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Abstract. This paper continues the study of a model for turbulent transport with
an exact renormalization theory which has recently been proposed and developed
by the authors. Three important topics are analyzed with complete mathematical
rigor for this model: (1) Renormalized higher order statistics of a passively advected
scalar such as the pair distance distribution and the fractal dimension of interfaces,
(2) the effect of non-Gaussian turbulent velocity statistics on renormalization
theory, (3) the “sweeping” effect of additional large scale mean velocities. A special
emphasis is placed on renormalization theory in the vicinity of the value of the
analogue of the Kolmogorov-spectrum in the model. In the authors’ earlier paper,
it was established that the Kolmogorov value is at a phase transition boundary in
the exact renormalization theory. It is found here that the qualitative model, despite
its simplicity contains, in the vicinity of the Kolmogorov value, a remarkable
amount of the qualitative behavior of turbulent transport which has been uncovered
in recent experiments and proposed in phenomenological theories. In particular,
the Richardson 4/3-law for pair dispersion and interfaces with fractal dimension
defect of 2/3 occur in the model rigorously as limits when the Kolmogorov spectrum
is approached as a limit from one side of the phase transition boundary; alternative
corrections to the Richardson law with the same form as those proposed
heuristically in the recent literature and interfaces with fractal dimension defect 1/3,
occur in the model when the Kolmogorov spectrum is approached from the other
side of the phase transition. It is very interesting that fractal dimension defects of
roughly the value either 1/3 or 2/3 for level sets and interfaces of passive scalars
have been ubiquitous in recent turbulence experiments. As regards non-Gaussian
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velocity statistics, a principle of “statistical universality” is established rigorously in
the model so that the renormalization theory for eddy diffusivity coincides with the
one presented in earlier work in the case of Gaussian velocity statistics. Finally, the
authors show that the “sweeping effect” can significantly alter the renormalization
theory in the model for suitable infrared divergent velocity statistics with steady
or nearly steady velocity fields. However, it is proved here that the renormalization
theory in the model in the vicinity of the Kolmogorov spectrum is Galilean
invariant and insensitive to this sweeping effect of large scales.

I. Introduction

This paper concerns the long-time behavior of passively advected scalar quantities,
such as heat or mass, evolving in a turbulent, incompressible velocity field. Passive
scalar transport arises in a variety of physical situations, such as cloud dynamics,
dispersion of pollutants in oceans and lakes and flow in porous media. The macro-
scopic description of the enhancement of dissipation rates in turbulent transport is
a complex problem, due to the large fluctuations in the scalar fields caused by the
turbulent flow. These problems are very difficult because the velocity involves a
continuous range of excited space and/or time scales. An extremely important
practical problem of this sort involves the computation of eddy diffusivities in fully
developed turbulence. The goal of such theory is to assess the effects of the
continuum of energetic smaller scales on the large scales through effective equations
without resolving these effects explicitly. However, when non-dimensionalized on
dissipation length scales, turbulent velocity fields exhibit strong infrared divergences
exactly at the large scales where a theory of eddy diffusivity is needed (see [7]). Thus,
these problems have been attacked through a wide variety of renormalized per-
turbation theories which mimic ideas from field theory and/or the renormalization
group (R-N-G) from critical phenomena involving partial summation of divergent
perturbation series ([10, 13, 15, 16, 19, 24-26]).

In developing theories for eddy diffusivity, the natural initial data involve only
long wavelengths, i.e., the initial data has the form T,y(dx) with é « 1. The first goal
of an eddy diffusivity theory is to determine a nonlinear rescaling function p(d) so
that the ensemble average of solutions of the advection-diffusion equation

. X t =
(755~ T

satisfies an effective equation involving eddy diffusivity, i.e. enhanced dissipation.
The issue of interest is then to characterize this effective evolution equation. The
rescaling function, p(d) is uniquely determined by the requirement that the above
limit is nontrivial, i.e. neither identically zero nor merely T,(x), and serves to
determine the critical time scale of important activity in the transport-diffusion
process. The function p(d) =0 corresponds to the usual diffusive scaling. The
behavior of the transport-diffusion process is superdiffusive provided p(d) = 6° with
0 < 1 since this corresponds to shorter time scales of nontrivial activity than the
usual diffusive scalings while the behavior is super-ballistic if § <3 since this
corresponds to motion which is faster than purely advective motion.
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Motivated by these important practical problems involving theories of eddy
diffusivity, the authors recently introduced a model problem for renormalization of
eddy diffusivity in turbulent transport involving simple shear flows with Gaussian
statistics (see [ 1]). Furthermore, this model has an exactly solvable but remarkably
complex renormalization theory for eddy diffusivity. The second-order statistics in
these models involve two parameters, ¢ and z with z >0, where ¢ measures the
strength of the infrared divergence and z measures the decorrelation time of
long-wave portions of the statistical velocity spectrum (see [1] and (1.4)—(1.11)
below). The rigorous renormalization theory for the exactly solvable model involves
five phase regions in the ¢z plane —the exponent of p(d) serves as an order
parameter describing the “phase transitions” to different anomalous scalings with
different eddy diffusivity theories for the ensemble average. Such transitions are
described by the “phase diagram” presented in Fig. 1. This phase diagram involves
five regions with different anomalous scaling exponents with crossovers between
diffusive, super-diffusive, and super-ballistic scaling regimes with corresponding
remarkable changes in the nature of the effective equations for the eddy diffusivity
theory. It is very interesting that the analogue of the Kolmogorov spectrum in the
simple model occurs at the point £ = 8/3, z =2/3 and these values correspond to a
boundary point with “phase transition” between two different regions of renormal-
ization (see Fig. 1 and page 409 of [1]). In other related work ([2, 3]), the authors
are using this simplified model with a rigorous exact renormalization theory to
provide an unambiguous comparison of a variety of R-N-G methods and re-
normalized perturbation theories for predicting eddy diffusivity. In a completely
different direction, the authors have recently used the predictions of the model to
understand renormalization theory for general isotropic turbulent transport-
diffusion in R? in the two phase regions analogous to those in Fig. 1 surrounding
the Kolmogorov spectrum (3, 6]).

This article has as main goals to pursue the study of model simple shear flows
introduced in [1], focussing on three important topics: (i) Higher order statistics
involving the relative diffusion of pairs of particles, described by the pair-distance
distribution, and the closely related question of the evolution of interfaces in
turbulent flows; (ii) the issue of statistical universality, i.e. exploring the dependence
of the effective equations on the statistics of non-Gaussian random velocities;
(iii) the “sweeping effect,” arising from dispersion in a random flow with a uniform
average velocity.

The phase-diagrams for the scaling laws and effective equations developed in
[1] and in the present paper show remarkable crossovers in the neighborhood of
the Kolmogorov-Obukhov regime (¢ = 8/3, z = 2/3). In this paper, we establish with
complete rigor that the model flows reproduce several features associated with
higher-order statistics of the passive scalar that have been observed (Lovejoy [27],
Meneveau and Sreenivasan [31]), or are believed to occur in intermittency
corrections to fully developed turbulence (Hentschel and Procaccia [17]). Our
results include the evolution equation for the pair-distance distribution function,
with explicit values for the corresponding relative diffusion coefficient, as well as
calculation of the fractal dimensions of interfaces evolving in the flow. In particular,
in the crossover between regions II and I11, or II* and III” (see the phase diagrams
below), we recover the analogous result for the model to Richardson’s 43 law [38]
on one side of the boundaries II/IIT and IT1¥/II1”, and a different pair-dispersion
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diffusivity in regions III, III*, proportional to t/?/3, where [ denotes the interparticle
separation. This last form of the pair diffusivity has been proposed on heuristic
grounds in [17]. With regards to the fractal dimension of level sets, we show once
again a remarkable crossover phenomenon in a neighborhood of the Kolmogorov—
Obukhov values. For values of the statistical parameters ¢ = 8/3 and z = 2/3, we
obtain a dimensional defect H=2—d=2/3=0.67, and this value agrees also
with the limit as the statistical parameters (defined below) (e,z) approach the
Kolmogorov—Obukhov values from region II or ITI*. Remarkably, the correspond-
ing limit as (¢, z) converge to the Kolmogorov—Obukhov values from inside regions
III or II* is H=%=0.33, showing a discontinuity in the neighborhood of the
homogeneous turbulence regime. Physically regions III and III" correspond to
regimes where macroscopically, time-decorrelation effects are negligible (Taylor’s
hypothesis). It is striking that the numerical values H = 2and H = } are in very good
agreement with recent high Reynolds number experiments [27], see also [12], and
with values measured by Meneveau and Sreenivasan [31] in turbulent jets. Further-
more, with standard approximations from combustion theory involving turbulent
diffusion flames [41], pp. 69-80), the evolution of such level sets coincides with the
evolution of an interface defining the flame sheet. Thus, our results for the model
give a rigorous estimate of the fractal dimension of interfaces such as diffusion flame
fronts, evolving in the simple shear flows of the model. For these reasons, we often
use the terminology, level set or interface interchangeably in Sect. 5.

To what extent are the renormalized eddy-diffusivity equations for passive
transport by a random velocity field with a given power-energy spectrum dependent
on the higher-order velocity statistics? This issue of statistical universality is very
important from the view-point of turbulence modeling where explicit expressions
for the sub-grid eddy-diffusivity are needed. In this paper, we show that the
renormalization problem for random simple shear flows can be analyzed for a
variety of non-Gaussian velocity statistics by means of appropriate central limit
theorems, and that the corresponding renormalized equations agree with the ones
for Gaussian flows. This universality of the eddy diffusivity for passive transport at
high Reynolds numbers is shown again with full rigor for the models. The
applicability of central limit theorems suggests that the results of this article also
extend to isotropic 3D random flows. Some aspects of this extension for regions II
and III are developed in [5] and [6] by the authors.

The study initiated in [1] is also extended to comprise velocities with a nonzero
mean flow. This is also a simplified model problem for important practical issues,
since most flows have a “mean wind.” The consideration of a passively advected
scalar in a coordinate system which moves with the mean flow leads to a
Doppler-shifted velocity field with additional time-decorrelations. This “sweeping
effect” arising from the mean velocity plays a role in the long-time/large-distance
dynamics in some statistical regimes, but not in others. We show here how the
phase-diagram for the models in the (g, z)-plane, is modified by the presence of the
mean “wind,” and obtain a new phase-diagram which is useful to assess the sweeping
effect in general random velocity fields.

~As in our previous work [1], we consider transport by a simple shear flow,
described by the equation

(% + uy(y, t)-V) T(x,y,t)= D[

0*T(x, y, t)+ 0*T(x, y, t):l (L.1)

0x?2 oy?
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with initial condition
T(x, y,t = 0) = To(dx, oy), (1.2)

where Ty(x, y) is an initial profile and ¢ is a small parameter representing the ratio
n/L between the dissipation and integral length scales [1]. (Here, we have changed
the notation slightly from our earlier paper [1].) In (1.1) the velocity field uy(y, t) is

given by
us(y, ) = [ ’f} + [“"(y’ ”], (13)
w 0

. . (7
where us(y,t) is a stationary random process and l:_:l is a constant vector

w
representing the average flow. We assume throughout this paper that the
power-energy spectrum of u,(y, t) has the form

ik, w)ak', @)y = Es(k, w)d(k + k)d(w + ') (1.4)
with
1 1
[l 4+ w?/a®|k|*] alk*

In this formula, 4(k) and Y (k) are smooth, nonnegative, even functions (i.e.,
Vik)=y(—k), i=0,00), representing infrared and ultraviolet cutoffs. These
functions are assumed to satisfy

Eyk, w)= Uz!//o(%)!//w(k)lkll_e (1.5)

0 for |k|<k,
k) = 1.6
Vol {1 for |k|=k, (16)
and
1 for [|k|Zk,
k)= . 1.7
Veolk) {0 for |k|zk, (L7

Such cutoffs are given naturally in turbulence theory by the integral scale and the
dissipation scale respectively (see [1]). As in [1], the last condition in (1.7) can be
replaced by rapid decay 9{0 ¥ (k) for |k| > 1. It follows that for dk, < |k| < k,, the

energy spectrum Ey(k) = [ E,(k, w)dw oc U?|k|* ~*is a power-law in k. The Fourier

— o0

transform of E(k, w) with respect to w, denoted by E,(k, t) satisfies

Es(k,t) = <ts(k, T + t)is(k, T) >
= U’%(S)tﬁw(k)lkll“e“‘"‘"' (1.8)

and indicates the rate of decorrelation in time of the random mode #(k,1). To
understand the roles of the parameters ¢ and z, we observe that, from (1.8), the
exponent ¢ controls the spatial correlations in the velocity field at fixed time, since

Ey(k,0) = U%(%)ww(knkv-s (19)



144 M. Avellaneda and A. Majda

so that, formally,

Cug(x, thuy(x', 1)) = U? f l//()(:—;)l//w(k)lk}l ~eptk(x=x9) g

~const. x |x —x'| 2*e, (1.10)

In particular, large values of ¢ correspond to long-range correlations in the velocity
field. Concerning the exponent z (z > 0), we see from (1.8) that the decorrelation in
time of ti(k, t) for each k is governed by the k-dependent turnover time

(1.11)

This turnover time is longer for small values of k, thereby incorporating the feature
that long-wavelength components oscillate more slowly than high-k modes. In fact,
in the limiting case z =0, all modes have identical turnover times, while z>0
corresponds to statistics for which modes with |k| « 1 have much larger turnover
times than high modes. We have used the simple structural form of the function
w/|k|? in (1.8) for simplicity in exposition; in fact, in regions Il and II, any more
general function ¥(w/|k|*) can be used and yields the same renormalization theory,
provided that ¥ is integrable and nonzero in a neighborhood of the origin. A
Doppler-shifted random function #,(y,t) = us(y + wt,t), which corresponds to
dispersion in a moving coordinate system, has a spectrum E;(k, ) given by

Eyk,n)= 2%( )Q// k) k|1 =% cos (wke)e ~oIkIt

= cos (Wkt)E4(k, ). (1.12)
This gives rise to the k-dependent “sweeping” time
1
Tok) = —— (1.13)
[kl 1w]

which dominates the turnover time if z > 1, i.e. t,;(k) « 7,(k) for | k| « 1, but is much
larger than the turnover time if z > 1.

The values of the parameters ¢ and z corresponding to homogeneous turbulence
are, according to the Kolmogorov—Obukhov theory [22, 32],

e=% z=2% (1.14)
and the corresponding spectrum is given by
(alk??)~!
(1 + w?/a?|k|*)

Es(k, w) 2!//o( )Woo(k)lkl"s’3 (1.15)

By considering variable parameters ¢ and z we can study rigorously, in the context
of these models, the renormalization problem for passive turbulent transport for
Kolmogorov—Obukhov turbulence, as well as for regimes corresponding to
intermittency corrections to the k33 law. Other statistical regimes corresponding
to different (g, z) are interesting from the point of view of renormalization theory for
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flows in porous media [10, 11, 15, 21]. Here, we consider the renormalization
problem for all values of ¢, z in the ranges — o0 <¢<4,0<z < 0.

We study the fundamental problem of finding a suitable scaling function p = p(§)
corresponding to the macroscopic evolution of the solution of the initial-value
problem (1.1)—(1.2). This is done here by considering the scalar

!’ ’ !

L, x oty wt' ¢t
Ts5(x',y,t)y=T| —— , = — s 1.16
A05Y51) <a P05 (o) p(é)z) (116)

which satisfies

OTs(x,y,t) 0 <Y' PR >9Ta(X', y,t)

o pP I\ p()F p0p)  ax
aZT Y] 2 1o gt
=D|: 6(x’y,t)+a T‘;(x,y,t) (117)
ax'z 6y/2 B
and
Ty(x',y',0) = To(x', ). (1.18)
v I
z=2
v
gE=2
m
14
z=1
£=4-22z
€=2-z
I I / m
Kolmogorov Spectrum.
£=g , 2= g
€ E=2 E=4

Fig. 1. The phase-diagram represents the five renormalization regimes for the case of vanishing
transverse mean flow (w = 0) according to the valves of the parameters ¢ and z. The parameter ¢
measures the strength of the infrared spectrum of the velocity, corresponding to long wavelength
modes, while z measures the rate of decorrelation in time of long wavelength modes (cf. (1.8),
(1.9), (1.10)). The values ¢ =8/3, z=2/3 correspond to the Kolmogorov—Obukhov theory of
homogeneous turbulence; they correspond to a point lying on the boundary between regions II
and III of the phase—diagrams
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Kolmogorov Spectrum.

e=g.z=§

[ g=2 E=4

Fig. 2. The phase-diagram for w # 0, incorporating the “sweeping effect” caused by a constant
mean flow with non-vanishing transverse component (w # 0). Notice that the diagram has four
different regions and differs from the one of Fig. 1 only for z = 1. In particular, the diagram remains
unchanged in the vicinity of the Kolmogorov—Obukhov values

Here, x',y',t' denote macroscopic space-time coordinates and an appropriate
Galilean transformation to a frame evolving with the mean flow is made in (1.16),
(1.17). The choice of the scaling function p = p(§) must be such that the averaged
scalar (Ts(x',y', ")) satisfies

hm {Ty(x',y,t')> = T(x’, ¥, t), (1.19)
510

where T(x', y',t') evolves according to an effective equation of motion. The correct
scaling function p(d) as well as the effective equation will depend, in general, on the
statistical parameters ¢ and z, as shown in [1] for the special case of Gaussian fields
with w=0. This deceivingly simple equation reveals a rich variety of different
renormalization regimes as &,z vary. The regimes, or phases in the (g, z) plane,
corresponding to different scaling functions and effective equations for the case
w =0, in (1.3), are shown in the phase-diagram of Fig. 1. These results are identical
to those of [1] for Gaussian flows. In contrast, the phase-diagram for w # 0, which
is quite different, is shown in Fig. 2. In both cases, the Kolmogorov—Obukhov regime
corresponds to a point on the boundary between two regions (II and 111, if w=0 or
I1¥ and III%, if w # 0). The consequences of this fact, which were outlined above, are
studied in detail in Sects. IV and V hereafter. The differences between the diagrams
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for w=0 and w # 0 are significant only for z > 1, which corresponds to the region
in which the “sweeping time” 7,(k) is much shorter than the turnover time t,(k) for
|k| « 1. In particular, the sweeping effect caused by w # 0 is negligible for ¢,z in a
neighborhood of the Kolmogorov regime. The chart in Table 1 describes the forms
of the scaling functions p(6) and the explicit form of the effective diffusivity of the
effective equation of motion for T(x', y',t') (we drop the primes for simplicity). In
regions I and I, which correspond to mean-field behavior, the effective equation is

T(x, y,t T 2
0T(x,y, )=D*0 (x,y,t)+D8 T(x,y,t)

) 1.20
ot ox? oy? (1.20)

where D* is a renormalized effective diffusivity. Effective diffusivities for the
remaining regions, which correspond to superdiffusive scalings with p(J) « 6, II-V
and II"-IV® are given in Table 1. Notice that the diffusivities can be local and
time-independent (II, II¥, IV*®), local and time-dependent (III, III*, IV and
boundaries I1/I11 and I1*/I11%) or nonlocal (V). In the latter case, the nonlocal eddy
diffusivity is the one studied in our previous paper [ 1]. Comparison of the diagrams
for w=0 and w # 0 shows, among other things, that the presence of a mean-flow
extends the region of validity of mean-field theory and suppresses the nonlocal
superdiffusive region V.

