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Abstract. In this paper we study the diatomic molecular scattering by reducing
the number of particles through Born-Oppenheimer approximation. Under a non-
trapping assumption on the effective potential of the molecular Hamiltonian we
use semiclassical resolvent estimates to show that non-adiabatic corrections to the
adiabatic (or Born-Oppenheimer) wave operators are small. Furthermore we study the
classical limit of the adiabatic wave operators by computing its action on quantum
observables microlocalized by use of coherent states.

1. Introduction

In this work, we are concerned with a mathematical study of the scattering process
that a diatomic molecule dissociates into two ions. A direct mathematical study of this
problem may be rather difficult, since the number of particles can be arbitrarily large.
However, there is a folk-theorem in molecular scattering theory (see e.g. [Ch, De,
WOJ) that the contribution of electrons can be taken care of by effective potentials
and the motion of nuclei can be well approximated by classical dynamics. This
indicates that one can reduce the number of particles and thus considerably simplify
the problem. This beautiful physical intuition dates back to Born-Oppenheimer [BO]
and is based on the existence of a natural small parameter in molecular Schrodinger
operators: the ratio of the mass of the electron to the mass of the nucleus. It is
surprising to us that until now, there is no rigorous mathematical work on Born-
Oppenheimer approximation in scattering theory, unless the attempt made in [Ra]
where no quantitative result was given. Concerning mathematical works on Born-
Oppenheimer approximation in spectral theory, the reader can track back from the
reference quoted in [KMSW].
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The purpose of this paper is to provide a mathematical justification of Born-
Oppenheimer approximation in scattering theory for a simple, particular scattering
quantity: the two-cluster wave operators in diatomic molecular scattering. To begin
with, let us introduce some notations. Consider the Schrodinger operator P obtained
after the removal of mass center from the energy operator

N+2
~ 1

P=-—A, - 2m2A +Z——A +> V(@ - (1.1)

2m,
1<)

of a diatomic molecule with N electrons. Here x,,z, (resp., m;, m,) denote the
position (resp., the mass) of the two nuclei in R™ and z,, j > 3, (resp., m) denote
the position (resp., the mass) of electrons, the Planck’s constant & being put to 1.
In the following, we assume that m,,m, are of the same order and are all large
enough compared with m. In this paper the interaction potentials V, .(x) are assumed
to be short-range (a precise definition will be given below). Let C' = (C|,C,) be
a two cluster decomposition of {1,2,..., N + 2} with j € C}, j = 1,2. [C)| will
denote the number of particles in the cluster C;. Then the total Hamiltonian P can
be decomposed as

P=F+P+1,, (1.2)

where F, is the kinetic energy of the relative motion of the centers of mass of the
sub-systems C and C}:

1 1
P=—=—4+—1A_, € R", 1.3
0 <2Ml+2M2> e ® (13)
where JVIj =m; + (IC]| — Dm, j = 1,2, is the total mass of cluster Cj, Pc is
the cluster Hamiltonian whose detailed expression depends on the choice of cluster
coordinates associated to C' = (C,, C,) and I, is the intercluster interaction:

L= Y V& -z (1.4)

1€CLJeCH

expressed in the coordinates (z,%), z € R™,y € RN™, where y are the intra-cluster
coordinates. Since m;, m, > m, it is natural to regard the inverse of reduced masses
as a small parameter. We henceforth set m = 1 and put

1 1 5
(—2M1+~—2M2>_h, h>0, 1.5)
and
P, = Py+ P¢= —~h*A, + P~ (1.6)

In this paper, we regard i > 0 as a small parameter and we want to study the Born-
Oppenheimer approximation (i.e. the limit &~ — 0) of the two-cluster wave operators

Q2 =5 lim ePe "B (P9 (1.7)
in L*(R™™*Y), where E,(P°) is the spectral projection in L2(R™™+D) associated

to the point spectrum of P¢. Analogous to the Born-Oppenheimer approximation in
spectral theory (see [CSD, KMSW]), we denote by P, the electronic Hamiltonian

P, =P+ I(x,y), (1.8)
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which can be decomposed as a direct integral in z-variables. But, in contrast to the
Born-Oppenheimer approximation in spectral theory,  now is not the relative position
between the nuclei, but that between the two centers of mass of the subsystems C|
and C,. In addition, because of the choice of cluster coordinates, the intercluster
interaction I, is now h-dependent. Thus we have to analyze the h-dependence of the
eigenvalues of P,(x) = P+ I (z,").

Let us now explain our approach to the Born-Oppenheimer approximation of
25 . Fix an eigenvalue F, of the cluster Hamiltonian P¢. Assume that E is in
discrete spectrum of P¢ with multiplicity m and that there exist exactly m curves
of eigenvalues of P,(x), A\(z),..., A, (), counted according to their multiplicity,
which converge to E as ¢ — oo. Let I, and [I(x) denote the spectral projections
of P¢ and P, (x) associated to £, and A (), ..., A, (x) respectively. Denote by II,
and IT the projections in the total space L>(R™"*D) induced by the action of I, and
II(z), = € R™, in the space L>*(R™V) of the intra-cluster coordinates. Note that 11,
(acting on LA(RMN+DY) g always of infinite rank, since it commutes with translations
in z. Define the adiabatic and non-adiabatic parts of P by

PAD = 1P, QAP =[Pil, I=1-1I. (1.9)

Under appropriate assumptions on the potentials, we can show that on the range of
I1,, the cluster wave operators {25 have a decomposition:

011, = YAP QAP (1.10)
where p
QiD — S_t_—lj?oo eth e—thcHO
and

) . AD
Q]iVAD — s't_ggloo ethe—th Eac(PAD) ,
where B, (PAP) is the spectral projection onto the absolutely continuous spectral
subspace .7, (PAP) of PAP_ It can be shown under rather general conditions that
24P and QIVAP exist and are complete (see Theorem 2.3 and also [Ra]). With these
preparations, the main results of this paper can be summarized as follows:

e Under a non-trapping assumption on P4, one has:

NAD 1= O(h)

in the norm of bounded operators (Theorem 4.1).

e If I7 is of rank one, (ZﬁD “converges” in the limit A — O to the classical
wave operators of the classical effective Hamiltonians (Theorem 5.3, 5.4).

The first part of the results shows that 247 gives a good approximation of 2511,

while the second part justifies the physical intuition that the motion of heavy particles

can be well approximated by classical mechanics. Combining these two parts, we

obtain a quantitative result of the cluster wave operators {25 in the limits h — O (see

Theorem 5.5).

