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Abstract: In this paper, two different definitions of the BRST complex are con-
nected. We obtain the BRST complex of topological quantum field theories (lead-
ing to equivariant cohomology) from the standard definition of the classical BRST
complex (leading to Lie algebra cohomology) provided that we include ghosts for
ghosts. Hereby, we use a finite dimensional model with a semi-direct product ac-
tion of H >< DiffM on a configuration space M, where H is a compact Lie group
representing the gauge symmetry in this model.

1. Introduction

It is well known that the BRST cohomology of a field theory with gauge group G
equals the Lie algebra cohomology of Lie (G) with values in the functionals on the
space of fields. Several years ago it was shown by Henneaux and others ([H, K-S])
that this is also true for the BRST cohomology of finite dimensional Hamiltonian
systems. In the case where the G-action is not free on some open set, the differential
algebra of the BRST complex has to be enlarged with so-called ghosts for ghosts
to obtain cohomology classes with a physical meaning (see e.g, [F-H-S-T]).

On the other hand it is well known that the BRST cohomology of cohomo-
logical field theories ([Wi]) with additional gauge symmetries equals equivariant
cohomology, thus giving the cohomology of all kinds of moduli spaces. However,
as described in [O-S-vB] and [Ka), the differential leading to this cohomology is
not the standard equivariant differential.

This paper grew out from the uneasy feeling that it is not good to have several
disconnected definitions of the BRST complex. In the subsequent sections we will
link the two different definitions mentioned above. Furthermore, we will explain
the non-standard equivariant differential using results of [F-H-S-T]. To obtain this,
we start from a G-action on a manifold M, where G is the semidirect product of
a compact Lie group H and Diff (M) (the group of diffeomorphisms of M). This
theory is topological in the sense that there is only one gauge orbit.
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As in [Ka], we choose a finite dimensional setting, meaning that both M and
H are finite dimensional. This makes it mathematically more tractable and has
furthermore the advantage that we do not need to bother whether to take local
cohomology (as is usual in field theory) or not.

All along this article, we will use the following notations: If M is a manifold,
then TM will be its tangent bundle. If F is a vector bundle over M, then I' (M, F)
will denote its global sections. Let 4 be a commutative, associative IR-algebra with
unity. We will write Der(4) for the derivations of 4. If ¥V is a A-module, then
S4(V) will be the symmetric algebra of ¥ and S"(V) its »'™ component.

2. The Classical BRST Charge

The aim of this section is to describe BRST theory associated to a symplectic
manifold N, called the phase space, and a set of first class constraints. First class
constraints are just functions on N satisfying certain conditions. The zero set of
these functions is called the constraint manifold. In the sequel we will write con-
straints as a short-hand for first class constraints. BRST theory assigns to a given set
of constraints a so-called BRST charge Q. This charge Q is an element of a super
Poisson algebra extension B of C*°(N). Q is a natural and geometric object in the
sense that if the constraint manifold is represented by another set of constraints,
then the two BRST charges are related by a super canonical transformation.

Let (N, w) be a symplectic manifold. Then C*°(N) is a Poisson algebra with
Poisson bracket {-, -}. A collection of functions f, is called a set of first class

constraints if
{fur £} = clphy 9]

for certain CZ/; € C*°(N). For simplicity we will assume that N is finite dimensional
and that f, is a finite collection of functions. For the moment we will moreover
assume that the constraints are regular, that is to say the constraint manifold Z is
an honest submanifold of N of codimension equal to the number of constraints.
Condition (1) implies that the ideal / C C°°(NV) generated by the constraints is a
Poisson subalgebra.

In the case of a Lie group H acting Hamiltonially on N, the components of
the associated momentum map satisfy (1). The cgﬂ are constants in this case equal
to the structure constants of the Lie algebra of H.

Symplectic reduction entails the following. The constraints give rise to vector
fields via the Poisson bracket. From the regularity condition it follows that these
vector fields, when restricted to Z, span a subbundle of the tangent bundle 7Z
of Z and from condition (1) it follows that this subbundle is involutive. Note that
this is only true on Z. On N the vector fields are not involutive in general, they
need not even span a subbundle. One says that the symmetry algebra closes only
on Z. Using Frobenius’ theorem we obtain a foliation of Z. Thus Z is locally a
fiber bundle. If this fibration persists globally then the space of fibers X is called
the symplectic quotient of (N, w,f;). X is also called reduced phase space and
the fibers are sometimes referred to as gauge orbits by physicists. It is important to
know its structure because often the dynamics of a physical system can be described
on this lower dimensional reduced phase space.