Table 1. Summary of the scaling functions p(5) and the effective diffusivities for all regions of both
phase-diagrams, and for the boundaries II/III and IT1*/III*. Regions I and I* correspond to Fick’s
law of diffusion, so that p(6) = 4. In all other regimes the motion is superdiffusive, with p(d) « 6,
as 6—-0

Region Scaling function Effective diffusivity (D*)

LI® p(0) =4 D +20?
FEIDIKI? + alkP11k]' Y, | k| dk
Zw  [DIkI* +alk]?]? + w]k|?

72 +0

_ U
I 1r* p(d) =077 — [ o)k ~*~*dk
, g2
III, 111" p(8) =o'~/ 5 { Wolk)|k|* ~=dk
772
IV p(5)=6z/(5+22—2j <2+£-2 U_(at)l+(s-2)/z
z a
+ 0 1_ _Ikiz
- f |k|““’[l— ° :ldk
o [kI*
. Uz + o0
Iv» p(é)zél—(e-z)/l w‘za j’ l//o(k)lk|1_£+zdk
\ p(8) = s/ *el2) Nonlocal (see [1] and Sect. III)
r72 +oo

Boundaries p(o) = o¢—em2)2 [ olk)|k|* etk
a -
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Table 2. This table shows the explicit formulas for the pair-distance diffusivities for the models.
With the exception of regions I, I*, IV and V, the pair-diffusivities depend on the initial vertical
separation of pairs of particles, and can be both time-dependent or time-independent, according
to the region of interest. The Holder exponent of the macroscopic front, F(y, t), as well as the fractal
dimension of the front d =2 — H are given in each case

Region Pair-distance diffusivity (D*(l, t)) H d
LI% 1V 2D* 0 2
\Y nonlocal 0 2
_ 202+ +z-2 6—¢—
IL, 11 S [k EE(L — cos kly oK)k tre A
a 5 2 2
B _ + o _ 2 6 _
111, 111° T2 [ [k|' (1 — cos ki) o(k)dk %— —2—’5
_ 20%*” — 447 —
" [ 1k[t=5*2(1 — cos ki W o(k)dk £z Sl
w2 2 2
) 20%+> . — okl e+z—2 6—c—z
Boundaries - [ 1k|* =51 — cos kl,)e ™ kI o (k)dk 5 5
w - 00

Table 2 contains the results concerning the pair-distance diffusivity for relative
diffusion, as well as the Holder exponents and fractal dimensions of interfaces. The
models reveal a rich structure, in which different pair-diffusivities emerge in each
phase. In some regions (I, I", IV, V), pairs of particles evolve independently in the
macroscopic time-scale, and hence the pair-diffusivity for the pair-distance distri-
bution is equal to twice the value of the (single-particle) effective diffusivity. On the
other hand, the pair-diffusivity in regions II, II*, IIL, III*, IV*, and the boundaries
between II and I11, and 11 and I1I* depend on the initial vertical separation I, and
on time in some cases (III; II1¥ and boundaries) but is time-independent in others
(I, IT™). Table 2 also indicates the fractal dimension of advected fronts,d =2 — H.
In regions I and I” the fronts are §-correlated on the macroscopic scales, and thus
d =2. The same is true for regions IV and V, with the difference that the fractal
dimension is, in these cases scale-dependent, with an intermediate fractal dimension
1 <d,,, <2 developing on time-scales which are large but yet smaller than the
macroscopic time scale p(8)~2. These results, which are not directly relevant to
homogeneous turbulence will be described in a separate work. Regions II, IT*, I1I,
III¥, IV¥ and the boundaries II/II1, II¥/ITI* have fracta] dimensions d satisfying
1 <d <2, as shown in Table 2. An important conclusion that can be drawn from
this analysis is that although scaling exponents vary continuously across phase-
boundaries (in general), the quantities associated with higher order statistics
(pair-distance distribution, fractal dimension of fronts) exhibit typically discontinuities
across phase boundaries. We believe that this phenomenon may explain the
consistent appearance of certain dimensional defects in experimental data [31].
[Note that for purposes of comparison the analogue of our line element in 3D
models is a surface and the formula relating H to d should be d = 3 — H instead of
d=2—-H.]
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II. The Phase Diagram with the Sweeping Effect: Gaussian Statistics

This section concerns the derivation of the different renormalization regimes for the
advection-diffusion equation with random Gaussian velocity

6T ) ,t — aT 2 ) _aT ’ ’t
(x,y )+(u+u,,(y,t)) (x,vt)er (x, 51
ot 0x Jdy
2 2

_ D(@ T(xy.0) , 0*T(x.0) @1

0x? oy?
with initial data

T(x, y, t = 0) = To(dx, 6y). 22

We shall focus primarily on the implications of having a nonzero transverse
component of the mean flow, w # 0. The case w =0 was treated previously in [1].
For non-zero mean fields we consider Eq. (2.1) in a moving coordinate system,
setting

x=x"+1t, y=y +tw,
T'(x,y,ty=T(' +ot,y + wt, 1). 2.3
The scalar T” satisfies the evolution equation
oT'(x,y,t oT'(x',y',t PT(x,y,t) T(x,y,t
x,y,1) 'y )=D[ o, yh0 Ty ):l, (2.4)
ot ox' ox'? oy'?

with initial condition T'(x, y’,0) = To(6x',6)’). As discussed in the Introduction, the
renormalization problem consists, on the one hand, in determining a time-scaling
function p(d) such that the average scalar

(XYt
(55 00)) &9

has a non-trivial limit as 6 -0, and, on the other hand, in characterizing the
evolution of the limiting function

T(x,y,0)= l,,‘ff,’ (T'(x'/5,y'/8,t/p(9)*). (2.6)

+us(y + wt, 1)

One of the main conclusions of our theory is that the scaling properties and effective
evolution equations for T can vary substantially, according to the statistical
correlations of the fluctuating field uy(y, ). To bring this into the foreground, we
first study Gaussian velocity fields us(y,t) with mean zero and power-energy

spectrum
B UV E) : 1_8[ l ( 7 >:|
Ejk,w)=U !//o<5 Yo (k)lk| a|k|z(p alkF) | 2.7)

2.8)

where
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Accordingly, let W(dk,dw) denote a two-dimensional, real white-noise Gaussian
measure in R?, satisfying

[§ W(dk,dw) is Gaussian for all Borel sets 4 in R?,
A

KW(dk,dw)) =0,
and
(W(dk,dw)W(dk',dw') ) = é(k + k')o(w + w')dkdw. (2.9)

We define u,(y, t) (in this section) as

7 ([ iky +iot [, 172 ’_‘) 1/2 1—3/2|:L < @ >]”2

us(y,t)="U [[e /A <5 Y2 (k) K] Ak @ alkF W(dk,dw). (2.10)
The long-time, large-distance problem for (2.1-2.2) can then be studied as the
statistical parameters ¢ and z are varied. Due to the presence of the shift y — y' + wt,
(i.e. the fact that us(y' + wt, t) appears in (2.4)) the situation is different than in the
case of a purely fluctuating velocity, previously studied in [1]. In the present case,
the solution of the renormalization problem is summarized in the second phase-
diagram in the Introduction. What follows is a derivation of the scaling functions
and effective evolution equations corresponding to each of the four nontrivial
renormalization regimes in the diagram.

I11.1. Normal Diffusion: Region I*. 1f the parameters ¢, z satisfy z > 0, & + 2min (1,z) —
min(2,z) < 2, we shall see that the renormalization of (2.1), (2.2) reduces to a
problem in homogenization theory for operators with random coefficients, a
question that was extensively studied by Papanicolaou and Varadhan [37] and
others [7, 23, 33, 36]. Choosing the time-scaling function p(d) so that

p(6) =14, (2.11)
which corresponds to Fick’s law (x? ~ 1), the equation satisfied by the scalar
x Yy ot
Ts(x,y,)=T"~=, =, — 2.12
S(X5 5 0) ( 5 3 52) (2.12)

is (dropping the primes):

0Ts(x, y,t) 1 _t t \0Ts(x,y,t
_ay_)+_u6<y+w§,§>M

ot 5 \s ax

_ D[az Ts(x, y,t) N 0% T4(x, y, t):l (2.13)
0x? oy?
Ts(x, y,0) = To(x, y)
Without loss of generality, we consider plane-wave initial data of the form
To(x,y)=e> e+, (2.14)

where &, n are given numbers.
The solution of Egs. (2.13), (2.14) can be represented probabilistically using a
two-dimensional Brownian motion (f,(t), B,(t)), (cf. for instance, McKean [30]).
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Accordingly,
Té(x’ .V ) t)

= gix &ty o E{exp[if\/Z—D—ﬁl(t) + iﬂ\/ﬁﬂz(t)
gt [y
e ( fﬁl( )+62’62>ds]}
s oef i o 2o
0

(2.15)

where E{-} denotes averaging over B(t), 8,(t). Following Bensoussan-Lions-
Papanicolaou [7] and Papanicolaou-Varadhan [35], we can show that for ¢,z in
region I¥, the exponent in (2.15),

'I\/_ﬁz(t)+ <y+f32 52, 52>ds 2.16)

converges in distribution to a Gaussian random variable with mean zero and
variance

[2Dy? + 2(D* — D)1t (2.17)
where D* is the longitudinal diffusivity, given by
T (DIKI + al kP k| P o (k)dk

D* =D +2U? _fw [DI? 1 alk[T" 1 wok? (2.18)
Using this result, and the representation formula (2.15), we conclude that
T(x,y,0)= lim (Ty(x, 5,0
= pi¢x+iny,—&2Dt, - (72D +(D*— D)&2)t
= pidx+iny e—(D*§2t+Dn2t)‘ (2.19)

The proof of the convergence in distribution of the random variable (2.16) to a
Gaussian random variable with mean zero and variance (2.17) is given in Appendix 1.
Notice that the condition ¢ + 2 min (1,z) — min (2, z) < 2 is necessary and sufficient
for the convergence of the integral in (2.18) defining the effective longitudinal
diffusivity D*. Since Eq. (2.13) is linear, using (2.19), we conclude that, for general
smooth initial data T,(x, y), the function T(x, y, t) defined by (2.6) evolves according
to the effective diffusion equation

_ . .
0T(, 1) _ pu°T063,0) 07T (60, 1)
ot ox? oy?

’T(X, y,0)= To(x, y)

11.2. Anomalous Diffusion. For ¢, z outside the mean-field region I, the behavior of
(2.1), (2.2) is superdiffusive, in the sense that p(d) « § as 6 —0. There are altogether

(2.20)
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three different regions in the (¢,z) plane in which superdiffusion occurs. In each
region, the macroscopic behavior is determined by a different balance between
spatial and temporal correlations of the fluctuating velocity. To put this in evidence,
we use the probabilistic representation for the solution of the initial value problem
(2.4) in terms of a Brownian path-space integral. The determination of the different
renormalization regimes is done by studying the scaling properties of this path space
integral in the long-time/large-distance limit as ¢ and z vary.

We begin by giving a suitable representation formula for (T'(x’,y’,t)), where
T’ is defined in (2.4). Dropping the primes for simplicity, we have (cf. [30])

T'(x,y,t)=E{To(6X(2),0Y(t)}, (2.21)

where X(t), Y(¢) are the coordinates of a Lagrangian particle in a reference frame
moving with the mean flow, i.e.,

X()=x+/2DB,(t) + iu,,(y + /2D B(s) + s, s)ds
0

Y()=y+/2DB,(1)
For plane-wave initial data T, of the form (2.14), substitution of (2.22) in (2.21) yields
T'(x, y,t)

_ ewa-x+wwE{exp[iag@ﬂl(t) 108 [uy(y +/2DBols) + s, )ds
0

+ ién@ﬁza)]}

= gid¢xFidny- 5252”‘E{exp[ién\/_25ﬂz(t) +id¢ j us(y+/2DB(s) + b, s)ds] }
0
(2.23)

Using the fact that u; is Gaussian, we can compute explicitly the average of T'(x, y, t)
with respect to velocity statistics. We obtain, accordingly,

T'(x,,0)7

— eiééx +idny — 62E2Dt

: E{exp io1./2DB,(t) — ¥< [j Uy(y + +/2DB(s) + s, s)ds]z > ]}
L 0

— ei6§~x +idny — 62£2Dt

(2.22)

B 2£2 ¢ ¢t
-E {exp ind/2DPB,(t) — §2i | [ R(/2D(B(s)— B(s")) + W(s — ), s — s’)dsds’] }
L 00

(2.29)
Here R(y, t) is the Eulerian velocity autocorrelation function, given by

R(y,t) = [[e* 7+ ™ E(k, w)dkdw

_ + o0 k )
=U? | W%(g)tﬂi(k)lkll‘fe""y‘“"‘"'dk. (2.25)
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For notational simplicity, we set

gs(t) = i i R(\/E(ﬁz(s) — B(s)) + W(s —5'),s — 5")ds'ds. (2.26)

. t .
After making the change of variables x—»%, y—»%, t—>—;, where p = p(9) is a yet
p

unspecified function of §, we obtain

/th i&-x+iny —(62/p2)DE2 . t 5252 t
<T<3,5,?)>=e€ +iny = (62/p2) D& tE{expl:zér/.QDﬁZ(?)—TQ& P .

2.27)

This is the basic representation formula that will be used to compute the time-
scaling functions and the effective equations of motion in the different anomalous
renormalization regions. Outside region I*, we anticipate that the system should

e . . 1~
be superdiffusive, ie. p(§) « d. Therefore, since we have B,(t/p?) = —B,(t), where
~ t . . . . 2 2
B,(t)= pB2<—2> is another Brownian motion, the contributions from &**/#*?¢** and
p

€0V2DnB2p™ i (2.27) should negligible as § — 0, and the leading contribution should
come from the exponential

o~ (828%12)Q4(t/p%) (2.28)
The differences in the asymptotic behavior of Q4(t/p?) as p — 0 determine the various

“phases” of the diagram for the effective equations of motion, as shown in the
following paragraphs.

I1.2.A. Superdiffusion with Rapid Time-Decorrelation: Region 11"

Region I1” is determined by the inequalities

O<z<l, 2—z<e<4-2z (2.29)
We make the choice of scaling function
p(d) =@ e (2.30)

which, on account of (2.29), satisfies /p(6) —» 0 as § » 0. From (2.26), we have
t 772 iy k 1-¢
Qs /? =U f Yo 5 VoK) kI*~2dk

t/p?t/p?
[ f jexp[ik\/ﬁ(ﬁz(s)—ﬁz(s’))+iwk(s—s’)—a|k|z|s—s’|dsds']].
0o 0
(2.31)

The quantity in brackets in this equation can be written, after a change of variables,
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in the form

21 12
/% J iexp[ ik@%(ﬁ(s) — B+ ikwl%(s —s)— alk!’#ls - s’|:,dsds’, 2.32)

t . o . .
where B(s) = i /ZB <75> is an auxiliary Brownian motion. If we make the
0

substitution k ok’ in (2.32), this integral becomes
211 Y. S ot ,
—4” exp| ik'\/2D—(B(s) — B(s')) + ik Ww— (s —s') —alk"—[s — 5’| |dsds’. (2.33)
00 p p p
.0
Since — « 1, and, for any 0 <« < 1, we have
P

exp [ik’ét—m@(ﬁ(s) - ﬁ(s'))] =1+ 0<<5k’>u>, (2.34)
p P

the integral in (2.33), is asymptotically equivalent to
t2 11 6t
-/ jexp[ik’W—z(s —5)— alk’lz Is —5 I:ldsds’
p*o0 p

21s 6 t
H xp[zk' - —a|k|z ]ds’ds
P 00 p

2 - AWK 1,8
c_1 [1 _l=ze ] (2.35)
“ A(r',t, 6) A(K',t, 6)

N

with

62
Ak, 1,8) = alk O — w2 (2.36)
P p

From the definition of p = p(d) in (2.30), we have
52

p?