This work is organized as follows. In Sect. 2, we formulate some results on
adiabatic and non-adiabatic wave operators. These results are stimulated by the
unpublished work [Ra]. In Sect. 3, we establish semiclassical resolvent estimates
for PAP(h) and P(h). We need a non-trapping assumption on the classical effective
Hamiltonian. This condition is satisfied according to [DH] in a slightly different
situation. In Sect. 4, we derive the adiabatic approximation of the cluster wave
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operators. Our result is strong, since we obtain a remainder estimate in the operator
norm. But we need the non-trapping condition to control the h-dependence of quantum
dynamics. In Sect. 5, we study the classical limit of the adiabatic wave operators. The
method is similar to [W3]: We construct incoming and outgoing parametrices with
operator-valued symbols to approximate the adiabatic wave operators. We remark that
we use the phase function constructed in [W3], which is different from that of [IK]
and has the advantage of being directly related to the classical wave operators. In the
main part of Sect. 5, we do not need the non-trapping assumption, except for the last
result Theorem 5.5.

The methods used in this paper vary with sections. Those in Sects. 2—4 are
relatively elementary: We mainly use methods from functional analysis, except for
Corollary 3.3, where the symbolic calculus of h-pseudo-differential operators enters.
Therefore we expect that the main results of these sections could be understood
by those having a knowledge of quantum two-body short-range scattering theory
(including Mourre’s estimates and Kato’s local smoothness theory). However, we
require in Sect. 5 a more developed mathematical tool: theory of outgoing and
incoming h-parametrices. The proofs in Sect. 5 rely heavily on the results of earlier
works [IK] (for h = 1), [W1] and, especially, [W3]. We suggest that the reader who
is interested in the details of this section read these works.

2. Some Preliminaries

In this section, we establish the decomposition for the cluster wave operators:
¢ 17 — ONAD HAD
NCIT, = 20770247,

The similar problem was studied in [Ra] for Coulomb potentials with specific nuclear
charges: One of the ions is assumed neutral. Our framework is slightly different: We
treat general, short-range potentials.

To study the Born-Oppenheimer approximation of the cluster wave operators, it
is necessary to investigate the relationship between the electronic Hamiltonian P,(x)
and the cluster Hamiltonian P°. We shall write down the expressions of P,(x) and
P¢ in clustered atomic coordinates. One could equally well use clustered Jacobi
coordinates instead. But then the parameter-dependence in the potentials becomes
more complicated (see [Ra]). Let C' = (C},C,) be a cluster decomposition with
j€C;, j=1,2.Let C; = C; \ {j}. In the center-of-mass subspace

1 N+2
R= ———— 1 =0
m A, + N (mla:l + myz, + ;$J>

of R™M x R” x R, we introduce new coordinates (y,z) € R™¥ x R™ by setting

y, =z, —x, for jeCp, k=12, 2.1
=R —R,, 2.2)
1 .
By~ (ot Do) MmOl G- 12
J keC)

Here the mass of electrons is set to 1. Recall that x; and z, stand for the position
of the two nuclei. Thus, in the (y,x) coordinates, we measure the position of the
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electrons inside each ion (= cluster) by their relative position with respect to the
nucleus. With this choice of coordinates, we have

— 2 1 1
P=—-h*A,+P(zx), h*= 2 + 0 (2.3)
P(x) =P+ I (x), 2.4)
2
. 1
P =Z{ S8, + Vi) + m—k( ZDy> SV, - } 2.5)
k=1 L jecy JjeC, i,jECY,
L@= Y Viy-y+z—fH+H+ Y Vyz+fi—f-y)
ieC{,jeC) jec]
+ Y V@ —fth-y) Vi@ - i+ 5. (2.6)
jEC

Here

'=_Zyk

9 keC)

Note that f, is of the order O(h?|y)).

Using the notation (z) = (1 + z2)"/2, our general assumptions on the potentials
g g p p

V”-, 1 <i,57 < N 42, are the following:

V,; is smooth on R™\ {0} and is of short-range:

V. (x)| <C (x “9“'a| YaeN?, |z|>1, forsomep>1, (2.7)
x 1) — Y«
V., is A-compact . 2.8)

This in particular covers the case of Coulomb singularities V,.(z) ~ |z|~! for
z near 0 in R™, n > 3. Conditions (2.7) and (2.8) will be replaced by a stronger
condition (3.1) later on. As a first result, we state the following

Lemma 2.1. Under the assumptions (2.7) and (2.8) one has
lim P.(x) =

|z|—00
in the sense of strong resolvent convergence in L>(R™V).
Proof. 1t suffices to remark that s- llim I(x)(P°+9)~ ! =0in L2R™). O

|z|—o0

Let Y(z) = info.(P,(x)). Put ¥, = liminfX(z). Let F, € 04P°) be an
eigenvalue of P¢ with E; < %,. Assume that F, is of multiplicity m. By Lemma
2.1, every point in the spectrum o(P°) is a limit of elements in o(P,(x)) (see [K]). In
addition, by the exceptional decay of eigenfunctions of P¢ associated with eigenvalues
E, (see [A]), we can show that there are at least m curves of eigenvalues of P (),
counted with their multiplicity, which tend to F, as x — oo. In this paper, we make

the following stability assumption on Ej,. We shall say that F, is stable, if
there are exactly m curves of eigenvalues of P, (x) which converge to E,. (2.9)

Note that this assumption is satisfied by a H, -like molecule with generic unequal
nuclear charges. See Appendix A in [Ra].
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Under the assumption (2.9), we can find an € > 0 sufficiently small such that
a(PxNN{zeCe/2<|z—Ey| <2} =0, for |z|>R,,

with R, sufficiently large. Consequently we can define the spectral projections

— 1 cy—1
0 =55 f (z = P dz, (2.10)
|z—Ep|=¢
H(x)=—1f f (z— P.(x))"'dz (2.11)
271
|z2—Ep|=¢

for |x| > R, Lemma 2.1 gives that s—| llim II(z) = II,. We have the following
|—oe
much stronger result.

Theorem 2.2. Under the assumptions (2.7), (2.8) and (2.9), one has

103 UI() — )| = O({x)~1*172) (2.12)
for|z] > Ry, a € N™ with |a| < 2. Here 9 > 1 is the same as in (2.7).
Proof. We begin with proving that

10511 (@) — H) || = O((z)~1*1=2) (2.13)
for |z| > Ry, o € N with || < 2. To do this, we use the identity
H(x) — I, = E?lr? f (z = P(x) "I (x)(z — P)"'dz. (2.14)
|z—Ep|=¢

Since ||(z — P,(z))"'|| < 2/e uniformly in = and by the exponential decay of the
eigenfunctions of P¢, ||I (x)II,|| < C{x)~?, we obtain (2.13) for o = 0. The result
for o € N™ with || < 2 follows from the arguments used above and the conditions
(2.7) and (2.8). Note that the argument of [CDS] shows that the map x — [I(z) is
twice continuously differentiable for |z| > R,,.

