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Abstract. We consider the Schrodinger operator with constant full-rank magnetic
field, perturbed by an electric potential which decays at infinity, and has a constant
sign. We study the asymptotic behaviour for large values of the electric-field coupling
constant of the eigenvalues situated in the gaps of the essential spectrum of the
unperturbed operator.

0. Introduction

On C§°(R™) define the Schrodinger operator
+._ 2
Hy =GV +A)" FgV.

Here A : R™ — R™ is the magnetic potential, V' : R™ — R is the electric potential,

and g > O is the electric-field coupling constant. Our further assumptions about A

and V' will imply, in particular, the essential selfadjointness of the operator H, + 50

that in the sequel H will denote the operator selfadjoint in L*(R™).

We assume that the entries
BijzaxiAJ—c’)XjA L,ji=1,...,m,

77

of the magnetic-field tensor B = {B,;}", _, are constant in X. Moreover, we assume

rank B =m. 0.1)

Note that the condition (0.1) may hold only if the dimension m is even, i.e. m = 2d,
deZ,d>1. Letb >-.-->b,; >0 be such numbers that the eigenvalues of the
skew-symmetric matrix B are equal together with the multiplicities to the imaginary
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numbers —ib; and ib, j = 1,...,d. Let {4}, ¢ > 1, be the nondecreasing sequence
consisting of positive numbers of the form

d
A, =) @n;— Db, 0.2)

j=1
where n;, j = 1,...,d, are positive integers. The numbers A, are known in the
physical literature as Landau levels. If s, different sets {n,,...,n,} yield one and

the same level A, according to (0.2), then A, is repeated s, times in the sequence
{A,}y>1- It is well-known (see e.g. [Av. Her. Si]) that we have

[ee)

o(Hy) = oo (Hp) = | J{4,},

g=1

where o(T') (resp. o
selfadjoint operator 7.
Further, we assume that the electric potential V' decays at infinity. Therefore, the
multiplier by V' is relatively compact with respect to H,. Hence, we have
Oes(Ho) = 0 (H), Vg>0.

€ss

(T)) denotes the spectrum (resp. the essential spectrum) of a

Fix a real number \ € p(H;) = R\ o(H,) and denote by /Vg'i()\) the number of
the eigenvalues of the operator H,fi crossing A as the parameter ¢ grows from 0 to
the value g > 0. The paper is devoted to the study of the asymptotic behaviour of the
functions %’i(/\) as g — oo, the value A = X € p(H,) being fixed.

The paper is organized as follows. In Sect. 1 we state our main results and comment
briefly on them. Sect. 2 contains some necessary auxiliary results. In Sect. 3 we prove
Theorems 1.1-1.2, while the proof of Theorem 1.3 can be found in Sect. 4.

1. Statement of Main Results
1.1. We shall say that the potential V' belongs to the class 7, o > 0, if and only if
V e C*°(R™), and the estimates

IDPV(X)| < Cp(X) 1Pl (X) o= (14 [X])'2,

hold for each X € R™ and each multiindex 8 for some constants C'g.
For s > 0 set
Py (s) =vol{X e R" : V(X) > s}.

We shall say that the potential V' belongs to the class @J , a > 0, if and only if:
hVVez,;
ii) the estimate
CO<X>_a.<.V(X)a |X|>R,

holds for some constants C; > 0 and R > 0;
iii) the function &, (s) is differentiable for s € (0, 5y], s, > 0, and the estimate

—59P1,(s) < CDy(s), s€(0,5,],

holds for some constant C'.
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Remark. Various sufficient conditions which guarantee the validity of condition iii)
can be found in [Shu], Subsect. 28.7, or in [Dau.Rob], Subsect. 2.B. In particular,
condition iii) holds if the estimate

CV(X) < X - V0

is fulfilled for some positive C, and sufficiently large | X|.
Let F;(¢), j = 1,2, t > 0, be two nondecreasing (resp., nonincreasing) positive
functions. We shall write

