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Abstract. We prove sharp exponential decay for the Dirichlet eigenfunctions in horn-
shaped regions in the plane. The estimate is obtained using a method of Carleman
which is widely used in the study of harmonic measure. Such estimates can be applied
to study the intrinsic ultracontractivity properties of the heat semigroup for such
regions.

0. Introduction

The purpose of this paper is to prove sharp exponential bounds for the decay of
the Dirichlet eigenfunctions in "infinite trumpets" or "horn-shaped" regions. Such
estimates, besides being of interest in their own right, can be used to prove intrinsic
ultracontractivity, IU, for the Dirichlet Laplacian for these regions as in Davies and
Simon [4]. Also, our result sharpens Theorem 7.3 in Davies and Simon [4].

Let #:(0, oo) —> [0,1] be continuous and let

Dθ = {z = (z, y):x>0, -Θ(x) <y< θ(x)} . (0.1)

It was proved in Davies and Simon [4] that under the assumptions (i) θ'{x) bounded
and C\ (ii) θ(x) -> 0 as x -> oo, (iii) θ'(x) < 0 for large x and (iv) θ'(x)/θ{x) -> 0
as x —» oo, there exist constants Cλ,C2,Dλ,D2 such that

( α 2 )

where φ is the positive eigenfunction of Dθ. Our result, which was motivated by
(0.2), is
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Theorem 1. (a) Suppose θ(x) j 0 as x | oo. Let φx be any L2-eigenfunction of the
Dirichlet Laplacian in Dθ with eigenvalue λ. For any ε > 0,

/

(l-e)πfaχ(s)ds

\φχ(x, y)\ e ° dxdy <Cε λ , (0.3)

where

λ depends on λ α^J ε.Ifin addition we assume θ G Lx(dx), we may take ε = 0
obtain (0.3) w/Y/z ί/*£ constant on the right-hand side depending only on λ and the

area of Dθ.
(b) Ifθ(x) I 0 <25 x t oo α«d 2? = (x, 2/) e L^, then

X

-ΊL Jaλ(s)ds

\φx(x,y)\<Cλδ(zγ/2e 2o (0.4)

where δ(z) is the vertical distance from z to dD.
(c) Ifθ(x) I 0 as x T 00, ίÂ Λ

(^(x,0)>C(9(x)e 2 i ^(s)

for x > 1.

Our proof of the upper bound, which is very elementary, is based on the well-
known method of Carleman which is widely used in the study of harmonic measure;
(see Haliste [7]). We have, however, not seen it before in connection to the study
of eigenfunctions. After reading a preliminary version of our paper, Professor R.
Kauffman informed us that the techniques used in his paper with Evans and Harris
[5] to obtain sharp estimates for bounded trumpets would most likely also give our
upper bound result. Our lower bound estimate is an immediate consequence of a
result of Haliste [7] on the decay of harmonic measure for such regions. Before we
prove the theorem we mention some generalizations. First, the trumpet does not have
to be symmetric. That is, if D = {(x,y)\θx(x) < y < Θ2(x)} with θ2 positive and
decreasing to 0 and θx negative and increasing to 0, then our theorem still holds. In
this case the exponential decay is measured with the function θ(x) — Θ2(x) — θγ(x).
It may also be possible, (but we have not checked this), to extend the upper bound
part of our theorem to domains in higher dimensions by following the arguments in
Friedland and Hayman [6]. We are grateful to T. Wolff and C. Bishop for telling us
about some of the literature, and applications of, the Carleman method. Finally we
should mention that the the literature on eigenfunction estimates is very exhaustive
(and exhausting) and we do not even attempt to discuss it here: (see [1, 3, 4, 5] for
some of this literature). We should just mention here that most of the literature we
found uses the method of Agmon [1] which as far as we know does not, (at least not
directly), apply to the Dirichlet eigenfunctions of regions of W1 because of the lack
of completeness of the metric.
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1. Proof of Theorem 1

Lemma 1.1. Suppose θ(x) j 0 as x | oo. Define

θ(x)
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ux(x)= / \φx(x,y)\2dy. (1.1)

-θ(χ)

There is a real number xx, depending only on λ, such that for all x > xx,

- π / aχ(s)ds

\uχ(x)\ < 2λe ** (1.2)

Proof. We first derive a Carleman-type differential inequality following Haliste [7].
Differentiating the function ux we obtain

θ{x)

u'x{x) = 2 J φx(x (1.3)

-θ(x)

and

u"x l7\
-θ{x)

dx
(1.4)

Substituting Δφx = — λφ in (1.4) we find that

θ(x) , 0 θ(x)

dx

θ(x)

u'ί(x) = 2 J
-θ(x)

θ(x)

dy-2 / -jp±(x,y)φx(x,y)dy-2λux(x)

-θ{x)

-θ(x)
dx

dy + 2

θ(x)

1
-θ{x)

dy v-" f dy - 2\ux{x),

after an integration by parts in the second term. Applying the Cauchy-Schwartz
inequality to (1.3) we get

θ(x)

u'x{x)\2<Aux{x) j ^(x,

-θ(x)

dy

and thus we obtain

\ux(x)\2
θ(x)

-θ{x)

dy - 2λwλ(x). (1.5)
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By Wirtinger's inequality

θ(χ)

-θ(x)

π2 Ύ
Hx) J

-θ(x)

7Γ

4θ2(x)
uAx).