To prove (2.12), we use the equalities:

(x) — Iy = (II(x) — I1,)* — 2, + ()11, + 1,11 (z)
= ((x) — M) + (T(x) — Ho)Il + My (x) — I1y) . (2.15)
According to the stability assumption, we have: | llim |(II(x)—1II,)|| = 0. See [K]. So

(1T (x) — IT)*|| < 1/2||II(z) — I1,|| for |z| large enough. Since ||(II(z) — II,)I1,|| =
| ITo(I1(z) — II,))||, we obtain from (2.15) that

[11(x) — Hyl| < 4[|(1I(x) — o)L,

for || large enough. Equation (2.12) for a = 0 follows from (2.13). Equation (2.12)
for |a] <2 can be derived from (2.13) by differentiating (2.15). O

Let A\ (2),..., A, (%) denote these eigenvalues of P_(r) that converge to Fj, as
|2} — oo. From Theorem 2.2, we derive that:

\@) = Ey=0(x)"%, j=12,...,m,
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for |z| large enough. We assume that the map = — )\j(:v) € 04(P,(x)) is globally
defined on R™ for j = 1,...,m (in particular, there is no absorption into the essential
spectrum of P,(x)) and

dist(c(P, (@) \ {\ @), ..., A, @}, {\ (@), ...\ (@)} >6§>0 (2.16)

for all z € R™. It then follows from the argument in [CDS] that the associated
projection II(x) is of class C*> on R™. Note that we can always take )\](z) to be

continuous and, if m = 1, to be of class C?.

Now let PAP QAP and 0240, 2NAP be defined as in the Introduction. We shall
say that the wave operators 247 (resp. 2Y4P) are complete if the range of 24P
is equal to the absolutely continuous spectral space of PAP: R(Q24P) = 7, (PAP)
(resp., if R(YAPE, (PAP)) = R(2%.11,)). In the following, we shall only consider
the case ¢ — 400 and therefore omit the subscripts =.

Theorem 2.3. Under the assumptions of Theorem 2.2, assume in addition (2.16). Then
the wave operator Q4P and QNAD exist and are complete and one has:
QCH() — QNADQAD.

Proof. The method is similar to usual two-body short-range scattering theory.
Therefore we shall only sketch the argument. To study the existence and the
completeness of 247, we note that, using [A,, /1] = 0 and Theorem 2.2,

(PAP — P)II, = — R*((I(x) — II)A, T (x) + A I, (I1(x) — M),

+ (II(x)P.(x)[I(x) — Ep)Il, = O((x)™°) (2.17)
on the range of (—A, +4)~!, with ¢ > 1 given by (2.7). This shows that PA? is
a short-range perturbation of P,. The existence of 24D then follows from Cook’s
method. To prove the completeness of 24, we note that the continuous spectrum
of PAD ig given by: O'C(PAD ) = [Ejy, o0[, and on this interval we can use Mourre’s

commutator method to establish the limiting absorption principle (see [Ra] and Sect. 3
of this paper). The asymptotic completeness of 24 follows from stationary methods.

To study NNAD e indicate that since the range R(EaC(PAD )) € R(II), we have
(P — PAP)E, (PAP) = —h*[I A, I E, (P"P)
= KA, I E, (PAP). (2.18)

Theorem 2.2 shows that [A_, [I(z)] is a first order differential operator with short-
range coefficients. Thus the existence of the wave operator again follows from Cook’s
method. To show the completeness of 2V4P, we need to show that the limit

. 3 AD —1 c
lim e e P Vo € R(QCIT,) (2.19)

exists and is in the absolutely continuous subspace .7, (P*”) of PAP. But since
¢ € R(£2°II), one has that |le"%#F¢ — e=Fe [T )| — O for some 1. Thus the
completeness of 24P follows from the existence of the limit

. L pAD . . pAD .
lim eltP e ltP¢: lim eZtP e thcHOd)’

t—o0 t—o0

which in turn follows from the existence of 24P, O
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Theorem 2.3 says that we can split the two-cluster scattering in two processes:
adiabatic and non-adiabatic scattering. To justify quantitatively the usefulness of the
adiabatic (or Born-Oppenheimer) approximation in scattering theory, we shall study
in the remaining sections the wave operators £24° and 2V4P in the limit / — 0.

3. Resolvent Estimates

As remarked in the Introduction, in the framework of two-cluster scattering the
electronic Hamiltonian P,(z) is h-dependent: not only there is a perturbation of the
kinetic part in P, (x) of order O(h?), but also the parameter h appears in the interaction
potentials, given by (2.6). To analyze the h-dependence of the eigenvalues of P,(x),
we shall in this section impose the stronger hypothesis

All potentials Vz], 1 <14,7 < N + 2, are smooth and short-range:

|07 Vi(@)] < C (zy~elel for some o > 1, Vz € R™. (3.1)
The case of potentials with Coulomb-like singularities will be discussed elsewhere.
We denote P,(z) and P¢ by P (z,h) and P°(h), respectively, to single out the h-

dependence of the Hamiltonians, and we refer to (2.4) for an explicit expression for
P_(z,h) and P°(h). Put

P (z,0) = P0) + I.(z,0),

where
2

PC(O)=Z{Z< A, Vg + Y Vit - }

k=1 \ jeCy, i,jE€C],

and

i€Cl, €0 J€C]

+ Y Vi@ =y + V@)

!/
1€C;5

Since f; = O(h*|y|), we have formally: P, (z,h) = P,(x,0) + O(h?). It is therefore
natural to expect that the leading terms of the eigenvalues of P, (x,h) are given by
those of P, (x,0). The following result justifies this intuition.

Proposition 3.1. Assume (3.1) and let A\\(z,0), ..., A, (x,0) be the m eigenvalues of
P (x,0) satisfying (2.16) with 6 > O independent of :r € R™. Then, for h sufficiently
small, there exist exactly m eigenvalues \\(x,h),..., A, (x,h) of P.(x,h) such that

A (@ h)y =X\ @,0)+O0MY, for j=1,..,m,

uniformly in x. In particular (2.16) is satisfied by A\\(z, h), ..., A, (z, h), uniformly in
x € R™ and h > 0. Here all eigenvalues are counted according to their multiplicity.

Proof. Let I'(x) be a family of complex contours such that

dist(a(P,(z, 0)), ['(x)) > §/2
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and A;(z,0),...,A,,(x,0) are in the interior of I'(x). Then it follows from a
perturbation argument in h that the spectral projections
1
(z,0) =>— f(z — P,(z,0)" " dz, (3.2
27
I'(x)
1
II(z,h) =— ]f (z— P(z,h) " dz
27
I(z)

are well defined if h > O is sufficiently small. Making us of the exponential decay of
eigenfunctions and the Taylor expansion in f|, f, of the interaction I_(x, h) [defined
in (2.6)], one obtains: ||P,(z,h) — P,(z,0))II(z,0)|| < Ch?, uniformly in z € R™.
Consequently we derive from (3.2) that

(I (2, h) — I (z, 0) I (z, 0)|| < CR?, (3.3)
uniformly in z. In the same way, we can prove that

(I (z, h) — Oz, 00 (z, h)|| < Ch?,
uniformly in = € R™. Now the desired result follows from the arguments of [HS1].
See Proposition 1.4 and 2.6 in [HS1]. O

In the case m = 1, we can show that A (z,0) and A (z, h) are smooth and
|02\ (2, h) — A\(z,0)| = O(h*(z)7?) forany a € N",a#0. (3.4)

Next, let PAP(h) denote the adiabatic Hamiltonian defined as before. Let
RAP(z,h) = (PAP(h) — 2)~! denote the resolvent of PAP(h). To estimate the
boundary values of the resolvent, we use Mourre’s commutator method. Recall that
the notion of conjugate operator was introduced by Mourre in [M].