Fi@) < F@t), t— oo,

(respectively,
FO=<FE®), tl0)

if and only if there exists a constant C' > 1 such that we have
C™'F(t) < Fy(t) < CF(1)

for sufficiently large (resp. small) ¢.
Note that if V € Zf, a > 0, we have

Dy(s)=s™ 5]0. (1.1)

Let V € f/; , & > 0, I be an arbitrary lower-bounded interval. For A € p(H)
introduce the function

_ L by by, » B
V(D) = WA = s q;‘ Dy (g4, = AD. (12)

Aqel

Since V is a bounded function, the sum at the right-hand side of (1.2) may contain just
a finite number of non-zero terms for any fixed g > 0. If the interval I is bounded,
then the estimate (1.1) implies

v, (1)< g™, g— o0, (1.3)

for all & > 0. If I is unbounded, then the asymptotic behaviour of ¥ () is essentially
different for o € (0,2), = 2 and o > 2. Namely, if o € (0,2), then the estimate
(1.3) holds, if o = 2, then we have

w,(I)=< g™*logg, g— oo, (1.4)
and if o > 2 we have
yp_(4m)~m/2

m/2 -
T +m/2) V(X)™*dX (1 +o(1)), g— oo. (1.5)
Rm

v,(=g

Note that in the case where I is unbounded and o« > 2, the estimates (1.4)—(1.5)
together with (1.1) imply that the main asymptotic term of ¥, (I) is independent of
1. More precisely, we have

g&n;o W (1)), (L) =1 (1.6)
for o > 2 and any pair of unbounded intervals I; and I,.

Assume that V € @a‘“ , & > 0, and, moreover, V' obeys the asymptotics

V(X)) =oX)|X|72(1 +0(1)), X:=X/|X|, |X|—o0.
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Then we can replace (1.3)-(1.4) by more precise asymptotic relations. Namely, we
have

b b
: —-m/a — 1 d m/a _\|—m/a
Jim g g, = 0 [ ueiedo) 2,

sm—1
Agel
if @ > 0 and I is bounded, or if o € (0,2) and [ is arbitrary, and

(4m)—m/2
2r(1 +m/2)

sm—1

lim g~™/*(log g)~ '@, (I) = (W)™ *do(w)
g—o0o

if & =2 and [ is unbounded (cf. [Rai 2], p. 46).
1.3 Theorem 1.1. Let V € &f, o > 0. Then we have

A7) = 8,04, A+ o(1), g — oo, 1.7
forany X = X € p(Hy), A > A,.
Remark. If A < A, then /ﬁ_;"(/\) =0.
Theorem 1.2. Let V € &, o € (0,2). Then we have

A7) =¥ (A 00 +0(1)), g— o0, (1.8)
for any A = X € p(H,).

Remark. We shall prove Theorem 1.2 for A > A, = info(H,) = info (H,). The
case A < A, is included as a special case in [Rai2], Theorem 2.1; in this case the
asymptotics (1.8) are valid as well.

Theorem 1.3. Let V € 2" Then we have
AN = (A, 00D+ o(D) = ¥y ([4;, 00))(1 + o(1)), g — o0, (1.9)
for any X = X € p(H,).

Remark. The conditions 1)—iii) imposed on the potential V' may seem rather restrictive
and, as a matter of fact, they really are. As it will be seen from the sequel, these
assumptions enable us to use some known results on the spectral asymptotics for
pseudodifferential operators with Weyl symbols. Since we investigate only the main
asymptotic term of ./, *()), our results could be considerably extended applying the
variational technique developed by M. Sh. Birman and M. Z. Solomyak (see e.g.
[Bir. Sol]). Here we would mention just one possible generalization. Let V, € &,
a € (0,2]. Assume that V, > 0 and V, € L™/2@R™) if m > 2, V, € LP(R?), p > 1
and supp V, is compact if m = 2. Then the asymptotic formulae (1.8)-(1.9) remain
valid for V' = V| + V,. Note that in this case the main asymptotic term of ¥ (/) as
g — oo depends only on V; but not on V,. In particular, we find that our results are
valid for the Coulomb potential V(X) = 1/|X].