In the case of a Lie group H acting freely and Hamiltonially on N, this sym-
plectic reduction is called Marsden—Weinstein reduction. If u denotes the momentum



BRST Cohomology 19

map then the symplectic quotient X equals u~!(0)/H. BRST theory, however, is
much more general. It can handle constraints not coming from any group action,
or constraints coming from non-free group actions. It is this last case that we shall
deal with in the next sections.

The idea of (classical) BRST theory is to obtain the ring of functions on the
reduced phase space X by extending the Poisson Algebra C*°(N) to a super Poisson
algebra B and then compute the cohomology of an appropriate differential, the BRST
operator D.

Let m be the number of constraints f,. They form a map F: N — V*, where
V*=R". By definition Z = {x € N |F(x) = 0}. The condition that the constraints
are regular (or independent) is equivalent with the condition that 0 is a regular value
of the map F. The BRST algebra (see e.g. [H]) in this case equals

B=C®WN)®@AV*®@ AV V)

This algebra has a ZxZ-grading induced by the two Grassmann algebras. The
grading on AV™ is called the ghost number grading, the grading on AV is called
the anti-ghost number grading. Subtracting the two gives the total ghost number
grading. So elements of 877 = C®(N)® APV* ® A9V are elements of total ghost
number p — q. Actually, in the group case, BB is a double complex with two differ-
entials 0 and d, both of degree +1. We shall define them now in general. Let v,
be a basis of V such that (F,v,) =f,. The parentheses denote the natural pairing
between ¥ and its linear dual. As elements of A'V, they have degree —1 and gen-
erate AV. We introduce also generators #* of AV*, having degree +1 and being
dual to the v,. Note that B is generated as an algebra by the functions and the 2m
elements v, and n*. We define

o(f) =0, dif)={f.f} ®1*® 1 + “more”,
o(n*) =0, an*) = —%Cﬁv nP Ay’ ® 1+ “more”
() =fa®1®1, d(v,)= —czﬁ ® nf ® v, + “more”,

where f € C*°(N) and “more” means that there are terms with more ghost-variables
involved, such that d? = 8d + d&. These higher order terms only vanish in the case
where the structure functions czﬁ are constants. In general, they involve so-called
higher order structure functions, who are defined inductively. It is obvious that
8% = 0. In fact the subcomplex (AV ® C>®(N),d) is just the Koszul resolution of
C>®(N)/I. As was observed by Stasheff ([S]), also in the non-regular case BRST
theory involves a resolution of this quotient ring. The total operator D = +d
is called the BRST operator. We will now give a very nice formulation of this
differential in terms of super Poisson algebras and state a beautiful theorem on the
existence of a BRST charge.

Recall that a super Poisson algebra is an algebra with a Z,-grading and a super
Lie algebra structure that is compatible with the ring structure in the sense that a
graded Leibnitz rule holds:

{araz,as} = ar-{az, a3} + (=1)*8 @y g, a3} . 3)

For odd elements the Poisson bracket is commutative, for any other elements with
a definite grading the Poisson bracket is anti-commutative. Let us introduce a super
Poisson structure on B that extends the one on C°°(N). Besides the bracket between
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two functions the only non-vanishing bracket between generators is {v,, 7’} =

{nﬂ , Uy} = 65 . This determines the Poisson bracket completely using the Leibnitz
rule. Henneaux proved the following theorem ([H]) of Fradkin and Fradkina and
others.

Theorem 1. Suppose 0 € V* is a regular value of F. Then there exists an element
Q € B, the BRST charge, of total degree 1 such that

() {0,0} =0,
@) 0V =f, 9 ®1,

where QY denotes the component of Q in B, This Q is, up to super canonical
transformations, uniquely associated to the constraint manifold Z.

Using this BRST charge we can define a differential D on B,D = {Q,-}. As the
notation already suggests, this differential is the same as the one defined above.
Although the formulation in terms of a Poisson algebra is both natural and trans-
parent it does not help very much for computing the cohomology. It only helps to
see that the cohomology space Hp(B) inherits a Poisson structure. Nevertheless,
the cohomology of D is completely known and was first computed in [H-T].

To explain a little bit of this work, write D as the sum of the two derivations
defined earlier. The differential o has, because of the regularity of the f,, only
non-zero cohomology in BPY, i.e, anti-ghost degree zero. Therefore, the spectral
sequence, associated to this complex (BP4,0,d) is degenerated, and thus

HE(B) = Hj(H5(B)) . 4)

Using the fact that C°(N)/I ~ C*(Z) it is easy to compute that Hj(B) ~
C®(Z)® AV*. This algebra with differential d equals the complex of differen-
tial forms on the vertical tangent bundle of Z (this is the subbundle mentioned
above). Therefore the BRST cohomology for regular first class constraints equals
the vertical cohomology of the constraint manifold.