=562 N2 4 o a5 50, (2.37)

N T FARREINF N I
—4j£exp[lk;1/2Dt(ﬂ(s)—ﬁ(s))+lk;Z—(S s') a]klpztls ledsds

212 1
== (1+o(1
p* (alk'lzézt_ik"W&)\ o)
p’ P’
+ o(1 2.38
5 Ik’lz( o(1)). (2.38)

Substituting this asymptotic expression in the integral in (2.31), (and recalling (2.34))
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we obtain

é252 t §2t64 sUZ s
— Q.s 7— [ WolkWr o(0K) [ k|* ==~ =dk + o(1)]. (2.39)

Therefore, since p(é) =6%"¢792 we have

6252 t le‘Uz
—Qa J¥o(k)Ik|*~*~%dk + o(1), (2.40)
and hence, from the representation formula (2.27),
]im<T’(E,1,i>>=ei§x+ir,y—§2Dflz (241)
810 5 & p?
with
Uz +
D;"i=7 [ Wolk)|k|'~*~*dk. (2.42)

Clearly, our calculation for plane-wave initial data implies, more generally, that for

. o els . — . t
arbitrary smooth initial data T,(x, y), the function T(x, y,t) = 11m< T ’(f,X,7>>
satisfies the evolution equation slo 66 p
0*T(x,y,1)

0x?

oT(x,y,1t)
ot
T(X, ya 0) = TO(x, y)

(2.43)

This concludes the analysis of region IT”.

I11.2.B. Superballistic Diffusion Dominated by Long-Range Spatial Correlations:
Regions I1T1*. Region II1” is determined by the inequalities

max (2,4 —2z)<e<4. (2.44)
The appropriate scaling function for this range of parameters ¢ and z is
p(8) =6/, (2.45)

With this value of p(d), we have

___Z_=5(e+22—4)/2_>0

pP

0 -

=02, (2.46)
p

é—5‘/4—>0

p

as 0 —» 0. Therefore, if we make the change of variables k = 6k’ in (2.31) we obtain

t 52 et2U2 + 00 11 o
Q5<_2>_— | ok o (0k) K|~ E[j fe Bk ‘s’s"”dsds’:ldk (2.47)
p p 00
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with

B(k',s, s, 6)—a|k’|25 |s—s|+zwk"3 (s—s)+zk’ J2Dt(B(s) — B(s))), (2.48)
p?

where B(s) is an auxiliary Brownian motion. Usmg (2.46), we conclude that
B(k',s,s',0) >0 as 6 »0. Hence
322 SN[ T e
—Q5< ) <p4 )[ 5 U? j VoK) k' |1 ~2dk’ + o(1) |. (2.49)
The choice p(8) = 6! ~¥* in region III implies that the right-hand side of (2.49) is
Xyt

finite, so that the averaged scalar <T ’(E, 5 —2> >, corresponding to a plane-wave
P

initial data, satisfies, from (2.27),

- . Xyt
T(x,y,t)=1 T -,=,—
(520 ;IE}< <65p>>

éZtZ UZ + o
=exp[i<§x+iny— 5 [} 1//0(k)|k|1“dk:]. (2.50)
Therefore, defining the effective diffusivity
Ut e
D) = j Yo(k) k|"*dk, (2.51)

we conclude, from (2.50), that the evolution equation for the function T(x, y, t) for
arbitrary smooth initial data T,(x, y), is

oT(x, y, 0*T(x,y,
();ty )—Di‘i.() (xy )

T(X, Vs O) = TO(xs y)
Notice that the function p(d) = 6 ~¥# corresponds to the scaling relation
X2~ T4 (2.53)

for the displacement of advected Lagrangian particles on length scales on the order
of 1. In particular, since ¢ > 2 in region III*, (1 — ¢/4)~* > 2 and hence X?*» T2
This apparently paradoxical, “superballistic” motion is a consequence of the fact
that the kinetic energy {|u;(0,0)|?>> diverges in region III* as § — 0. Physically,
this means that in region III” the motion over large scales is influenced by an
increasingly large input of kinetic energy in the long-wavelength modes. This results
in an apparent average particle velocity X/T that diverges with the size of the
system. Notice that superballistic motion also exists in a portion of region II¥, for
3 —z<é&<4—2z and in particular on the boundary between II* and III*.

(2.52)

11.2.C. Superdiffusion with Rapid Time Decorrelation Arising from the Transverse
Mean Flow: Region IV®. Region IV* of the phase-diagram corresponds to values
of ¢ and z for which the principal time-decorrelation effect is due to the “sweeping”
of particles across the stratification by the mean velocity. This “sweeping effect” is
felt at values of z such that z > 1, since, in such regime, the k-dependent “sweeping
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time” t,(k) = W1k is much smaller than the eddy turnover time 7,(k) = G for
w a
|k| « 1. This region is characterized by the inequalities
l<z<e<2 (2.54)

As we shall demonstrate, appropriate the time-scaling function p(§) in region IV*
is given by
p(d) =061, (2.55)
In order to justify (2.55) and compute the effective equation of motion, we study the
£20%Q,(t/p?)
2

behavior of the quantity as 6 —0, as we did in II1.2.B. Note that, from

the choice of p(d) in (2.55), we have §/p(6) = 6*~?/2 - 0. It follows, from (2.31), (2.34),
252
(2.35), and (2.36), that % Q5(t/p?) behaves, to leading order, as

52252 Qa<i> ~ 2 62;342_8t.fl/j0(k)wzmz(6k),lk_|l —el:l ~ | — o AkLd)
P (alk|?6% — ikwd) Ak, t,9)

p?

]dk, (2.56)

with A(k, 9, t)=(alk|252—iwk5)iz. After some computation, we find that the
p

right-hand side of this equation is equal to

Yok, (0K) k' **a
a2|k|2252(z—1) + Wzlklz

+ U2 x 8272 [ [holk) k|~ *9dk + o(1)]
+ U282t x O = e[ [o(k) |kl 25 2adk + o(1)], (2.57)
where B(k, t, 9) is given by

U2 x |

(1 — B(k,t,0))k

p*

(azlk12z62z + w2k252)

[<1 _ e_a((lklzaz,)/pZ) COS(W—ké——l—)><a|k|252t>
2 2
p p
+sin wkot o~ alllk|z60/p2). vikﬁ =06 ¢%7). (2.58)
p? o

The inequalities defining region IV¥ imply that 627¢—0 and 6' "**?—0 as § »0.
This allows us to compute the asymptotic behavior of (2.57) to leading order. In
fact, we conclude from (2.57), (2.58) that

252 2,772, t©
Jim 2 Q6< ! ):f a0kl dk. (2.59)

3o 2 p? w2 e

Therefore, if we define the effective diffusivity

B(k,d,1) =

U%a
DY = =3 [olk) k|~ ~=*=dk, (2.60)
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we find from (2.27), (2.28) that the solution of the evolution equation with
plane-wave initial data e***™ converges to

T(x,y, t) = ei¢**ime=Divat’ (2.61)
This implies that T(x, y, ) satisfies, for general initial data, the diffusion equation
Tyt _ ., PTx 1)
— =D 2.62
ot T ox? (262

I11.2.D. Summary. In conclusion, we have obtained in the above analysis four
different renormalization regimes for the stratified Gaussian models with non-
vanishing transverse mean velocity. We make some further remarks:

(i) The “sweeping effect,” or advection of Lagrangian particles transversely to the
stratification, produces dominant time decorrelation effects only if z > 1. In fact, if
7,(k) = (alk|*) ™! and t4(k) = (|w|(k)) ! denote respectively the eddy turnover time
and the “sweeping” time at wavenumber k, we have (for |k| < 1)

k)< tyk) if z<1 (2.63)
and
T (k) > 15k), if z>1. (2.64)

(i) The range of validity of mean-field theory is extended by having a nonzero
transverse mean flow. In particular, the superdiffusive region V, corresponding to
a non-local effective Green function, which exists for w = 0, is not present if w # 0.
(iii) The sweeping effect gives rise to a new superdiffusive region, IV¥, with an
effective equation of diffusion type. The corresponding effective diffusivity, D, is
independent of D.

(iv) The phase diagram for z < 1 coincides with the one for w # 0, since (2.63) holds.
(v) The scaling exponents in the various regions form a continuous function in the
(¢, z) plane, with the exception of the half-line ¢ = 2, z > 2, separating regions I* and

111*, along which the exponent jumps from 1 to 1/2 =1 — ¢

e=2
(vi) The scaling behavior and the form of the effective equation for T{(x, y, t) at the
boundary between the renormalization regions II* and III*, given by (0 <z < 1,
¢+ 2z =4) is of special interest for applications to turbulence theory. It is studied
separately in Sect. IV.
(vii) The remaining portion of the ¢, z plane, namely ¢ > 4, ¢ > 0, constitutes a trivial
statistical regime from the point of view of the renormalization problem, in the sense
that the system cannot be described by any effective equation on a macroscopic
time scale. This is easily seen by observing that for ¢ = 4, the scaling function for
region III*, p(d) = 6 ~#*, does not tend to zero as & — 0.

III. Statistical Universality: Renormalization for Non-Gaussian Fields

The assumption made about the Gaussian nature of the fluctuating velocity u;(y, t),
albeit convenient for calculations, is quite restrictive, and it is interesting to consider
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the renormalization problem for non-Gaussian statistics as well. For instance, it
has been argued by some authors [14,40] that the effective Green function or eddy-
diffusivity, for passive turbulent transport should depend, when super-diffusion
occurs, only on the scaling properties of the energy spectrum and the wavenumber-
dependent turnover time (through ¢ and z), but not on the higher-order statistics
of u. Our models provide a framework for studying rigorously this hypothesis.
Another reason for considering non-Gaussian statistics in the context of stratified
models, is the possibility of calculating rigorously the effective equations of motion
for some discrete layered models studied previously by Matheron and de Marsily
[28], and Bouchaud et al. [10, 11].

In this section, we show that the phase diagrams of Figs. 1 and 2 are valid for
a wide class of non-Gaussian velocity statistics with power-energy spectrum

a—likll—s—z

T
aZIkl2z

where /4(-), ¥ () are the standard cutoff functions described in the Introduction.
The solution of the renormalization problem given in [1] for w = 0 and in Sect. II
for w # 0, relied on the explicit representation formula of the scalar { T(x, y,t)) in
(2.24), which is valid only for Gaussian fields u;(y, t). Here, we develop an alternative
approach, which is more general and does not rely on (2.24). Instead, we show
that the renormalization problem reduces, after making a suitable change of scale,
to the application of a central limit theorem for sums of weakly dependent random
variables. Interestingly, despite the non-Fickian superdiffusive scaling functions
p(0) outside regions I and I*, we obtain effective equations of motion with effective
probability distribution functions for Lagrangian particle displacements which are
either purely Gaussian (Regions I, 1%, IL, IT*, IIL, IV, IV¥), or mixtures of Gaussians,
(Region V) with an explicitly given, universal distribution of variances. This charac-
terization is remarkable, given the variety of pdf’s which are scale-invariant and
consistent with a given scaling function p(J).

The solution of the renormalization problem hinges on the applicability of
limit theorems for sums of dependent random variables. For this reason it is
natural to assume certain “mixing” or “weak dependence” statistical hypotheses
on the fields u,(y, t). Such assumptions are however unnecessary in the mean-field
regions I and I*, which can be handled by one-dimensional, random homogeniza-
tion methods (cf. Sect. II, Appendix 1, and [1]). These methods require no assump-
tions on u,(y, t) other than statistical homogeneity and a power-energy spectrum
of the form (3.1). On the other hand, in the renormalization theory for the super-
diffusive regions, mixing assumptions appear to be necessary in order to obtain
the same effective equations as in the Gaussian statistics. Here, we do not seek to
determine the most general set of assumptions under which the long-time/large
distance limit coincides with the one for the Gaussian case. Instead, we focus our
attention on two models of random velocity fields, which are natural from the
point of view of the theory of disordered systems, and which have some physical
significance. They can be associated with complex flows arising from random
distributions of momentum sources in a stratified porous medium [28] or with
flow in a turbulent shear layer [1].

Eyk)= Uwo(g)://w(k) (3.1)
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To describe such models, we introduce non-dimensional elementary functions,
or “blobs,” denoted by ¢4(y,t),0 >0, and given by

ds(v, ) = ZL‘”’ /Es(k, )/ U? >+t dkd. (3.2)
n

Note that, by Plancherel’s identity, we have

1
[{(@s(y. 1) dydt = I [JEs(k, w)dkdo. (3.3)

Moreover, ¢; is integrable and satisfies
§§ sy, t)dyde =0, (34
as a consequence of the vanishing of the Fourier transform of ¢4(y,?) in a neigh-

. kY .
borhood of k=0, due to the infrared cutoff lp(,(g) in (3.1). To define the first

model, we consider a stationary, ergodic point process (p™,7™) in the plane R?,
such that for all open sets 2 in R?, we have

lim 6 card {n:(6p™, 61")eQ} = | 2|, (3.9
4]0 .
where || denotes Lebesgue measure. We consider also a sequence of independent,
identically distributed random variables {U,},», with zero mean and variance
U2. A stationary random field u,(y,t) can be defined by setting

us(y,1) =Y Updps(y + p™, t + 7). (3.6)

We shall refer to this random velocity field as Model A. The second class of models
is defined as follows: the point process (p™, t™) is assumed to be a Poisson point
process with unit intensity, thus also satisfying (3.4); (see: for instance, Feller [13]).
For this second model, we assume that the U, are identically constant, i.e. U, = U
for all n. This will be referred to as Model B. From the definitions of both models,
and the identities (3.3), (3.4), (3.5), it is easy to verify that

Cus(y,0)>=0 (3.7)
and that the Eulerian velocity autocorrelation function is given by,
Cus(y, us(y's ') ) = [ [ Eslk, w)e™ 0% Odkd e, (3.8)

As models of random velocity fields, Models A and B represent, in a sense, two
extremes. In Model A, the components of the fields corresponding to different
“sites” (p™,1™) are uncorrelated for any given realization of the point process
(p™, 7). On the other hand, in Model B, the Poisson statistics guarantee indepen-
dence of the components of the velocity field arising from points (p™, t) in disjoint
regions of the plane. In the theory of disordered systems, Model A is sometimes
referred to as having substitutional disorder, and Model B as having translational
disorder [26].

Before proceeding to the analysis of the renormalization problem for Models A
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and B, we mention the well known special case of Model A, given by
if |yl<j
if [yl>3

so that ¢(y) is a square pulse of width 1 and height 1 centered at 0, p™ = n, for
n=0,+1,+2,...,and the U, are independent random variables with

bs0.1) = $) = { (1) (39)

Prob{U,= + U} =1. (3.10)
This model corresponds to a time-independent velocity with energy spectrum
4U?sin? (k
E(k):i;z(/z), (3.11)

and hence to ¢ =1,z = c0. It was introduced by Matheron and De Marsily [28].
Physically, the resulting velocity field consists of an infinite array of adjacent
horizontal layers with random velocities with values + U. This model has been
discussed extensively [1,3,10,11,13,15]. Fields analogous to Model B were con-
sidered in two and three dimensional models by Koch and Brady [21], Avellaneda
and Majda [4], Avellaneda, Torquato and Kim [43] and others [15], to model
Darcy velocities in random porous media. In [1], we proposed the Gaussian fields
with spectra (3.1) with ¢ = 8/3 and z = 2/3 as simple models to study eddy diffusivity
in hydrodynamic turbulence. We proceed to the analysis of these models, discussing
first the case w = 0 (II1.1) and then w # 0 (II1.2). As mentioned earlier, the arguments
of Sect. II.1 and Appendix 1 for the renormalization in the mean-field region I*
(which apply to the case w = 0 as well) require no assumptions on the higher-order
statistics and hence are valid without modifications for arbitrary non-Gaussian
velocities with spectra of the form (3.1).

I11.1. Superdiffusion with Zero Mean Flow (w =0). Our starting point is the re-
presentation formula for solutions corresponding to plane-wave initial data, (2.23).

Making the change of variables x—»f, y—»X, t—— and setting w=0 in that
formula, we obtain o o p

<T’<f iz>> =exp|:i{x + iny—é—zszt]
0 p
<E{exp[16nﬂ2<p >+tééﬁf u,,< +\/2‘Dﬁ2(s),s>ds:|}>.

(3.12)

Qal"<

Anticipating superdiffusive behavior, i.e., §/p -0 as § >0, we obtain, to leading

order in 4,
(XYt iEx+i L Y
T y _)> ge“f"*"’y<E{exp[lé5 ] ua<—+ mﬁz(s),s)ds]}>
'S p o o
t/p?
_ ei¢x+iny<E{exp|:i§5 .[ ué(\/Z—Dﬂz(s), s)ds]}>. (3.13)
0

| %
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Henceforth, we focus our attention on the random variables
t/p?

S | us(</2DB(s), s)ds, (3.14)

and compute their asymptotic probability distribution as J — 0.

I111.1.A. Region I1: Central Limit Theorem with Fast-time Decorrelation. Recall
that in region II the scaling function is p(8) = 6 ~¢~22, As a first step, we show that
the Brownian motion appearing in (3.14) is irrelevant, in the sense that the random
variables

t/p?