Note that our results do not contain the asymptotics of /ﬁ;”’(/\) for o > 2. These
asymptotics are included as a special case in the general result of [Bir. Rai], Theorem
1.1, where a much more general class of “regular” potentials (A4, V') has been studied.
Bearing in mind (1.5) and (1.6), we find that the asymptotic formula in Theorem 1.1
of [Bir.Rai] can be written in the form of (1.9) if B is constant, rank B = m, and
Vet a>2
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14. Fort € R set

k() :== gw)mlj‘i#{q tA, <t}
Then the asymptotics (1.7) can be written in the form
A
Ay~ ) = / Dy (g~ N = )k (1 +o(1)), g — o0,

and the asymptotics (1.8)—(1.9) — in the form

(o)

A7 = /fpv(g—l(t = Mdk@) (1 +o(1)), g— o0.
X

Comparing these formulae with the analogous asymptotics obtained in [Al. De. Hem],
[Hem] and [Sob] for the case where the unperturbed operator has the form —A + 1V,
V, being a periodic function over R™, we find that the role of the integrated density
of states for the operator considered in the present paper is played by the function
k(t) introduced by Y. Colin de Verdiére in [CdV].

2. Auxiliary Results

2.1. Tt is well known that on R™ = R?? there exist rectangular coordinates (z,y)
with z € R%, y € R such that the operator H>* can be written in the form

d o 2 o 2
Hj:Z{(—ia—%—bjy]ﬂ) —|—<—i—8?+bjxj/2> }$gV(m,y).
j=1 E
Introduce the selfadjoint operator

d 82 R

j=1 J

defined originally on C$°(R?) and then closed in L2(R%). The spectrum of A is purely
discrete and the eigenvalues of h together with the multiplicities coincide with the
Landau levels Aq, g>1. Let{ fq}qZI be the orthonormal in L?(R%) eigenfunctions

of h such that
hfq:Aqfq) q21~
The eigenfunctions fq can be written in the form
f@) = exp(~|z* /7 (x), ¢>1,
where @q, q > 1, are some polynomials with real coefficients.

Introduce the operator
®

Rd
which is selfadjoint in L?(IR?%).
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Further, set
‘/b(‘r)y) = V(bl—l/zml, e ,b;l/za:d, bl_1/2y17 ey b;1/2yd)

and define the operator 7, selfadjoint and bounded on L?(R??), as a pseudodifferential
operator (¢?DO) with Weyl symbol

S(xay?ﬁan) = ‘/b(x_nay_g)a (wvy;gan) GT*dev
(see [Shu], Chapter 4, or [H6]). Thus, for « € L>(R™) we have

1 ! /
(7w (z,y) = o / exp{i[{(x — z') + ny — y)1}

R4d
1 / 1 / / / / /
x Vi ’2‘(«73"‘35)‘7775(2/"‘?/)—5 u(x’, Yy )dx' dy' d€ dn .
For g > 0 set
HE =My F 97
The operators H 3: and %;E are unitarily equivalent. To see this, first of all change
b»_l/zxj, Yy, — b;l/zyj, Jj=1,...,d, inR, . Let (§n) be the

j
variables dual to (z, y). In T*R?¢ = R*? define the linear symplectic transformation

r—oz—n, y—y—=& E—-@+H2, n—(@+n/2.

The superposition of these two transformations maps the symbol of the operator H gt
into the symbol of %gi Taking into account Theorem 4.3 in [HG6], we establish the
unitary equivalence of H; and 7"

the variables z, —

2.2. Let T be a linear compact operator in a Hilbert space. Then v(u; T), p > 0, is
the number of the singular values of T (i.e. the eigenvalues of (I"*T')!/2) greater than
. Assume in addition that 1" is selfadjoint. Then n_ (u; T'), p > 0, is the number of
the eigenvalues of the operator £7" greater than p. Note that we have

v T) = v(p; T*) = ny(u¥ T*T) = n (u*; TT*), p>0, (2.1
for any compact operator 7'. Moreover, recall the well-known Weyl inequalities

ny(w; Ty +13)

