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Abstract. A set of coordinates in the non-parametric loop-space is introduced. We
show that these coordinates transform under infinite dimensional linear repre-
sentations of the diffeomorphism group. An extension of the group of loops in
terms of these objects is proposed. The enlarged group behaves locally as an infinite
dimensional Lie group. Ordinary loops form a subgroup of this group. The
algebraic properties of this new mathematical structure are analyzed in detail.
Applications of the formalism to field theory, quantum gravity and knot theory are
considered.

1. Introduction

Loop space has been used in several non-perturbative approaches to gauge
theories and gravitation [1-7]. In the eighties, the loop representation of gauge
theories was accomplished [8-11]. This representation has proved to be a suitable
framework where one can develop a complete canonical scheme for the quanti-
zation of gauge theories. The two remarkable features of this formulation are the
manifest gauge invariance of the quantization method and the solution of the
constraints through geometrical requirements. Other approaches to the loop space
have also been developed, based fundamentally on Polyakov's and Makeenko-
MigdaΓs [4, 5, 12] treatment of the dynamics of loop dependent objects in Yang-
Mills theories. At present, the results obtained in the loop representation are in
agreement with those obtained in the usual approach to gauge theories. The loop
representation also gives new insights into the non-perturbative aspects of gauge
theories.

Recently, the loop representation has been used in quantum general relativity
[13,14]. This representation emerges naturally from Ashtekar's new formulation of
general relativity [15]. Any quantum field theory whose configuration variable is
a connection can be realized in loop space language. But in the quantum gravity
case, the use of the loop space turns out to be an essential tool in order to develop
a complete non-perturbative quantization program [16]. Non-perturbative
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solutions to all the constraints of quantum gravity have been found [17, 18],
including those associated with nondegenerate metrics [19]. In the latter case, knot
invariants of intersecting loops have proved to play an essential role in the
construction of the solutions.

Knot and quantum field theories can be related in different ways. For instance,
by making use of the deep connection between the three dimensional Chern-
Simons models and certain two dimensional conformal field theories, Witten [20]
was able to derive a skein relation for the Wilson line expectation value, < W(L)y,
and show that there exists a correspondence between < W(L)y and Jones [21] and
HOMFLY [22] polynomials. Also the construction of link polynomials from
exactly solvable models in statistical mechanics was developed [23]. On the other
hand, as we just mentioned, knot invariants are intimately related to the non-
perturbative quantum states of general relativity. Actually, at this stage one can
speak about a loop space formalism. This formalism seems to be an appropriate
framework to develop a realistic quantum theory of space time [16].

In the loop representation, states are given as functionals of loops. Loops can be
precisely defined in a non-parametric form [9] as an equivalence class of closed
oriented paths in a manifold. We will declare the loop L equivalent to L if the
product Z/°L, the contour obtained by following first L and then L with the
opposite orientation, is a closed path which is contractible within itself to the null
path. The basic mathematical property that makes the loop space on appropriate
scenario to construct representations of gauge theories and gravitation is the group
property. Loops form a group and the holonomy of a particular gauge theory may
be obtained by considering a representation of the group of loops into the
particular group being gauged.

The group of loops does not contain one parameter subgroups and conse-
quently, it is not a Lie group. However, by analyzing its infinitesimal elements one
can appropriately introduce generators (through the loop derivative operator) and
construct with them any element of the group. The group composition law is the
fundamental mathematical property that enables us to operate in loop space and to
use it as the domain of functionals where the gauge theory is realized.

The lack of a Lie structure for the loop group restricts our capability to work
with the loop space. We are not dealing with a manifold and then we cannot use all
the functional techniques available in those cases. From a mathematical point of
view, it would be highly desirable to develop an extension of the group of loops in
order to include it in a larger manifold structure.