6 | us(0,s)ds (3.15)
0

have the same asymptotic probability distribution as the ones in (3.14). In fact,

we have
t/p? t/p? 2
(¢} f)

6 ué(\/i_ﬁﬂz(s),s)ds—é f u;(0, s)ds
0

_ U264 ok o (OK) K|

]

11
'[J f201— e"‘D“"z"z'(s‘S"””Z)e““’"’""S'”/"zdsds']dkdw
0

0

B 2021294 ¢

I‘Po(k)lp (5k |k|‘ sliﬁ 1_e—(lelzézr(s—s’))/pz)e—(alk|‘6‘r(s—s'))/pz:ldk_
p 00

(3.16)

Since 1 — e~ P =sD/r” converges to zero as 6 — 0 for all k, s, s’ and, moreover,
the integral

202 254 € 11 o
U f‘/’o(k 5]()(ffe—(alklzazz(s—s))/p deS/>|k|1—8dk
00

2U2

is uniformly bounded as § —0, we conclude that

[jlﬂo(k [k|t ¢~ 2dk + o(1)] (3.17)
< { t/p? t/p?

P j us(\/2DB,(s),5) — j us(0, s)ds 2}> (3.18)

tends to zero as  —0, and hence (3.14) and (3.15) have the same asymptotic
distribution.

~ The second step is to show that (3.15) satisfies an appropriate Central Limit
Theorem. For this, define the “spectral measure”

dZ(k, w) <ZU e+""’("’+‘w‘("’>dkdw, (3.19)
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and note that the field, u,(0, s) satisfies
Yol 2 (kL2 (0k)| k| —em =2 piadts dZ(0k, 6*w)

us(0,5) = 62~/ n'” g w? |12 S(1+2)2 (3.20)
1+
B
Therefore, if we define a new field V(s) by
YAk L2 (0k) | k| e 22 dZ(Ok, 6*w)
Vs(s) = 52/2 < z> E” 0 w? 2 e si+az (3.21)
nl2g12| 1 + }
[ alk|*
and the intermediate time-scale 6(5) by
0(9) = % = 1027774, (3.22)
p
we have
t/p? 1/2  6(9)
o | u40,s)ds = Vs(s)ds. 3.23
g 5(0, 5). 9@! 5(5) (3.23)

Notice that 8(5) » co as 6 —» 0, and that the covariance of the right-hand side,

6(3) 2
< > (3.24)

— j Vs(s)ds
remains uniformly bounded as 6 — 0, due to our choice of p(é)ogg)f. Sect. II.1.A and

J00) o

Eq. (3.17)). It is known that, under these circumstances, ——— j Vs(s)ds is asymp-
0(5) o

totically Gaussian, provided Vj(s) satisfies suitable statistical mixing conditions.
To show asymptotic normality, we use a central limit theorem for velocities having
“blob structure,” proved in Appendix 2. A possible alternative approach, (not
pursued here) would have consisted in verifying that the fields V(s) satisfy a specific
set of standard mixing assumptions such as those in Ibragimov [18], Billingsley
[81, Kesten and Papanicolaou [19] or others [9,20].

Observe from (3.21) that the velocity field Vy(s) has the form

Vi(s) = 60+ 912Y U, Go(8p™, s + 67T™), (3.25)

where
1/2 k)ww(ék)l/zlk“l —e—2z)/2

G,,(y,s)_ H g T N1z
RV 1/2<1+ w >
|k|22

Using (3.25), we apply Proposition B.3, in Appendix 2, noting that the elementary
“blobs” Gj(y, s) satisfy

e iosdkda. (3.26)

[[Gs(y,s)dyds =0 (3.27)

for each 6 > 0, so that
< : 9((»V d > 3.28
—m (j) 5(s)ds (3.28)
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and, moreover,

0(9) + 2

1 2 e
li —— | Vy(s)d 21l d Gy(y,s)d
;&1< T(é)g 5(s)ds > im _Iw y _Iw 2(y, 5)ds
202
== [Volk)Ik|* **dk (3.29)
6(3)

From Proposition B.3, we conclude that —;3— j Vs(s)ds converges in distribution
6(9) ©

to a Gaussian random variable with mean zero and variance
202
21)?'1‘——§l//o(k)lkll **dk. (3.30)

Using (3.13), we see that the effective equation corresponding to region II for
Models A and B is

0T(x,y,0) _, 0°T(x,y,1)
=D | 2
ot 0x

, (3.31)

and in the Gaussian case.

I11.1.B. Region I11. Recall that the scaling function for region III is p(5) = 6* ~¥*.
Asin the preceding paragraph, the renormalization problem reduces to determining
the asymptotic distribution for the random variables

t/p?

8 | Us(y/2DB(s), s)ds (3.32)
0
as §—0. Again, since 6> p(d), the contribution from the Brownian motion is

negligible, and (3.32) is asymptotically equivalent to
t/p?

& | us(0, s)ds. (3.33)
0
More precisely, we have

(-t 1)

= 2207 [ Yo kY, (5K) K] [ fa- e‘"’"“”"(s-s'»“’z)e‘“““"”"‘“S"”"zd““']dk,
00

t/p? t/p?

é ; us(/2DB,(s), s)ds — & ; u5(0, s)ds

(3.34)

a quantity converging to zero as 6 —0, by the Dominated Convergence Theorem.
Having reduced the problem to (3.33), we introduce the auxiliary “blob” function

U2 L2 ) ]~

2
w
atizptiz 1 4
( a? Iklzz)

Gs(y,9) ——jj ( | etiwszsite ds)e”‘y*"‘”dkdw (3.35)
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Using the function G4(y, s), we can rewrite the integral (3.33) in the form

t/p?

0 [ us(0,5)ds =64 *22Y U, Gy(5p™, 67t™). (3.36)
0 n
The blobs G(y, s) satisfy
[[Gs(y,s)dyds =0 (3.37)
for each 6 —»0 and
liIn [§1Gs(y,5) — Go(y, )| *dyds = 0, (3.38)
6|0

where
(l)/z(k)l kl(l —&£—2)/2

1/2 12 S w2 1/2
a |kl22

This function satisfies, by Plancherel’s identity,

[(Go(y,5)dyds = t2[yo(k) k|* ~*dk. (3.40)
We can thus apply Proposition B.2, in Appendix 2 to conclude that for Models A
t/p?

t S
Go(y,s) = o 1] et (v +ios diede, (3.39)

and B, the random variables & f u4(0, s)ds converge in distribution as 6 -0, to a
0
centered Gaussian with variance
U262 (o (k)| k|* ~*dk. (3.41)

By the usual argument, this itplies that the effective equation for region III for
Models A and B is

aT(X, Vs t) a:Z’T‘(-)C, Y, l)
- D) Tl (3.42)
with
* Uzt 1-¢
D)= Tj‘po(k)“d dk. (3.43)

This result agrees with the characterization of region III for Gaussian statistics
obtained in [1].

II1.1.C. Region IV. We follow the general procedure of the above two paragraphs,
with p(8) = 67/¢*2272) As before, 6 f us(/2DB,(s), s)ds is asymptotically equiva-

t/p?
lent to j us(0,s)ds as 6 —»0. The latter integral can be expressed as a sum of
0

“blobs,” evaluated at the points {(5p™, *t™)}, n 2 0, multiplied by the “amplitudes”
{U,},n= 0. In fact, let G,(y, s) be defined as

gk\'"? 12111 —e—2)/2
l/IO 3 l//oo(gk) Ikl ezwl__l
< )ei‘*"+i"”dkdw, (3.44)

2 1/2 .
al2i2( 1 4 w o
a |k|22

Gs(y,9) f f
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where g is an “intermediate” scaling function, given by

g=g(d)=90C+e2), (3.45)
Notice that lim g(5) = O in region I'V. With these definitions, it is easy to check that
510
t/p?
5 [ us(0,5)ds =(g(5))* "2 Zn: U,Gs((9(9)p™, (9(0))r™). (3.46)

0

It can also be verified that [[G,(y,s)dyds =0 and that G,(y,s) converges strongly
in I2(R?) to Gy(y,s) as 6 -0, where

t Ikl(l—s—z)/2 eiwr_ 1 ot icos
Go(y,s) = | |t dkdo. (3.47)
2n a1/2n1/2<1 L © > iwt
a2 | kIZz
From Plancherel’s Identity, we obtain
1-¢—z 1 2
[[(Goly, s))2dyds = 2] —¥! [eforsds| dido

(1)2 0
1+
““( a|kr“>
11 ,
= t2j|k|‘"(“e‘“"‘""s“’dsds')dk
00

_2t2 (e—2)/z 1—-¢g~z 1 _e_lklz
= 2t*(at) [1k| 1 ——— |dk. (3.48)

k|*
t/p?

Applying Proposition B.2 in Appendix 2, we conclude that § j u4(0, s)ds converges
0
in distribution to a normal random variable with mean zero and variance
202 oo 1—e IH®
“—t(at)t te- 2= j |kl“*‘z<1 —#)dk. (3.49)
a z

Differentiating this expression with respect to t, we conclude that the effective
equation in region IV for Models A, B is

0T (x, y, 1) 0*T(x, y,t)
— T T =D*()—2 "~
ot v ox?

where the effective diffusivity is given by

, (3.50)

_ 772 t© 1 —e K7
Dl*v(t).—..<2+g>(at)l+(e—2)/zu_ j |k|l—s-—z<1 _”:;Iz>dk (3.51)
z a -«

111.1.D. Region V. The time-scaling function in region V, from [1], is given by
p(8) = 61/ +¢/2) Unlike in the other superdiffusive regions, Brownian motion is
not irrelevant in region V. In fact, the fluctuations in the Lagrangian velocity

caused by sampling the field with a Brownian motion dominate the fluctuations
arising from statistical time-decorrelation. This can be understood by comparison
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of the turnover time 7,(k) = (a|k|?)~* and the diffusion time tp(k) = (D|k|?)" . In
fact, if z > 2, we have 1,(k) < 1,(k) for |k| « 1. As before, we consider the random

t/p?
variables & | us( /2DB,(s),s)ds as 6—0. We introduce the auxiliary “blob”
functions  °

pk\ 2
(2rad ¢0<_> ¥ o (0k)! 2 k| &

0
Gé(y, S) =(2D)(2_£)/4£J.j‘ 602 1/2
a1/2n1/2<1 + >
(12”(‘22
1
,("ei(wpz - 25)/(2Dt)=/2 + ikﬁ(s)ds>ei(ky+ 9 dkdow, (3.52)
0

~ t c g . . . .
where f(s) = tl%m(—zs) is distributed like a Brownian motion on the interval
o

(0, 1). With the functions G,(y, s), we can write

t/p?

8 [ us(\/2DB,(s), )ds = p* * P12y U, Gs(pp™, p*t™). (3.53)
0 n

We apply Proposition B.2, Appendix 2, noting that that the functions Gy(y,s)
defined in (3.52) satisfy the necessary requirements. In fact, we have

[§(Gs(y,5))dyds =0, (3.54)

and the sequence {G,(y,s)} is compact in L2(R?), almost surely with respect to f(s),
0 < s < 1. This can be seen as follows: for each ¢ > 0, we have

[1(Go(y,5))*dyds

k —&—z
f+er2 '/’0<p_>'/’°°(pk)k1 )

2

4 dkdo.

= D(l—e)/Z 2
(2D) an<1+ @ )

az,kIZz

1 iwp*~%ts | ~ ]
+ ik d
gexp[ D" ikB(s) |ds

(3.55)

Notice that in this integral p*~2«1 as - o0. Moreover, it follows from
Lemma (5.1) in [1], that, except for a set of realizations of f(:) of Wiener measure
zero, the integrals in (3.55) are uniformly bounded for 0 < J < 1 (with a bound de-
pending on the path B(*)). Applying Lemma (5.1) [1], together with the Dominated
Convergence Theorem we find that, with probability 1, Gs(y, s) converges strongly
in I2(R?) to G,(y,s), where

1 t(l +¢)/4 ]k|(1 —-£—2)/2 1 o) oyt o)
—_ ikp(s; i(ky + ws
G°(y’s)_2n(21))<2-8’/4 - " 1/2<£e ds)e dkdo.
a’*n 1+
( a2|k|22>

(3.56)
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We conclude from these facts and Proposition B.2, Appendix 2, that

t/p?
hm<exp[léé [ us(/2DB(s),5) :'>

510

T2 ]
)

4:2 1 +e/2U2 -
=exp[ W e(ﬂ)} B(-) — almost surely, (3.57)

where as(ﬁ) is a random variable that depends on the path B, given by

+ o

a(B) = j k|t

_fe”““s’ds dk (3.58)

Consequently, the Fourier transform of the effective probability distribution
function, or Green function, is given by

(0 =E a1l el TR e s
0= {exp[—wlél ae(ﬁ)]}—geXp[—Wa:' Ve(2), (3.59)

where ¥,(«) denotes the probability distribution function of the random variable
o.(P). This result coincides with the renormalization in region V with Gaussian
statistics derived in [1].

I11.2. The Case w #0. The renormalization theory with w # 0 and non-Gaussian
statistics follows the same methods as for the case w = 0. For simplicity, we omit
detailed calculations. What follows is a brief analysis of the three different super-
diffusive regions: IT*, 111, and IV"¥.

Region II®. The renormalization follows the same ideas as in Sect. (II.1.A), for
region II, the starting point being the integrals
t/p?

S | us(y/2DBy(s) + Ws, s)ds. (3.60)
0

It can be shown, using the scaling function p(8) = 6 ~¢~/2 that in region II" the
random variables in (3.60) are asymptotically equivalent to
t/p?

0 [ u,(0,s)ds, (3.61)
0

i.e. the Brownian motion and the shift induced by the transverse mean field are
negligible relative to the fast time decorrelation of the velocity field. The proof
then follows exactly the one for w = 0 of ITL.1.A and the effective equation of motion
coincides with the one in (3.31).

Region I11”. As in the correspondmg region for w=0, it can be shown that
t/p?

é j us(</2DB,(s) + ws, s)ds and & j' u5(0, s)ds are asymptotically equivalent. Thus,
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repeating the argument of III.1 we find that the scaling function and the effective
equation of motion coincides with the one for w = 0; the latter is given in (3.42).

Region IV*. This is a superdiffusive region in the phase diagram, in which the
“sweeping effect” from the transverse mean flow is important. The corresponding
calculation for Gaussian statistics, given in Sect. IL.2.C, yields a time-scaling
function p(d)=6'"€"2/2, Since z <2, we expect that Brownian effects will be
negligible. In fact, it can be shown that the random variables

t/p? t/p?

S [ us((/2DBy(s) + s, s)ds and & [ u,(ws,s)ds (3.62)
0 0

have the same asymptotic distribution. We omit this straightforward calculation.
To investigate the asymptotic distribution of the second integral in (3.62) we define
the auxiliary field Vj(s) by

o2 [ws s
Vs(s)=—us|l —,= ). 3.63
5(s) p “o( 5 5) ( )
Introducing the intermediate time-scale
ot t
we have
t/p? 172 69
0 | us(ws,s)ds = Vs(s)ds. (3.65)
cf) ? 16 g ’

Notice that §(d)— oo for § — 0. Thus, the right-hand side of (3.65) is a normalized
sum of dependent random variables. To show that it is asymptotically Gaussian,
we introduce the auxiliary “blob”

1 oon .
Gol1:9) = 5[] Golk, @)e™ * ' dkdes (3.66)
Y[

with G,(k, w) given by
a”zt//()(k)”2|k|“"””2

Gslk, w) = n1/2[a252(z— D|k|? + w2]1/2'

(3.67)
A straightforward calculation shows that the field Vj(s) is a superposition of
randomly shifted blobs G,(y, s). Specifically, we have

Vs(s) =62y U,Gs(Ws + 5p™, s + 61™). (3.68)
0(3)

5 (j; V(s) is asymp-

Applying Proposition B.4, Appendix 2, we conclude that

totically Gaussian, with mean zero and variance

2 72, +©
>—2U L woIkT k. (3.69)

6(3)
0'2 = lim <'—b Va(S)dS =
w _

510 \./0(d) o
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Therefore, the effective equation of motion in region IV* is the diffusion equation

67_"(x, Y, t) % aZT(xy Vs t)

v , 3.70
ot v 0x? (3.70)

with
Uza+oo L
Diw=—z [ Wolk)lk|™" ™" dk. (3.71)

This result coincides with the one derived in I1.2.C for Gaussian statistics.

1V. The Boundaries Between Regions II and III, or II* and IIT*

It is particularly interesting to study the intermediate regime between II and IIT
or, equivalently, II* and IIT* because of their relevance to the statistical theory
of turbulence. According to the Kolmogorov—Obukhov “k ™5/ law” [22,32], the
spectral parameters associated with homogeneous turbulence are &=8/3 and
z =2/3, and hence correspond precisely to a point lying on the boundary between
II and III, or IT* and III¥, i.e., to the line segment

e+2z2=40<z<1. 4.1

Notice that for values of the parameter z in the range 0 < z < 1, the time decor-
relation induced by sampling of the random field with a transversal mean velocity
(sweeping effect), is negligible compared to the Eulerian time-decorrelation effect,
and consequently, the corresponding effective equations are the same whether w
vanishes or not.

As we shall demonstrate hereafter, if (4.1) holds, the system is superdiffusive
with scaling function

p(6)=“ =22 4.2)
and the effective equation of motion is
_ g
0T(x, 1) _ D*(t)a T(x,y, t)’ 3)
ot ox?

where D*(t) is a time-dependent diffusivity satisfying D*(t) ~-Dj(t) for t « 1 and
D*(t) ~ D} for t> 1. The scaling function is identical to the one for regions II
and II*.

With the choice of (4.2) for the scaling function, we consider the integral

t/p?

8 [ us(\/2DB,(s) + Ws, s)ds. (4.4)
0

We wish to compute the asymptotic distribution of this quantity as 6—0. A
straightforward variance calculation (as in (3.16)—(3.17)), shows that (4.4) and

t/p?

