2.2. Verma modules, Weyl modules and irreducible representations. For m € C we
denote by M (k —m,m) the Verma module over § generated by one vector v subject
to the defining relations e,v = 0, 1 =1,2; hyv = (k — m)v, hjv = mo.

Set gt = g[T] C §; let € : g* — g be the homomorphism sending T to 0. For a
representatlon M of fg consider the §-module induced from ¢*M by the 1mbedd1ng
§T C §; denote by M the quotient of this module by the relatlon c=k. M is called
the Weyl module corresponding to M. For example, M (m) = M(k — m,m). For
typographical reasons, we shall denote this module M (m).
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If m € N, then M (m) has singular vector z; = flm“v, and we have an exact
sequence

M(—m — 2) — M(m) — L(m) — 0. @)

If in addition m < k then M (m) has another singular vector z, = é“m“v. We

define L(m) to be the quotient of M (m) over the submodule generated by z,, and z,.

It is the unique irreducible quotient of M (m). Such irreducibles are called integrable
(K1, 10.4.6); they will be the most important for us.
We have an exact sequence

L@k — m +2) — L(m) — L(m) — 0. 5)

223. Set fy = fT\, f, = e, é, = €T, & = f, hy = h+ ¢, h; = —h. These
elements give another set of the Chevalley generators of g.

Suppose that m € N, m < k. Let M (k—m, m) denote the Verma module generated
by v subject to the relations €,v = 0, 7105 = (k — m)v, 7111) = m7. Let L(m) be its
irreducible quotient. We have an isomorphism

L(m) = L(m), ©6)

sending v to f™v.

2.3. Spaces of Coinvariants

Consider a complex projective line P! with a fixed coordinate z, and n + 1 distinct
points z,,...,2,,2,,, = oo init. Set U = P! — {z,,... }; let g(U) be the Lie
algebra of algebraic functions on U with values in g.

At each point z; we have a local coordinate, namely z — z; for 0 < ¢ < n, and
1/z for i = n + 1. This defines the embedding

) Znl

g(U) — gllT, T~ 11", ©)

sending a function to a collection of its Laurent expansions at points zi, ..., 2, .

Let g™*! denote the central extention of g[[7, T~ ']]"*! with the one-dimensional

center, corresponding to the sum of cocycles (2.2.1). By the residue theorem, (7) lifts
uniquely to the map

g(U) — g™, ®)

the lifting being defined by the same formula (7). Now, given representations
Ny,...,N,,, of §, their tensor product N; ® ---® N, is naturally a g"*! module,
hence a g(U)-module, and we can form the space of coinvariants (N, ®- - -QN,,, )y -

2.3.1. Lemma. Suppose we are given n+1 g-modules M, ..., M, . The canonical

embeddings M, — ]\/4\1 induce the isomorphism

M@ @M, 1), = (M @ @M, gy, -
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Proof. Since the embedding M, ®--- @M, | — M\l R -® Anﬂ is a homomorphism
of g-modules, it induces the map

Ug() ®yy (M, @+ @ My ) = My @+~ @ M, . )
(Ug denotes the enveloping algebra.)
Claim. The map (9) is an isomorphism.

Proof of the claim. Let us pick a C-base {g,,...,94} of g. This gives an ordered
C-base of g: ‘ .

{c; g T, ... g4T" i€ Z}.
From the Poincaré-Birkhoff-Witt (PBW) theorem follows that for a g-module M, the
module M is a direct sum of subspaces

95, 9iy,
Tir - mie M (10)
where the indices are: 0 < j; < j, < <j; 1 < ip < A; ip < ip+1 ifjp :ij.

On the other hand, it is not difficult to see that the functions z*, i > 0,
(z — zp)j , § < 0, form a C-base of the ring @(U) of algebraic functions on U.
Analogously, this gives an evident basis of g(U), and from PBW it follows that
Ug(U) Qug M, ®---®M,_,) is a direct sum of subspaces

9iy  Yuy Gy Yy
(z — z)n (z — z))"1 (2 — )2 (z — 2, Ynkn

In+1,1 In+1,kp 41
X Gopr 1" z M @M, .,

which map to the tensor product of subspaces (10) by the map (9). The claim follows
from this.
Our lemma follows from it and from the Shapiro lemma.