<n (u =73 T +n (urs T, Yu>0,97€(0, 1), (2.2),
ny(p; Ty + 1)
>n, (W +7); 1) —n_(pr; 1), Yu>0,97>0, (2.2)_

which are valid for any couple of compact operators T, = T;“, j=1,2.
Set %" := 2°1/2. Obviously, under the assumptions of Theorems 1.1-1.2 the

operator H,, 12 compact. Bearing in mind the unitary equivalence of the
operators H;t and %gi, and applying a suitable version of the Birman-Schwinger
principle (see [Al. De. Hem], Theorem 1.3, or [Bir], Proposition 1.6), we obtain the
following

Lemma 2.1. Let A\ = \ € o(H,). Then we have
AEN =0y (g™ W (Hy - NT'W), Vg >0. 2.3)
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2.3. Introduce the operator x () acting in

o0
AN, RY) = {u = {u, W}, Y / lug @) dy < oo}
g=1 Rd
according to the formula
W, @) =4, = N Pu), g>1, yeR?, A=X€ o(Hy).
The same notation x(A\) will be also used for the restrictions of the operator x(\)
onto the subspaces Lz(RZ)”, 1 < 5 < oo, of A(N_; Rg).

Further, we shall say that an operator acting in L*(RY) belongs to the class
. (resp.. 7, T) if and only if it is a ¥DO with Weyl symbol s € &, (resp.s € Z.}),
a > 0. It is well-known that if T € .%,, then T* € %, if T, € %,j=12,
then T} + T, € &, and if T} € %, T, € .7, then T\T, € ./ 5 (see e.g. [Shu],
Chapter 4).

Fix A > A, A € o(Hy), and A > A\ Denote by P_, P, = P, (A) and
P = P_(A) the spectral projections of the operator .7, corresponding respectively
to the intervals I_ = [A;, )), I, = (A, A) and I = [A, oc0). Obviously, the
projections P_, P, and P_ are pairwise orthogonal. Since A, = info(H;) and

A € o(Hy), we have P_ + P_+ P, = 1d as well. We shall use also the notation
Q=P +PFP,.

Lemma 2.2. For any oo > 0, A > A, X € o(H,). we have
ny(w; WP Hy = NP ) =W, (1A + o)), 10, 24,
ny(w; P P (Fy — )\)’lPi%”Pi) =Y,,d)A+oM), pl0. (2.5,
Proof. For definiteness we shall prove the relations (2.4)_—(2.5)_. The proofs of

(2.4),—2.5), are quite similar.
Recalling (2.1), we obtain the identity

n_(w Z'P_(Hy— NP7
=n, (| Hy— NP 7P| H# — ANV, u>0.
(2.6)
Set »_ = #{qg : A, € I_}. Introduce the operator x(\Tx(\): L*(R{)*~ —
L*(R)*~, where T is a WDO with matrix valued Weyl symbol
s, m = {8, M ot s

1 ’
Sps (Y, M) = / fo@) f(@)es=)
R3d

(2m)d

1
%(—Z—(x—i—x’)—n,y—ﬁ) dedd’ dé, r,s=1,...,x_. (27

The nonzero eigenvalues of the operators | #, — \|~V/2P_7"P_|.%, — \|~'/? and
X A)Tx(X) coincide. Therefore, we obtain

n, (s |y — N7PP_7 P\ — N7V = n (s xOOTX(V), >0, (2.8)
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Further, we have T' = T} + T, where T} is a YDO with matrix-valued Weyl symbol
{6,V (—n, y)}fffsz1 and 7, is a ¥DO with matrix-valued Weyl symbol with entries

1
§rs(y’ 77) = W / mm(l“» g) eXP{—(‘xlz + ,512)}

R2d
1

/ {z- v,z —n,y—16) =&, Vy(rz —n, y — 16} drdzd€, (2.9)
0

where P, (z, £) are some polynomials, r, s = 1,..., »_, (see [Rail], Sect. 5).
Applying (2.2),, we get

