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Abstract. We consider the spectral problem resulting from the Schrédinger equa-
tion for a quantum system of n = 2 indistinguishable, spinless, hard-core particles
on a domain in two dimensional Euclidian space. For particles obeying fractional
statistics, and interacting via a repulsive hard core potential, we provide a rigorous
framework for analysing the spectral problem with its multi-valued wave functions.

1. Introduction

Let . be a bounded domain in R?, with boundary 0.# which we assume to be
smooth. The standard choice for the configuration space for a system of n indistin-
guishable particles constrained to the surface .#, and satisfying fractional statistics
is the manifold

Qu=(M"— 6,)/S, - (1.1)

Here .# ™ denotes the n-fold cartesian product of # with itself, §, denotes the subset
of points where two or more particle coordinates coincide (the diagonal) and S,
denotes the group of permutations on n symbols. The fundamental group of Q,,
7,(Q,) is the n-braid group B,(.#) of 4.

Now let x: 71(Q,) = U(1) be a finite, one dimensional, irreducible representa-
tion; clearly such a representation is a homomorphism onto the cyclic group of the
roots of unity, U, = {exp(21uk/m), k=0,1,...(m—1)}, for some m= 1. Let
0™ be the m-fold covering space of @, assoc1ated with the representation U,,,, with
B,(.#) acting as deck transformations, and let 7: 0™ — Q,, be the natural projec-
tion. It has been proposed, [10], that the space of admissible wave functions be
a complex Hilbert space obtained from the class of smooth equivariant functions

Cim(Qi) = {Y: Q" - C: Y (yz,92%) = x (Y (2, 2*), for all ye B,(4)} . (1.2)
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Here we let z = (zy, . . ., z,) denote a generic point of C", with z* = (zy, . . ., Z,)
denoting its conjugate. A map in Cgy (QL™) is obviously multivalued on Q, but
single valued on Q™. This setting is an example of what has been dubbed
“quantization on multiply connected spaces,” a general exposition of which is given
by Dowker [4]. The “statistics” of the system is embodied in the choice of
a representation, wherein the phenomenon of phase changes of the wave function
on interchanging particle positions is the y-equivariance (1.2). m = 1 corresponds
to bosons, particles obeying Bose-Einstein statistics, m = 2 to fermions, particles
obeying Fermi-Dirac statistics and m = 3 corresponds to fractional statistics.

The phenomenon of fractional statistics has been explicitly demonstrated for
the quasi-particles associated with the Fractional Quantum Hall Effect, [13, 21],
and such systems are also conjectured to explain high temperature superconductiv-
ity, [2, 21].

A theory of particles obeying fractional statistics in two dimensions was first
proposed by Leinaas and Myrheim [14]. The essence of the quantization proced-
ure they adopt rests on the fact that the configuration space (1.1) has nontrivial
topology due to the exclusion of the diagonal.

Prior to this, Laidlaw and DeWitt [12], following ideas of Schulman [17] had
developed a conceptually similar quantization procedure, however applied to three
dimensional space. In this case, the topology of the configuration space leads to the
possibility of only two types of statistics, bosons or fermions. They did not consider
however the two-dimensional case, which is the only case where fractional statistics
is possible, as seen now via standard arguments, [10, 21, 22]. Fractional statistics
was also discovered independently by Glodin, Menikoff and Sharp [6, 7], and by
Wilczek, who actually coined the term “anyons” [19, 20]. In all the above funda-
mental works, obtaining fractional statistics rests on the a-priori exclusion of J,
from the configuration space, (1.1). Although initially the exclusion of 6, by Leinass
and Myrheim seemed somewhat arbitrary, Goldin, Menikoff and Sharp in their
framework, [6, 7], put forward a theoretical justification. In [8, 9], they also
introduced the use of the braid group in the theory, a device also extensively
analysed by Wu [22].

We are interested in analysing the spectral problem resulting from the
Schrodinger theory for these particle systems. We assume that .# is equipped with,
for simplicity, the Euclidian metric. The Laplacian, 4, acting on C ®(C") is given by

Af=4Y 80.f, (1.3)
k=1
o = . o . R APy -
where 0, f = e and 0, f = % A lifts naturally to give a Laplacian 4: C*(Qy") —
k k

C>(Q™). Also let Ve C*(Q,) be a given real valued function, which will play the
role of an invariant potential. V" also lifts to give V: Q™ — R. The Schrédinger
theory for the quantization procedure, with the classical Hamiltonian leads to
procuring wave functions y: Q™ — €, and eigenvalues A€ C which satisfy

—A + V=) onQm, (1.4)

~ ~

Y=0 onrl,, (L5)
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where T . is the lift of the boundary I', = 0.4", and the fractional statistics,
V(yz, vz*) = x0)¥ (2, z*), for all ye B, (). (1.6)

