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Abstract. We prove holomorphy of the scattering matrix at fixed energy with
respect to ¢~2 for abstract Dirac operators. Relativistic corrections of order ¢—2
to the nonrelativistic limit scattering matrix (associated with an abstract Pauli
Hamiltonian) are explicitly determined. As applications of our abstract approach
we discuss concrete realizations of the Dirac operator in one and three dimensions
and explicitly compute relativistic corrections of order ¢~2 of the reflection and
transmission coefficients in one dimension and of the scattering matrix in three
dimensions. Moreover, we give a comparison between our approach and the first-
order relativistic corrections according to Foldy-Wouthuysen scattering theory
and show complete agreement of the two methods.

1. Introduction

We provide a general framework for the nonrelativistic limit of scattering theory
for general Dirac operators. Our treatment is based on an abstract approach
employed in [10, 11] to obtain explicit expressions for first order corrections of
bound state energies with respect to ¢ 2.

Historically, the first rigorous treatment of the nonrelativistic limit of Dirac
Hamiltonians seems to go back Titchmarsh [36] who proved holomorphy of
the Dirac eigenvalues (rest energy subtracted) with respect to ¢=2 for spheri-
cally symmetric potentials and obtained explicit formulas for relativistic bound
state corrections of order O(c™2) (formally derived in [32]). Holomorphy of the
Dirac resolvent in three dimensions in ¢! for electrostatic interactions were first
obtained by Veselic [38] and then extended to electromagnetic interactions by
Hunziker [16]. An entirely different approach, based on an abstract set up, has
been used in [6] to prove strong convergence of the unitary groups as ¢c~! — oo.
Employing this abstract framework, holomorphy of the Dirac resolvent in ¢!
under general conditions on the electromagnetic interaction potentials has been
obtained in [10, 11]. Moreover, this approach led to the first rigorous derivation
of explicit formulas for relativistic corrections of order O(c™2) to bound state
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energies. (Earlier, a justification of the fact that formal perturbation theory ac-
cording to Foldy and Wouthuysen yields correct results has been given in terms
of spectral concentration in [12,37].) In the case of eigenvalue degeneracies of the
unperturbed Pauli Hamiltonian, an extension of the results in [10, 11] appeared
in [41] (see also [14]). Relativistic corrections for energy bands and correspond-
ing corrections for impurity bound states for one-dimensional periodic systems
were treated in [5]. Convergence of solutions of the Dirac equation based on
semi-group methods have also been obtained in [31].

Much less activity has been devoted to the nonrelativistic limit of the Dirac
scattering theory. In fact, we are only aware of the proof of strong convergence
of wave and scattering operators as ¢~! — oo in [39] and [42] and a recent
treatment of the scattering amplitude in [14] based on a different approach.

In Sect.2, based on the abstract approach of [6], we summarize the main
results of [10,11] concerning the holomorphy of the Dirac resolvent operator
with respect to ¢~ near ¢ = 0. In Sect.3 we review some of the results of
[22] on abstract scattering theory needed in Sects.4 and 5. Our main result on
the holomorphic expansion of the abstract scattering matrix in ¢~2 around its
nonrelativistic counterpart at ¢=> = 0 is established in Sect.4. We also provide
an explicit formula for the correction term of order ¢=2 of the scattering matrix
in terms of nonrelativistic scattering quantities (see Theorem 4.2). Concrete
realizations of our abstract approach in Sect.4 in one and three dimensions are
presented in Sect. 5. In particular, we explicitly compute relativistic corrections of
order ¢=2 of the reflection and transmission coefficients in one dimension and of
the scattering matrix in three dimensions. Finally we compare our approach and
the first order relativistic corrections according to Foldy-Wouthuysen scattering
theory and show complete agreement of the two methods in Appendix A.

2. The Abstract Approach

The aim of this section is to summarize the main results obtained in [10, 11] (based
on the abstract approach of [6]) concerning holomorphy of the Dirac resolvent
operator with respect to ¢~ near ¢=2 = 0. Let #;, j = 1,2 be separable, complex
Hilbert spaces and introduce self-adjoint operators a, f in 3 = #'1 @ 5, of the

type .
= (5 %) #=(6 2) @

where A is a densely defined, closed operator from J#; into #,. Next, we
introduce the abstract free Dirac operator H%(c) by

H(c) = ca +mc*p, DH'() = D), ceR\{0}, m>0 (2.2)
and the interaction V by
y=(" 0 2.3)
o 1)’ ’

where V; denotes self-adjoint operators in J;, j = 1,2, respectively. Assuming
V1 (respectively V3) to be bounded with respect to A (respectively A4*), i..,