From a physical point of view, the fact that loops are non-local distributional
objects with a one dimensional support introduces certain typical difficulties in the
hamiltonian formulation of any diffeomorphism invariant gauge theory in the loop
representation. It is a well known fact that many of the diffeomorphism invariant
quantities up to now considered (i.e. the Gauss number) are ill defined when
evaluated on loops and need to be framed. Moreover, the framing destroys
invariance under diffeomorphism of the theory. Another typical difficulty is related
with our inability to define an integration measure in loop space and consequently,
an inner product in the Hubert space of quantum gravity. We expect that the
extension of the loop space would allow to transform loop integrals into functional
integrals.

In this paper we develop a new approach to the loop space formalism. The basic
idea underlying this approach is the possibility to define a coordinate representation
on the loop space. The coordinates on loop space were first introduced by Gambini
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and Leal [24] and were used by Brύgmann, Gambini and Pullin in the determina-
tion of the first nondegenerate quantum state of general relativity [19].

We start by introducing a set of coordinates which allows to describe any
element of the non-parametric loop space. We show that these coordinates trans-
form under linear representations of the diffeomorphism group. We find that it is
possible to generate an infinite set of gauge invariant objects generalizing the
coordinate expansion of the holonomy. The identification of a set of invariant
tensors under diffeomorphism transformations allows to give rules for the con-
struction of an, in principle infinite, set of knot invariants. We also show how to
generate new knot invariants from others and how to relate link and knot
invariants in the SU(2) case. Within this approach, the basic conditions necessary
to define an aίfine geometry in loop space seem to be fulfilled. What is more
important, loop coordinates allow to show that there exist an infinite dimensional
manifold with a local Lie group structure associated with the loop space, the
Special-extended Loop Group. This group provides the basis of a new formulation
of the loop representation. A complete description of the algebraic properties of
this enlarged structure is accomplished. Finally we would like to stress that we are
not going to discuss analytical details of regularization, and in general, this
presentation pretends a physicist's rather than a mathematician's level of rigor.

We organize the article as follows: in Sect. 2 we introduce a set of coordinates
on loop space and show that they are connected by infinite dimensional linear
transformations under diffeomorphisms. We also show that these coordinates are
not independent, but satisfy a set of algebraic and differential constraints. Section
3 is devoted to the differential constraint. In Sect. 3.1 we solve the differential
constraint and in Sect. 3.2 non-trivial representations of the diffeomorphism group
(with a fixed point) are introduced. The free coordinates associated with loops are
defined in Sect. 4. In Sect. 5 invariant tensors in the space of free coordinates are
introduced and the relationship between the invariant tensors and knot invariants
is analyzed. The first five sections lay the groundwork for the further study of the
extended loop group. In Sect. 6 we show how the loop coordinates can be
incorporated in a more general algebraic structure, the SeL group. The algebra of
the SeL group is studied in Sect. 7. The generators are introduced in Sect. 7.1, in
Sect. 7.2 a basis for the algebra is constructed and Sect. 7.3 is devoted to the study
of invariant forms and its relationship with the automorphism transformations of
the algebra. Final comments and conclusions are made in Sect. 8.

1. Coordinates on the Loop Space

The loop representation [8, 13] of a quantum field theory can be constructed in
terms of an algebra of linear operators defined on a state space of loop functionals.
These states may be expressed as follows:

Ψ(Li9 . . . ,Ln) = $dμίAlΨίA-]WA(Ll) - WA(Ln] , (1)

where

WA(L) = TrΓp exp$ 4ed/l = Tr[l/x(L)] (2)
L L J

is the Wilson line functional corresponding to the holonomy UA(L). Thus, holo-
nomies are the building blocks of any loop dependent object. The holonomy of
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a particular gauge theory [9] may be obtained by considering a representation of
the group of loops into the particular group G being gauged. For Quantum
Gravity UA(L) belongs to SU(2) [25]. As it has been emphasized by a number of
authors [9, 13,26-29], loops are equivalence classes of closed oriented paths in
a manifold M. As it was already emphasized in the introduction, the set of loops
forms a group. It is important to note that whereas closed curves are essentially
parametrization dependent objects, loops may be described in nonparametric form
[10, 30]. This means that the space of loops on which the loop representation is
defined is not the standard parametrized space of closed curves.