As emphasized above, the non-trivial topology of Q, allows for fractional statistics.
However, excluding J, also makes Q, noncompact and non-complete, a fact which
obviously renders the spectral problem for the twisted Laplacian on Q, (1.4)—(1.6),
quite intricate. The problem is further complicated by the fact that the action of the
braid group has fixed points on J,. We approach these problems by analysing an
equivalent spectral problem on Q, itself. To this end let 9, = 4" —6,. Let
¢: 9, — C, be the function, given by ¢(z) = II;<(z; — z;), and let @,: ["'] >C
denote any one of the m roots of the discriminant according to ¢,(z) = [¢(Z)]2/m

Since ¢? never vanishes on Q['”] given any i e Cy (Q["‘]) we may consider the

map f Q['”] — € given by f (z,z*) = tﬁ(z, z*)/q)m(z) Clearly f is an invariant function,

f (0z, 0z%) = f (z, z*) for all o€ B,(A), for zeQ["‘] and thus corresponds to an
invariant function F: Q, > C, f(z, z*) = (F o m)(z, z*). Thus we see that (1.2) may be
written

Cim(Qi) = {§: O — €©: ) = (@) (F o m), for some FeC*(Q,)} . (L7)
_ Now setting_o =2/m, a simple computation using (1.3) shows that
V= (@u)(Feor): QM — € is an eigenfunction with eigenvalue AeC, satisfying
(1.4)—(1.6), if and only if F: 2, — C satisfies the eigen problem:

dp OF

—AF——- — —+VF=AF on9,, (1.8
@ kzl 0z 0z )

F=0 onl,. (1.9

F(oz,0z*) = F(z,z*), foralloeSs,. (1.10)

We are able to provide a set of sufficient conditions on the potential ¥ which
guarantee that (1.4)—(1.6) possesses a pure point spectrum of real positive eigen-
values, and a corresponding set of eigenfunctions contained in the space (1.2), and
which form an orthonormal and complete set in an appropriate Hilbert space;
Theorem 3.11.

Our strategy is to first establish that the equivalent problem (1.8)—(1.10) has
a pure point spectrum of complex eigenvalues; Theorem 2.46. We obtain this result
by working on weighted Sobolev spaces on 2, to handle simultaneously the fact
that 92, is noncompact and non-complete, and the fact that coefficients of the
elliptic operator occurring in (1.8) have singularities on d,, becoming unbounded
on neighborhoods of d,. This latter fact is a consequence, in analytical terms, of
B, () having fixed points on J,. In Sect. 3 we then proceed to lift the results of
Theorem 2.46 to the cover Q'™ to obtain Theorem 3.11, the main result of the
paper.

Indeed, what Theorem 3.11 demonstrates is that the lift of the Laplacian from
the configuration space to the m-fold covering space Q[,'”] is a self-adjoint operator
acting on an appropriate Hilbert space of functions, equivariant with respect to the
action of the braid group, and which decay sufficiently rapidly to zero or neighbor-
hoods of the lift of the diagonal. Our program obtains the results indirectly by
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carrying out the analysis on 2,, and then lifting results to the cover. An explicit
estimate for the rate of decay of the eigenfunctions is given in (3.18).

We also derive a lower bound, (3.22), for the first eigenvalue, the energy of the
ground state for the system of anyons in terms of four basic parameters: o, n, the
diameter of the surface, and the strength of the virtual force derived from the
exclusion principle of the hard core potential.

One could naturally propose analysing the spectral problem for systems of
anyons on more general surfaces and with more sophisticated statistics, i.e. higher
dimensional and non-abelian representations of the braid group. It is known [10]
that if the surface is compact with genus g = 1, the particles must be either bosons
or fermions; thus on compact surfaces, anyons can only occur if the surface is
simply connected. We are thus led to considering simply connected compact
surfaces, or non-compact surfaces. Our work considers the simplest case in the
latter category, as a point of departure.

We note that it has been claimed by Loss and Fu [15], that without employing
a repulsive hard core potential, inconsistencies arise in the theory of anyons,
concerning virial coefficients. We obtain here sufficient conditions on such a poten-
tial to obtain a pure point spectrum for the classical Hamiltonian.

2. A-Priori Estimates on Weighted Sobolev Spaces

In this section we establish certain a-priori inequalities on weighted Sobolev spaces
which allow us to establish the existence of a Green’s operator for the elliptic
operator occurring in (1.8),

4o -
L=—-A-3 i+ V. 2.1)
P k=1

We show that the Green’s operator on certain spaces is compact, which yields the
result that % has a pure point spectrum, Theorem 2.46.

In general, for a subdomain N « .#" we shall let C*(N) denote the complex
linear space of complex valued functions on N, which together with their partial
derivatives of all orders, are continuous on N. C§°(N) will denote the subspace of
C*(N) whose members have compact support in N.