In the case 0 € V'* is not a regular value of F, but only weakly regular, i.c.,
Z is a submanifold but its codimension is smaller than the number of constraints,
there is a similar theorem on the existence of a BRST charge ([B-V, F-H-S-T]).
In this case there are relations among the constraints and the differential § does
not give a resolution anymore. The constraints are called reducible. One enlarges
the algebra B (introducing “ghosts for ghosts™) and modifies 6 and d such that §
becomes a resolution of C*°(N)/I (Koszul-Tate resolution) and d gives the vertical
cohomology again.

In the next sections we shall neglect 0 and work directly with the constraint
manifold Z. Only considering positive ghost degree is common. The negative de-
grees are only added to obtain a resolution for C*°(N)/I. J is always constructed
in such a way that the associated spectral sequence degenerates. In fact in the next
sections we will always assume that the symplectic manifold N is a cotangent
bundle 7*M and that the constraints come from Hamiltonian G-actions that are
induced by arbitrary actions on M. M is called the configuration space. Z is then a
subbundle of the vector bundle N over M and the reduced phase space X = Z/G
equals T*(M/G). In the sequel we shall use M instead of Z, because the action
on Z comes from the one on M. It is in this way that we study the BRST com-
plex associated to an arbitrary Lie group action on an arbitrary manifold. The new
element is that G need not be finite dimensional and that for transitive G actions
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we obtain the model for topological field theories that we were looking for. For
later convenience, we already mention that the positive degree part of (2) can also
be written as Homg (AV, C*°(N)).

As the manipulation of infinite dimensional geometrical objects is tricky, we
will work in an algebraic framework. We will start by a mathematical description
of the situation in which we will work. Then, we will recall the algebraic structure
on which our construction relies, namely the crossed product structure.

3. Algebraic Set-up

3.1 Presentation. Let G be a Lie group (not necessarily finite dimensional) and let
g be its Lie algebra. Let M be a differentiable paracompact manifold of dimension
n. We assume that G acts on M in such a way that we have a C*-morphism
from G to Diff(M). By differentiating this homomorphism at the unity, we get a
Lie algebra morphism ~ :g — I'(M,TM). Let W be the trivial vector bundle
M x g and let T,(M) be the image of the following vector bundle map:

¢: Mxg—TM
(m, X) = (m, X(m)) .

All along this paper, we assume that T,(M) is a fiber bundle. The following lemma
provides a criterion for this assumption to be satisfied.

Lemma 3.1.1. T,(M) is a fiber bundle if and only if for any m in M, the subspace
{X(m)| X € g} has the same dimension.

Proof of Lemma 3.1.1. Let m be in M. Put g, = {X € g| X(m) = 0}. Let  be
a complement of g,, in g. There exists a neighborhood of m such that the map

Uxt—TM
(m, X) — (m, X (m)).

has a constant rank and is injective. This proves that T,(M) is a vector bundle.
The converse is obvious.

We will also denote by ¢ the vector bundle map from W to T,(M). Let U

be an open subset of M. We will write &(U) for the morphism from I'(U, W)

to I'(U, T,(M)). For simplicity, ®(M) will be denoted by ®. Moreover, we put
= C*®(M).

Lemma 3.1.2. The A-module morphism ®: I'(M, W) — I'(M, T,(M)) is onto.

Proof of Lemma 3.1.2. Let (X;)ic; be a basis of g and let m be a point in
M. Then (X;(m))c; is a generating system of (T,(M)),. We extract a basis
(X1(m),.. Xp(m)) from it. Let V, be a neighborhood of m such that for all
y in V,, (Xl(y), ~p(y)) is a basis of (T,(M)),. Then, let u in I'(V,, T,(M)).
There exists (f; ),6[1 p] in C°°(Vm) such that pu=3"  f X;. This means
p =DV, XL fiXo). So &(V,) is onto.

Let (Uj)jecs be a locally finite refinement of (Vy)mer. Then, @) is also
onto (because any element of I'(U;, T,(M)) can be written Ef.’zlf,»X’ i)
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Let 7 be in I'(M,T,(M)) and let (o;);jcs be a partition of unity subordinate
to U;. Then, there exists g; in I'(U;, W) such that t|y; = ®(U;)(o;). We have
&(>%_ 0;0;) = 7. This finishes the proof of Lemma 3.1.2.

If g is not finite dimensional, I'(M, W) contains strictly 4 ® g. Throughout this
paper, we will make the following hypothesis on our action. We assume that the
restriction of @ to 4 ® g is also onto. So we have the following exact sequence:

{0} > P > 4® g2 (M, T,(M)) — {0} . 5)

The statement of the previous lemma says that this hypothesis is always satisfied if
g is finite dimensional. The proof of the same lemma shows that it is also always
satisfied if M is compact. If M is not necessarily compact, this assumption is not
always satisfied. The group of diffeomorphisms with compact support provides a
counterexample. Nevertheless, this hypothesis is always satisfied for Diff(A/) which
is the example we will be the most interested in. Indeed, one can lift any vector field
to the constant section equal to the considered vector field. The above hypothesis
will allow us to make the BRST cohomology appear as a modification of a Lie
algebra cohomology.