2.3.2. Suppose we are given n+ 1 numbers m,...,m, ., € N such that all m, < k.
The space of coinvariants

W) =W(z,...2,) = Lm) @ - © LM, Dy

is called the space of conformal blocks (at a point (zy, . .., z,,1)). It is the main object
of our study. When the point (2,. .., 2,,) varies, spaces W (z) form a vector bundle
%" over A™ — U(diagonals). It is called the bundle of conformal blocks. The system
(1) defines the flat connection in 7. In this Subsection we compute W(z) in terms
of the finite dimensional algebra g.

First, by Lemma 2.3.1 we have the isomorphism

(Lm) @+ ® L(m,, gy = L) @ -+ @ Lm,, ;1))
set L = L(m)®---®L(m,,). The space L is a sum of its h-homogenous components

L= Z Loty

leN

n
where we put m = 3 m, . The operator f acts as f : L,—L and e acts in the
i=1

opposite direction. Set

p—2’

W,=1L,/fL

p+2
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In other words, Wp may be defined as
Wp =171

n_p’
Pick a lowest vector v2_, € L(m,,,,), i.e. such a vector that ev?,, = 0, v 1 70
2.3.3. Lemma. The mapping

x1®-o-®wn—>xl®~~~®xn®vg+l 1n
induces the isomorphism

= (Lm) @ -+ ® LMy, 1))y -

Mn+1
Proof. Let us consider dual spaces. We have
(L(m)) ® - - ® L(m,,;))),)* = Hom (L(m,,,,), L)

(in this proof L* denotes the dual representation, and not the contragradient one).
The assignment ¢ — ¢(vg +1) establishes the isomorphism of the last space with the

space {z € L* fz = 0}, and this space is evidently isomorphic to W *
P

—Mptq Mp41”
2.34. The space W,,, . may be non-zero only if the difference m, +- - -+m, —m,,

is a nonnegative even integer. Set N = (m; +---+m, —m, )/2; s=k—m,,.
Let us consider the operator

n s+1
Ts(z) = <Zzif(l)) : Wmn+1+2(3+1) - I/an+l ’ (2)
i=1

where f® : L — L is the operator acting as f on the i factor L(m;) and as the
identity on other factors. We will call T,(2) the truncation operator.
Set

W) =W, . /InT,(2).

n+1

Here we set W, =0 if i > l_ilmz, so W(z) = Wi My +2(s+ 1) > l_ilml
In other words, T,(z) is non-trivial only if
s < N. (13)
This condition is equivalent to
my+ -+ my g > 2k, 14)

which is symmetric in m, (note that the sum is an even integer). We will call any of
these equivalent conditions the truncation condition.
From (5) and 2.2.3 it follows that we have an exact sequence

L2k —my . +2) = Lim, ) — L(m,,,) — 0. (15)

Here the first arrow takes v° € L(2k — My +2) to (fTHsth0 € E(mn+l),
where we denoted by v* € L(m) the vector f™v. Let us apply to (15) the functor

(Z(m1)® e ® E(mn)@)?)g(m. Using Lemma 2.3.1 and Lemma 2.3.3 we get an exact
sequence

Wak—my o2 = Win, ., = (L(m) @ -+ ® L(m,)) @ L(m,, | )gw, — 0.
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Note that 2k —m,,,; +2 =m,,, +2(s+ 1). The first arrow is identified with T’ (2).
Hence we get an isomorphism

W(2) = (Lim)) ® - ® L(m,) ® L(m,, Dy - (16)
It follows that we have an epimorphism
W(z) — W(2). a7

2.3.5. Lemma. The map (17) is an isomorphism.

This result is due to A. Beilinson and the first author. The proof will appear
elsewhere.
Summing up all the previous constructions, we get

2.3.6. Theorem. The mapping (11) induces the isomorphism W (z) = W ().

3. Sending to Differential Forms

3.1. Configurational Arrangements

3.1.1. Let X denote the N-fold product (P')"V with fixed coordinates (TN YR
t; € CU {oo}. Pick n distinct complex numbers z;, ..., z,; set z, | = 0.
We shall consider the following set % of hyperplanes in X:

“={H,:t,=t;i,j=1,...,N;i<j;
Hy :t,=2z,i=1,...,N;r=1,...,n+1}.