We define the functions, {;: 2, > R,

Ck(ziz*)= Izk_z'l_zps k= la BRI (% (2‘2)
J

j=1
j*k

where p satisfies 2p = 1, and is to be chosen specifically below. Let {: 9, — R, be

N =

=3 Y 4. 3

We set for any real j,

wh(z, z*) = exp{BL(z, z*)}, z€9D,. (2.4)
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It is obvious that

ﬂr
We also define ¢: 2, —» R, by

!
i < <r_> wP, for all >0, for all integers r =0 . 2.5

2

qzz*) =3 | X la—zI7 @0 (2.6)
=
J

Obviously |z, — z;| < I, where [ is the diameter of ./, from which it follows that
qz,z¥) = n[(n — 1)@tV z¢9,, 2.7

and via Schwarz’s inequality,

n n

) |lze — z;1 71 | & élz”[q(z,Z*)]%< ) |fk|2)2 2:8)
1 k=1

k=1|j=
¥k
for all (¢4,...,¢&,)eC" and all ze9,.
We make a further assumption on the potential e C*(9,), in addition to its
invariance with respect to the action of S, on 9,,.. For constants 7 > 0 and 7 < o0,

1q(z, z*) £ V(z, z*) £ 1q(z, z*), for all ze 9D, . 2.9)

It will also be required that in relation to the other constants «, p and [, 7 is such
that

> 1+ (Bal??)? . (2.10)

The assumption (2.9) may be viewed as requiring the particles to exist under the
influence of a hard-core potential, which dictates a type of exclusion principle with
the parameter t prescribing the strength of the virtual force resulting from the
exclusion principle.

On C§(2,) we may define for each f > 0, the norm

|If|!§ﬁ=g§ {W"( Zn: |0k f1? + |5kf12> + W”qlflz}dvn, (2.11)
; k=1

where dv, denotes the volume element on &,,. Hg(2,) is defined to be the comple-
tion of C¢°(2,) with respect to the norm |+ | g,. Hy(2,) is a Hilbert space with
respect to the obvious inner product yielding (2.11).

Similarly on C*(2,) we may define, for § > 0 the norm

lglk, = | {W‘ﬂ( 2 gl + l5k9|2> + W'”qlglz}dvn : (2.12)
Dn k=1

K4(2,) is defined to be the completion of C*(Z,) with respect to the norm | - [,
Also K;4(2,) is a Hilbert space with the obvious inner product giving (2.12).
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We write (2.1) more explicitly as

L=—4-4a Y (ze—2z) o+ V (2.13)
1

k=1 |j=
j*k

and define the sesquilinear form B: C§°(9,) x C*(2,) — €, given by

n

B(f,9)=| {221 [0S 0xg + 0cf 0g] — 4o ). Xn: (2 —2z)"'0f |g

D, k=1 |j=1
j¥k
+ Vfg} dv, for feC§(2,) and geC*(2,) . (2.14)

Simply integrating by parts gives from (2.13) and (2.14),
| (Zf)gdv, = B(f, g), for all feC&(D,), g€ C*(2,) - (2.15)
D,
Henceforth we shall for brevity write Hg(2,) simply as Hy, and K4(2,) as K;. We
now focus on some basic a-priori inequalities on the form B(-,); namely that it is

continuous on H, x K, for all B, and coercive for the parameter f sufficiently small,
but positive.

Proposition 2.16. Let f* be the constant given by
_L
=4

(i) Under the conditions (2.9), there exists a constant Cy, depending only on a, £, and
I, such that for all p > 0,

|B(f,9)| = C, ||f||Hﬂ ||g||1<,,s for all fe Hg, gekKg. (2.18)

(i) Under conditions (2.9) and (2.10), there exists a constant C* > % depending only
on o, T and I, such that for all 0 < B < B*, and for all fe H,

sup{|B(f£9)l: g€ Ky, llglk, <1} 2 C*| flln, - (2.19)

(iii) Under conditions (2.9) and (2.10), there exists a constant C** > %, depending
only on a, | and t, such that for all 0 < B < B*, and for all ge Ky,

sup{|B(f,9)|:feHp, | fllu, =1} 2 C**lglg,. O (2.20)
Proofs of the inequalities (2.18)—(2.20) are given in Appendix A and B.

p* (2.17)

To define the Green’s operator for ., we make use of a theorem of Necas [16]
which is a generalization of the Lax—Milgram lemma, [5].

Lemma 2.21. ([16], p. 318) Let H and K be complex Hilbert spaces with norms || * | g
and || - || g respectively, and let B: H x K — € be a sesquilinear form which satisfies, for
constants C; < 00, C, > 0 and C3 > 0,

@ [B(LgI = Cilflulglk, forallfeH,gek,
(ii) sup{|B(f,9)l:9eK, lglx £1} Z C; || flu, forallfeH,
(iii) sup{|B(f,9)|: feH, | fllg =1} =2 C3llgllx, forall geK .
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Then for each linear functional U € (K)*, where (K)* is the dual of K, there exists
a unique fy€ H such that

B(fv,9) = U(g), forallgekK, (2.22)
and moreover | fyllg £ C5* | U |l O

Let 0 < f < B* be fixed. We define L; to be the completion of C5°(2,) with
respect to the norm

£z, = | wi'lf1?dv, . (2.23)

n

L, is a Hilbert space with respect to the obvious inner product yielding (2.23), and
because of (2.11) we have Hy < L.