Using this assumption and the fact that I'(M, T,M) is a projective A-module
([Hu], p. 31, [W], p. 100), we conclude that there exists a A-module R such
that P@ R = A ® g. In the case where the group acting is Diff(M), we can take
for R the A-module I'(M,TM) (which has to be seen as constant sections). The
decomposition of an element of ¢ of 4 ® g is in this case ¢ = (¢ — D(0)) + P(0).

3.2 Crossed Product Structure on A ® g. Let us first recall what a crossed product
is ([F, M]). In this paragraph 4 is any IR-algebra (commutative associative with
unity) and g is any IR-Lie algebra. Assume that there exists a Lie algebra morphism
0. g — Der(4). Put L=4®g. Then L is a A-module. The following bracket

V(a,b) € 4,V(X,Y) € g,
[a®@X,b® Y] =acX)b)Y — ba(Y)(a)X +ab® [X,Y] 6)

endows £ with a Lie bracket structure. Moreover, we have a compatibility relation
between these two structures. Namely,

Y@ ®X,b® X) € L2Yf € 4,
@RXf(BRY)]=fla®@X,b® Y]+ ac(X)f)’ @Y.

One says that £ is the crossed product of 4 and g.

Definition . With the same notations as above, we will say that V is a A—g-
module if

— Vis a A-module
— V is a g-module
— These two structures are compatible in the following sense:

Va€e AVX € g,V eV, X-(a-v) —a(X-v)=aX)(a). @)
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Remarks.
1) If V' is a A—g-module then Homy(¥,4) endowed with the two following op-
erations

VX € g,Va € A4,Yg € Homy(V,A4),Yv € V,

X-9)(v) = a(X)[g(v)] — g(X-v)
(a-g)(v) = ag(v)

is a A—g-module.
2) If ¥ is a A—g-module, S4(¥) has a natural 4—g-module structure (g acts on
S4(V) by derivation).

We come back to our situation: 4 = C*°(M), g is the Lie algebra of a Lie
group G acting on M. We endow 4 ® g with a crossed product structure using the
Lie algebra morphism ~: g — Der(4). Remember that I'(M, T,(M)) has a natural

A-module structure and also a Lie algebra structure (glven by the usual bracket of
vector fields). The morphism ®: A ® g — I'(M, T,(M)) given by &(f @ X) =fX
is a Lie algebra morphism and a A-module morphism. Hence, the kernel of &,P,
inherits a 4—g-module structure. Here, the action of g on P is given by the Lie
bracket (6) in 4 ® g:

VXGS},VPGP, X'P=[1®X,P]

From the previous remarks, we deduce that (S%(P))* = Hom,(S4(P),4) has a
natural 4—g-module structure.

4. The BRST Complex

We are now about to define the BRST complex for the situation we are interested
in. Let M be the configuration space of some physical system and let G act on
M as a symmetry group for this system. If G acts freely on M, then P = {0} in
(5) and the BRST algebra is S = Homgr(A g,4) = Homy(A\,(4 ® g), 4). In the
case where the action is not free but 7,M is still a vector bundle, we have to add
ghosts for ghosts that are commuting to define the BRST algebra S. For simplicity,
we put F = A4 ® g. Then, the BRST algebra is

p
S = H q ~ q .
PHom, (/\F S4Py” > P Hom, (/\F,(?SA(P),A>
X X 4

Moreover, an element of B, Hom,(ALF,(S{(P))*) has grading p+2g. Let
us now describe the differential D in S. Let Q be an element of HomA(/\f,F,
(S4(P)*). Then, DQ=DQ+D,Q with DQ¢ HomA(/\f;+1 F,(SI(P)*)
and D,Q € Homy( ﬁ_lF,(SjH(P))*). For all (&,...,4,41) in F and
(H1,..., Hgy1) in P, we have

DXy, %)) =L (-1 X [ K, K]

+EQ([‘/’EI>‘)(}]5X1’,X 7‘X}’ X+1)(—1)i+j

i<j
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and

Dy Xy, .., Xy )i, Hys)
=) QML X X ) (His o Hire o i)

If we identify S with @M Homm(/\’ﬁ{g,(Sj(P))*), then D; is nothing but the
differential of the standard complex for the computation of the cohomology of g
with values Sy(P)* (see [F] p. 136). Note that here, we define the cohomology of g
as in [H-S], that is to say without taking into account its topology. We will denote
by C(G) — or more simply C if there is no ambiguity — the BRST complex associated
to the action of G. We have C(G) = (S,D). We are now going to exhibit a double
complex structure on C. On the algebra S, we define two degrees whose sum will
give our initial degree. The first degree of an element of Homy(/\, P F, S4Py)*) is
g and its second degree is p + g. The first (respectively second) degree is preserved
by D, (respectively D,) and is increased by one by D, (respectively Dy).