2(A) = 2(Vy), DAY = 9(V), (2.4)
the abstract Dirac operator H(c) reads
H(c)=H%)+V, DH()=20). (2.5)
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Obviously H (c) is self-adjoint for |c| large enough. The corresponding self-adjoint
(free) Pauli operators in #;, j = 1,2 are then defind by

H? = 2m)~14™ 4, HY = 2m)~' 44", (2.6)
Hi=H{+V, 9(H)=9(4"4), 27
Hy=H)+V,,  D(H)) = D(AA"). (2.8)
Introducing in # the operator B(c) [16]
(10
o= (5 2): 9)

we recall [10, 11].

Theorem 2.1. Let H(c) be defined as above and fix z € C\R. Then
(i) (H(c) —mc* —2)7! is holomorphic with respect to ¢! around ¢! =0,

(H(c) —mc* —z)7!

iy 0 @me)y™ (Hy — 2 4% (o —2)\ |
- @me)LAHY — 2)7vy (2mc?)Tz(HY — )WV, — 2)
(Hy —z)™! (2me)~Y(Hy — z)~' 4"
X ( (me) TAGH — 21 (ame) 2 (HE 2 ) : (2.10)

(ii) B(c) (H(c)—mc*—z)"'B(c)~! is holomorphic with respect to ¢=2 around ¢~ = 0,

B(c) (H(c) —mc* —z)7'B(c)™!

Sy (0 @me?)~\(H, — 271 4% (V2 — 2) -
=1V T o emed)em)y A, — 2 aF =1 (Vs —2)

(H —2)™! @me?)~L(H; — z)~1A4*
X ((Zm)—lil(HZl —2)' 2me?)! [(ZCm)_lA(lHl i 27l —1] ) . (2.11)

First order expansions in (2.10) and (2.11) yield
(H(c) —mc* —z)™!
_(Hi=2" 0
- 0 0
- 0 2m)~ (H; —z)714* _
+c7! ((Zm)_‘A(Hl - (2m)~( 0 ) ) +0(c? (212)
(clearly illustrating the nonrelativistic limit |¢c| — o0) and

B(c) (H(c) —mc* —z)"'B(c)™!

( E-" 0\, a2 (Ru@) Re@) . -
= ((2m)—lf4(Hzl . 0) +e (Rlié) Riié)) +0™

= RO2) + ¢ 2RV (z) + 0(c™), (2.13)

Ri(z) = @m)~*(H, — 2) 7' A" (z — Vo) A(H; — 2)7,

Rip(z) = 2m) ™ (H, —2)71 4",

Rai(2) = 2m)*[2m) ™' A(H; — 2)7' A" — 1] (z — V2)A(H, — )7,
Ry(2) = 2m) ' [(2m) ™' A(H, — 2) 7' 4™ —1].

(2.14)
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3. On Abstract Scattering Theory

In this section we summarize some of the results on abstract scattering theory
obtained by Kuroda [22] which are most relevant to us in Sects.4 and 5. For
additional material on scattering theory in the present context we refer to [1-4,
7,17, 19, 23-25, 28].

We define in the Hilbert space # = #1 @ #»,

H = H'(c) — mc?, H, = H(c) — mc? 3.1
and introduce the following factorisation of V' :
vi=v ol j=12, (3.2)
where 12
v/t =U V"2 P =R j=1,2 (33)
with V; = U;|V;| the polar decomposition of V;,
gt (020 (o] 0
s (M e = (" epe)s 09
1/2 1/2
v 0 v 0
Z:=B(c)| ! ) = ( 1 ), 3.5
(" a2)= (" e (.5)
Ri(z) =(H,; -2, zeo)), j=12. (3.6)

The following assumptions 3.1-3.3 and 3.5-3.8 are basic in the approach of [22]:

Assumption 3.1. Y and ZA are closed operators from s to another Hilbert space
A =H"1 @A, with D(H ) € 2(Y) and Q(H,) < 9(Z).
(This implies that Y Ry(z), ZR (z) € B(H,X'), see [18, p.191].)