For ue L, we define the linear functional U: Kz — C by U(g) = [4, gudv,.
From (2.7) and (2.12),
[
2

U(9)l = u]dv,

i
| gudv, f w2 gllw
2, 2,
1 1 B B
< [n(n— 117212071 [ gZ|w™2g||wi|dv,
2

1
< [nn— 12172127 Y glig, llully, - (2.24)
Hence with (K;)* denoting the dual of K, from (2.24),
IU Iy < [n(n — 1)* 172122 Hully, = Copllull, - (2.25)

Applying Lemma 2.21, to the results of (2.17)—(2.20), together with (2.25) we obtain
the following result.

Proposition 2.26. For 0 < § < B* there exists a linear operator Gg: Ly — Hy which
satisfies

B(Ggu, g) = | ugdv, forall geKy, ueLy, (2.27)

n

and || Ggulu, S[C*17'Cpiplully,. O (2.28)

Gg: Ly — H, obtained above is our Green’s operator for (2.1). We now establish
some regularity results concerning the elliptic equation formulated weakly by
2.27).

Let W*2(.4™) denote the Sobolev space, [1], of complex valued functions on
M". For1 <k < oo, We2(™)is the closure of C*® (.4") with respect to the norm

IS 1Frezam = § { Y \3v’"f|2} dv,, where for feC*(A"),
M vl +|ul sk
OvHf =0y 0% ... oot f, and v= (v, ..., V), = (U1, .., i) are multi-indi-
ces, With [V =vy + -+ + v, |p| = py +** + . Clearly WO2(") = L*(M™).
We let W'2(#") denote the closure of C(#") with respect to the norm,
| * lw 1-24my; it is a standard fact [1], that if fe W 2(.#"), then f = 0 a.e. on d.4".
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Since the subset 6, of .#" is of real codimension 2, it follows that

j fdv, = [ fdv, for every f measurable on .#" . (2.29)
2, M

Also since C¢°(2,) may be identified with a subspace of C¢°(.#") in the obvious
manner, it follows that Hy is a subspace of W' 2(.#"), and L, is a subspace of
L*(™). We define for > 0, Wj?(.#") to be the proper linear subspace of Ly,

Wi (") = { feLy: IS w2 < w0}, where

IS .2 aemy = J"{ > W”Ia“”‘flz}dvn- (2.30)

ARSIy

Now let ue Ly and set h = Ggu. Since obvigusly C*(#") = K, by (2.27), using
(2.18) and (2.29) it follows that he Hy = W' 2(.") satisfies the weak elliptic
equation:

[ 12 [0:horg + 0hongl — 4o Y, | Y (zx —2;)"0ch |g + Vhg \ dv,

M, | k=1 k=1|j=1
j*k

= | ugdv,  (2.31)
M,

for all ge C*(.4"). Integration by parts in (2.31) shows that he W 2(.#") satisfies
in a distributional sense

Ph=u in.u", (2.32)
h=0 ond.u", (2.33)

where % is the operator (2.1).
Now (2.32) may be written in the convenient form

—Adh=p in A", where (2.34)

p(Z, Z*) = 4“ Z (Zk — Zj)_la_kh — Vh +u 5 (2.35)
k=1 j=1
j*k

allowing us to derive the following regularity result concerning solutions of (2.32),
(2.33).

Proposition 2.36. Let 0 < 0 < 1 be any real number. Suppose that for somer 2 0 and
B>0,he Witt2(M™) n W 2(M"™) satisfies (2.32), (2.33), withue Wj*(M"). Then

he Wi22(M") A WE2(u™), where (2.37)
B =p(l—0). (2.38)
Furthermore, there exists a constant Cg , , such that

Ihllwys22cam S Cponr {1 B llwy+v2am + lullwy2cam} . O (2.39)
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A proof of Proposition 2.36 is given in Appendix D. We also have:
Lemma 2.40. The embedding Hy < Ly is compact, for each f > 0. O
A proof of Lemma 2.40 is given in Appendix C.

From Proposition 2.36, and Lemma 240, it follows that the operator
Gy: Ly — L, defined by (2.27) is compact. It follows from standard spectral theory
for compact non-selfadjoint operators, [11], that G, has a pure point spectrum
consisting of complex eigenvalues. We list the nonzero eigenvalues of G; assumed
ordered by decreasing magnitude, taking account of algebraic multiplicities:
{ui, pa, .. .} = G ie, |ug| 2 |p2l 2~ —>0and

G,,uj = UjUj, ]= 1, 2, ce (2.41)

for eigenfunctions u;e Hy.
Using (2.41) in (2.31), setting 4; = uj *, we obtain via (2.32), (2.33) for the system
of eigenfunctions {u;: j=1,2,...} c Hy,

Puj= Au;in A", withu;=0on oA", j=1,2,.... (2.42)

Iterating the regularity results of Proposition 2.36 in (2.42) shows that the
eigenfunctions u; are smooth; one obtains easily from (2.39), u;e C°(A") N Hpx.