Proposition 4.0.1. The two gradings defined above and the differentials Dy, D,
define a double complex structure on S whose associated total complex is the
BRST complex C(G).

Proof of Proposition 4.0.1. We have to prove the following relations D? = 0,D3 =
0,D,D; = —D,D;. It is a standard computation to establish the first one. Let us
prove the second one. Let Q be in Hom, (A% F, (S4(P))*). For all (Xi,...,%,—2)
in F and all (H,,...,H442) in P, we have

D3Q(Xy, ..., X 2)(Hiy. . Hyt2)

= S QM Hy X,y Xy 2)(His s iy Hy Hyr) = 0
i

using the fact that this expression is symmetric in the H;. Let us now check
the third relation. We compute separately DD, and D,D;. They are both in

Hom, (A F, (SZ“(P))*). Keeping the same notations, on one hand we have

DIDZQ(Xla tees %)(Hl, [ Hq+l)

= 2D D22 Ko GNP Hy)
+§D29([%X/] Koy s X XYM, H) (=D

= LOXNQ(H X, Zive s )Moy Hi oo Hagg )= 1)
——LZszﬂ(/Yl,...,)?i,...,Xp)(Hl,...,[Xi,Hk]...,Hq+1)(—1)i—1
+ing(Hk,[&,&],Xl,...,)E,...,)?,-,...,X,,)

X (Hla 7 Hq+1)( 1) 4
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= Zk¢((¥l)(g(Hk9 ‘)(ia cees i\‘ia cees Xp)(HI’ coe 7’}:2](7 (X :Hq-H))(—l)i—l

~

- ZI;Q([&,Hk],Xl,...,%,...,X»(Hl,...,ﬁk...,Hq+1)(—1)f-1

- % Q(Hjs){la---9‘)?1"9"'5Xp)Hl>'~'aﬁja'-'5[‘X‘i>Hk]a"':Hq+1)(_1)i—l
ij Fk

+ ZQ(Hk’[%"X}],Xl"“’2""’%%”,.*‘1,)
i<j
X (s Pl Py )1
On the other hand,

~

DaDy QX ..., X)) (M, ... Hy) = DyQ(Hi Xy, Xp)(His .oy Hio o Hy)

=zk:(x,--(Q(Hk,xl,...,z,...,xp))) My Hir oo s Hyy1)(—1)

M (A, ) (Hiy.oo, oo, Hoit)
+ Z Q([Xiaﬁ;])Hk,Xl,""‘)?i»---a‘%a"'axp)
kji<j
X (Miyeoos Hio oo, Hgp)(— D
s ;9([7{;{,«\31,)«1,...,»?,-,'..,X,,)(Hl,'..,ﬁk,...,Hq+1>(-1)".

As the second term equals zero, it is clear that DD, = —D,D;.

5. Cohomology of the BRST Complex

In this section, we are going to compute the cohomology of the BRST complex by
using its double complex structure. Let I'(M, A T,(M)*) be the space of vertical
differential forms. We endow it with the natural grading of differential forms and
with the de Rham differential d.

Theorem 5.0.1. Let & be the map from I'(M, \T,(M)*) to D, Homy, (AL F,
(SY(P))*) defined as follows. For all w in I'(M, N’ T,(M)*),E(w) is the element
of @, Homy(N; F,(S§(P))*) determined by

Y(X,...,&) €F, E(w)AX,..., &) = o(DP(X)),..., P(A,)) .

& is a quasi-isomorphism between the complex (I'(tM, \ T,(M)*),d) and the BRST
complex C.

This theorem has been proved in a more general but finite dimensional case by
[F-H-S-T1], although there is a slight difference. In their set-up P is a free module,
whereas here it is only projective.