In this section we are going to introduce a set of coordinates which allows to
describe any element of the nonparametric loop space. Then, we are going to show
that the corresponding coordinates of two diffeomorphic loops are connected by
an infinite dimensional linear transformation. In other words, the loop coordinates
transform under linear representations of the diffeomorphism group.

Let us start by introducing a set of coordinates in loop space. They are related
with the holonomies as follows

UA(L) =l+Σ$dxl dx*Aai(Xl) ΛJxJX" ' ' '<"% x1; . . . , xH9 L) , (3)
M = l

where L are loops with a base point 0 taken as their origin and the loop dependent
objects X are given by:

Xa*--»(xl9 . . . ,xΛ,L) = f dy? 'ξdyΐL-i ' ]dy?δ(xH-yH) δ(Xl-yι)
L

= § dy°n" I dyΐδ(x. -yn) δ(Xl - yj
L L

x<9L(0, yl9...,yn) (4)

and <9L(0, 3^, . . . , yn) orders the points along the contour starting at the origin of
the loop. These relations define the X objects of "rank" n. We shall call them the
multitangents of the loop L.

In what follows, it will be convenient to introduce the notation

X^ ' *"(L) = XaίXί «"* (L) = Xa> ' •*»(*!, . . . , xn, L) , (5)

with μt = (flfXi), which is more suggestive of the role played by the x variables under
diffeomorphic transformations.

The distributional objects X allow to determine the Wilson line element (2) for
any connection. As it was first pointed out by Makeenko and Migdal [31], the
wave functions in the loop representation depend on the cyclic permutations of the
multitangent fields, given by

X^ ""(L) = - {*"' μ"(L) + X^ ' """'(L) + c.p.} . (6)

The X objects transform as multivector densities under the subgroup of
coordinate transformations that leaves the base point 0 fixed. In other words if

xa -> χ'« = Da(x) , (7)
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then
flx'aί flx'an 1 \

γaιxΊ anXn(Γ)Γ\ _ * . . . n . . . γbιxι bnxn(τ \ (Q\
X (DL}- X (L)' (8)

where J is the jacobian of the transformation.
Introducing a matrix notation this relation may be rewritten in a different way

which is more suggestive of the role of the multitangents in loop space. Let us define
the vector-like object X(L) = (Xμι(L\ . . . , X μ ι ' ' ' W(L) - )• The components of
this object are multivector density fields of any rank (being the rank, the number of
indexes). Now we introduce the matrix ΛD with components

A μi μn — X A μi . . . A μn (Q\
yιD vi vw — υn, myιD v i /LD vn ' \y)

where
1 dDa(x) „, „ dDa(χ\

ΛΓ

Then (8) can be written in the form

00

X^ "^(DL)= £ ΛD

μί'-μ\ι...VmXVί'-Vm(L)9 (11)
m = l

or in shorthand,

where use has been made of a generalized Einstein convention for the repeated
indexes, given by

3

Hence, the multitangents associated with two diίfeomorphic loops are related by
linear transformations and therefore they transform as generalized tensors. The
constant (loop independent) linear transformations are the elements of a linear
representation of the diffeomorphism group. In a certain sense it is a trivial linear
representation of the diffeomorphism group because it is a direct consequence of
the multivector character of the multitangent field. Later on, we shall introduce
a new non-trivial representation which is relevant in the determination of the knot
invariant quantities.

The multitangents contain all the relevant information necessary to uniquely
determine a loop and therefore they may be considered as good prospects for
coordinates of a loop. However, they are not independent variables. In fact, they
obey a set of simple algebraic and differential constraints.

The algebraic constraints are a direct consequence of the properties of the ΘL

functions,

»L(0, yi) = 1, 6>L(0, y l 9 y2) + 0L(0, y2, Vl) = 1 ,

®L(O, 3>ι, )>2» ya) + ®L(®, yz, y ι » ya) + ®ι,(0» ^2, ys> yi) = ®L(O, y2, ya) » (14)

and so on. The corresponding constraints for the X objects are

A 1 2 3 H- A 2 l 3 + A 2 3 l = X 1X 2 3 . (15)
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Their general form is

^γμi μkμk + i μn — V jζPkiμi ' μn) _ χμι ' ' μkjζμk + i μn (16)

Pk

and the sum goes over all the permutations of the μ variables which preserve the
ordering of the μ l 5 . . . , μk and the μk + ί, . . . , μn between themselves.