0 | us(0,5)ds 4.5)
0

have the same asymptotic probability distribution as ¢ | 0, and hence it is sufficient
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to study (4.5). As in IIL.1.A, we define the auxiliary velocity

Vyls) = 52/2 (5) (4.6)

Comparison with the arguments in III.1.A, shows that the intermediate time scale
in (3.22), given by
2

0(5) = ——z522 ed—y @.7)
p?

is independent of 4, remaining of order 1, because 2z + ¢ = 4. We obtain accordingly,
from (3.21), (3.22), (3.23) that

t/p?

8 j (0, s)ds = j Vy(s)ds 4.8)

If the random velocity u4(y, t) corresponds to Models A or B, then the integral on
the right-hand side of (4.8) can be expressed as a sum of “blobs,” i.c.,

t
[ Vy(s)ds = 81 +92 U, Gy(8p™, 6°1™), (4.8)
0 n

where
2000 L@k K| e

2
w
1/2,.1/2
a'’*n 1+
[ azlklzz]

This function satisfies the assumptions of Proposition B.2, Appendix 2, namely

+ o0 +o0

| | Gsy,s)dyds =0 (4.10)

— 0 —

G&(y, S) ~_ II

[ fe'“"’da]e”‘“'“’sdkdw 4.9)

for each 6 >0 and G(y, s) converges strongly in I*(R?) to G,(y,s) given by
1/2(k)|k|(1 £—2z)[2

2 1/2
i i)

The L*-norm of G(y,s) can be calculated by Plancherel’s formula:

Iw Iw(Go(y, 5))*dyds = | jM(jjefw<v-a>dada'>dkdw
—w —© <1 + w > 00
a |k|2z

2t 7 1 — e alkl=
e VN [ Ca] § it A
2wtk o(1- 120

Applying Proposition B.2, Appendix 2, we conclude that (4.4) is asymptotically
Gaussian with variance

U2 + o0 1— e—a]klzr
2— k)|k|* ¢ 1 ————— )dk, 4.13
T wntkr (1= 12225 @1y

Go(y,8) = 2i ” <f eiw“d0>ei"y riosdkdw. 4.11)
T 0

>dk. 4.12)
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so that the effective equation for T(x, y, t) is given by (4.3) with an effective longitudi-
nal diffusivity
Uz + o

DXO)=—— 1 oIk e Mk 4.14)

As remarked previously, this diffusivity behaves like D} for small renormalized
times and like D for large renormalized times. For ¢=% and z=3%, the
Kolmogorov—Obukhov values of the spectral parameters, we obtain the effective
diffusivity

r72 + oo

D*(t)=U— [ Wolk) k|~ 73ealkl* g, (4.15)
a -

V. Pair-Distance Distribution and the Fractal Dimension of Interfaces

The models studied here are extremely rich and reveal in a qualitative fashion
many of the observed features of passive advection in turbulent flows, especially
when considered in the statistical regimes corresponding to regions II, III (or IT¥,
IIT"), and on the interfaces between these regions. In this section, we study the
following quantities of practical importance associated with higher-order statistics
for the passive scalar:

(i) the probability distribution function for the advection of pairs of particles, which
is intimately related to the correlation function

<T5(X, Y, t)T(;(X/, y,’ t)>’ (51)
(ii) the fractal dimension of advected line elements, or interfaces, evolving in the flow.

In Paragraph V.1 we present the results concerning relative diffusion of pairs
of particles and their application to computing the pair-dispersion or pair-diffusivity
for Kolmogorov—Obukhov spectra, corresponding to ¢ = 8/3, z =2/3, as well as
the pair-diffusivity corresponding to intermittency corrections to the Kolmogorov—
Obukhov theory. In Paragraph V.2 we discuss the results predicted by the models
for the fractal dimensions of interfaces in the turbulent simple shear flows and
apply the results to the physically relevant regimes corresponding to the neighbor-
hood of the Kolmogorov—Obukhov point in the (g, z) phase-diagrams. A rigorous
mathematical derivation of these results concerning relative dispersion and the
fractal dimensions of interfaces is given in V.3. Finally, in V.4 we make some
remarks concerning the invariance of the effective pair-distance distribution under
the scaling group associated with the function p = p(J).

V.1. Pair-Distance Distribution. We describe in this section the predictions of the
models for relative diffusion of pairs of particles and give a rigorous derivation of
the evolution equation for the pair-distance distribution in Kolmogorov—Obukhov
turbulence (¢ = 8/3, z = 2/3); as well as in the neighboring regimes of the phase-
diagrams corresponding to intermittency corrections.

We recall first the definition of the pair-distance distribution function P(l,, l,, t).
If the initial data T,(x, y) is interpreted as an initial density or concentration of
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solute particles in the flow, then the joint probability density for a pair of noninter-
acting advected particles is given by

Q(x’ y; xl’ y,’ t) = T(x’ y’ t)T(xli y,’ t)’ (5‘2)

where (x, y) and (x', ') denote the positions of the two particles. The pair-distance
probability density for the system can be obtained from Q(x, y, x’, y', t) by introduc-
ing the horizontal and vertical separation variables,

L=x~x, L=y—y (5-3)
and integrating over the position of one of the particles, so that
+0 + o
Py, L,0= [ [ Q(x,y;x+1,y+1,,t)dxdy
+ o0 +
= [ [ T, p0T(x+1y,y+1,,0dxdy. (5.4

Accordingly, P(l,,1,,t)dl,dl, denotes the probability that two particles released
independently at t =0, have horizontal and vertical separations in the intervals
(4,1, +dly),(,, 1, + dl,), respectively. It is easy to show from (5.2) that P(l,,1,,t)
satisfies the integrodifferential equation

aP(llaIZ’t) el
T+ §o§ G+, y+h,0—u(x, 3,01V, 0, y,x + 1y, y+ 15, )dxdy

2P(l,,1,,1) 0*P(,,1, t):l
=2D[ A LhC 22 (5-3)
a2 a1z

Our main result for the long-time, large-distance behavior of the pair-distance
distribution for the models is a mathematically rigorous derivation of the equation
satisfied by the averaged scalar

it p(1
Piuts=im( P35 65) ) o

In this formula, the scaling function p = p(J) is determined according to the different
statistical regimes in the two phase-diagrams presented in the Introduction.

Proposition V.1. (i) In the mean-field regions I and I”, the effective equation satisfied
by P(l,1,,t) is

aﬁ(ll712’t)~2D* azp(llall’t)-i_ 2D azp(llsIZ, t)

ot o2 az

(5.7)

where D¥ is the effective longitudinal diffusivity for the averaged passive scalar given
in (2.18); .
(ii) in regions II, IT*, P(l,,l,,t) satisfies the equation

oP(l,,1,,t 0*P(l,,1,,¢
((;tz )=D:;(lz) (11, 15,0)

, (5.8)
a2
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where D}(l,) is the pair-distance effective diffusivity, given by

2U2 + o0
D,",‘(lz)=7 | Wolk)k|*~#72[1 — cos ki, ]dk. (5.9
(iii) In regions III and I1I”, the effective equation for P(l,,l,,t) is
613(11,12, t) a213(11’129 t)
T T D (5.10)
where D}\(l,,t) is a space-and-time-dependent pair-diffusivity, given by
+ 0
Dy, 0)=U [ yo(k)|k|* ~[1 — coskl,]dk. (5.11)

(iv) The effective equation in the intermediate boundary between II and II1, or 11 v
and 111%, is

oP(l,1,,1) 0*P(l;,1,,1)
—2 =" =D¥ (l,,t) ———— 5.12
ot ml(z ) alf ( )
with effective diffusivity
2[72 + o0
D (L, ) =" [ Yolk)k' 2™ M™(1 — cos kl,)dk. (5.13)
a4 -w

(v) In region IV of the phase-diagram for w = 0, the effective equation for P(l,,1,,t)
is the diffusion equation
0*P(ly,1,,1) 0*P(l;,15,1)
ot or

where D}, (t) is the effective diffusivity corresponding to the single-particle renormali-
zation problem. _

(vi) Inregion IV" of the phase diagram with w # 0, the effective equation for P(l,,1,,t)
is

=2D}/(1) : (5.14)

aﬁ(ll’lz, t) 62}3(11,12’ t)
— 220 =D¥ ()2 5.15
o tvell2) or2 (5.15)
with effective diffusivity
72 + oo
Df ()= 26;_(2] [ Wolk)lk|~*7=*2(1 — cos ki, )dk. (5.16)

(vii) Finally, in region V of the phase-diagram for w = 0, the equation of motion for
P(l,,1,,t) is noy{gciai, as is the case for the corresponding single-particle distribution.
If Po(ly, )= | | To(x,»)To(x +1y,y+1,)dxdy denotes the initial pair-distance
density in the macroscopic spatial variables, we have

+

Py, 1,0= [ G, =1}, 0Po(ly, )l (5.17)
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where G(l,,t) is the Green’s function for the pair-distance evolution. This function
and the fundamental solution for one particle motions in region V (cf. (3.59)) are
related by the equation

~ 1 I
G ll,t)=——T<—1,t). 5.18
( 2\ (5.18)
]

The aforementioned results constitute a complete description of the long-time/
large-distance properties for relative diffusion of pairs of particles in all the statistical
regimes. The pair-diffusivities depend on the initial vertical separation, [,, in some,
but not all, phases of the (g, z) plane. Notice that in regions I, I*, IV® and V, the
pair diffusivity is independent of [,, and is equal to twice the value of the effective
single-particle diffusivity (in the special case of region V this is translated into
Eq. (5.18) for the nonlocal pair diffusivity). These regimes correspond to motions
of the pairs of particles which are uncorrelated on the macroscopic time-scales. On
the other hand, in regions II, II®, III, III* and IV¥, and the boundaries between
II/I11 and IT*/111%, the relative pair diffusivity depends on the initial y-separation,
1,. This reflects the fact that the positions of the particles remain strongly correlated
on the macroscopic space/time scales, due to long-range spatial correlations in the
turbulent velocity field. Direct inspection of the equations for the renormalized pair-
diffusivities shows that, for finite [,, the pair diffusivities D*(I,) or D*(l,,t) are
smaller than twice the value of the single-particle diffusivities, and converge to that
value as [, — o0, so that the correlation effects disappear as the separation, I, tends
to infinity.

The behavior of the I,-dependent pair-diffusivities for small renormalized times
is interesting and can be determined easily by rescaling and expanding (5.9), (5.11),
(5.13), (5.16) and small [,. This gives the following results:

(i) in regions II, II”, as well as on the boundaries between II and III, and II¥ and
III", we have

*
Dill2) };c,,zgﬂ-z, <1, (5.19)
Di":u(IZ’ t)
with
2U2 +
ecp=— [ |k|*7*7%(1 — cos k)dk. (5.20)
a -«
(ii) In regions III, I1T*, we have
D) =eytly ?, L1, (5.21)
where
_ +
e = U? _f [k|* ~%(1 — cos k)dk. (5.22)

(iii) The behavior of the pair-diffusivity in region IV, is given by
Diw(l) = ewly ™, (5.23)
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where
2U2 + o
ey =" | [k[*~**%(1 — cos k)dk. (5.24)
wh o

These results can be applied to obtain a mathematically rigorous derivation
of the relative diffusion equation in Kolmogorov—Obukhov turbulence in the
context of the model, and to predict the consequences that result from departures
from the k~5/® law by intermittency corrections. In fact, applying the above results
to ¢=8/3 and z =2/3 we obtain

DX(l) =yl33, 1«1, (5.25)
with
y=""" [ 1kI""3(1 — cos k)dk. (5.26)
ad -

This expression for pair diffusivity in the model is in complete qualitative agreement
with Richardson’s 1926 [*/? law for relative diffusion in atmospheric turbulence.
It is valid for the Kolmogorov—Obukhov values ¢ = 8/3, z = 2/3 as well and small
corrections in the constant y and in the exponent ¢ + z — 2 are obtained, for ¢,z
near ¢ =8/3,z=2/3 in regions II or II*. However, the Kolmogorov—Obukhov
regime lies on the boundary between regions II and III, and the solution of the
renormalization problem indicates that in region III the time decorrelation effects
become negligible in the long-time large distance limit, with the velocity field be-
having as if it were time-independent. We observe that, the limit as ¢ » 8/3,z - 2/3,
with (g, z) in region III, of the pair diffusivity D (¢, [,) satisfies

DL, 0= ftld3, 1«1, (5.27)
with

+ o

§=U? [ |k|”53(1 — cos k)dk. (5.28)
The pair-diffusivity in Eq. (5.27) is consistent with the Richardson scaling X2 ~ T3,
but has a completely different dependence on the separation of the pair of diffusing
particles. This result in the model has the same form as the heuristically derived
intermittency corrections for pair dispersion proposed by Hentschel and Procaccia
[17]; in fact (5.19) and (5.27) exhaust all of the various possibilities which were
proposed in [17]. In our model, the difference between (5.25) and (5.27), is due to
the discontinuity in the dependence of the macroscopic equations of motion on
the large-eddy turnover times, as the statistics (¢, z) cross the boundary between
regions II and III.

We observe also that region III corresponds precisely to turbulent regimes for
which Taylor’s hypothesis concerning the validity of the infinite correlation time
approximation is applicable. Thus our rigorous analysis demonstrates that infini-
tesimal corrections to the Kolmogorov—Obukhov regime (¢ = 8/3,z = 2/3) can yield
very different effective equations for relative diffusion, which agree with the classical
Richardson 1*® law for (e, z) in region 11 or on the boundary 11/111, but are completely
different in region 111, which is the region of validity of the Taylor hypothesis.
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V.2. Fractal Dimension of Interfaces and Advected Line Elements. The geometry
of level sets of passive scalars or of advected line (or surface) elements in a homo-
geneous turbulent flow, can be studied very precisely in the context of our models.
This is an important issue in the study of real turbulent flows with a well-developed
inertial range, in view of the fact that measurements of geometrical objects, such
as interfaces, or level sets, have been made recently with considerable accuracy
[31]. The regions of the phase diagrams that are directly relevant for turbulent
transport are regions II and III, for w =0, and II*, III* for w #0, as well as the
boundaries separating these regions, which contain the Kolmogorov—Obukhov
regime ¢ = 8/3, z=2/3. Our analysis of the neighborhood of this point leads to
rigorous numerical values for the dimensional defect 2 — d, where d is the fractal
dimension of the interface, which are in good agreement with measurements by
Lovejoy [27], Meneveau and Sreenivasan [31], and the recently obtained bounds
of Constantin [12].

To fix ideas, we consider here the motion of a “line-element” of noninteracting
Lagrangian particles, coinciding initially with the y-axis. The position of a particle
which starts in position (0, y) is given by (X(y,t), Y(y,1)), where

Xy 1) =0t + [uy(y + s + \/2DB(y, ), Mds + \/2DP, (v, 1),
0
and
Y(y,0) =y + Wt + /2DB, (. 1). (5.29)

Here B,(y, *) and f,(y, ) are independent Brownian paths for each y, and Bi(y, -),
Bi(y, -) are independent for y # y'. The position of the particles on the line are
correlated through the random velocity field, u,(y, t). The joint probability distri-
bution for a collection of N particles starting at positions (0, y,),...,(0, yy) is given
by the product

Tl (xl s Vis t)Tz(xz, Yas t) o TN(XN’ YN t)a (530)
where Ti(x, y, t) is the solution of the advection-diffusion equation with initial data
Ti(x, y,0) = 6(x)o(y — y;)- (5.31)

The problem of tracking the position of the line element described by (X (y, t), Y(y, £))
relative to coarse-grained space and time scales is equivalent, in statistical regimes
where Brownian motion is irrelevant (IL IIL IV, II¥ II1¥,1V¥), to studying the
asymptotic behavior of the level sets of the equation

aT, 5 ATyx,yt
0T 0.0 0 [5 %(y t ):l o600 5 0Ts(x. 1)

ot p(6)? & p(8)? dx () ay
8 0*Ts(x,y,t)  0*Ts(x, y, t)] 530
- (p(a)VD[ ot T oy 532

with a Heaviside initial data

0, x<O
Ts(x,y,0)=H(x)=< 5.33
5(x, y,0) = H(x) {1, £20. (5.33)
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Due to the anisotropy of the models, it is sufficient to consider only the fluctua-
tions of the line-element in the x-direction. To study these fluctuations in the
macroscopic space/time scales, we make the change of variables y< /8, t — t/(p(5))?
in (5.29), and define the function

. y t o _
F;(p3,)=0X|=,— |———1t
o) (6 p2> )

t/p?