Proof of Theorem 5.0.1. A small computation shows that £ is a morphism of com-
plexes. Moreover, £ is injective because @ is onto. It is easy to see that
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14
Im £ ~ HHom, ( /\(F/P),A) =~ Hom,(/\ (M, T,M), 4) ~ (M, \ T.M™).
P A

Let Z denote the subcomplex (ImE&,D = D;) of C. It is clear that Z is isomorphic
to I'(M, \ T,M*). Let us show that the natural injection from Z to C is a quasi-
isomorphism. For this purpose, we are going to use spectral sequences. We first
compute the cohomology of C with respect to D,. Let J be the following complex:

p p
... — EPHom, < N\F. (Sj(P))*) Dy PHHom, ( \F. (Sj*‘(P))*) -
p A p A

It is clear that H(J) = @,Homy(A\4F/P),4). Let us show that for g > 0,
H(J)={0}. For this, we will use the decomposition P& R =F. Let ¢ > 0.
The cycles of €, Hom(A\LF,(S{(P))*) are the elements of QapHomA(/\ﬁ(F/P),
(S%(P))*). Let us now prove that all the elements of @pHomA(/\ﬂ(F/P),
(S4(P))*) are boundaries. Let w be in @pHomA(/\i(F/P), (S4(P)*). We can

see w as a map from (é F)® (é P) to A which is antisymmetric in the first p vari-
ables and symmetric in the g last variables. Using the decomposition P & R = F,

we extend o into a p + g-multilinear map @& from pélF ®q®1 P. The map @ is
symmetric in the last ¢ — 1 variable. By a standard process, we transform @& into a
p + g-multilinear map € which is also going to be antisymmetric in the p + 1 first
variables. For all (&i,...,4&,11) in F and all (Hy,...,Hy—1) in P, we put

QX s X ) His s Hg)) = 2 (1D Xoqys- > Xotprn))
g€Zp+1

X (Hl,...,Hq_1) .

Then @ belongs to Homy( /\Z+1 F,(S4(P))*). Moreover D,Q = w. So we have
proved that H9(J) = {0}. Now, using a double complex argument, it is clear that
H*(Z,D = D;) = H*(C,D). As we have already noticed that the complex Z was
isomorphic to I'(M, \ T,M*), this finishes the proof of Theorem 5.0.1.

6. BRST Cohomology and Equivariant Cohomology

In this section, we apply the results of the previous one to a very special situation,
so as to obtain the BRST differential algebra for topological theories. We start with
some recollections.

6.1 The Weil Algebra. Let [ be a finite dimensional real Lie algebra. Let us recall
([C]) that its Weil algebra is W(H) = A(H*) ® S(b*). The grading on W (D) is as
follows:

— The elements of A'(H*) have degree 1,
— The elements of S!(h*) have degree 2.

On W(h), one defines a differential dy by
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o Vy e AN, dyy = dby + I', where I' equals y considered as an element of
S'(H*) and db is the differential of the standard complex for the computation

of the cohomology of §) with values in R.
o VQ € S'(H"),dyQ € N'(H*) ® S'(b*) and dyQ is the map from Al(h) to
S'(h*) defined by

VX ebh @nQ)X)=X-2,

where - denotes the coadjoint action.

6.2 The Cartan Model. We assume now that H is a compact connected (finite
dimensional) Lie group acting on M and that b is its Lie algebra. We define the
following differential algebra (4,0) with 4 = (Q(M) ® S(H*)) and

e For all # in QP(M),0n = dn — d'n were d denotes the de Rham differential
and 'y is the element of Q~!(M)® S'(h*) determined by

VX ebh (@'mMX)=ign,

where iy denotes the interior derivative with respect to X.
e For all ¢ in S'(h*), d¢ = 0.

Let us recall that (4,0) provides a model for the computation of the equivariant
cohomology of M with respect to H.

6.3 The BRST Model. The BRST model as described in [O-S-vB] and [Ka] is as
follows. The algebra equals W(h) ® (M), the differential equals

dp @1+1®@d+L-7, (8)

where 0’ is defined above and L:QP(M) — Al(b) ® QP(M) is defined by
(Ln)(X) = Lgn, the Lie derivative of n with respect to X. In [Ka] it is shown
that this BRST differential can be obtained from the standard one, dy @ 1+ 1 ® d,
by an automorphism on the unrestricted BRST algebra W (h) ® (M). Under
this automorphism the basic subalgebra is mapped to the restricted BRST alge-
bra (S(h*) ® Q(M)) and one obtains the Cartan model. In this subsection we will
show how to obtain (8) as the BRST differential of section four by choosing the
right symmetry group.

Assume that M = B/C, where B and C are Lie groups (not necessarily finite
dimensional). This is always possible by putting B = Diff M and C = Diff,, M
(where Diff,M is the group of diffeomorphisms leaving the point m invariant).
Then B acts on M by left multiplication. Let b be the Lie algebra of B. As before,
we denote by ~:b — I'(M,TM) the Lie algebra morphism this action induces.
During all this section, we also assume that the map

A®b — I'(M,TM)
a®X — aX

is onto. Let H be a finite dimensional connected compact Lie group. We assume
moreover that we have a C°° Lie groups morphisms U from H to B. Let [) be the
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Lie algebra of H and u: b — b the differential of U at the unity. So H acts on
M viaU.Put G=H I?J<B.In G, multiplication is defined as follows:

Y(hh')y € H* N(b,b") € B2, (h,b)(K,b") = (W', U ~HbU(H)D') .