En, (p; x(NTXN) < £n (ud F7); x(NT X (V)
+ny (ur; x(NLx(N),  Yu>0, Vre(0,1).(2.10),
It is not difficult to check that the entries of the symbol of 7, (see (2.9)) belong
to the class &, . Since »_ < oo, we have
n(s; X(WTx(W) = O(s >0y = o, (1)), 510, 2.11),
(see [Dau. Rob]). On the other hand, we have

T, = Z@t, (2.12)
q=1

where ¢ is a ¥DO with (scalar) symbol V; (—n, y). Thus we get

pas

(55 XOOT X)) = D> ny(s(A, = A); ). (2.13)

g=1

Applying the standard asymptotic formulae describing the eigenvalue distribution for
elliptic ¥DOs of negative order, we find that

n,(s(4, = N; ) = 2m) " vol{(y, n) € T*R : Vy(—n, v) (2.14)
> s(A, = M}1+o(1), s]0,
(see [Dau. Rob]). Note that d = m/2, and the volume at the right-hand side of (2.14)
coincides with b, ... bdfﬁv(s(/lq — A).

Combining (2.6), (2.8), (2.10),, (2.11), (2.13) and (2.14), and taking account of
the limiting relation

lim lim sup £, .1+ (I)/¥,,,(I_) < 1,
10 ulo

T

we come to (2.4)_.
In order to prove (2.5)_, note the identity

n_(u; P_'P_(Hy— NP7 P) =n,(; xWTXx(\), >0,

where T is a matrix-valued DO whose symbol is defined by analogy with (2.7) but
V,, is replaced by Vbl/ *. Arguing as in the case of T', we can show that T' = T, + T,
where 7 is a ¥DO with matrix-valued symbol {6, Vbl/ *(=n, y)}:i‘szl, and the entries
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of the symbol of the operator 7, belong to Pa+2y/2- Thus we find that =T, +T,
where T is the operator described in (2.12), and the entries of the symbol of the

operator Tz belong to &, . Further the proof of (2.5)_ is analogous to the one of
e4_. 0O

Lemma 2.3. For any o > 0, A > A, X € o(H,), we have

v QI P_| Ay = NP = Oy o, (2.15)

Proof. Obviously we have
l/(p,l/z; QW 'P_|7#y — )\|_1/2)
=n, (| Hy— N"VEP_7°0d — POYWP_| 7, — N~
=n,(u; xONT — THxN) = n, (15 xONT — T)x(\),

where the operators 7T, T, T, and T2 have been introduced in the proof of the previous

lemma. Since the entries of the symbols of the operators 7), and T2 belong to the class
.1, We obtain the estimate

n (1 XOXT, — Ty)x () = 024Dy -yl o,
which entails (2.15). O
Lemma 2.4. For any o > 0, A > A, A € o(H,), we have

v PP = N T = 0 ) o, (2.16)

Proof. Set », =#{q: A, €I }. Let.7 : LZ(RZ)“+ — Lz(R;)”- be a DO with
matrix-valued Weyl symbol with entries

1

§rs(3/, n) = W

/ fT(ZE)fs(ZB/)elg(z-I/)%l/z (%(ZB + xl) —n,y— €> dl:dx/dé,
R3d

r=1...,% ,s=k_+1,....,6_+kK,. (2.17)
Then we have
v(p! % P_I P = AT = ny (s xOVT 5T x(),  p> 0.

Since the functions f,. and f, appearing in (2.17) are pairwise orthogonal, we find
that the entries of the symbol of the operator .7~ belong to &), and hence the

entries of the symbol of the operator .7 *.7 belong to &, 42+ Thus we come to the
estimate