_ Yo Y y_t
=6 g u‘,<5+ws+\/Em(é,s),s)ds+6[31<5,(p(5))2>. (5.34)

Our main results are summarized in

Proposition V.2. In all regions of the phase diagrams except in region V, the function
F5(y, t) converges in distribution, for each fixed t > 0, to a stationary Gaussian random
Sunction of y,F(y,t) and for ¢,z in region V, Fy(y,t) converges in distribution to a
non-Gaussian, stationary random function F(y,t). In all cases, we have { F(y,t)) = 0.
The covariance of F(y,t) varies according to the values of ¢, z, as follows:

(i) In regions I,1”, IV and V,F(y,t) is 5-correlated for each t, ie.,
CF(,0F(y + h,0)> = (< F(3, 1)), (5.35)

where the variance {|F(y,t)|*) is equal to 2D*t in region I, I” and IV. Here D*
represents the effective diffusivity for the renormalized averaged scalar. In region V,
the variance is given by

1+¢/2 ©
o _
RGO = 5 [advit), (5.36)

where dv,(a) is the distribution function entering the definition of the effective Green
Junction (cf. (3.59) and [1]). a
(ii) In regions II and I1% the limiting random function F(y,t) has covariance

_ _ Uzt +
CFOF(y+ht)> =— [ Y (k)|k|* == cos(kh)dk. (5.37)
a -«
(iii) In regions III and I11”, the covariance of F(y,t) is given by
_2 2 + o0
(F(y,)F(y + h,t)y = [ Yolk)|k|* ~#cos(kh)dk. (5.38)

— 00

(iv) In the intermediate boundaries between II and III, or 11” and I11* we have

_ _ Ut ™*> 1 — g—alkl=
CFy)F(y+ ht)y =— f x/xo(k)lkll‘e‘z[l - 7]cos(kh)dk. (5.39)
a o alk|t
(V) Finally, in region I1V*, the covariance of F(y,t) is
_ _ U’za + o0

CF(y,)F(y + h,t)) = = | Wolk)|k|* =" 2 cos(kh)dk. m (5.40)
This proposition implies that, in the regimes for which F(y,t) is not delta-
correlated, this function is a self-similar, almost surely Holder-continuous, stationary
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Gaussian process. The corresponding modulus of continuity can be readily com-
puted by noting that

UF(,0) = Fy+h1?) =2[<IF(,01*) = <CF,00F (y + h,0))]. (541)

We observe that, for ¢,z in regions II, I1”, 111, 111®, IV® and on the boundaries
II/1I1 and III¥/III*, we have

{|F(y,t)— F(y + h, 12 = [ D*(s, h)ds, (5.42)
0

where D*(t,h) is the pair-diffusivity for the pair-distance distribution. Therefore,
using the results of the previous paragraph on the behavior of D*(t, h) for h« 1,
we obtain

{IF(y,t) = F(y + h,1)|*) = C(t) | h]*", (5-43)
where C(t) is a time-dependent function, and the Holder exponent H is given by
( —
e¥Z7Z  nTL, 11" and the boundaries TL/ITL, IT¥/ITT%;
~2 . i
H= ET in II1, TI1* (5.44)
72 nIve
2

By a theorem of S. Orey [34], we identify the Holder exponent with the dimensional
defect H =2 — d, where d is the fractal dimension of the line element in the long-
time, large distance limit, described by the graph of the function F(y,t). In this
fashion, we have achieved a completely rigorous characterization of the fractal
dimension of the typical interface or line element in the context of the special flow
fields in the model. This is summarized in Table 2 of the introduction.

We can apply these results to study the neighborhood of the Kolmogorov—
Obukhov regime. For ¢ = 8/3,z = 2/3 we obtain

H=2 d=% (5.45)

which also agrees with the values in an infinitesimal neighborhood of the
Kolmogorov-Obukhov regime in regions Il or ITI*. However, taking the limit of
H as (g, z) approach (8, 2) fromregions 111 or I11”, we obtain the different results

H=1i, d=3%. (5.46)

Both sets of values were proposed by several authors [12,17,27,31] on the basis
of experiments or dimensional analysis. Our analysis of the model, from first princi-
ples, shows that discrepancies in fractal dimensions are related to the fact that the
Kolmogorov—Obukhov regime lies on the boundary between two different phases
in the (¢, z) plane.

V.3. Proofs of Propositions V.1 and V.2. We present here the proofs of the state-
ments of the previous two paragraphs. We begin by giving a proof of Proposition V.2,
concerning the asymptotic behavior of an advected front, and then we show how
the results of Proposition V.1 on the pair-distance distribution can be essentially
deduced from Proposition V.2.
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V.3.A. Proof of Proposition V.2. We need to show that the function

t/p?

y—Fy(y,t)=6 | ua<§+WS+\/Eﬁ2(y, ), s )ds+5ﬂl< (5.47)
0

& (p (5))2)
converges in distribution, for each ¢t > 0, to a stationary random function F(y, 1),
satisfying properties (i) through (v) in the statement of Proposition V.2. To do this,
it is sufficient to compute the asymptotic distribution of the random variables @;,
given by
N
D;= ) AiF4(y;1)
j=1

lgeer i)
+6\/2—Dj§1 Ajm(%,[%), (5.48)

where {y,,...,yy} is a set of real numbers and (4,,...,4y) is an arbitrary vector,
and to show that the limiting variance satisfies

N
= Z )*j)“k<F—(yj, t)F(Yk, 0>, (5.49)
jk=1
where the covariances { F(y;, t)F(y,, t) ) are determined by Proposition V.2, accord-
ing to the different values of ¢ z. It is not hard to verify that the variances of
@; =3 A;F5(y;t) are uniformly bounded in é. Therefore, in the case of Gaussian

J
velocity fields, the proof of Proposition V.2 reduces essentially to the calculation
of the limit of the variances { @2 ) as § - 0. For non-Gaussian statistics satisfying
the assumptions of Models A and B, a suitable central limit theorem can be applied.
We shall consider here only the latter cases, given that the analysis of Gaussian
fields is straightforward, and can be carried out using the approach of [1].

The proof of Proposition V.2 is divided into two parts. First, we consider
regions in which the limiting process is Holder continuous, i.e. regions II, IT%, III,
II1*,IV* and the boundaries II/III and II*/III*, and in a second step, we study
the regions for which the limiting process is d-correlated in y, corresponding to
regions I, I”, IV and V.

Step 1. We define the auxiliary vector field

Us(z,8) = Z A uo< +1z, s) (5.50)
and introduce the function
fk)= [ Y. A;cos(y;k) ]w:,ﬂm (5.51)
=1

where (k) is the standard infrared cutoff entering the definition of E,(k,w) in
(3.1). Clearly, the fields U,(z, s) and u4(y, s) have a similar structure, except for the
fact that f(k) is an oscillating function of k. In particular, if us(y,t) satisfies the
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assumptions of Models A or B, the same is true for U;. The spectrum of Uy(z, t)
is given by
U(f (k/3))* Yo (K) k| ~* 77

Eolk, ) = an[1+ w?*/a®|k|*3]

= [ 24 COS(yjk/é)]zEa(k, w), (5.52)

where Ej(k, w) is the power-energy spectrum of uy(y, t). In the regions of interest,
the effects of Brownian motion are negligible, as shown in Sect. I11, and, similarly,
Brownian motion can be neglected in the expression for the random variables @,
in (5.48). Thus @; can be replaced by

t/p? t/p?
s | [ Y 4 ua< + Ws, s)]ds =6 [ Uy(ws, s)ds. (5.53)
0 0

t/p?
Applying the arguments of Sect. III, to the integrals 6 | Us(Ws, s)ds, we conclude
0

that, in regions II and II¥, @; converges to a Gaussian random variable with
mean zero and variance

2—2 + o0

o.2.=—ff— [ (F(Y? k|~ dk

— 0

U2 +
=— Zﬂe‘h* l//o(k)lkll =k
("]‘ N + 0
Z= 45§ Wolk)cosk(y; — y)1lk|' =~ “dk. (5.54)

It follows that the covariance of F(y,t) is given by

72 + 0

2U -
CFp)F i t)) = —— f Yo(k)cos[k(y; — yi)1kl' ~*~2dk, (5.55)
which is what we wanted to show. The same argument applies in regions III, IT1¥,

IV* and in the intermediate segments II/II1, IT*/IIT*. Accordingly, the asymptotic
variances of @; in such regions are

o2 = Usz (f (k)2 k| ~2dk

+

—U%szl,x i § otk cosT(y, =y kI~ (5.56)
in regions III, T1I%,
Glzv—zU—zat f (f(k))? | k|~ =5 =dk
W
wz‘" i ey +§w¢0(k)cos[k( — k| T ek (5.57)

Jk=1



182 M. Avellaneda and A. Majda

in region IV*, and

2077 1 — ekl
O = ) (f(k))zlkl“”[l —e—]dk

a alkl®
204 Nt 1 _ p-alkl=t
= ) Itﬁo(k)cosk(y,-—yz)ikl"”[1——e—]dk (5.58)
jk=1-w alk|?

on the boundaries II/I11 and I1*/III*. This concludes the discussion of the regimes
with Holder-continuous fronts.

Step 2. We consider next the regimes for which F(y,t) is 6-correlated, i.e. regions
I I* 1V, and V.

For velocity fields in regions I and I”, the characteristic function of @; can be
written in the form

N
E{e?®} = exp[ - D02< ) Af)t]
N t/p?
< I1 E{exp[if)}vé | us((yj/d) + ws + /2DB,(v;/9, s),s)ds]}>.
j=1 0

(5.59)

We know from the theory of homogenization [4,7,23,33, 36,37], that each factor
in (5.59),

tp? -
E{exp[i@ljé | us((y;/8) + Ws + /2D, (v;/9, 3), s)ds]}, (5.60)
0

for 1 £j < N, converges in probability to its homogenized limit,

e~ A 0 -Dx, (5.61)

where D* is the homogenized longitudinal diffusivity, given in (2.18). [In Appendix 1,
we derive a weaker result, concerning the behavior of the average of (5.60) with
respect to velocity statistics.] We conclude that

N
lim E{e?®} =exp|:—D*t02< Y lf)], (5.62)
310 j=1

so tha}v @; converges in distribution to a Gaussian random variable with variance
* 2 ;
2D t‘zl A%, as claimed.
i<
Next, we consider velocity statistics in region IV of the phase diagram for
w # 0. In this regime, Brownian motion effects are negligible, so
t/p?

@,~5 | Uy 0,s)ds. (5.63)
0

Following the arguments of Sect. III.1.C, with f(k) instead of the infrared cutoff
o/*(k), we can show that the integral in (5.63) is asymptotically Gaussian with
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mean zero and variance

t/p? 2
afv=lim<[6 { U,;(O,s)ds:I >
310

O gy v I f( 5)k> |k|“”<1———1 *“:"Ijklz>dk,
(5.64)

= lim
slo a

t/p?

where g(3) = 6*/>**¢72 % §. (See Sect. I11.1.C.) In fact, the variable § | U,(0, s)ds
0

can be written as a sum of blobs, satisfying the assumptions of Proposition B.2 in
Appendix 2; see also the Remark following the proof of that proposition. The

rapid oscillation of f ( (g)k> as 0 —» 0 implies that the limit in (5.64) is given by

204 ° k=
O'l2V= 4 —j (Ziz>lk|l e” z[l——lhklz—_]dk

=2D;';,(t)< y z}). (5.65)
j=1

This shows that F(y,t) is a Gaussian white noise for ¢,z in region IV.

In the same way, the asymptotic behavior of Fy(y, ) for ¢,z in region V can be
established by using the method of IIL.1.D, which consists in applying Proposition
B.2 to the random variables

5'}, [ o u5<y’+ \/'[g(y’ ) s)]ds. (5.66)

The straightforward details of the proof are omitted. Note that F(y,t) is not
Gaussian, since the one-particle Green function, given by (3.59) is non-local. The
asymptotic variance of the integral in (5.66) can be found by an explicit calculation.
It is given by

, Loz , +
o= (2D1 7 ZA ~[azdv (o), (5.67)

where v, (o) is defined in Sect. III and [1]. We conclude that F(y, t) is a non-Gaussian,
d-correlated random process for ¢,z in region V. This concludes the proofs of
Proposition V.2. []

V.3.B. Proof of Proposition V.1. Consider an initial datum
To(0x,6y) = [ [ To(&, me**#mdedy (5.68)

representing the (unnormalized) distribution of particles at time t = 0. If T(x, y, t)
denotes the corresponding solution of the advection-diffusion equation (2.1), we
have

TCx, y, )T, ¥, ) = [[[[ To(&mToE)AE 1, E 0, %, 3, X, ¥, zr)aédndé'am(',5 ©
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where
AE N E 0%, 9, %, Y 1) = IOk +ibny +iE'x" +idn'y' +i8(E+ )0t +id(n-+ n')wt — 3DiE?
e ODHEN E{eiB(é,n,é’.rz',y.y’,t)} (5.70)
with
B(,n, &1,y ¥, 1)

= 0n/2DB,(t) + o'\ /2DB,(t) + 5fju6(y + /2D, (s) + s, s)ds

+6é§u5y +/2DB(s) + s, s)d (5.71)

Here f3,(s) and f(s) are independent Brownian motions. Averaging
AN &1, x,p,x, ¥, 1)
with respect to velocity statistics and using the homogeneity of U(y, t) we obtain
<A(§ n 6/ 11/ X,y x' yl t> — ei6§x+i6ny+i5{’x'+i6n’y'—6th§2—EZDI(C’)Z
. i+ &Nt Hidn+nywe (E {eiB(é,mC’,n’.O,y’ —y,t} > . (5.72)

Recalling that P(l, ,,?) is the spatial convolution of T(x, y,t) with itself (cf. (5.4)),
we have

(P31, 1)) = [[I To&mIPCAE m, — & —1,0,0,13, 1,0)pdEdn. (5.73)

1 t . ) ..
Therefore, the asymptotic behavior of <P<(;,;,—2>> is determined by the limit
I
as 6 —» 0 of the quantity

_ Ll o
<A(£’"’ 6005, 5’p2>>

= e il —inl2=(28%/p?)DtE? <E{eiB(i,m“E,—n,O‘(lzlé),(t/pz))} 5. (5.74)

In this formula, the exponent inside the Brownian expectation is given by

B<¢,n, & -0, ) on/2D ﬁ2< )4;,@,;;(#)

t/p?

+ 6 [ us(y/2DPB,(s) + Ws, s)ds
0
t/p? I
—8¢ | u5<§+ J2DB(s) + wS,s>ds. (5.75)
0
The proof of Proposition V.1 can be carried out by computing the asymptotic
t .
distribution of the quantity B<é, n, — &, —n,0, %2,—2> as 6 —»0. This is done by
p

setting p = p(d), where p(0) depends on the specific region under consideration,
and applying the appropriate Central Limit Theorem in each case. Notice that in
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the superdiffusive regions, the contributions from the first two summands on the
right-hand side of (5.75) are negligible, so that

l t/p?
<é,n,—é ,,5,p2) 5c§ua<fﬁ2(s)+wss>ds

t/p?

—6¢ | u5<[§- + /2DB(s) + Ws,s)ds
0
~ @y(t), (5.76)

(cf. (5.48)), with N=2,y, =0,y,=1,,4;, =¢ and 4, = — &. Thus, in such cases we
have

IJ lj t ~ (01T 2 ,— il ~idls 0

_ 1,1
and the effective equation satisfied by P(ll,lz,t)zlim<P<gl,§,—t5>> can be
410 P

deduced immediately from Proposition V.2, which characterizes the asymptotic
distribution of @;. Finally, the evolution of the pair distance distribution in the
mean-field regimes is determined by noticing that, for ¢,z in regions I and I*, we

have
. x oty wtt x' vty wtt
lim{ Ts{ ~=+—,>+—,— |T + i
610< 6<5 p>é p? pz) (5 p?’ 5" p?’ p* >>
=T(x,y,)T(x,y, 1) (5.78)
so that P(l;,[,,t) satisfies, from (5.4)
P(ly,15,1) = [ [ To(&,m)| 2ot vt = 2Dre =200 g gy, (5.79)

This concludes the proof of Proposition V.1.
V.4. Invariance of the Renormalized Equations under the Scaling Group (1,1,,t)—

Ll t . . . . - .

<§, 52,—5). In the previous sections of this paper, we have derived limit equations
p _

for the renormalized ensemble averaged mean, T'(x, y, t), and the renormalized pair-

distance distribution function P(x, y,t). These renormalized equations are derived

under the large-scale renormalized transformation,

xy t
w05 )

so it is natural to investigate whether the effective equations for T(x, y,t) and
P(l;,1,,t) are invariant under the scaling group,

Il
(ll,lz,t)H<5‘, éﬁ) (5.80)

It is convenient to refer to Tables 1 and 2 of the introduction for the remainder
of the discussion.
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Inregions, I, 1%, 1V, and V, the equations for T and P are automatically invariant
under the scaling group of transformations in (5.80). For the regions I, I*, and IV,
this is a straightforward calculation which utilizes the specific time dependent form
for the diffusion coefficient in region IV. The scale invariance for the nonlocal
equation in region V requires a slightly more subtle argument. For any number
o > 0, the diffusion equation

oT -

— =t%aT,, (5.81)

ot
is invariant under the scaling transformation appropriate for region V given by
p(A) = AV +¢2) 5o that the same is true for the corresponding Green’s function,
K(x, t,®). Since the actual Green’s function is region V is given by the superposition.

K¥(x,t) = }) K(x,t,a)dv,(%) (5.82)
0+

with an appropriate probability measure v, (see (1.10)—(1.12) and Sect. 4 of [1]), it
follows that K%(x,t) is also invariant for the appropriate symmetry group from
region V. Thus, we have established the scale invariance of the renormalized theory
for regions I, I¥, IV, and V, and also for appropriate steady velocity fields at
z= 4 oo in regions I, I*, and V. The scale invariance in these regions is a reflection
of the fact that the infrared cutoff y(|k|) does not enter into the renormalized
diffusivity in these regions.