This multiplication is such that the following map defines a group action of G
on M:
GxXM—-M, Ghby-m— h(b-m). ©)

Let g be the Lie algebra of G. We have ¢ = ho<b . In g, the Lie bracket is given
u

by
Y(H,H"),Y(D,D’) € B,[H + D,H' + D'] = [H,H'] + [D,u(H")]

+ [u(H),D] + [D,D'].

Put F=4®gand E=A4A®Db. As the action of G and B are transitive, we have
the following exact sequences:

{0} » P — F 2 I(M, TM) — {0}

{0} - 0 — E5 (M, TM) — {0},
where @ and ¥ are given by
Vf € AVH € h,¥D € b  &(f(H + D)) = f(u(H) + D)
¥(fD) =/ D.
We have F = (A ® h) ® E and
P ={f(H +D) € AQ F|f w(H) + D) = 0}

= {f(—H + u(H))|H € b} & {D|f D = 0}

~>Ah Q.
Then,

PsiP)* = P i) X Sa(4 @ ) ~ PSH)* Q) SH) -
q r A r R

From this, we obtain

PHom,(A4F, (S4(P)*) = EDHom(A4E, W(H) @ (S§(Q)") ,
pq y24

where W (D) is the Weil algebra of b.

Recall that (C(G), D) (respectively (C(B), 9)) denotes the BRST complex associ-
ated to the action of G (respectively B). We are going to give the explicit expression
for D. For this, we identify C(G) with &, ,Hom,(A5E, W(h) ® (S3(Q)*). Then,
the expression below come from straightforward computations if one remembers
the following asymmetry in our identification: an element H in S'(}) represents the
pair (H,—u(H)) but an element H of A!(h) represents the pair (H,0). Let w be
in Homy(A4E,(A"(H") ® (S"(H™)) ® (S10)*). Clearly, Do decomposes into five
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parts Do = w1y + w@) + ©3) + 0@ + o). While reading the following definitions
one should keep in mind the following anology with (8); wa) + ww) gives 1 ® d as

in section five, w(s) equals dy ® 1, w() leads to £ and w) gives —0’ (see also the
remark at the end of this section).

o g € Homy (A5 E, (A (") ® 5"(h")) ® (S50)") and
(X, Xpi1) € EN(H,.... Hy) €D,
WXy oy KpsNH . Hy)

= Z‘X}'[w('xla"-3‘29"w‘Xp—H)(Hla"-:Hr)](—l)i_l

+ Y0 X X1, X s Koy X Xy ) H . H)(=1)F

i<j
e @) € Hom(ALE, (A (H") ® S"(h")) ® (S70)*) and
V(XI’“"XP) € E’V(Hl>~~~,Hr+1) € b’

@) (X1, ..., ) (Hy, - Hryy)

— ulH) - [0y, %) (oo B Hy)] (<17
p r+l ~
+ 20 2 o[, Hi), X, &)y Ap)
j=1i=1

X (Hi, ..o Hyy o Ho ) (=17

Note that u(H;) acts trivially on S(b*).
o w() € Homy (A 'E,(A"(h") ® "' (h")) ® (S]0)" and

V(Xla-u,xp) € Eav(Hla"'aHn+1) € [),

@)X, .. ) H, - Hyy)

n+1 ~
= —;w(u(m)yxly‘~~9Xp—1)(H1>”'»I{ia*”7Hn+1)
o w4 € Hom, (4, 'E,(4'(H") ® §"(h") ® (5] 0)*) and
(Xl,...,Xp._l) € E,V(Ql,...,Qq.H) €0,
0@ ( X1, .., 1 Qs ..., Dgs1)

~

g+1
= -—;w(Qi),Xl,.-.,Xp-l)(Ql,---, Qiseres Qgiy1) -

e ) € Homy(ALE, W (h) ® (S40)*) and
Y(Xi,.... %) €E, ws(X,..., &) = ([dy @id)(o(X,..., X)) .



30 S. Chemla, J. Kalkman

As in [Ka] and [O-S-vB], we restrict the BRST algebra to obtain a model for
equivariant cohomology. We define

H

C(Grest = | DHom4(L4E, S(H") ® (S50)")
pq

One can see easily that C(G ) is invariant under D. Moreover, on C(G)est, the
expression of D is slightly simpler. Let w be in [Homy(A4E,S"(H*) ® (ST0)")1".
With the previousnotations, we have

Do = oq) + @) + o).