0
For clarity we write the operator % of (2.1) as ¥ = ¥| z, z*¥, o 67) It is

clear from (2.1) that % is invariant under the action of S,, i.e.,

0 0 o 0
* —_— — = *
& <az, oz ,aaz,aaz*> <z (z,z ’az’—az*>’ for all ceSs, . (2.43)

It is easily seen from (2.42) and (2.43) that
& <z, z*, %, 676*) u;(oz, 0z*) = A;u;(oz, 6z*) forall ges, . (2.44)

Thus, via (2.44), if we define the symmetrized eigenfunctions

Fi(z,z*)= Y. uj(oz,0z%), j=1,2,..., (2.45)
oceSy
we obtain the following result, which is the primary objective of this section.
Theorem 2.46. The operator £: W*2(.M") ~ Hp — Ly, (2.1), possesses a pure point
spectrum of (possibly complex) eigenvalues A, 4,, . . ., listed in increasing order of
magnitude |Ay| < |A;] < - - - = o0, according to algebraic multiplicities, and a set of
corresponding eigenfunctions { F;: j = 1,2, . . .} defined by (2.45), (2.42) which satisfy:

gFj=Aij on ﬂn, (247)
F;i=0 onl,, (2.48)
Fj(oz, 0z*) = F;(z,z*), for all 6€S,, and F;eC*(M")nHg. 0O (249)

We note that (2.47)—(2.49) correspond to (1.8)—(1.10) respectively. We now
proceed to lift the result of Theorem 2.46 to the covering space QI™, to resolve the
spectral problem (1.4)—(1.6).
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3. Analysis on the Covering Space

Via (1.7) Ae € is an eigenvalue of . with corresponding eigenfunction Fe C *(Q,)
satlsfymg (1.8)—(1.10), if and only if 4 is an eigenvalue of the Schrédinger operator

—A+ V on O™, with corresponding eigenfunction ¥ = (¢%)(F n), satisfying
(1.4)-(1.6).
Thus if we define the functions ¥;: 0™ — € by

¥z 2%) = [0(@)Filz z%), zeQi, 3.1)

where F; satisfies (2.47)-(2.49) it follows that tﬁ, is an eigenfunction of the
Schrodlnger operator on the cover Q["'] satisfying (1.4)—(1.6) with 1 = 4;.

Now let C2(Qt™) be the subspace of C2, (Q[m]) (defined by (1.2) and (1.7))
consisting of functions compactly supported in Q™. On €3(Q'™) we may define
the inner product:

(9w = j {2 i Oif kg™ + O fOkg™ + Vfg*} v, , (3.2)

Q'[,,,] k=1

where g* denotes the complex conjugate of g, and d, is the volume element on

Q[m]
We let W} 2(Q["'l) be the completion of C[,,,](Q['”l) with respect to the norm
resulting from (3.2); W3 2(Q['"]) is thus a Hilbert space with inner product (3.2).
Let % (4;) denote the eigenspace of £ corresponding to 4; in (2.47)—(2.49).
Clearly for the Schrodinger operator the eigenspace of /1,, E(4;), is given
by E(l,) = {(¢*)(Fom): FeZ (4;)}. Since Z(4;) = Hy+ it follows that E(4;)
W2, j=1,2,.... Now using Stokes’ theorem, taking into account the
orientation of each sheet of the cover Q™ we obtain for §e €5 (QM),

— [ §*Ay;di, = | {2 Y 0u0;0:5* + 5k./7jakg*}d5,,, (3.3)
g gy & k=1

where g* is the conjugate of g.
Thus from (3.3), (1.4) and (1.5), we obtain

f {2 Y [0u;0:G* + Gui;0:G%1 + Vnﬁ,-g*}dﬁ,.ﬂ,- [ ¥;g*dp,. (34)

gm & k=1 o

Now let {g,,:r=1,2,...} c C[,,,](Q["']) be such that lim,, || ., — Vs 3.2 (Gtmy
= 0. If we replace g by g gs , in (3.4), then by completion by continuity we obtain

f {2 Y. [0u);00 + 60001 + VJ,-J:} di, = 2; [ Y;0kds,. (35)
gm & K g
A similar argument as that used to derive (3.5) gives also

f {2 i [akJﬁknﬁ;wékJsak%*} Vﬁsnﬁf}dﬁnﬂs [ yoyrds,. (3.6)

gm & ot o
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Hence from (3.5) and (3.6),

(hi— %) | ¥Yxdi,=0. 3.7

g
Choosing j = s in (3.7) and (3.5) yields the fact that 4; is real and positive for all
j = 1:(3.7) in turn yields that the eigenspaces correspondmg to distinct e1genvalues
are mutually orthogonal in LZ(Q["']) and by (3.6) hence mutually orthogonal in

W2 Q).
We now assume that the eigenfunctions have been normalized, so that
[ dai¥ds, =dy;. (3.8)
élm}

Now a standard argument shows that the system of eigenspaces {E(4;):
j=1,2,...} is complete in Wy2(QUm): ie.,

Wy 2(O) = @ E(4), (3.9)
jz1
where the closure is with respect to the norm topology of W;2(Qi™).