However, the effective equations for T(x, y,t) in regions II, IT*, ITI, IIT*, IV¥,
and on the boundaries IT/IIT and I1¥/I11” are not invariant under the corresponding
scaling symmetry group. This peculiar fact is related to the fact (summarized in
Table 1) that the coefficient of diffusion for the renormalized equation for these
regions depends upon the infrared cutoff (| k|). This apparent lack of invariance
reflects the fact that the coarse-gained motion of fronts and pairs of particles is
correlated in these regions and hence the averaged scalar T(x, y,t), which can be
interpreted as a marginal probability distribution for the evolution of a single
particle, does not describe completely the macroscopic evolution of the system.
Nevertheless, there is a more subtle fashion in which the renormalized equations
in these regions reflect the scale invariance in (5.80). This can be seen through the
renormalized pair-distance function P(l,,1,,t). For the pair-distance distribution
function P(l,1,,t), one can easily verify that the equation satisfied by P(l,,l,,t) is
invariant under the transformation (ll,lz,t)—><%,%2,i2>, in the limit ||« 1,

p
obtained by substituting in the evolution equations for P(l;,1,,t) the expressions
for the pair-diffusivity D*(l,,t) for I, « 1 given in (5.19)—(5.24). To emphasize this
point, we consider the pair diffusion equation in region II with the expansion from
(5.19) for |I,] « 1 and obtain,
oP(y,l,0) .., ,0°P

Y el PR (5.83)
With the scaling group appropriate for region II for (5.80), i.e., with p(4) = A4 ~¢~2)/2,
the equation in (5.81) is scale invariant. Similar calculations apply to the other
regions of renormalization. Thus, the equation for the pair distance distribution
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is scale invariant under the symmetry group in (5.80) in the regime, |/,| « 1 but
the equation for T, involving the large distance limit I, — o0, is not scale invariant.

Appendix 1. The Mean-Field Regions I and I*

For values of the parameters (g, z) satisfying ¢ + 2z < 2 + min(2, z) in the case w =0
(region I), or ¢ <2+ min(2,z) — 2min(l,z) for w #0 (region I*) the appropriate
time-scaling function is

p(d) =34, (A.1)
corresponding to Fick’s law of normal or mean-field diffusion, x? ~t, and the

. . . = . t .
effective equation satisfied by the average scalar T(x, y,t) = 11m< T’<§,§,§>> is
4]0
a parabolic diffusion equation with a renormalized diffusion coefficient in the x-
direction given by

" (DIkI? + alk|?) k|4 (k)dk

D*=D +2U? . A2
-jco [DIk[> + alk|*]? + w?| k| (A2
According to the arguments in Sect. 2.1, this result follows if we establish
Proposition A.1. The random variable
t
Z,(t)=1 /2D,Bz(t)+§ fu (y +/2DBo(s) g %)ds (A3)
0

converges in distribution to a Gaussian random variable with mean zero and variance
2Dn* +2(D*—D)é%. W

Proof. To prove this result, we use the homogenization techniques developed by
Papanicolaou and Varadhan [35], Kozlov [21] and others [31, 34, 4] to average
partial differential equations with random, rapidly oscillating coefficients. For
simplicity, we consider only the case y =0 in (A.3).

Let us make the change of variables t = (% in (A.3) so that

t'/62

Z4(t) = on./2D, ﬂ2< >+5c [ us(Ws + /2Df,(s), s)ds, (A4)

where f5,(-) is an auxiliary Brownian motion. Define the auxiliary function, or
corrector,

( tky +iot __ 1)
i(w + wk) + D|k|?

where dii;(k, ) is the spectral measure associated with the random field u,(y, s).
By construction, ys(y,t) satisfies

dity(k, ), (A.5)

20, 0)=ff

<E+WE+DEZ—> O, t) =u,(y,t) (A.6)
at oy dy? X\, 1) = usly, .
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and y;(0,0) = 0. By Ito’s Formula [29], we have
- t 0 - ~
1s0%t + /2DB,(0), 1) = [ /2D aly"(v'vs +/2DB(s), 9)dB(s)
0

+ f us(ws + \/2DB(s), s)ds. (A7)
0

Hence, for all &7, we obtain a decomposition of Z4(t) as a sum of a stochastic
integral and a remainder:
1/62

511\/—“[32( )—HS& | us(ws + \/7132(3) s)ds

t/p?

=6g[n+é—<ws+fﬂz<s s)]\/”dﬁz(s)
Wit ~ t t
+55X5<%+\/Eﬁz<§>»§>

= M(t) + R;(2). (A.8)
The proof of Proposition 1 proceeds in two steps:

Step 1. We show that M,(t) converges in distribution to a Gaussian random
variable with variance 2Dn? + 2(D* — D)&?; and

Step 2. We show that R,(t) converges to zero in probability.
Proof of Step 1. The variance of the stochastic integral M 4(t) is

/62
CE{(Ms(1))*}>=26D | <E{ '1+§w Ws + /2D, (s), 5) }>
0
/62 2
=28°D | [n2+«:2< ﬁ(o,O)‘ >]ds
0 0y
%50,0)

=2Dt[n2+éz< s 2>] (A.9)
dy

0 . . .
where we used that %2 (y, 5)is a stationary process with mean zero. In fact, we have

ikeiky +iwt

05y, 1) _ ”‘

dii(k, ), A10
dy i+ k) + Dk otk @) (A.10)

D)

so that aXé(y’i) =0, and moreover the variance of =-— sy,
dy ay
f f ikdis(k, w) 2 >
i(w + wk) + D|k|?
i Ll E,(k, o)dkdo
|w + wk|? + D|k|*

aX&(% t)
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k? a k| (k)

— k' %ol = W o(k)dwdk.
”|w+wk|2+D2|k|4<l+ ? )I L b Vwolkdes
aZIkIZz
(A.11)
Using the formula
© -1 it

fa dwe — gl (A.12)

and Plancherel’s identity, we conclude that, for fixed keR, the dw integral in (A.11)
is given by

lT k? _ 1 1 o
n_wlw+le2+D2]k|2<1 w? >a|klz
a|k|2z
2> -
== [ e (PIkIZ +alkl=+ iwhlel gy
2 D|k|? + alk|*

= DDk + alk[F1: + W2 K| (A.13)

Thus,

0%6(y, 1)
Oy

2\ 20%** [k (D|k|? + alk|?)|k|* ~*dk
=" A.14
> W°< )"’“’( )[D|k|2+a|k|212+ 2|k (A19

<

The singularity of the integrand for |k| « 1 is |k|! ~&*+min(2.2) = 2min(1.2) for yp £ 0 and
|k|!—e~22Fmin2.2 for W =0, so that the integrand is uniformly integrable as 6 -0
if and only if (¢, z) is in region I*(w # 0) or region I if w = 0. Using (A.9) and (A.14),
we obtain

lim ( E{(M,(t))*}> = [2Dn?* + 2(D* — D)&?1t. (A.15)
50

A standard central limit theorem for stochastic integrals [14] which was used by
us in [1], allows us to conclude from (A.15) that the stochastic integral M(t)
converges in distribution to a Gaussian random variable with mean zero variance
2Dn?t 4+ 2(D* — D)&3t, as desired.

Step 2. From (A.8), the remainder term R,(t) is given by
t)'—5X¢s< +/2 ﬁz((Sz), >

[exp[i(ku‘z + w)t/6* + iy /2D, <5i2>:, - 1]

i(w + kw) + D|k|?

di(k,w).  (A.16)

=4[]
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Therefore,

CE{IR(0I%}>

2

~ [t
exp[i(kw + w)t/62 + ik\/ﬁ[g(é—z)] -1
Wk + w2 + D?[k|*
Re(l — ei(w+ﬁ’k)r/62—Dk2r/52)

|wk + w|? + D?|k|*

=6%E |[f <ldas(k, ) *>

=25%(f (|daslk, @)|? . (A.17)

We split the domain of integration in two parts, i.e.,

CE{R;®}>=26] [ [ I<|dusk, )l

|k| 2 ko

+282f [ [ 1<|disk, @)1 (A.18)
|k| < ko
The first term on the right-hand side of (A.18) satisfies
Re(l _ ei(w+ wk)t/62 — Dk21/52

262
Iucéko D?|k|* + | + Wk|?
262 k?
< (| diyk, ) |?

2627 D|k|? + alk|?)|k|* ~*dk
=2 [ vaty D EaE DL
ks —w [D|k|* + a|k|*]* + w? k|
=0(6%, as §—0. (A.19)

On the other hand, the second term in (A.18), satisfies

Cldig(k, ®)|*)

Re(l _ ei(kw + w)t/62 — Dkzt/éz)

25| (| dity(k, )%

kske Wk +o|?+ D?[k[*
k|?

ki sko | WK + @] + D?{k|*

(DI + alk[*) k[~ o (k)dk

ko [DIkI* +alk|"]> +w?|k|>

This final term can be made arbitrarily small by a suitable choice of k,. Therefore,
combining these two estimates, we conclude that lim{ E{R,(t)*} > = 0, as desired.
4l0

<|dg(k, w)|*>

<2

(A.20)

This completes the proof of Step 2, and hence Proposition A.1 is established.

Appendix 2. Auxiliary Central Limit Theorems for Models A and B

This appendix contains the statements and proofs of the central limit theorems
used in Sect. III, IV and V to compute the effective equations of motion for non-
Gaussian velocity statistics. The main results presented here can be described as
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central limit theorems for stochastic processes which are “functions of mixing
processes,” in the sense of Ibragimov [16], cf. also Billingley [6]. the direct application
of such general theorems to Models A and B would require, in practice, the verifi-
cation of appropriate “mixing conditions” and a-priori estimates on the random
processes Vj(s), uniformly in the small parameter 6. While it is likely that such
methods may apply to Models A and B, we prefer instead to present here self-
contained proofs of the Central Limit theorems for Models A and B, using only
elementary results in Probability Theory. We note that certain velocity fields formed
by superpositions of “Poisson blobs,” different than the ones studied here, were
shown to satisfy suitable mixing conditions by Kesten and Papanicolaou [17]-

Recall that {U,}, {(p™,t™} which denote respectively a sequence of random
variables and a point process in R?, are said to satisfy the hypothesis of Model A if
the {U,} are independent, identically distributed random-variables with mean zero
and variance U2) = U? and (p™, t™) is a stationary, ergodic point process in R?,
such that

card {(p™, 7™):(p™,7™)e(0, L,) x (0, L,)} = 1. (B.1)

lim
Ly,L>—© Ll 2
Similarly, {U,}, {(p"™,t™} satisfy the assumptions of Model B, if U,=U (U, are
constant) and {(p", t™)} is a Poisson point process with unit intensity, thus satisfying
(B.1).
Before stating and proving the principal results, we recall some useful elementary
properties of random fields formed by superposition of “blobs,” or elementary wave-
lets.

+o0 +©
Lemma B.1. Let G(y,s)eL*(R*)NL'(R?) with | [ G(y,s)dyds=0. Then, if
{(p™,™)},{U,}, satisfy the assumptions of Models A or B, the random variable
Y =Y U,G(p™, ) (B2)
is uniquely defined as an element of L*({-)) and satisfies
+ o + oo
(Y>=0, <Y»=U% [ [ (G(y,5)dyds. (B.3)
Similarly, the expression
Y() =Y U,G(p™ + £, t + 1) (B4)

defines uniquely a stationary, square-integrable stationary stochastic process for
— 00 <t < oo satisfying {Y(t)) =0, and

YY) =U*[[G(y+t,s+1t)G(y +t,s+t)dyds
=UXG*G)(t—t,t—1). (B.5)
(Here, the symbol % denotes convolution). W

This lemma provides a precise definition to the superposition of blobs defined
in (B.2) and (B.4) for the case of functions G(y, s) having unbounded support. This
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generality is necessary in order to study random fields with long-range space/time
correlations.

Proof of Lemma B.1. We shall give only the proof of the first statement concerning
Y, since the second one is proved in the same way. Let {G,(y,s)} be a sequence of
functions with compact support satisfying

1 §Guly,s)dyds =0 (B.6)
and
Jim §§(Gily,s) — G(y,5))*dyds = 0. (B.7)

Then {G,(y,s)} is a Cauchy sequence in L*(R?),i.e., for all v > 0 there exists an integer
k(v) such that
|Gy — Gy ll L2r2y < V> for k, k' >v. (B.8)
This implies that, for the sequence of random variables
Y,=) U,G(p™, ™)), (B.9)

which are well-defined, since G, has compact support [11], satisfies
(Y=Y, 1%
= <ZZ UUp (Glp™ = = Gy (p, ) x (Ge(p™, =) = Gi(p™, r<'">))>

=U?|G— Gy |)?
< U2, (B.10)

for k, k' > k(v). Hence, {Y,} is a Cauchy sequence in L*(<-)) (the space of square-
integrable random variables, which are measurable with respect to the g-algebra
generated by {U,}, (p™,t™), n 2 1). Therefore, {Y,} converges in L*({->) as k—0
to a random variable Y satisfying (B.3). Notice also, that Eq. (B.10) holds for Model
A because the U,’s are independent with mean zero, and for Model B because
(p™,7™) is a Poisson process with intensity 1. This concludes the proof of
Lemma B.1. N

The following proposition is used to obtain asymptotic expressions for the
renormalized particle displacements in regions III, IV, V and IIT".

Proposition B.2. Assume that {U,}, {(p",7")} satisfy the assumptions of Model A
and B, and let {G;(y,s)}s>o be a sequence of functions in LA(R*)n L*(R?) such that
[(Gs(y,s))dyds = 0 for each & > 0, and such that, for some G,(y,s)e L*(R?), we have

+ o + o

laiff)‘ I 1 (Gs(y,5)— Go(y,5))*dyds =0. (B.11)

Then, for all z > 0 the random variables
Y(8)=06*2Y U,G,s(0p™, 5*t™) (B.12)

converge in distribution to a centered Gaussian random variable with mean zero and
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variance
02 =U*[[(Go(y,5))*dyds. W (B.13)

Proof. Assume first that G,(y, s) = Go(y, s) for all § >0 and that G,e CZ(R?). This
assumption is removed subsequently by an approximation argument.

We consider first Model A. For a fixed realization of the point process (p®, ™),
the conditional variance of Y(d), 62, is given by

o} = E{(YO)(p", ()} = 5" Y U2 [Go0p™, 5], (B.14)

where the sum extends over all integers n such that (5p™, 6°t™) lies in the support
of the function G, (y, s). From the ergodic theorem, and (B.1), we have

lim 32y, T2(Go(dp™, 651™))> = U2 [[(Go(y, 5))*dyds, (B.15)

almost surely. Observe that, given a single realization of (p™,t™),, the random
variables X = U,G,(6p™, *t™) are independent. Moreover, since G,, is bounded,
and thus XY 2~ 0(U,), the sequences {X,(5)} satisfy the classical Lindeberg-Levy
condition [6], ensuring the validity of the central limit theorem for the sums (B.12).
Hence

lilm E{™O|(p™, ™) n>1} =e %72 almost surely, (B.16)
310

where o is given by (B.13), for A in a countable dense set of real numbers. Therefore,
for all 1 in such a set, we have

hfn E{e*}) = hm E{E{e*®|(p™, ™} }
8l0

= e'““z/z. (B.17)

This implies that E{e'*"®} converges for all 4 and hence that Y(5) converges to a
centered Gaussian with variance 62 = U? [ [(G,(y, 5))* dyds.

We consider next Model B, i.e. we assume that U, = U, and that {(p™,1™)} is
a Poisson process with unit intensity. The characteristic function of Y(d) can then
be computed explicitly. In fact, we have

E{e¥@} = exp[6~ 9] [403¢+272Gas) _ 17]
=exp [§ (1T [[ [0 2/2Go09) _ 1] ]dyds. (B.18)
Using the fact that
exp [IAUS 912Gy (y,5)] — 1 — iAUSH D2 G (y, s) = — 322U5" 4(Go(y, 5))?
(1 + o(1)), (B.19)

and that G(y, s) has mean zero and compact support, we obtain, substituting (B.19)
in the preceding Eq. (B.18) and passing to the limit,

lim E{e"®} = exp[ —
3l0

2(72
1 (Goly, S))zddeJ. (B.20)
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This concludes the proof of Proposition B.2 in the case of identical, smooth blobs
with compact support.

In the more general case, in which the functions G(y, s) converge strongly to
Go(y,s) in L*(R?), we argue as follows: first, note that {G,} is a Cauchy sequence.
Therefore, for all v = 0 there exists 4, > 0 such that for all § > §, we have

Gs — G, | L2rzy <V (B.21)

and hence
2
E{[ Y(8) — 612y U,Gs,(5p™, 5%("))] } < U2 (B.22)

This shows that it is sufficient to Establish the proposition for G4y, s)= G(y,s),
where G(y,s)eL*(R*)nL'(R?) and | G(y,s)dyds=0. We can further reduce the

problem by using the density of CZ(R?) in the subspace of L*(R*)nL(R?) of
functions with integral equal to zero. Accordingly, if G“(y,s)eCg(R?) satisfies
|G — G| (g2 < v, then we have

2
E {l: Y(6)— 61 +22% UG (5p™, 521‘"’)] } S U2, (B.23)

uniformly in the parameters. Hence, it is sufficient to show that Y(d) is asymptotically
Gaussian when Gy(y,s) = Go(y, s) is an element of C7(R?). Since this was already
established, this concludes the proof of Proposition B.2. []

Remark. Using the method of proof developed here, one can show that the conclu-
sion of Proposition B.2 is valid if the assumption (B.11) is replaced by

|Gs(y,8)| = C foralld >0,

where C is a fixed constant, and

+00 +o0 +o00 + o (Blll)
hmj | Gy 9))*dyds= | [ (Go(y,s))*dyds.

The following proposition is a central limit theorem which is used to characterize
the long-time behavior in regions II and II*.