Assumption 3.2. ZR;(z)Y " is closable and the closure of ZR;(2)Y* € #(A) for
one (or equivalently for all) z € o(Hy),

0i(z,0) =[ZRi(DY"]9,  Giz,0) =1+ Qi(z0), (37
where @ denotes the closure.
Assumption 3.3. Let z € Q(ﬁl) N Q(ﬁz). Then Gy(z,¢)~! € #(A") and
Ry(z) = Ri(2) — [Ri(2) Y *1“G1(2) ' Z Ry (2). (3.8)
Thus Propositions 2.6 and 2.7 in [22] hold: Define
0a(z.¢) = [ZR(@)Y ™19, Gaz,0) =1—Qa(z,0), z€o(Hr). (39)

Then R
Ga(z,¢) = Gi(z,0)™",  z € o(H). (3.10)

Remark 3.4. From our assumptions on H%(c) and V in Chapter 2 we infer that
@) V2 is A°(c) bounded with bound 0 and hence Assumption 3.1 is fulfilled.

(i) V12 is ﬁo(c)l/ 2 bounded implying that Assumption 3.2 is fulfilled.
(iii) The second resolvent equation gives

A+ [ZRi(2)Y*]9) (1 — [ZRo(2) Y *1¥) = 1,
(1=[ZRy(2)Y 19 (1 + [ZRi(2) Y *]¥) =1
(see e.g. [1, p.369]) and thus Assumption 3.3 is fulfilled.

(3.11)
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Next let E; denote the spectral measures associated with A ihJj=12

Assumption 3.5. There exists a Hilbert space %, a non-empty open set I < R, and
a unitary operator F from E;(I)## onto L?(I;%) such that for every Borel set
I’ = I one has FE (I'YF~! = yy., where y denotes the operator of multiplication
by the characteristic function of I'.

Assumption 3.6. There exist B(A",%)-valued functions T'(4,¢,Y) and T (4,c¢,Z),
A € I, such that

(@) T(,c Y)and T(,c,Z) are locally Holder continuous in I with respect to the
operator norm.

(i) There exist dense subsets D < 2(Y*) and D' < 2(Z*) such that for any
u € D and v € D’ one has

T (e, Y)u= (FE(I)Y *u) (4),
T(Ac, Z)v = (FE((I)Z*v) (3),
Assumption 3.7. For one (or equivalently all) z € Q(ﬁ 1) either
YRi(z) € Bo(#,A) or ZRy(z) € Bu(H,H).
Here B (#, #") denotes the set of compact operators from # to 4.

Assumption 3.8. The subspace generated by {E;(I')Y*u |ue€ 9(Y*), I' = a
Borel set} is dense in E;(I)#, j =1,2.
Remark 3.9 [22]. Since S is separable, Assumption 3.5 is equivalent to assuming
that H; has absolutely continuous spectrum in I with constant multiplicity.
Moreover, % is determined uniquely up to unitary equivalence and F is uniquely
determined up to unitary equivalence with decomposable, unitary operators on
L*(I;9).

Since these assumptions are identical with the ones in [22] we have all the
results of [22, Sect. 3 and 4] at our disposal; e.g., the norm limits

Git(A,c) :=n— ]ill(l)’l Gi(Atigc), Qix(hc)=n— lif(r)l Q1A tig,c) (3.13)
& 3

forae Ael. (3.12)

exist (see [22, Theorem 3.9]) and introducing
er(c) :={A€I|Gix(4c) is not one to one}, e(c) :=er(c)Ue_(c) (3.14)

(e(c) is a closed set of Lebesgue measure zero [22]) we get for A € I\e+(c) the
existence of the boundary values

Gyr(hc)=n— 1%1 Gy(Atig ) (3.15)
and
Gr+(A¢) = Grx(40) 7" (3.16)

(see [22, Theorem 3.10]).
Also Theorems 3.11-3.13 and 6.3 of [22] are valid. In particular, we obtain
for the fibers of the scattering operator

Theorem 3.10 [22]. For A€ I\e(c) the scattering matrix S(4,c) in € associated
with the pair (H,, H,) is given by

SGo)=1—2miT( ¢, Y)Gyr () T(4 ¢, Z)*. (3.17)

S(, ¢) is unitary in € and locally Hélder continuous on I\e(c) with respect to the
norm in #(%).
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4. Holomorphy of the Scattering Matrix in ¢~ and Relativistic Corrections

In this section we combine Sects. 2 and 3 and establish a holomorphic expansion
of the abstract scattering matrix with respect to ¢~2 around its nonrelativistic
counterpart at ¢~2 = 0. Moreover, we explicitly determine the first correction of
the scattering matrix of order ¢~2 in terms of nonrelativistic scattering quantities

in Theorem 4.2.
Let I =< R* := (0,00) and define

Lo :={AlA€Nes(c?*=0)}, Io=ILoNIy. (4.1)

In addition we strengthen Assumptions 3.2 and 3.6 by introducing
Assumption 4.1. (i) For A € I, T(4,¢,Y) and T(4,¢,Z) are holomorphic in ¢2
around ¢~2 = 0 and
(i) for 1€l
Q1+(4,0) = 18151 Q14+(4 +ie,0) (4.2)

is holomorphic in ¢~2 around ¢~ = 0.