N
We set U = X — Uy, H. We shall identify X — _L_Jl H, , , with the N-dimensional
affine space AV,

3.1.2. Twisted de Rham Complex. Pick complex numbers m,,...,m, and k # 0.
Let us assign to each hyperplane H € % the number a(H) as follows: set

a(H;)) = a;; =2/k,
a(Hz;r) = Qe = _—mi/’%
forr #n+1,
A(Hipi1) = Qi = My + -+ my — 2N = 1)/k.

The last numbers are determined from the requirement that for every line L : ¢, =
ty="-=t =t,,, =" =1ty = 2. the sum of the numbers a(H) over all H
meeting L transversally equals 0.

Let us consider the following complex of C-vector spaces 2. By definition, £2¢ is
the space of complex holomorphic i-forms on U; set

d=dpg +a: 2" — Q7 (18)

where dpyy is the usual de Rham differential, and « is the left exterior multiplication
by the form

a= Y a,dogt,—z)+ Y a,dlogt, —t). (19)

i,rr#En4l i<j
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We shall write elements of §2° in the form [w, where w is a holomorphic i-form on
U, and

1= 11— 20 [ -t (20)

1,7 1<J

where one should consider ! simply as a formal symbol. The formal differentiation
gives
d(lw) = ldw + (dD)w = ldw + low = l(dpp + V)w,

since oo = dl/l. Hence the twisted differential (18) takes the form of the usual exterior
differential.

The geometrical meaning of {2 is as follows. The form « defines the integrable
connection V = dp + o on the sheaf ¢, of holomorphic functions on U. {2 is the
complex of global sections of the de Rham complex of (&, V). If we denote by .%
the locally constant sheaf of horizontal sections, the cohomology H (U,.%) is equal
to H'(£2). When the points z,,...,2z, are moving these cohomology groups (and
dual homology groups H(U,.%*)) form a vector bundle with a flat connection (the
Gauss-Manin connection). It is clear that the symmetric group ), acts on X and
on (2 by permutations of coordinates ¢,.

3.2. Resonances at Infinity

From now on we pick the numerical data and adopt the notations of 2.3. Namely,
we pick a positive integer k; integers m,, 0 < m, < k; ¢ =1,...,n+ 1. We set
k =k+2and m = m,+---+m,,. We suppose that m—m,, ., is an even nonnegative
integer, and set N = (m —m,,,))/2. We suppose that m; + --- +m,_, > 2k. Set
s=k—-m,,,. We have 0 < s < N (cf. 2.3.4).

The rest of this subsection will not be needed in the sequel, although it sheds some
light onto the reason for the appearance of new algebraic equations on our differential
forms.

If L is any intersection of hyperplanes from %, we set

a(L) = Z a(H).
HDOL

For a set of distinct ¢;,...,%,, 1 <i; < N set

Lil.uz’p = Hzl;n+1 n...n Hzp;n+1 :
We have

m—2(N —1 -2

Ly, i, o ( ), o X—=£%—S+p+D,
K 2 K K

since m = k 4+ 2N — s. It follows that for p = s+ 1,

a(L )=s+1.

1Tyl

It is a positive integer, and we say that these edges Lil_. , have “resonances.”

dgy
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3.3. The Map to Differential Forms

3.3.1. Suppose we are given a sequence of integers (i,...,% @ 0 < g < N such that
forevery j 1 < z'] < n. Set

ldi, A - A,
77(2’ ...z): €
1000%g (tl_zzl)...(tq_zlq)

9.

Set

Miy.ig = Z (‘l)lala(n(zl,m,iq)) € 21,
O‘EEN

where the symmetric group acts by permutations of coordinates. Forms 7;  ; do
not depend on the order of indices.
Let us define the map

n?: Mm@ - - M(m,)) — 2

m—2q
as follows. Suppose we are given nonnegative integers p,,...,p,; > p; = ¢. Choose
any sequence i, ... ,iq of integers such that for all j, 1 < ij < n and such that
among %,’s there are exactly p, of 1’s, p, of 2’s,...,p, of n’s. We shall write the
last condition symbolically as

{igs-r iy = {17, nPn )

Set
nq(fplvl R ® fPru,) = U
Set
Wapag = (leml Crmapy v Cmmpn/ﬂq)nil--*iq ’
and

wq(fplU1 Q- fpn’l)n) = w’il' i

g

where constants Cyp,p ATC @S in (3).
From 2.1 it follows that w? induces maps

w2 (L(my) ® -+ - L(m,))) — 1)

m—2q

3.3.2. Lemma. (i) n?=0forg< N —1.
(ii) Forany x € (L(m)) @ - - - L(m,,)),,, _n 1) We have

WwN(fz) = +dw™N " (2).