This and (1.5) give

1 \u'x(x)\2 π 2 / _ l 4λ

2 ux(x) 2 \θ2(x) π2 (1.6)

Since θ(x) | 0, there is an xx such that for all x > xx, ( ^ 2 ^ > ^ ^ n u s ^ o r

(X) 7Γ
> x x we have

Since ux(x) > 0 for all x > xx and
for all x > xx. Thus (1.7) gives

ux(x) > -πu'x(x)ax(x)

and integrating this inequality gives,

^ ) > | < ( x ) | π α λ ( x ) . (1.7)

•» 0 as x —>• 00, we have that ^Ux) < 0

(1.8)

K(xx)\e

for all x > xx.
Applying Green's theorem and using again the fact that φx vanishes on dDθ we

find that

<(*χ)\ = 2

x λ 6>(x)

/ /
x, y)]dx dy

0 - 6

2max /" / |Vy»A(x,j/)|2cixciy, / \ψx{x,y)\2dxdy\ = 2λ

and this completes the proof of the lemma.

Proof of (a). To prove part (a) it is enough to estimate

oo θ(x) x

/

r (1—ε)π J αx(s)ds

I \φx(x,y)\2e x* dxdy.
xX -θ(x)

(1.9)
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Substituting

oo

Uχ(χ) = - u'x(t)dt

x

and applying Lemma5.1 we find that the expression in (1.9) is dominated by
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OO / OO * \

/

/ r —π J ax(s)ds \ (

/ e Xχ dt I e
x^ \χ /

xx x
OO / OO t \

dx

dt \e xχ dx,

since ^(x) | 0, ax(s) | and we have that the last expression is

j e επ( ί E - a ;

/ OO

f e - π

2λ

I—
J ax(i

XX

oo

ί

which is finite for any ε > 0 and we have proved the first assertion in (a).
If θ G Lι(dx) and we take ε = 0 the above calculation shows that

oo θ(x)

/ /
dxdy

oo

4λ
π

<CxJθ(x)dx,
o

and we have the second assertion in part (a).

Proof of (b). The same argument used in the proof of (a) shows that if

θ(χ)

ύx(x) -I
-θ(x)

dy (Xίi dy,
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then ύ'λ is negative and
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π / ot\(s)ds

| « ' λ ( a 0 | < C λ e *λ (1.10)

for x > xλ, xλ again depending on λ. By using (1.10) we obtain as above that

oo

ύλ(x) = / ϋ'λ(t)dt < Cxe
—π / aχ(s)ds

Since
θ(x)

i dy
, t)dt

θ(x)-δ(x,y)

(0.4) follows from the Cauchy-Schwartz inequality.

Proof of (c): To prove part (c) we use the following lemma whose proof is exactly
as the proof of Theorem 7.1 in Haliste [7]. We use ω^(I) to denote the harmonic
measure of / at z with respect to the domain D, D any domain and / any subset of
3D.

Lemma 1.2. Let θ(x) | 0 and let Dx = {(x,y):x > l,-θ(x) < y < θ(x)} and
I1 = {x=l}n Dθ. Then for x > 1,

π r ds
D\ (T \ \ mat \ 2 i 0(s)

^(a;>0)(A) ^ Cθ(x)e i

We now prove part (c). Since φ is superharmonic, and since φ vanishes on dD,
we have

(1.11)

where ϊ{ = {ze I{: dist(*, 9D) > Cj/^)} , /(/^ is the length of Iv By Lemma2.3
in Banuelos and Davis [2], there exists a constant Cx such that

α f K/i) > C2α;f K/i)

for all ̂  E {̂  = 2} Π D 0 . By (1.11), (1.12), and Lemma 1.2, we have

(1.12)

,0) > C( inf φ(z)\θ(x)e
π °r dt

2 i θ ( s )

which proves part (c).
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If z — (x, y) e Dθ it follows as in Banuelos and Davis [2], [Inequality (1.1)], that

φ(z) > θ(x)e~ρDθ(z^φ(χ,0), (1.13)

where ρD (z, x) is the quasi-hyperbolic distance in Dθ. It is not difficult to show that

for any of our Dθ, ρD (z,x) < C/dDθ(z), where dDθ(z) is the distance from z to

dDθ. Thus (1.13) and part(c) of our theorem give

( L 1 4 )

Such estimates and the logarithmic Sobolev inequality can be used to show IU for
Dθ as in Davies and Simon [4]. Finally we mention that if θ satisfies the smoothness
assumptions in Davies and Simon [4], then

and since θ(x) is decreasing, the argument above gives

φ(z) > C{dD(z)txp

That (1.15) should be true was remarked by Davies and Simon [4], p. 366.
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