The differential constraint may be easily obtained from Eq. (4) and takes the
form:

with x0 and xn + 1 equal to the origin of the loop.
The differential constraint is related to the gauge transformation properties of

the holonomy. Any object E = (Eμ\ . . . , £μι " 'μ", . . .) satisfying the differential
constraints allows one to define a gauge covariant quantity

UA(E) = 1 + £ J dx, ' dxnAμ, - - - AμnE^ •••"». (18)
n= 1

Even though for any loop there corresponds a distributional object X(L] such
that (18) generates their Wilson functional, the converse is not true. The space of
functions that satisfy both algebraic and differential constraints is more general
and includes the multitangents X(L) and smooth functions. For simplicity, one can
consider the abelian case. For U(l), loops are completely described through the
multitangent fields of rank one. We know that Xμί(L) is given by integration of
a distribution along the loop L. This function is transverse (divergence free) and
trivially satisfy the algebraic constraint. But this set of functions is only a sector of
the entire space of transverse functions.

3. The Differential Constraint

3.1. The Solution of the Differential Constraint. We consider now the solution of
the differential constraint. Let us start by introducing transverse and longitudinal
projectors in the multivector density space. We shall first consider a covariant
metric in the space of transverse vector densities of rank one. Given two transverse
fields Vax and Wax one can define [32]

g(V, W] = j d3xVaA^ ,

Say
a = daW

a = 0 , (19)

where A™ is the potential associated with the curl free tensor Wab = εabcW
c

In the transverse (non-covariant) gauge

daA? = 0 , (20)

it takes the form
V) = a h VaxWby (21)



The Extended Loop Group 223

with

Qo axby = - Zabc ~7 <>(x — y) = — — 8abc -̂  . (22)

This well known object is the kernel of the Gauss knot invariant. It is the
expression in a particular gauge of the co variant metric in the space of transverse
vector densities defined by (19). In general, the co variant metric is defined up to
gradients

daxby Go axby ' Paxy,b ' Pbyx,a \ ̂ ^)

Now transverse and longitudinal projectors may be easily written in terms of g and
its inverse in the transverse space

naxby = pabcz s/ γ _ ,Λ

In fact
δτ *by = <r**gczby (25)

and

δL"x

by EE δax

by - δτ

ax

by ^δa,bδ(x-y)- δτ

ax

by (26)

are orthogonal projectors

By using the explicit form of the covariant metric, one can prove that

$LaXby = Φ^y, b » (27)

where
d

— φax

y = - δ(x- y) . (28)

The ambiguity in the definition of the metric induces an ambiguity in the
decomposition in transverse and longitudinal parts. Each function φ satisfying (28)
determines a particular prescription of the decomposition. It is important to note
that the transverse density fields and in particular the contravariant metric (24) are
prescription independent. When the transverse metric g0 is chosen we have

s^ax
Ψo y — ~7~~^~7a~T~ ~^~~a ] ϊ •>4π ex \x — y\

Λfl Λ -I

δoτaxby = δaxby + -̂  : . (30)
4π x — y\

Now we are ready to solve the differential constraint. Consider the set <ί* of all
quantities E that satisfy the differential constraint and whose components Eμι'"μn

are multivector density fields. This set forms a linear vector space. A transverse
projector acting on the vector space <ί* can be introduced through the matrix δτ,
defined as

V1 μ n v 1 . .v m = 5»,mV lv 1 <VX (31)
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The transverse part of any element of <^* is given by

Z = δτ E. (32)

The vector Z satisfies the homogeneous differential constraints. The set of all
Z's forms a linear vector space 2£. Equation (32) may be inverted allowing to write
E in terms of Z. To do that, we start evaluating