Indeed if Wi 2(QI™) + @j=1E(4;), then there exists a ue W} 2(Qm) g 5% 0,
such that u is orthogonal to E(4;) for all j with respect to the inner product on
Wb 2(Q™), (3.2). Without loss of generality we may choose ((u, u))y = 1. Using
(3.2), standard variational arguments give the characterization:

by = inf {((f,f))vzfe WV(Q&“Me( @ E(x,-)> NS Nz = 1} - (3.10)

From (3.10) we obtain immediately
((w,w))y = 4 forallk,

which yields a contradiction, and hence proves (3.9).
We summarize the above results in the following.

Theorem 3.11. There exists a sequence of real positive eigenvalues
0<A; =4, =...> 0, with no finite accumulation point, listed according to
multiplicities, and _ corresponding  eigenfunctions {np i J=12...}
c C2(Q) A Wik2(Q) satisfying the Schrédinger equation.

— A + W= Al on QU (3.12)
J;=0 onl,, (3.13)
Uiyz, y2%) = 1)V, (@ 2*), for all ye B, (M), ze Qi . (3.14)

Furthermore the system of eigenfunctions forms a complete orthonormal set in
W 2(Qm). The eigenfunctions decay exponentially to zero on neighborhoods of the

lift of the diagonal, 5,, on which set the eigenfunctions vanish.

Proof. Existence of the system of eigenfunctions with the stated properties follows
from the arguments above. We now simply make explicit the rate of decay of the
eigenfunctions to zero on ¢,. Equation (3.12) gives (2.47) via (3.1). Applying the
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estimate (2.39) to (2.47) with u = A;F;and h = F; we obtain forany 0 < ff <y < f*,
and k = 0,

IEjllws2camy = Cup(L + A3) I Fllwes scam - (3.15)
Hence iterating (3.15), we obtain for r =2 2, and 0 < 8 < ¥,
IF iy 2am < Cop(U+ AY T I Fyllwgzean < Cop(l + 4 " Fylly, . (3.16)

where we have used (2.11), (2.30) and (2.9).
Now for ¢ > 0,. let ./, be the neighborhood of the diagonal o, in .#" given by
No={zeM": |z; — z;] <¢ 1 i, j < n}. From (2.2)—(2.4) it follows that

1
’(z, z*¥) = exp {zyn(n — 1)8_21’}, for ze A, . (3.17)
Now let 0 < f < f* and set f=3%(B + p*). Using the Sobolev embedding
theorem [1], it follows from (3.16), with r = n + 1, that
| " F;ll 1o,y £ Coll @PF;llwns 1.2 am)
< Co gl Esllwysr2can < Cog(L+ 4 | Flm, -

Combining (3.17) with this last inequality gives, for 0 < f < f*,
~ 1
[Fj(z, z*) = C(1 + 4;)" [ F;lla,.exp {~§ pn(n — 1)8_2"} (3.18)

for all ze A, for a constant C depending only on n, § and I. Inequality (3.18) now
implies the assertion on exponential decay. [J

Finally, we give a rough lower bound for the energy of the ground state, as
measured by the first eigenvalue 4.

Now A satisfies (3.12)—(3.14), and hence equivalently (2.47)—(2.49). Using (2.17),
(2.7), (2.11) and (2.15), we obtain for any f > 0, and ge C *(2,),

[B(Fy, g)l = |44 ,f Figdv,
o
s ]
< Ayln(n — 12171120240 [ (w2|Fy|)g(w™2|gl)dv,
P
< Mnn— 1217122 D Fy g, [l g, - (3.19)
Thus from (2.17) and (2.19) in (3.19), for all § < %,

C*||F1llg, £ M [n(n — 1)*17 PP DY Fy ||y, . (3:20)
Now from (B.14), (B.13) and (B.12), we have C* = §min{1, 3 + «**?}. Hence

_ 12
Ay = 4 M min{l,% + oczl‘“’} . (3.21)

= § 12Gp+1)



Spectral Problem for Anyons 289

Introducing the parameter d = nl ~2 which measures the density of the particles on
the surface .#, we may write (3.21) in the form

2

PR =i [FEVISHETERY (3.22)
4 3n

Choosing p = 1, (3.22) implies that if the density is kept constant, then the

ground state energy never falls below the constant $;d>. Inequality (3.22) is not
necessarily the best lower bound.