(s XONT 5T X)) = (@) o,
entailing (2.16). [
Lemma 2.5. Forany o > 0, A > A, A € o(H,)), we have

lim limsup > “v(u!/?; P_77"P_(A)|Hy — A7V =0. (2.18)
A—oo #lo
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Proof. Obviously we have
v(u''? P_IV P ()| Hy — N7V < v/ (A = N P
<n (A P.7P)=n (A T), p>0,

where the operator 7' has been introduced in the proof of Lemma 2.2. Since the

quantity lim sup s>¥/%n_ (s; T) is bounded, the relation (2.18) holds. [
sl0

Lemma 2.6. Let o € (0, 2). Then for any A\ = e o(Hy), we have

lim lim sup p>¥*v(u'/?; W°P_(A)| 9%, — N\|~/*) =0. (2.19)
oo 0

A—o00 NLO

Proof. For sufficiently large A and some ¢ € (0, 1) we have

V(% WP ()| — N7V < w(ep% (FHy + M)~V
= n (Pps (Fy+ NPT (Hy+ A7),
(2.20)

Applying the Birman-Schwinger principle, we find that the rightmost quantity in
(2.20) coincides with the number of the eigenvalues of the operator Hy — (c?u)~ 'V
smaller than —A. Employing Theorem 2.1 in [Rai 2], we find that the estimate

lim sup s°/“n_ (s; (Hy + A)"V27 (9 + )7V
sl0

<CY (A, + AT (2.21)

q>1:

holds with some constant C' independent of A. Since o € (0, 2), the series at the
right-hand side of (2.21) is absolutely convergent. Letting A — oo, we conclude that
the relation (2.19) is valid. O

3. Proof of Theorems 1.1-1.2

3.1. In this subsection we prove Theorem 1.1.
Replacing the operator (7%, — A\)~! by its negative part and using the minimax
principle, we get

n_(w; X' (F#, — N <n_(u; W P_(F, — NP
=n (s WP_|FH~\N""P.W), pn>0.

The rightmost quantity can be estimated directly according to (2.4)_. Thus we get

limsup®, ), ([A,, W) ™'n_(u; Z°(Hy— N 7)< 1. (3.1
wnl0

Restricting the operator 77(F#%, — A\)~'% onto the range of P_, we get

n_(w W (Hy— N >n_(u; P.W (F#y— N""W'P_). (3.2)
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Write the operator identity

P W (F#y— N"'W'P_=P_ WP (Fy— NP IP_
+P_ WP (Hy— NP, 7P
+P WP (Hy— NP WP_.

Using the relations (2.1)-(2.2)_, we get

n_(w P (Hy—N"'"W'PYy>n_(ul+21); P.W'P_(Hy— N"'P.7P.)
_ I/((TM)I/Z; P—%/‘P+|L%O _ )\‘—1/2)
A PP — A,
w>0,7>0.

The first term at the right-hand side is estimated according to (2.5)_; this term
is responsible for the main term of the asymptotics. The second term is estimated
according to Lemma 2.4, the third term is estimated according to Lemma 2.5. Thus
we obtain the inequality

liminf®,, ((A,, \)™'n_(u; P.7(H#, - N"'Z'P)>1,
w10

which combined with (3.2), and then with (3.1), entails (1.7).

3.2. In this subsection we prove Theorem 1.2.
Replacing the operator (%%, — A\)~! by its positive part and using the minimax
principle, we get

n,(u V' (Fy— N <n(u; VA —N'QW), pu>0.
Fix A > X and apply (2.2), . Thus we get
n (s V' QI = N'QY) <y (@l = 7); WP (FHy — NPT

+ 0y, (uTs P (Hy — NPT,
Yu>0, Vre@,1). 3.3)

Applying the asymptotics (2.4) ,, and taking into account (2.1), (2.19) and the limiting
relations