Theorem 3.2. Assume that A is a conjugate operator of PAP(h) at E € R, which in
addition satisfies

i[PAP(h), A] > Ch >0, on Ran(E(PAP(h))) (3.5)
[IPAP (R), AL, AIPAP (h) + i)' < CR2.

Here I is a small interval around E, and E;(-) denotes the spectral projection
associated with I. Then one has

[(A)~*RAP (X £ 40, h)(A)~*|| < Ch™! (3.6)
Jfor s > 1/2, A sufficiently close to E and h > 0 sufficiently small.

Theorem 3.2 is just a parameter-dependent version of Mourre’s result (see [GM,
M]). We do not give the details of the proof here. To check the condition (3.5) we
need some non-trapping assumption on the eigenvalue curves \(z, h) of P_(x, h) (see
[RTT). We shall say that a classical Hamiltonian g is non-trapping at the energy F' if
the classical trajectories satisfy:

$}im le'a(z, &) = +00, Y(z,8)€q '(B).
t|—o0
Here H, is the Hamiltonian vector field of ¢. In the case q(z, &) = £ + V(z) with

V' a two-body potential tending to O at the infinity, the non-trapping assumption is
satisfied at the energy F > 0 if 2E — 2V (z) —z - VV(x) > O for all z.



82 M. Klein, A. Martinez, and X.P. Wang

Corollary 3.3. Assume that rank [I(z,h) = 1. Let M, h) and \(z,0) denote the
corresponding eigenvalue of P (x,h) and F_(x,0). Assume that the classical Hamil-
tonian p(x,€) = &> + Xz, 0) is non-trapping at the energy E € R. Then there exists
a conjugate operator A of PAP(h) such that (3.5) is satisfied.

Proof. Making use of the non-trapping assumption, we can construct, by the method
of [GM], a symbol a(z, &) such that a(z,£) — x - £ is a bounded symbol and

{p,a} >C >0, for (z,6€p '(I),

where [ is a small interval around F and {-,-} denotes the Poisson bracket. Let
A = ITa"(x,hD)II, where a* (x, hD) is the h-pseudodifferential operator with Weyl
symbol a(x, &) defined by:

(a"(x, hDyu)(x) = 2m)~" // Y Sa((x + ) /2, hé)uly) dy d
for u € .. Since /I commutes with A and with the multiplication by A(x, h), on can
check that
i PAP A = ilII(~h* A )T + M, W, A

= ilI[~h*A, + Nz, h), AUT . (3.7)

To simplify notations, we write: a" = a"(x, hD). Then
IR A, + N, h), AT
= ilI[~h* A, + N, h),a” [T + IT[—~h*A I a" IT + [Ta™ [~h* A, ITT .

Making use of results on symbolic calculus of h-pseudo-differential operators (see
[Ro]), we derive from the positivity of the Poisson bracket {p,a} and the fact that
Az, h) = Mz, 0) + O(h?) the following lower bound on the first term in the above
equality:

i[—h* A, + N, h),a” 11T > Ch, C >0

for h > 0 small enough, on the range of E,(PAP(h)), where J C I is a small
interval containing . To estimate the other two terms, we remark: [—h>A, IT] =
—2hV I - (hD,)+ O(h?), where O(h?) is a bounded operator with norm bounded by
CHh?. Since II(VIDIT = 0 and [IT,a"] = O(l), we obtain:

=R A, NV IT + Ha" [—h* A, I = Oh?).

This proves that i[ PAP, A} > C'h, C' > 0, on the range of E,;(PP), for h > 0
small enough. The second estimate in (3.5) can be readily verified. A is clearly a
conjugate operator of PP See the definition in [M]. [J

We derive from Corollary 3.3 that for any s > 1/2, one has
[[(z) " *RAP (N £i0, h)(x) || < Ch™", for A near E (3.8)

By the method of multiple commutators, we can derive as in [W2] the high order
estimates, Vs > k + 1/2:

[(x) 50X RAP (N 440, hy () %) < CLh™F 71, (3.9)

for A near E. This allows to obtain the decay estimates on semiclassical wave
functions: Vs > 0, Ve > 0, one has

H<x>—sf(PAD(h))e—itPAD(h)/h<:L,>——sH < Cgsh~e<t>~s+s’ (3.10)
for all £ € R.
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Let now e (h),...,e,(h) be the first k points (counted from below) in o ,(P¢(h))
with total multiplicity m. Assume that:

e (h),...,e,(h) are all stable [cf. (2.9)]. (3.11)

Let A\((z, h),..., A, (x, h) be the first m eigenvalues (counted with their multiplicity)
of P (x,h) with ‘ llim /\](:c, h) = ej(h) for some 1 < j < k. Assume that
dist(o(P,(x, h) \ {\ (x, h), ..., A\, (@, )} AN (@, h), ... .\, (x, )} > 6§ >0,
(3.12)

uniformly in  and h > 0. In view of Proposition 3.1, this just requires (2.16) to be
satisfied by A, (z,0),..., A, (z,0).

Theorem 3.4. Assume the conditions (3.1), (3.11), and (3.12). Let II(x, h) be the
spectral projection associated to the first m eigenvalues A\\(z,h),..., A, (x,h) of
P,(x,h). Let PAP(h) be the adiabatic part of P(h) defined as before. Let )\, € R
be such that

Ao < infinfo (P, i)\ {A @, b, A (@ ), (3.13)
and that for |\ — X\,| sufficiently small
[[(z) ~* RAP (N £ 00, h)(x) ~*|| < Ch™!, % <5< 52) . (3.14)
Then we have
[l{z)~* RO\ 140, h)(x) || < Ch~!. (3.15)

Here R(A£1i0,h) = lsiﬂ)l(P — (A% 1ig))~! denote the boundary values of the resolvent
of P, and s and X are as in (3.14).
Proof. Recalling (1.9) and setting