Appendix A. Proof of (2.18)

Let feC§L(2,), ge C*(2,). It is immediate from (2.14) that

noop B b B
IB(f,) <2 ] { Y, w20, flIlw™20,g| + |w2 0y f| lwzakgl}dvn
Dy

k=1

n

" = s _B
+da [ Y lzm—zl T 1S gl dv, + [ VIwZf] [w™2g|dv, .
P, | k=1 1111( D,
J

(A.1)

Now from (2.8) and Schwarz’s inequality

1
n n _ B/ n _ 2 81
j Yol X lze—z; 7t [0S 1gl ydv, S 127 | W2< Y |5kf|2) w2q2 gldv,
g | k=1 =t 2, k=1
J

1
noo_ 2 2
gl“(j wh |akflz> (I W“’qlglzdvn> <1 flu,lgl, -
2, k=1 2,
Using the inequality immediately above and (2.9) in (A.1) we obtain

n B B _ B _ B s p
B(fo)l = | {2 2 [w210uf 1w 210g] + w210 f 1w Z10,G11 + V2| f1w ™ 2g]
n k=1

+401%% | f |, llgllx,,} S+t 44| fllg,llglk, s
for all fe C§(2,), g€ C *(2,). The result, (2.18), now follows from this last inequal-

ity via completion by continuity. [J

Appendix B. Proof of (2.19) and (2.20)

Let f > 0 and fe H, be given. We choose
g= wﬁf, (B.l)
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Then from (2.4) and (B.1) we have
%G =w @ f+ B L), and 8,3 =wF DS+ BfO:L) - (B.2)

Also from (2.3) we have

0l(zz*)=—p ¥ (& —2) "G~ )77, and (B.3)
Tek
Wl(z,z*) = —p 3, (@ —2) PG —2) """ Y. (B4)
i=1
¥k

Hence using Schwarz’s inequality we obtain from (B.3), (B.4) and (2.2),

Y. [0l + 18171 < 2% (B.5)

k=1

Using (B.5) we obtain from (B.2),

i [10egl? +10eg ] < 2w* {kz [10f1? + 10121 + B21 1P kil [lo P + I@CIZJ}
=1 =

k=1
<ow? {él [10f1? + 10 f17] + 2/321?261|f|2} : (B.6)
From (B.6) and (2.12) it follows that
lgll%, égg {ZWﬁ él [0k f1? + 10171 + 4p?B>whq | f1? + W"’qlwﬂflz}dvn
<SQ2+4p°BH) S, - (B.7)

Now, using (B.1), (B.2) in (2.14),

B(f.9)= gg { 2 i WPoif Ou f + B 0k0) + W0 f (0 f + B 0:0)]
., k=1

k=1]| j=1

¥k

—4ai [ i(zk—zj)“a_kf} whf + w”Vlflz} dv, .

k=1

=_a£ {2W” Y Lo/ 1P + 10 f 11+ WiV f1?

LB Y [0Sl + B f0uL]
k=1

ji=1
j*k

—4a Zn: l: Zn: (2 — Zj)—la_kf} Wﬂf} dv, . (B.8)
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Again, from (B.5) we get:

26w 3 [0S0+ Bufoul]

1 1
< 2/3W”Ifl( S [0S + la‘kfm)z ( Y [P + @cm)z
k=1 k=1

<2 3 1oSP + 1A+ 4wl ®9)

From (2.8),

n

¥ | ¥z AW
it

<au( 3 1007)

1
2 1

2 1 o=
2w f] < 5W“< ) lakflz> + 8a?1*Pwlq| f? .

k=1

(B.10)
Combining (B.9), (B.10) and (2.9) in (B.8) we obtain

B(f,9) Zgg {W”’ k‘; [0S P + 106 f17] + [z — 4B%p* — 801214"]W”q|flz} dy

(B.11)
Now under the conditions (2.10) and (2.17), for all 0 < ﬂ < B*,

T —4B%p? — 8a2l*? > 1 + 2147 — 4p?[B*]? = + w24 > i. (B.12)

Using (B.12) in (B.11) one gets
B(f,9) 2 C;| fll%,, where C, = min{1, t — 48%p> — 8a*I*?} . (B.13)
Setting ¢’ = g/ |9 | x,, we obtain from (B.13) and (B.7),
B(£,9) 2 C2 I flIE,/glk, Z C22 + 4p2[B*1*) ' 1 fllu, = C*I1 f I, . (B.14)

Since from (2.17) 2 + 4p*[ f*]? = %, the result (2.19) follows from (B.12), (B.13)
and (B.14). O

Although the form B(,*), (2.14), is not symmetric, nonetheless, the proof of
(2.20) is so similar to that of (2.19) that we may omit the details.
Appendix C. Proof of Lemma 2.40

Let {f;:j=1,2...} be a bounded sequence in Hy; i.e. I filla, < C, for all j, for
a constant C. Settmg u; = whf;, we have

Gutty = W2 (akf,. + gf,-akc> , (C.1)
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and
Dy = whl? <5k13 + gfja_kc> ) (C.2)
From (C.1), (C.2), (2.7) and (2.11), and (B.5)
n 2
by = | w0 3 [fous+Lga +
2, k=1
_ B .- |2
+ akf; + Ef}akc :I + Wﬂ|ﬁ|2} dl)n

< {2W” Y Loufil* + 10 fi17]
2, k=1

v 2| $ a0 1008 + 5| 1
k=1 .