Alim limsup &y, (A, 1))/¥ (A, 00)) =1,
—X 510

limlimsup &, (A, 00))/¥;,,((A, 00)) =1,
710 ulo

we get
limsup ¥, ,,, (A, 00)) " 'ny (s 7' (Hy = N~ W) < 1. (3.4)
wl0

Now, restricting the operator 7" (#, — \)~'7" onto the range of @, we obtain
the estimate

ny (s W' (T =N D) 2, (s QU (Hy—N'7'Q), n>0. (35
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Write the operator inequalities
QW (Fy—N'WQ > W QUHy— N QW —2Re P_ W' QI — N~ ' Q7
+ QW P_(FHy— NP 7Q
> (=W QHy— N QW
—e 'P_W'P(Hy— NP, WP_
~e7'P WP _(FH - NP WP
—~QW'P_|#y— N'P_7Q, Ve € (0, 1).
Using the relations (2.1) and (2.2),, we get
n (s Q7 (Fy = N 7°Q) = ny (w1l — )~ (1 +37); Z'QHy — N QW)
— v((rew)'/*; P_ %P, |\, — /\|“1/2)
— v((rew)' % PP, | H#y — N7V
— (w3 QWP — NP,

for each sufficiently small € > 0 and each 7 > 0. The first term at the right-hand-side
is handled in the same way as the estimate (3.3) was derived; this term yields the
main term of the asymptotics. The second term is estimated according to Lemma 2.4,
the third term is estimated according to Lemma 2.5, and the fourth term is estimated
according to Lemma 2.3. Thus we come to the estimate

1imli0nfspl/u(()\, oo))*‘n+(u; QW (FHy— N'7Q)>1,
I

which combined with (3.5), and then with (3.4), entails (1.8).

4. Proof of Theorem 1.3

In the proof of Theorem 1.3 we employ the scheme developed in [Bir].
Theorem 2.1 in [Rai 2] implies, in particular, the validity of the asymptotic formula

A;J’(O) =V, ([4}, c0)(1 +0(1)), g— 00, 4.1
under the hypotheses of Theorem 1.3. On the other hand, the resolvent identity
(Fy— N = = AH N (Hy - T, A=) € o(Hy),
and the Weyl inequalities (2.2), entail
tn, (s W (FHy— N W) < En (sUF1); WHy ' W)

+ny(sT; )\%%0'1(%0 - N,
Vs >0, Vre (0, 1). 4.2),

Combining (1.4), (1.6), (2.3), (4.1) and (4.2),, we find that it suffices to prove the
asymptotic estimates

ny(s; Wy (Hy— N "' W) = o(s™%logs]), s]0, 4.3),
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in order to derive (1.9). Denote by U the operator defined by analogy with %7 but
V,(X) is replaced by (X)~2. Applying the minimax principle, we get
ny(s; T, (Hy — N "W <m(sc; W H D)
= v((sc)'/% .%0_1%) , Vs>0,

for some constant c. Hence, it suffices to prove the estimate

v(ps Ho ' 77) = o logpl), 0, 4.4)
in order to derive (4.3),.
By (2.1) and (2.2), we get
W, T\ = v, 7757
< w2 7y Py )
+ v(u/2; (7/7%0_1/2 — %_1/2“727).%)_1/2),
Vu>0. (4.5)
Theorem 2.1 in [Rai2] with A = 0 and o = 1 entails’
v(u)2; 2y Pt Ay = )2 Ay P Y = 0wy, w0,
(4.6)
Set 7 = (" %0'1/ ? —.%0'1/ *7); note that the operator .7 is selfadjoint. Applying
the minimax principle, we obtain
v/ 2 (7 P = ot Py < vl o - an Py
= u(,u/li/z/2; )
= n, (uA)? )2 T+ n_(uAY? )2 7,
Y >0. 4.7)
The Weyl symbol of the operator .7 can be written in the form (see [Ho, p. 374])

— 2 / sin{2((, 2) = (¢, O + |z =+ + |y — €~ 7)™/

R4d
Hx+ 2z, E+OdzdCdtdr, (z,y, & n) € 7R,
where

Iz, &) =

7 d

/2 / 12 H(ch th)—l exp{ — (w§ + 5]2«) th bjt}dt, (z; &) € 7*RY,
0 j=1

is the Weyl symbol of the operator h~!/2

we find that

. Applying the general results in [Dau. Rob],

ny(u; F) = O(u*|logul), nlo0, (4.8)

Putting together (4.5)—(4.8), we come to (4.4). Thus the proof of Theorem 1.3 is
complete.
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