Proof. Direct calculation, or see [SV, 5.13, 6.6].
3.3.3. Corollary. The map w" induces the map

— HN). (22)

w: Van+l
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3.4. Truncation

Let us consider the truncation operator
Ty (2): Ly, io(sy — L

(cf. (12)), where we denote for brevity L = L(m) ® - - - ® L(m,,).
3.4.1. Main Theorem. The map w" (21) maps the image of T.(z) into a1,
3.4.2. Corollary. The map w” induces the map

w:W(z) — HY (). (23)
Given a horizontal family of cycles c(z) € Hy(U,.*), the integration gives the
horizontal section of the dual bundle of conformal blocks 7,

#(z) = / we*.

c(z)

Mn+1

In other words, integral solutions of the KZ equations constructed in [SV] and given
by the formulas from 3.3 lie in the bundle of conformal blocks.

3.4.3. Remark. In [V, (13), (14)] it is proven that maps (23) are injective.

3.5. Proof of Theorem 3.4.1

We shall use the following trick. Let us interchange in our projective arrangement
the points z; and z,, ;. More precisely, let us make the change of variables:

u, = (t; —z) Y, i=1,...,N. We have t, = u;' + 2,; dt, = —u; *du,, hence

1 _ —1—1 =~
l,—zy=u, ;t,—z,=-u; z. (u;—2.)

for j # i, where 2z, = (z, — ;)" !. Hence we have

| = :I:A(~)Hu(mn+l+2)/n H (u )—mr/n H(ul _ ’LLJ)Z/N,

ir>2 1<J
where A(Z) = [] 2 ZN™ /% Hence
r>2
n 2)/k—2 —mer/K
ldt, A - /\dtN_d:A(“)H e /2 T (u, — 2,07/
ur>2
H( _ 2/k
u; —u)duy A Nduy
1<J
Let us set
U'(w) = Hu(m"“”)/“ ! H (u; — Z, )“mr/” H(u —u, e
ir>2 1<J
Now let us rewrite forms 7, w in terms of new variables. Pick 7,...,7,5 such that
{t1,.. . iy} ={1P1,... ,nP}. We have
o Z,.u;
t.—z. u —E
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Suppose that p; =0, i.e. all ij > 1. Then we have

7711...1‘N = Z

0EYN

where 7" denotes the form 7 corresponding to I’. Since

Wy iy = Const(i, . . . ,iN)nilw_ﬂN ,
it follows that
N
Wi, iy = £A@ [ [ —2) Ny 24)
7=1

where ¢, > 1 for all j and the sign & is the same for all (¢,,...,%y).
Now recall that m,,, =k —5,0<s <N —1,ie. (m,,; +2)/k=1-5s/k It
follows that

ldu—]jlu‘s/"i H(u -z)" "”/””H(u —u)z/"du

ur>2

In other words, the function !’ corresponds to the situation when the representation
L(s) lives at the point 0 , and L(m,.), for r > 2 live at the points Z,.. It follows that

W;...lis“...m =0 (25)
for all ¢, ,,...,%y. On the other hand, by Lemma 3.3.2 (ii) for any (i;,...,iy5_;)
we have

n

Z zzl, AN - 1_0’ (26)
where &' denotes the class modulo exact forms. Let us fix i,,,,...,%y > 2. We have
0= Bty =% D0 Fhpy
ety 22
= iA(E)_l Z (z — Zi,) (7 — ZiN)@il,m,iN
i17~~7;s+122
= B(2) Z (1= 2,02y =2, )0, iy
yeeyisg1 =2
Hence,
Yo Gima) . — g, DBy =0 (27)
Uyl 1 22
Since
n
w; =0, (28)

LA, iN

=1

1l
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we deduce that (27) holds true for any ¢,,,,...,%, (there might be indices equal to
1 among them). Again, from (28) follows that

D = 2@y i =D 2By i

7122 1>1

So, we can rewrite (27) in the form

Z z]l e Zjs-Hw-jl~'--7‘s+lis+2“-iN - 0’
I1s-2Js+1

which is equivalent to saying that
w(T,(2)y) is an exact form for every y € L,, 1o QED.
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