V=P - pAP _ AP, (3.16)

and
RAP (2 h) = (PAP () — 2)7' 1T,  R(z,h) = QP — 7',

one finds the following identity
R(z,h) = R*P(z,h) + R(z,h) — R(z, h\IIPR*P (2, h) + [IPR(z, h)).
Applying this equality once more, we obtain:
R(z,h) =R*P(2,h) + R(z, h) — (R(z, )PRAP (2, h) + R*P (2, h)PR(z, h))
+ R(z, )ITPRP (2, h)PR(z, h) + TPR(z, )PR*P (2,h))  (3.17)
for z = A +ig, € # 0. Note that (3.13) implies
||§(z, M| <C, uniformly in h >0, A near A\, and € € [—1,1]. (3.18)

Since = ~
[IPIT = ~h* [T AT = hO((z)~9hD, + h20((z)~°)

on Ran I1(x, h), we obtain

|(z)*(Il PRAP (2, \)PR(z, h) + IT PR(z, h)yPR*P (z, h))(z) *| < Ch, (3.19)
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uniformly in z = A+i€ with A and € as in (3.18). This shows that for h > 0 sufficiently
small, one has an expression for R(z, k) in terms of R4P(z, h) and R(z, h):

R(z,h) = (RAP(2,h) + R(z, h) — (A(z, h) + Az, h)*))
x (1 —B(z,h)™!, for e#0, (3.20)
where
Az, h) = R(z, )PRAP(z,h), B(z,h) = IPA(z, h)* + IIPA(z,h).
The estimate (3.15) follows easily. [J
We remark that according to Corollary 3.3., the estimate (3.15) on the boundary

values of the resolvent holds if the first eigenvalue of P,(z,0) is non-trapping at the

energy
Ay < infinf(o(P,(z,0)) \ {\(z,0)}).

It is however clear that Theorem 3.4 applies to more general situations. Assume for
instance that there exist globally defined smooth sections of eigenfunctions u,(z, h)
with

P.(z,u;(z, h) = )\J(x, h)uj(x, hy, j=12,...,m.
Then PAP(h) can be smoothly diagonalized up to the order O(h). Assume that
for p; = €+ Aj(x,0), j = 1,...,m, we can construct a same symbol a such

that {p;;a} > C > 0, for (z,§) € pj_l(/\o), j = 1,...,m. Then we can
construct a conjugate operator A so that (3.5) holds. In this case, (3.15) is still true.
Equation (3.14) is a kind of non-trapping condition on the effective Hamiltonians
&+ A (z,0),. .. ,E2 + A, (x,0). Theorem 3.4 can be interpreted as follows: if the

local energy of the adiabatic dynamics e~ *” *P/1 has a uniform (in b > 0) time-
decay, so does the total dynamics e ~*"/", See Lemma 4.2 and also [W2] for two-body
problems.

4. Born-Oppenheimer Approximation of Wave Operators

The purpose of this section is to show the usefulness of the Born-Oppenheimer
approximation: Under the assumptions of Theorem 3.4, the adiabatic wave operators
24P are good approximations of the cluster wave operators £25 . Let us first study

the non-adiabatic wave operators 2147, Setting

U(t, h) = e—itP/h, UAD(t’ h) = e-—itpAD/h

and denoting by F, (PAP) the projection onto the absolutely continuous spectral
subspace of PAP | we have

VAP (p) = s- lim U, m*U 4p(t, h)E, (PAP). (4.1)

The main result of this section is the following

Theorem 4.1. Let Ay, PAP be the same as in Theorem 3.4. Let x € C§°(R) with

support sufficiently near X\, such that Q4P (z) > supsuppy, on R(ﬁ (z, b)) for all
z € R™. Then, under the assumptions of Theorem 3.4, we have

[(RYAP () — Dx(PAP)|| = Oh), as h—0. 4.2)

Here ||. || denotes the norm of bounded operators on L*(R"WV+D),
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Remark. In Theorem 4.1, we use, among other things, the assumption (3.14) which
is a kind of non-trapping condition. This condition is used to establish the uniform
time-decay: (4.3) and (4.4). For semiclassical N-body Schrodinger operators, it is
proven in Sect. 4 of [W4] that an estimate of the form (4.4) uniform in 2 > 0 implies
that the classical Hamiltonian and all classical sub-Hamiltonians are non-trapping at
energy F, VE € supp¢. This leads us to believe that a non-trapping condition is
necessary in establishing (4.2).

To prove Theorem 4.1, we need some preparations.
Lemma 4.2. Assume that for some s > 1/2 and § > 0,
[(z) S RAP N +i0, h)(z) || < Ch™', for X€ Ny — 8+ ).
Then, for any ¢ € C§P((\y — 6, Ay + 8)), we have

+oo
/ ()~ 5U 4 p &, WS(PAPYF|2 dt < C| |2, (4.3)

and if \, satisfies the assumptions of Theorem 3.4,
+oo
[ v moeysae < ci @4)

for all f € L2R™N*Y), uniformly in h € (0, hy).

Proof. By Theorem 3.4, (z)~% is locally PAP- and P-smooth. The results (in
particular, the uniformity in 2 > 0) follow from the arguments used in the proof
of Lemma 2.1 in [W2]. O

Lemma 4.3. Let x € C§°((a,b)). Assume b < inf 0(QAP). Then we have

|(x(P) — x(PAP))(z)e|| < Ch. (4.5)

Proof. For any self-adjoint operator A and any real function x € C§°(R), one has
the formula (see Eq. (13) in [HS2]):

1 [ 0%
x(A) = — / X (2)A - 2" L(d2), (4.6)
T 0z

where L(dz) is the Lebesgue measure over C, ¥ denotes an almost holomorphic
extension of x with compact support, i.e.

(i) X € C§°(C) with ¥(z) = x(x), for x € R.

(i) 9;%(2) = O(] Im z|*).

Admitting the existence of such an almost holomorphic extension (see the references
in [HS2]), the reader can check the formula (4.6) by using Stone’s formula and an
integration by parts in z variable. Making use of (3.17), we get

R(z) = R*P(2) + R(z) + B(2),
where the remainder term B(z) satisfies the estimate

| B(z){(x)?|| < Ch|Imz|~™0 for =z suppy, Imz#0,
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with IV, € N being independent of z and h. Here we just used the self-adjointness of
P(h) and PAP(h) to conclude that

() R(z){(z)¢|| < C|Im2|~No, |(z)?RAP(2)(z)2|| < C|Imz|~N0, Imz#0,

for some N depending only on g. Since f%(z) is holomorphic on the support of ¥
for an appropriate choice of ¥, Lemma 4.3 follows easily. O
Now we are ready to give the

Proof of Theorem 4.1. Under the assumptions of Theorem 4.1, we can choose § > 0
such that A\j + 6 < inf O’(QAD ) and the resolvent estimate (3.15) of Theorem 3.4
is valid on the interval [A\; — 6,A; + 6]. Let x € C§°((Ag — 6, Ay + ). Take
¢ € CF°((A\g — 6, Ay + 0)) with ¢()\) = 1 on supp x. By the intertwining property of
wave operators,

HPYREAPX(PAD) = Y AP (PA).