On C(G)rest, We are going to put a double complex structure slightly different than
the one we had before. The first degree of w is p + ¢ + 2n and its second degree
is g. We put

DI(CO) = W) + @3) and D”(CL)) = W4 -

D’ (respectively D) increases the first (respectively the second) degree by one and
leaves the second (respectively the first) degree invariant.
Lemma 6.3.1. D> = D'? =0 and D'D" = —-D"D’.

The proof of Lemma 6.3.1 consists in computations similar to those appearing
in Proposition 4.0.1. We don’t reproduce them here.

So we have defined a double complex structure on C(G)est. We are now going
to prove the theorem linking BRST cohomology and equivariant cohomology.

Theorem 6.3.2. Assume that there exists a A-module R which is also H-invariant
such that Q®R=E. Then, the map F from [(QM)® SH*)7,0] to
(D, Homy(A4E,S(H") ® (S10)*)) . D] defined by

Vo € (Q*(M) ® S(BH).,V(X,..., X,) €E,
'7:(0-)(‘)(17 ceey Xp) = G(T(Xl)a vy 'II(XP))
is a quasi-isomorphism.
Remarks. The hypothesis of the theorem is satisfied in the following two cases:

—If B is finite dimensional. Then the kernel ¥V of the vector bundle map ¢ : W =
M xb — T(M) is a vector bundle. If we put an H-invariant inner product (,)
on the fibres g of W, the orthogonal complement of ¥ with respect to (,), 7+,
is a vector bundle such that ¥ @ ¥+ = W. Then, we can take R = I'(M, V'1).
—If B = Diff(M), then the decomposition given at the end of 3.1 is H-invariant.

Proof of Theorem 6.3.2. A small computation shows that F is a morphism of
complexes. Moreover, F is injective and its image is

P H
mF =@ (/\(E/Q)* ® S(b*)) :
¥4 A
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For convenience, we put Z = (ImF,D). Then I is isomorphic to [(QM)®
S(H*)NH,0]. Let us prove that H*(Z) = H*(C(G)rest, D). We proceed as for Theo-
rem 5.0.1: we use the double complex structure of C(G)rst. We first compute the
cohomology of C(G)ws: With respect of D”. We clearly have H(C(G)reqt, D) =

@p(;\(E/Q)* ®SHM)). Let us now prove that HI(C(G)rest, D) = {0} if ¢ > 0.
4

For this, we use the H-invariant decomposition £ = Q @ R. Let ¢ > 0. Then Ker
D" N (P, Homy(A4E,S(H") @ (S70)*)7. is isomorphic to (B,Hom,(A5(E/Q),
S ® (SI0)*))!. Let us prove that any element of (@pHomA(Ai(E/Q), SO ®
(SZQ)*))H is a coboundary. Let @w be such an element. We construct an ele-
ment Q in (@PHomA(A’;_HE,S(I)*)®(Sz_lQ)*)) such that D”"Q = w exactly
as we did in the proof of Theorem 5.0.1. But as the decomposition we use is

H-invariant, it is easy to see that our Q is also H-invariant. So we have proved
HI(C(G)gest, D) = {0}. From this we deduce the following isomorphisms:

H*(C(G)rest, D) ~ H* | PN (E/Q)* ® S(H™")), D'
p
~ H* [(2M) ® S(*))*, 0] .

This finishes the proof of Theorem 6.3.2.

As we know that the (restricted) BRST complex for topological theories equals
the Cartan model for equivariant cohomology, we now come to the corollary we
are aiming at:

Corollary 6.3.3. Let H be a compact Lie group acting on a manifold M. Let
be the Lie algebra of H. The restricted BRST complex C(H><DiffM ). is quasi-
isomorphic to the Cartan model [(2(M)® S(H™)*,d].

The corollary is an immediate consequence of Theorem 6.3.2 if we write M =
Diff(M)/Diff,,(M).

Remark. By the same techniques, one can show that the complex C(Hv<
Diff(M)) is isomorphic to the unrestricted BRST complex for topological theories
with algebra Q(M) ® W () and differential (8).

7. Conclusions

We have established a link between two different definitions of the BRST complex.
The first one is the BRST complex for constrained Hamiltonian systems ([F-H-
S-T], [K-S], [S]). The second one concerns the BRST construction associated to
cohomological field theories ([O-S-vB], [Ka]). Actually, we linked the ghost parts
(which are the most important parts) of both complexes.

Extending the first BRST theory to constraints coming from infinite dimensional
groups and applying this to a semi-direct product of the type He<Diff(M), we
get the unrestricted BRST algebra for cohomological field theories. Restricting the
former BRST algebra gives the (restricted) complex for cohomological field theories
leading to equivariant cohomology.
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