<2(1+2p + Cyy ) filI3,, where C, ., = [2n(n— 1)>]~1[2@P+D),
(C.3)

Thus {u;:j=1,2,...} is a bounded sequence in W'?(2,). By the Rellich
lemma, [1], this sequence possesses a subsequence converging in L%(2,).
Hence there exists a uel?(9,) such that lim,_ || ujkﬂ— ullzz, =0, w}}lere

{u;: k=1,2...} denotes the subsequence. Define f=w™2u and f;, = w™ 2u;,.
Then by (2.23)

I fye = flle, = gg W fi — f 2 dv,

= | |u; —ul*dv, = |u;, — u| 122, and similarly, (C.4)

n

ISl = lullLaa, - (C.5)

The result of the lemma now follows from (C4) and (C.5), since
limy ., o || f _f||Lﬂ =0. O
Appendix D. Proof of Proposition 2.36

The result will be established by induction using the well known results on elliptic
regularity as found in [5] for example. First we assume that

he Wit b2( " o Wh2 (™) (D.1)
for some r = 0 and some f§ > 0. We set ¢ = 0f3, and let 2y + ¢ = f3, i.e,,
y=§(1—9). (D.2)

Our aim is thus to show that he W5} **(#"). We accomplish this by first
establishing the intermediate result that w’he W™+ 2(4"™).
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To this end, we observe that from (1.3),

AWh) = wAh + hA(w?) + 4 Z {0:(W?) O h + Oy hd (w?)} . (D.3)

k=1

In a straightforward way we estimate the right-hand side of (D.3). Now from (2.3),
(2.4), (B.3) and (B.4) of Appendix B,

n

Gw' = —ypw? Y (2 —2;) " I(E — Z;)77, (D.4)
2
Gw' = —ypw’ Y (2 — 2;)" P V(z, — z;)7P, and (D.5)
ji=1
¥k

n n 2 non
AW =y’pw” Y | Y (a—2) P V@ —2)77 —ypw? Y Y |z — 20D
k=1)j=1 k=1 j=1

J*k j*k

(D.6)
From (D.4), (D.5), (2.3), (2.4) and (2.5) it follows that for 2p = 1 and any ¢ > 0,

2
n

Y 0w + 10w P1Z 200w 3§ Y lz— 2,770
k=1 k=1 | j=1
j¥k
2

S20pw)t Y S 1T X (o — Ty <20pwI T Y (R
k=1 j=1 k=1
j*k

< 8(ypw?I2PT 1202 < (dypw? 2P )2 T 2wt = (dypl PP e T 2w (DY)
Similarly from (D.6) we have

[Aw?| £ 2(4ypl3P~1e~1)2wr /2 4 Bypl 22~ Dyr(3

< 32[(ypl?P~ e 1)? 4 12ypl2 (P~ Dg= 3 yr+e/2 (D.8)

From (2.34), (D.3), (D.7) and (D.8), for any ¢ > 0, and constants C,(g), C,(s),

|[4Wwh)|* < 3w |p[* + C1 (&)W *|h]* + Cz(S)W””( Y |okh|* + lﬁ—khlz> .
k=1

(D.9)
Also from (2.35), (2.2), (2.3) and (2.5),

|P|2 §48“2< Z |5—kh|2> Z z |z — z; -t
k=1 k=1| j=1
J¥k
2
+3620 Y Y lze—z TPV (AP 4+ 3Juf?
k=1

el

j=
JjF
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< 96oc212”‘1{( y |a‘kh|2> + 3821202 (202 | B2 + 3|ul?
k=1

I\

192a212”'18‘1w5< Y |5kh|2> + 4872]22P~ Vg~ 28| h|2 4 3|ul? .
k=

1

(D.10)

From (D.10), (D.9) together with the analagous estimates to (D.9), (D.10) for
derivatives of 4(w’h), it follows that if ue Wj 2, then for ¢ = 6, and y such that
2y +e=p,

AW'h)e W"2( ™), and (D.11)
whe Wh2(u") . (D.12)

It follows from the standard theory of elliptic regularity, [5], from (D.11) and
(D.12), that whe W2 2( 4"y W1 2(4"™), and

IW kIl + 20 < Cp,tonr { IRl wrs v20amy + [ tllwr2cam } (D.13)

for a constant Cy ; p, .
Now it is easily established by induction that from (2.2)—(2.5),

1004 (2, 2*)] £ Cpipy Y, Y, lzie — 25 7 CPHIIHID (D.14)

k=1j=1

for constants C,,, and hence that

n n

[0"0"w(z, z*)| S Cjow? Y. Y. |z — z;| " @PFIIFIUD
k=1 j=1
Jk

CuvnW' ™2 (D.15)

lIA

for constants C, , ,.

Now with the use of Leibnitz’s rule together with (D.15), the assumptions (D.1),
and (D.2) in (D.13), we obtain the bound (2.39) and hence the result (2.37),
(238). O
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