This allows us to derive:
. +oo
(@2AP )P = / S(PYU (L WYV U 5 p(t, Iy (PAP) dt
0

+ (@(P) — Dx(P4P). 4.7
According to Lemma 4.3 one has
(¢(P) — DHX(PAP) = (¢(PAP) — Dx(P*P) + O(h) = O(h)

in the space of bounded linear operators % (L*(R™™V+D)). To estimate the first term
of the rhs of (4.7), we recall that

V =~ RXITA I + 1A, IT)
= — 2RII(O, 1AV , + O (z)~9), (4.8)

on Ran I1. Take v € C§°((A\y — 6, Ay + 0)) with 1»(A\) = 1 on supp ¢. Combining (4.8)
with Lemma 4.3, we get

W(PYV = =2(PAPYRITO,ITAN , + O(h?(z)~?)
= O(h*(z)"%, on Ranll, 4.9)

since Y(PAP )ﬁ = ¢(O)ﬁ = 0. Applying Lemma 4.2, we see that

+c0
i< / H(PYU(t, h)* VU 4 p(t, x(PAP)u dt, v>
0

< Ol@) 2PV (@) 2| fulllfv]] < C'R*[lull o]l

forall u,v € L?. Therefore we can conclude that

+o0
2 [ P VU A ds
0
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defines a bounded operator with norm bounded by Ch. Equation (4.2) for 24P
follows from (4.7). Using the same arguments, we can obtain a similar bound for the
operator (VAP (h) — 1)x(PAP). O

As a consequence of Theorem 4.1, we obtain the following

Corollary 4.4. Let \(z,h) be the first eigenvalue of P.(x). Denote by PAD the
adiabatic approximation of P associated to \\(xz,h). Let Ny € R with \j <
inf o(QAP). Assume that )\, is non-trapping for p(x,€) = € + \,(x,0). Then there
exists O > 0 such that for any x € C§°((A\y — 0, Ay + 0)) we have

I(Q2YAP(h) = Dx(PAP)| < C . (4.10)
For the cluster wave operators {2 we have according to Theorem 2.3
c A
Q6 11, = QYAD QAD.

Theorem 4.1 gives the adiabatic approximation of the wave operator {25 up to order

O(h).

Corollary 4.5. Under the assumptions of Theorem 3.4, there exists § > 0 such that
for any x € C§((A\g — 8, Ay + 0)) one has

1925 — 22 (P)IT || < C . (4.11)

Proof. Tt suffices to use the intertwining relation of the wave operators and the results
of Theorem 4.1. Take ¢ € C§°((Ay — 8, Ay + 6)) with ¢(\) = 1 on supp x. Then

Q5 X(P)ITy = QY AP $(PAPYQAP (POIT, = QP \(P)IT, + O(h)

in Z(L2(R™Y+D) by Theorem 4.1. O

5. The Classical Limit of the Adiabatic Wave Operators

It is a well known principle in the physics literature that the dynamics of heavy
particles in molecular collisions can be well approximated by classical mechanics. In
this section we shall verify this assertion in studying the classical limit of the adiabatic
wave operators 247 (h). Our approach is parallel to [W3]: Since P4 essentially is a
two-body Hamiltonian, we can construct a good approximation of 2{7(h) by use of
Fourier integral operators. The new point now is the existence of a spectral projection,
II(x, h), which enters into the leading term of the amplitude. In the following we shall
concentrate on clarifying the leading terms of various approximations and only skip
over the details of the remainder estimates which are often the same as in [W3]. Note
that the similar results to Theorem 5.3 for the classical limit of wave operators for
usual two-body Schrodinger operators have not been explicitly stated in the literature.
See however a remark in the Introduction of [W3] and also [Y] in other framework.

Let I, be a simple eigenvalue of P¢. I, is h-dependent, but assuming (3.1) one
can easily verify that Ey(h) = E_ has an asymptotic expansion

oo

Eo(h) ~ Y h¥e; . (5.1)

2=0
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Assume that Ej(h) is stable (see (2.9)). Let A (x, h) be the eigenvalue of P,(x,h)
such that
M(z,h) — Ey(h) = O((z)™9), as |z| — o0, 5.2)

with o > 1 as in (3.1). Assume that
dist(\ (x, h), o(P(z, ) \ {\(z,M)}) > 6 >0, (5.3)

uniformly in z € R™ and A > 0. Under the assumption (3.1) we can show that
A (z, h) possesses an asymptotic expansion

A (2, h) ~ Z h* A (x) (5.4)
§=0

uniformly in x. In particular, A,(x) is an eigenvalue of P,(z,0) (in fact Ay(z) =
A (z,0), see Proposition 3.1) and one has:

[A](m) — eJ| <C, (x)~°. (5.5)

We want to study the relation between QﬁD (h) and the classical wave operators

D@, = lim @7 o®i(x,§), £#0, (5.6)

where ®' and @ denote the classical Hamiltonian flows associated to p(z,§) =
£ + Ay(x) — e% and py(z,§) = €. We shall only study the outgoing wave operator
QAP (h) = Q4P (h).

Given a phase ¢(.,.), we denote by J(a) the Fourier integral operator defined by:

J(@)f(x) = Q@rh)™ / GO@O-3 O/ €y f@ydr' dE (5.7)

with a € C“(Ri’fg, ,‘Z(Lz(RZN )) with bounded derivatives and f in the Schwartz
space . (R7, LZ(RZN )). We refer the reader to Appendix in [W1] for results on
the calculus and continuity of this class of Fourier integral operators but with scalar
amplitude a. When a is #(L?)-valued, we can establish the same results in replacing
|a] by ||a|| in the proofs.

We want to construct ¢ and a so that we can compare Uy,p(t,h) with
J(@)Uy(t, h)Ily(h) for t — +o0. Here IIy(h) is the spectral problem of P¢(h) as-
sociated to E(h) and the free evolution is

Ug(t, h) = e HH=H* et Bo)/h,

As usual, we determine the phase function ¢ and the amplitude a by considering
the formal identity

H(x, hY(—h* A TI(z, h) + A, (z, (e "a(h)) = '@/ Pa(h)(E + Ey(h))

and requiring that ¢(x,£) — = - £ is small when  — oco. We look for a(x, &; h) in the
form:
a(z, & h) = H(z, h)b(z, & h)

with b(h) satisfying
(—h*A, — R*[A,, H(z, h)] + A\ (z, h) — (€ + Eyth))e'®"b(h) = 0. (5.8
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To determine b(h) ~ > h7 bj, we expand II(z, h), A\ (z,h) and Ey(h) in powers of
(h):
(z,h) ~ > W),
§=0
M@ h) ~ Y hY A (@),
=0
By~ h¥e;.