Proposition B.3. Assume ¢ >0, z>0 and ¢ + z > 0. Let G4y, s) be given by
l A~ . .
Gs(y,s)= 5—“ Gk, w)e™ s dkdaw, (B.24)
7

with
I/Z(k)wlﬂ(ék)lkl(l £—2)/2

1/2 1/2<1+ co2 )1/2
a |k|2z

al/2¢1/2(k)¢¥2(5k)lkl(l —&e+2)/2
= 7:1/2(az|k|2z+w2)1/2 ’ (B.25)

Gk, w) =2
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and define the stationary random process
V(s) = o122 Z U,G4(5p™, 57" +35), (B.26)
n

where {U,} and {(p™, 1™} verify the assumptions of Model A or Model B. Then, for
all positive functions 6(d), such that lifn 0(0) = + o0, the random variables
8]0

T
Y(0)=—— [ Vils)ds (B.27)

J0(d) o

converge in distribution to a centered Gaussian with variance
202
o= ~——j Vok) k|t ¢~ 2dk. (B.28)
a

Proof. The proof proceeds in two steps. First, it is shown that for each positive
number v > 0, there exists a smooth function G( ,8), with compact support, such
that

+o +
[ | G(y,s)dyds=0, (B.29)
with the property that, if we define the process
Vy(s) = 0422 U, G(3p™, 671 + s) (B.30)
and set
Y(0)=——= [ Vi(s)ds, (B.31)
J6(d) o

then the asymptotic variance of Y() — Y(d) is bounded by v, i.c.,
lim ¢ Y0)— ¥@)*) <. (B.32)
|0

The second step consists in showing that Y(9) is equal to a normalized sum of
“2-dependent” random variables satisfying the classical Lyapunov 4" moment
condition for asymptotlc normality [6, 11]. This implies that Y(6)is asymptotically
normal, and, since the asymptotic variance of Y(5) — Y((S) can be made arbitrarily
small, the conclusion follows.

Step 1. Let us fix 6, > 0. For each 6§ > 0, set

Vg‘” =1 +ai2 Z U,,Géo(ép‘"’, 5™ +5) (B.33)
and
1 6(3)
YOB) = —— j Vf,o’(s)ds. (B.34)

\/—(;(5) 0
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Notice that {Y©(§)» = (Y(6)> = 0, for all § > 0. An explicit calculation shows that
lim (| Y(6) — Y°(O)|*) = lifn 202 [ oK) [V o (8k) % — Yo (80K) /2] k] * ¢
510 510

1 09 s
(] ;)

r72 +oo
+2L I Yolk)[1 — Y L2(ok) 1| kI "5~ 2dk.  (B.35)

Hence, the asymptotic variance of Y(d) — Y®(8)) can be made arbitrarily small by
choosing , small enough. Consequently, if Y%(5) is asymptotically normal for all
do, as 0 — 0, then the same is true for Y(). This reduces the problem to the study of
the single blob G, (y, s), which has the property that its Fourier transform, Gao(k, )
is smooth and vanishes for | k| < k, or |k| > k,, where ko, k, are positive constants.
For this reason, the partial derivatives

o\N?/ 0 \ . a LYY qallzlpo(k)llzl// (50k)1/2|k|(1—s+z)/2
— =) G, k,w)=[ =) [ — ® B.36
<ak> <0w> ollo ) <ak> <aw) e I
are square-integrable for all p>0, g >0 and hence |y|?|s|?|G;(y,s)| is square-

integrable for all positive integers p,q. From this, we conclude that for all v>0,
there exists G( ¥y, s) smooth, with compact support, such that (B.29) holds and

+ o + o - , 1/2 v1/2
dS< |G (s 5) — G(y,9)] d)’> <—F (B.37)
Lo Tia o
The asymptotic variance of (Y©(5) — Y(5)) is given by
00) s
li YOS — Y (812> =1lim —— ©) (e _ T ©) Y _ T (! '
;ﬁ)l<| ©)—=Y(O)I*> ;lffge(é) g ng((V,; (8) = Vs()(VEAs') — Vo(s) >ds
7200) s
= lim ds | (G —
6110 00) (J; SI( 30— G)*(G5, — G)(0,5')ds’

+ o + oo 2
=20? | [ | (Gao(y,S)—G(y,S))dSJ dy

— — o0

_ +0 /+w 1/2 2
=2U2< f ( § 1Gsfy.5)— (y,s)de) ds)

<. (B.38)

Since v can be arbitrarily small, this calculation shows that it is sufficient to establish
the asymptotic normality of Y(d) as 6 —0, for arbitrary smooth functions G(y, s)
with compact support and mean zero. This completes the proof of Step 1.

Finally, we remark that, without loss of generality, the random variables {U,,} can
be assumed to be uniformly bounded. In fact, let U* = max (— M, (min (U,, M)) — C
where M is a large positive constant and C is chosen so that (U*) = 0. The rae?der will

(8)
readily verify that asymptotic variance of the difference between (8(6)) ™ /> | V,(s)ds
0
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0(5)
and 0(8)™'* | V¥(s)ds,where Vi(s) =61 *?12Y U* G4(5p™, 671™ + 5), can be made
0 n

arbitrarily small by choosing M large enough.

Step 2. We consider first Model 4 (U, independent, identically distributed, (p™, ™)
~ . L . . .-

ergodic). Suppose that G(y,s) vanishes for [s| >5, where L is a given, positive

number. Let us fix a realization (p™, t™) of the ergodic point process. Then, for all
s,§" such that |s —s'| > L, the random variables V;(s) and Vy(s') are independent.
This a consequence of the fact that the variables {U,} are independent, and that if,
for some n = 1, the variables U, gives a non-zero contribution to Vy(s), then U,
cannot contribute to Vs(s'), since |(6°1™ +5) — (6*1™ + s')| = |s — §'| > L and thus
either G(op™, 8°1™ + ) or G(5p™, 5*t™ + ') must vanish. Defining the triangular
array of random variables

1 b
X, (0)= ﬁ g Vs(s)ds (B.39)

1 %x
=61+ Y U, —— [ G(6p™ + mL, 5*t™ + mL + s)ds
n LO

=50+92Y U H(p™ + mL, 6*t™ + mL), (B.40)
where
~ 1 L.
H(y,s) =——[ G(y,s + 0)do, (B.41)
Lo

we see that X,,(0), X () are independent (given {(p®, t™)}) for |m — m’| = 2. Notice
that for all N > 0, we have
1 N-1 NL

1
Y X )= —— [ Vys)ds. B.42
N ey R A (342

We set N = N(6) = [6(5)/L]. Also, the conditional variance, 62(9), of the normalized
sum (B.42) given {(p, 1)} satisfies

2U2 N(3) s - -
lim 6%(5) = llfn% | asf (6‘ "2y G (6p™, 671™ + 5')G(Sp™, 5‘2’1‘"’)>ds’
510 sl0 N n
gzhe L - .
_I d 51 +z G 5 (n), 62 (n) ’ G (n), z
im ) | f SI< Z (6p™, 6™ + 5')G(dp 5r(u))>

=lim 20%5' 743 I G (6p™, 5 + ) G(Sp™, 6 ds

410
=202 j (G*G)(0,s)ds = 20> j (G*G)(0, s)ds. (B.43)
0 0

Hence, by a well-known central limit theorem for “m-dependent” variables [33], the
normalized sums (B.42), with N = N(6) converge in distribution to a centered
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Gaussian random variable, if the following Lyapunov condition holds:
N@)—-1

lim o7 2, BN 70} =0, (B.44)

Here E{-|{(p",1™)} denotes the conditional expectation, given a realization of the

point process, i.e., averaging only over {u,}. We show first that (B.44) holds in
probability, by establishing that

Xod)*> £ C < oo, (B.45)

(where brackets denote averaging over both {U,} and (p®,1™)) for some constant
independent of §, and hence that

1 No-1 . o ) 4
sio <N(5)2 Z, X0 >=1;ff)1N—(5_)<|Xo(5)| >=0, (B46)

To prove (B.45), notice that the fourth moment of X () is given by

<|Xo(6)|“>=62“+”<U‘1‘><ZH:> F U2 <ZH2H2> (B.47)

n#n’

where

f

Go(0p", 0% + s)ds = H(3p™, 5*1™). (B.48)

)

L
0
Therefore,

Xo@)*y =82V UT) - <Uf>2)<ZH:> + <Uf>2<

6z+IZH2

§5’“(<U1‘>—<Uf>2)<§ ) ﬁ“(y,S)dde>

— o — o

+ <U§>2< jw (H(y, s))Zdyds>2. (B.49)

We conclude that {| X ,(5)|*) is uniformly bounded and hence that (B.45) holds. In
particular, the sum of the conditional fourth moments,
N@) -1

Fs{(p", ")} = Z E{X,0)*1(p", ™)} (B.50)

N@©)* m

converges to zero in probability. Hence there exists a sequence 6;]0 such that
F; {(p™,1™} converges to zero in a set of full measure in the space of conﬁguratxons
of the point process (p™,t™). We conclude that the normalized Y(d;), with
N(6;) = [0(d;)/L], satisfy

hm E{e:}.}’(éj),(p(n) n)} _ e(AZaZ)/Z (BSI)

J

almost surely, for 4 in a countable, dense set of R, with

o =202 j (G+G)(0,5)ds. (B.52)
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Integrating (B.51) with respect to (p™,t™) statistics, and using the Dominated
Convergence Theorem, we have
lim (Y@ = g= (4222, (B.53)
4,10
for a countable dense set of A’s, and hence for all AeR. Since the family of random
variables is tight (because { Y(8)*) is uniformly bounded), every sequence {¥Y(5;)}
has a subsequence {Y(d;,) } converging to a centered Gaussian with variance % We
conclude from this that the entire family { Y(d) } converges to this distribution. This
concludes the proof of the proposition for Model A.

The corresponding result for Model B is proved in a similar fashion, observing
that for |s — s'| > L the functions G(-,- + s) and G(-, - + s') have disjoint supports and
hence, since (5p™, °t™) is a Poisson point process, the corresponding random
variables Vy(s) and V,(s') are independent. W

The next proposition is used to characterize the long-time behavior corres-
ponding region IV™.

Proposition B.4. Suppose that w # 0, and that ¢, z satisfy the inequalities 1 <z <e<2.
Define Gy(y, s) = (21) ' [ [ G,(k, w)e™* 3 dkdw by its Fourier transform

1/2,//1/2( )./,50/2(5]()“('(1 e+2z)/2

Gslk, ) = nl/2[g252~ 1)|k|2z + w2]1/2 ’ (B.54)
Let V,(s) be the random process defined by
Vs(s) = 52 G5(6p™ + ws, 51 + 5), (B.55)

where {U,}, {(p™, ™)} satisfy the assumptions of Models A or B. Then, if 6(6) - oo

as 6 — 0, the random variables
0(3)

Y(0)=—— [ Vs(s)ds (B.56)

J0©) o

converge in distribution as 6 -0 to a centered Gaussian with variance

72, +oo

g
a2 =2—2 [ Yo(k)k|~ ¥z dk, (B.57)
W e

Proof. The proof consists in reducing the problem to the study of a single “blob,”
independent of 4, having compact support. This enables us to invoke, as in Step 2
of the proof of Proposition B.3, a Central Limit Theorem for sums of 2-dependent
random variables.

In a first of a series of reductions, we observe that it is sufficient to the asymptotic
normality of modified sequence of random variables, Y*)(8), obtained by considering,
instead of G;(y, s), the blobs

(1)(y, ”‘G(l)(k w)ezkyﬂmsdkdw (B58)

with
allzl//(l)/z(k)l/lllz((slk)ikl(l —&+z)/2

A(1) —
Gé (k, ) = n1/2[0252(z—1)|k|22+w2]1/2

(B.59)
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In this last equation, notice that G{V(k, ) vanishes for |k| < ko and |k| > k,, where
ko, k, are positive constants which are independent of d. The justification of this
reduction is done by explicitly computing the asymptotic variance of Y(8) — Y*)(6)
and showing that it can be made arbitrarily small by an appropriate choice of the
parameter J, in (B.59). This explicit calculation is possible because (B.54) and (B.59)
have the same form, as functions of .

Due to the presence of the small parameter 6>~ " in the denominator of
G‘”(k w), this function becomes singular as  — 0. For this reason, we make a second
approximation, introducing the function G{(y, s), with Fourier transform

QY L6 K )3 K 2
7'[1/2[(1252(2_ 1)|k'22 + 0)2]1/2

GP(k,w) =

s

(0] ~
o (—) G (k, ), (B.60)
0,

where §, is a fixed constant. This new function vanishes identically for |w| = ¢d,.
This implies, using the fact that the function G‘Z’(k w) is band-limited in k, that the
derivatives D? DIG\?(k, ) are uniformly bounded in L*(R2), for all positive integers
pand q. Hence, |s|?|y "GP (y, s) < C,, for some constant C, ,, uniformly in the small
parameter 6. We claim that, for an appropriate choice of the small parameter 4,,
the functions G{?(y, s) give rise to normalized sums Y®(9) (defined according to
(B.55), with G{?) in place of G,), such that (Y*(6) — Y")()) has an arbitrarily small
asymptotic variance. To see this, define the function

w)=1— 2,/2<53>, (B.61)
2

and observe that

[Y2(E) - Y(0)1*)
00 s

—211m—— j ds § ds' ((VR(s') — V) (VP(0) — VE(0) pds’

00)
—-2U211m(— | dsjds (G — GI*(GP — G)(ws', s
510 6
600

— 1 . ~ o
=20%lim—— [ ds[ds'[[{|G® — G2k, w)e™™s *ios' dkd
310 6(5) g g SUliG; 5 [k w)e ]

6(9) . _
—20%lim — | ds[méf,z’(k, ) — GD(k, )2 wdkdw]
510 6(0) o (kw + )
]
— 202 lim — [ Fy(s) (B.62)
310 8(8) 0
where
Fyfs) = [[16P(k, & — k) — GOk, 0 — k)2 222 dkdeo
(0]

WolkW o (01K, {*(w — kw)[k|' ***sin ws
a252(2—1)|k122+|(1)—kWI2 @

=1l

dkdow. (B.63)
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We write the limit in (B.62) as

“.alpo(k W (8, k) X — kw) k|~ E“l:l ——cosco@(é)]dkdw'

B.64
510 m(a?62@ V| k|* + |w — kw|?) 0(6)w? (B.64)

1 — cos wd(d)

TS in non-negative, the latter expression is bounded
(0]

Since the function

by

m f

alo | — kw|?

ayo(k)W (8, k)C 3 (w0 — kvv)|k|1‘£”<1—cosw6(5)

5 >dkdw
w*6(d)

6(9)
=lim — j Fo(s)ds, (B.65)

where the function F 0(s) is obtained by setting 6 =0 in (B.63), i.e.,

(01K (@ — kw) k| ~¢*2sin ws

dkdow. B.66
|w— kw|? ) @ (B.66)

FO( ”‘ﬁo

We now choose the parameter 6, in the cutoff function {(w) =1 — /32 (;) so that
2

the supports of {*(— wk) and (k) are disjoint. This is always possible if §, is small
enough. In the latter case, the following property must hold: there exists a positive
number w,, such that

. Y
{1f Yolk)>0 and (*(w—kw)>0 (B.67)
then |w|= w,.
On account of (B.67), the function
k 2 — I l—¢etz
Dok (0,0 (@ — k)] K (B.68)
|w— kw|?w
is integrable, so that by the classical Riemann-Lebesgue lemma, we have
lim Fy(s) =0, (B.69)
and hence
lim ([Y®(5) — Y1)($)]?> = 0. (B.70)
510

Finally, we claim that the asymptotic error is negligible if G{?(y, s) is replaced by
the fixed blob G®)(y, s) with the Fourier transform obtained by setting = 0in (B.60),
ie.,

1/2lp1/2 k)wllz 5 k) 1/2<?>|k|(1—z—z)/2
3

Gk, w) = (B.71)

2| w|

In fact, the asymptotic variance of the difference between the corresponding random
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variables Y®(§) and Y®)(§) is given by
lim (| Y®(9) — Y®(9)*)
510
. ~ A _ 1 — cos wb()

This last integral is dominated by

w—kw 432
2 t//o(k)!//w(51k)l//o< 5 )IkI1 3 |~ cos wh(3)
sae-nl I — 5 dkdw (B.73)
| — kw| w*6(9)
2(z—1),3 6(3)
e 0(15) F(s)ds, (B.74)
7
where the auxiliary function F(s) is defined by
 —kw _
‘/lo(k)wco(élk)l//0< 5 >|kl1 s sin oot
F(s)= 2 dkdao. B.75
0 =1f |w — kw|? 1) @ B.73)

The function in brackets in this integral is easily seen to be smooth and integrable.
Hence,

—kw

2

lim Fi(s) = f Volk)y 6k>¢o( >|k|—1-”32dk (B.76)
0

and from (B.74), we conclude that ([ Y®() — Y@(5)]>) converges to zero as & —0.

We have reduced the problem to the study of a single blob, G*(y, 5), independent
of §, which is smooth and decays rapidly at infinity. The asymptotic variance of
Y®)5) is

11m<[y<3)(5)] > =202 j(G<3)*G<3>)(ws s)ds, (B.77)

where * denotes convolution in y and s. Given a small positive number o, let G(y, s)
be a smooth function with compact support satisfying

[ (G® = G)*(GP — G)(ws,s)ds < ‘1—5 (B.78)
o 2U

and
] G(y,s)dyds = 0. (B.79)
It is easy to verify that the asymptotic variance of the corresponding normalized
sums satisfies
lim ([Y®(S) — Y(8)1*) = 202 [ (G® — G)*(G® — G)(ws,s)ds<v.  (B.80)
4|0 0

We have therefore shown that the conclusion of Proposition 4 follows if we establish
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the asymptotic normality of normalized integrals (B.56) corresponding to compactly
supported blobs with mean zero. The proof of this latter fact is done in the same
way as Step 2, Proposition B.3, using the fact that the corresponding random
processes Vj(s) have finite domain of dependence. This concludes the proof of
Proposition B.4. W
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