£ M l - " M n = < 5 M l v i . . . S^E^ " ' Vn (33)

and making use of the decomposition of the identity (26), the differential constraint
and recalling that Eμι = Zμ\ we get

E = σ Z , (34)

where the soldering quantities O only depend on the function φ which characterize
the choice of decomposition in transverse and longitudinal parts,

<jμι

μ ι ' " μ n v 1 . vn, if m = n

eμi μ« frp\ •• pn-ί if m < n
Pί pn-lU V i V m ί U m ^ n

0, if m > n

(35)

with

e aiXi anXn — y fiaiXί ' <*j-ιXj-ι((haJxJ — ώ a j X j } δ r a j + l X j + l " '"nXn

c i y i c M - ι v n - ι — L °CiV\ - c j - i y j - i V ^ V j V^yj- JυTcjyj cn- ιyn- i

J = l

The quantities (7 have definite transversal properties

δτ σ = δτ, (37)

σ c5τ = σ , (38)

and under a change of the prescription φ ̂  -> φ^ we have

. (39)

Let us note that (34) connects the component Eμι " ' μn of rank n with the compo-
nents of Z of rank one to n. That is

n

£μι μn = ^ σμι μn^ ^Z^ ' ' ' v- . (40)

m = l

It is useful to introduce a vector product on <?*. In general, given two vectors £i
and E2 we define its x -product as the vector (E1 x E2) with components

«-ι
(E1xE2)

μί'"μn= Σ Eμ

l

ί'-'liE$ + ί'"μn . (41)
i = l

The x -product is associative and have the important property that satisfies the
differential constraint if any £, does.

Equations (32) and (34) define an isomorphism between the vector spaces <?*
and 2£. The vector product can be introduced in the vector space 2£ and, due to the
isomorphism we have

£ 1 x£ 2 = σ (Z 1 xZ 2 ) . (42)
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It would be important for our purpose to consider the subset J^ c ^* of
elements that satisfy the homogeneous algebraic constraint. Any element F e 3F
identically vanish under the action of the permutation operator associated with the
algebraic constraint

(43)

This set is a subspace of δ *. The isomorphism between the spaces <ί* and
^ induces a one to one correspondence between the vectors of OF and a subspace
ty c 2£. In Appendix B we demonstrate that ®J is the set of all vectors of 2£ that
satisfy the homogeneous algebraic constraint.

3.2. Non-Trivial Representations of the Diffeomorphism Group. Here, we study the
transformation laws of the elements of the vector space 2£ under diffeomorphism
transformations with a fixed point. The vectors E e $* behave as multivector
densities, that is

E' = ΛD E. (44)

Thus
Z' = δτ ΛD E = &D Z (45)

with
&DΞΞδτ ΛD σ. (46)

The isomorphism between the vector spaces ff* and & makes <£D a representa-
tion of the diffeomorphism group. This representation emerges as the push-forward
of the natural action of diffeomorphisms on the space of solutions of the differential
constraints by the isomorphism of that space with the space of transverse
vectors 3£.

The presence of the nondiagonal matrix <J in &D makes this representation
highly non-trivial. This is an important result, due to the possibility to introduce
"spinor-like" objects in a theory invariant under diffeomorphisms. In fact, the
isomorphism guarantees the following property of the σ's:

σ = ΛD σ &D-ι . (47)

This relationship clearly shows the role played by the <7's as the soldering quantit-
ies between the "vector" representation ΛD and the "spinor-like" representation
X*

It is straightforward to see that the subspaces &> and <%/ are invariants under
diffeomorphisms. The vector product of 7's belongs to ̂  and in consequence has
the same transformation law under diffeomorphisms that a single Ϋ.

(Ϋ'1x- xΫ'n)=<?D.(Ϋix -xΫn). (48)

This fact will be important for the construction of knot invariants.

4. Free Coordinates on the Loop Space

We proceed now to determinate the free coordinates associated with an arbitrary
element of the loop space. This means that we have to identify all those elements of