1=0

Substituting these expressions into (5.8) and setting the resulting coefficient of h*
equal to O for k € N, we obtain the following equations

[V, 0z, O + Ay(x) — ey — €2 =0, (5.9)
(QV,¢ -V, +2V, ¢V my(z) + A,d)by =0, (5.10)
(Zqub- Vm + 2qu$ . Vmwo(az) + Awqﬁ)b,C = fk , k>1, (5.11)

where f, depends only on the amplitudes b; with0 <j <k-1
Since Ay(x) — e, is short-range, we can use the phase function ¢ constructed in
[W3] to solve the eikonal equation (5.9) in the outgoing region

e, d,R) = {(z,8) € Rz - € > (—1 +e)|z|¢], |¢] > d,|z| > R}.

Here ¢,d > 0 are arbitrary, while R = R(e, d) should be large enough. Note that this
phase function differs from that constructed by Isozaki-Kitada in [IK] by a function of
€. It has the advantage of being related to the classical wave operators in an explicit
way: It is a generating function for the classical wave operator acting as a canonical
map on phase space (see [W3] and Eq. (5.25) below). In particular, one has

020 (¢(,8) — x- ©)] < C, RO (z) 5271, (5.12)

for any 6,,6, > 0 with §; +6, = p— L.
To construct a solution of (5.10), we use the method of characteristics. Let
0,(t; =, &) denote the gradient flow of ¢(x, £):

d
Egl(t;x,é) = Voot 1,8),8), 0,0z, =1x.

Here £ is considered as a parameter. For the properties of o, (¢; , £), we refer to Sect.
2 in [W1]. Put
1 oo
by=e "Gy, F@,0) =3 / (A, ), (t;w, ), ) dt (5.13)
0

where G|, is to be determined by solving
V0V, Gy, 8 + (V, mp(x) - V, )Gz, 8) =0. (5.14)

Let 7, denote the spectral projector of P¢(0) associated with e;. Then we have
(see Theorem 2.2):

(0% (o (@) — mep)| = O((z) 2oy,
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Using the outgoing properties of the flow g,(¢; z,§) (see [W1]), we obtain:

(V. moe @z, O < C{t+ |xl>—0—l’
for (z,§) € £2(e,d, R). Put

d
Gy = Gylo,(t;2,6),6), w' = pEICER

Along the flow g,(t;z,§), Eq. (5.14) is transformed into an ordinary differential
equation:
d

Adding the condition
tlim Gy — 1| =0,
—00

this equation can be solved by a series of Dyson:

[o¢] o

oo oo
G(t):.r-l-/?rt‘dtl+-~~+//~~~/7rt1-~-7Tt”dtn-'-dt1—|—-~-
t Lttt

n—1

It can be checked that the norm of the general term in the above series is bounded

by:
o |
t

for (z,€) € f2(e,d, R). This shows that the series of Dyson is norm-convergent if
|z| > R with R large enough. Setting now

Gy(z,8) = G)(,9),

one can verify that G(-,-) is a smooth operator-valued solution of (5.14) and

o [o 0]

/" /<t1+)x|>-@*--~<tn+)x)>—g—‘dtn-~dtl, £>0,

i tn—1

|Gy, &) — I|| < C(z)'—°

in any outgoing region 2(¢',d’, R') with ¢’ > ¢, d’ > d, R’ > R. The higher order
transport equations (5.11), kK > 1, can be solved by using the same arguments and an
induction on k. Introducing a suitable cut-off y and taking a C'°°-realization of the
amplitude

a(x, & h) ~ xII(@,h) Y Wby, €), (5.15)

=0
we obtain a temporally global approximation of U, ,(t, h) in outgoing regions.
Proposition 5.1. For any d > 0, let a(h), ¢ be constructed as above. The we have
Q4P (hy = s-lim Uy p(t, h)* J(@)Uy(t, h) I, (5.16)
—00

on Ran E, ;(P,(h)). Here Fy(h) = —thm and E, () denotes the spectral projection
onto the interval (2d, +00).
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Proof. It suffices to show that
s- lim Uy (t, h)*J(@)Uy(t,h) = II, on Ran E,;(Py(h)). (5.17)
—0o0

Since J(a) can be regarded as a pseudo-differential operator with symbol
e~U9=29/hq this can be proven as in [W3] by making use of an Egorov’s Theorem
and the estimates (5.13), (5.14), and (5.15). The details are omitted (see [W3]). [

By Proposition 5.1, we have, at least formally

Q4P (h)y = W(t, h) + % / Uap(s, ) J(rUy(s, k)T ds (5.18)
t
where
Wi(t,h) = U,p(t, h)* J(@)U,y(t, hIl,
and J(r) is defined as in (5.7) with amplitude given by
r(h) = e~/ PAD (%M (b)) — a(h)(E? + Ey(h)).
Due to the choice of a(h), we see that
||8§‘(9§r(:r,§; m| < CMthM(:c)*M, forany M > 1, (5.19)

for (x,&) € 2Q2¢,2d,2R). To give a meaning to the formal identity (5.18), we
establish the following

Proposition 5.2. Let

S, ={be C®(R*™); b is a bounded symbol with suppb C £2(¢,d, R)
for some e >0,d >0, R>0}.

Let J(a) be a parametrix constructed as above such that the estimate (5.19) holds in
the region (2(/2,d/2, R/2). Then, for any b € S, with suppb C §2(¢,d, R), there is
T > 0 such that

(4P (h) — W (t, h)b(z, hD)|| < C,hM (t)=M (5.20)

for all M € N, t > T. Furthermore, the estimate (5.20) is also true if we replace
be S, byby e CRY x (RE\ {0})).

Proof. We use the identity (5.18) combined with microlocalized decay estimates on
the free evolution of Uy(¢, h) (see [W3, Corollary 2.2]). [

According to Proposition 5.2, to study the semiclassical approximation of £247(h),
we only need to study W(t, h) for a fixed ¢ > T. Recall that in Proposition 5.2, no
non-trapping condition on the effective Hamiltonian is needed, because we only used
estimates on the free evolution U(t, k) in the proof.

Now let S = S, UCF* (R} x (R} \ {0})). To relate 24P (h) to the classical wave

operators 2< in the limit h — 0, we shall study the action of £24” on quantum
observables. To this end we first observe that, using perturbation theory, one can
show that I1,(h) possesses an asymptotic expansion

oC

(k) ~ > WP,
j=0
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where ), € Z(L*R™)) are h-independent and in particular, m,, is the spectral
projector of P¢(0) associated with a simple, stable eigenvalue e.

Theorem 5.3. Assume the conditions (3.1), (5.3) and the stability of Ey(h). For any
b;,b, € S, c a bounded symbol over R?", put
W(h) = b,(x, hD)Q24P (hy*c(z, hD)24P (h)b,(x, hD) . (5.21)

Then W (h) is an h-admissible operator (i.e., an h-pseudodifferential operator modulo
an error of order O(h®), see [Ro]), and its leading symbol is given by

wy(, €) = by (@, Oby(@, O)e(2 (2, )G, €). (5.22)

Here %z, €) is the outgoing classical wave operator for the classical Hamiltonians
(2,62 + Ay() — ey) and G(z, €) € L(LXR™)) is defined by

G(x,&) = oG (4, OTeWGo(y: Oy, y = yla + 2, ), (5.23)

fort > T, with G, given by (5.14) and y(z,£) denoting the inverse of the global
diffeomorphism x — V ¢(z, &).
Proof. We construct J(a) such that (5.20) holds for b, and b,. Then one has for ¢t > T,
T sufficiently large

W (h) = b,(z, AD)W (¢, h)*c(z, RD)W (t, h)b,(z, hD) + O(h™).

By Egorov’s theorem and the calculus of Fourier integral operators (see [W1]), one
sees that W (t, h)*c(x, hD)W (t, h) is an h-pseudodifferential operator with operator-
valued symbol. To compute the leading symbol of W (h), we proceed as in [W3,
Proposition 4.5]. The difference from [W3] is that we now have to consider the
operator-valued symbol G(z,&) defined in (5.14). Note that for fixed t > T the
leading symbol of J(a)*U , ,(T)c(x, hD)U 4 (1) * J () is

dt(*rv g) = a()(y’ 5)*%(% §)|6zy($v §)|C(¢_t(y7 vx¢(y7 g))) ’ y = Zl(% 5) bl

where ¢(z, £) is a solution of the eikonal equation (5.9). For (z, &) € supp b], j=12,

@y “(x,€) is in the outgoing region £2(c,d, R). It then follows from the computation
in [W3] that

d(®h(x,8) =H (x + 2t&, €)c(2%(x, ),
H(x,8) =70Go(y, O mo)Go(y, O,y = y(@,8),

for (z,§) € suppb,, j =1,2,and ¢t > T
In the derivation of (5.24), we used the following expression for the classical wave
operator:

Q24,6 = (W(=,9), (V0 W, £),8), (x,8) € 2(2¢,2d,2R). (5.25)
We refer to [W3] for a proof of this relation. Now Eq. (5.22) follows easily. [J

(5.24)

One can verify that the leading symbol w,, of W (h) is in fact independent of ¢ for
t > T, if T is sufficiently large (see the proof of Theorem 5.4 below, which gives
G(z,&) = my, for T large enough and for £ # 0).

To obtain the classical limit of the adiabatic wave operators, we study its action
on coherent states. Let U, denote the dilation

Upf@@)=h""*f(h""2z), fe R, L*R™)).
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For (.'1,'0, 60) € Rzn’ 5() 7& 09 pUt

Wi (g, &) = Uye @ fo=20 Do) (5.26)
Take y € C5°(R,) with x(E2) = 1.

Theorem 5.4. Assume (3.1) and (5.3). Let 24P (h) be the adiabatic wave operator
associated to the simple eigenvalue X (x,h) of P,(x, h) such that

lim A (z,h) = Ey(h),

|z]— o0

where Ey(h) is a stable eigenvalue of P¢(h). Then, for any bounded symbol ¢ and any
(5130,50) € R2n, 50 # 0, one has

lim F(h)f = c(02%@g, €m0 f » | € L2R™MHD), (5.27)

where
F(h) = Wy, (z, &) X(Py(h) 24P (R)* e, hD) 2P (R)X(Py(R)W), (4, &) s

and 2% is the outgoing classical wave operator for the classical Hamiltonians
(62,6 + Ay(x) — eg) and Py(h) = —h2A.

Proof. 1t suffices to prove (5.27) for f in the dense subset C°(R™N*D). Let y, be in
Cso(R™) with x,(z) = 1 for |z| < 1. Put y,,(z) = x,(h!/?x). For f € Cgo(R™MN+D)
we can verify that

’E%(XhF(h)th - Fh)f)=0.

Since
Wh($07£o)XhWh($oa 50)* = x; (@ — )

and since x,(z—x,)x(£%) is in S, we can apply Theorem 5.3 to approximate x;, F(h)x},
and conclude as in [W3] that

lim F(h)f = X, (0)X(E)e2 (o, §)Cwo, &) f
= a2y, §NG (o, &) (5.28)

This proves the existence of the strong limit s-}llirr}) F(h). To show that G(z, &,) = myg»

we note that F'(h) is t-independent and we can take the limit ¢ — oo in the definition
(5.23) of G(zy,&;). Combining (5.14) and the fact that my(z) — 7y, as ¢ — oo, we
get that tlim G(zy, &) = 7. This proves the theorem. [

Note that the argument used in the proof of Theorem 5.4 shows also that w), in
(5.22) is in fact t-independent for ¢t > T

We emphasize that the non-trapping condition on the classical effective Hamilto-
nian is not needed in Theorems 5.3 and 5.4. This should not be surprising, since the
classical wave operator £2°'(z, ) is always well defined on R? x (RZ\ {0}). Note that
the main assumption in Theorems 5.3 and 5.4 is that II(z, h) is a globally defined
spectral projector with rank one. In particular, these results apply to excited states
Ey(h) = ey + O(h?), where ey is a simple, stable eigenvalue of P¢(0). Returning
now to the cluster wave operators {25 (h), we easily derive from Corollary 4.5 and
Theorem 5.4 the following
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Theorem 5.5. Under the assumptions of Theorem 3.4 with m = 1, let (z,,&,) € R*"
with £ = X\, where A\, > 0 is a non-trapping energy of p(x, ) = & + Ay(x) — €.
Then we have, for any bounded symbol ¢ on Rirg and any x € C§°(R) with support
near Ay and x(\y) = 1, that

S'ALmO I/Vh(l’o: fo)*X(Po(h))[Io(h)Qi(h)* c(x, hD)Q:CE(h)Ho(h)X(Po(h))Wh(iUo: §0)

= C(Qcil(x()v 60))71-00 ]

where §25 are the classical outgoing wave operators associated to the effective
Hamiltonian p(x, &) and my, is the spectral projection of P°(0) associated to its first
eigenvalue e,.

To conclude this paper, we remark that we have only treated a restricted
class of potentials (smooth short-range potentials) with a stability assumption on
the eigenvalue of the cluster Hamiltonian P¢. Many problems related to Born-
Oppenheimer approximation of molecular scattering theory remain open. We hope
that this work could serve to initiate a mathematical study of Born-Oppenheimer
approximation in molecular scattering, a subject which is of interest in molecular
physics.

Acknowledgements. M.K. wants to thank R. Seiler for helpful discussions and J.M. Combes for
explaining a long time ago at Berlin how the coordinates used in this paper and in [Ra] could be
useful for discussing the Born-Oppenheimer approximation in scattering theory.
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