Based on Theorem 2.1 we now turn to the expansion of Gy (4,¢), 4 € Ly,

G2+ (4,0) = (Gi+(40) ™ =1+ Qs (K )" = lim (1 +ZRy (4 + ie) Y ™)™

* —1 —1
= lim {1+Z<<C?4 _cz‘fncz)—(ﬂis)) Y*}
—G(O)(/l)+ G‘Q(z)+0(c ), (4.3)

where ™, n € N denotes the order of the expansion involved. [Since Gy (4,¢) =
lilr(r)l G2(4 + ie,c) is continuous in z = A + ie, and holomorphic in ¢™? we may
€

interchange the limits.]
Next define

g2(2) == (140, 2(H —2) oy V)™, z=A+iee>0,

g24(7) = lim g2(2 % o). (“44)

We then get

GO =1 P 0 I+ie (45
DB L - g 1) PR @Y

and

o (bi@ bl L
G31 () = lim (bii(z) biié))’ z=Ad+ie, (4.6)
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with
bii(z) = — g2(2)v,*Ru (@) o182 (2)
+ g2(2)v,* Riz (2) 0] V20 % HY — 27 o] ga(2),
bp(z) = —gz(Z)Ul *Ria(2) |02,
bu(z) = v, <H° 2)7 011" *2(2)v,* Rus (2) 1| /g2 (2)

~ ) R21(Z)|Ulll/282(z) “2 5 (H =27 0@ @)
A _
x o Ria@)loal 70 ? o (H? —2)7jor|a2)

+ 0" Roa (2) |12 /%0 ”2 (H?—z)—wvll‘/zgz(z),

A
zm(z)—v;” — () - )‘1lv1l“zgz(Z)vll/lez(Z)lvz|1/2

—~ u;”Rzz(z)Wz,

where (cf. 2.14)
Rii(z) = 2m)z(H} —2) " A" A(H] — 2)7,
Ria(z) = @m) ™' (H} —z) 1A,
Ryi(z) = @m)22*(H) — 2) ' A(H] —2) ™",
Rn(z) = 2m)~'z(H) — 2)7.

(4.8)

Next we turn to the operators T(A,¢,Y) and T(4,¢,Z)*, A € I. We introduce
the abbreviations

d
k(4 c) = szx(wﬁ), ko(4, ¢) :=M 1>0. (4.9)

A+ 2mce?’

If 2 € (A1, &) = I, then k(4, c) (,Fzm_zl \/1+ =, V2mIy [ 14 )

(Especially in the case I = (0,00) we have I =1 = = (0, c0).

By Assumption 3.5, «> and hence 4™ A4, AA™ are absolutely continuous in I’
with constant multiplicity.
Now we consider the analogs Uy, M of F and T when A™ A replaces H;.

Let Uy be the unitary operator that diagonalizes A*A4 on T > Forhe EoI 2)% 1
(where Eo(-) denotes the spectral measure for A* 4) U, yields

Uo : Eo(T) oty — LA, du; 6),  (UoA* Ah) (1) = p(Uoh) (), pe T, (4.10)

In addition we need the operator M (k,D) : 2(D) — %, where D : 9(D) — #1,
2P(D) = Ay or A5, D closed

M(k,D)h = (UoEo(T")Dh) k), he D(D), k=i forae kel. (411)
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In concrete applications the closure of M (k, D) will be a Hilbert Schmidt operator.
This closure is then denoted by M (k, D), too.

Now we are in position to construct the unitary operator F that diagonalizes
H(c) —mc® on I = R*. For f € E;(I,c)# (where E{(-,c) denotes the spectral
measure for H%(c) — mc?) F yields

F :El(IaC)'% = El(I,C) (‘#1 6”2) - LZ(I’d;L;(g)a

d
ENG = o ((Uofl) +8 (Uos fz)) ), f= (f;) 4.12)

(FIH’(c) — mcqlf) (A) = A(Ff) (A), Aelc<R* 4.13)

We note that on the subspace of positive energies the abstract Foldy-Wouthuysen
transformation coincides with the abstract spectral transformation (see [33, 34]).
The representation (4.12), (4.13) is due to the supersymmetric structure of a.

Given these facts we can now express T'(4,¢,Y) : A — €, A € I in terms of
M from (4.11) in the form

TG,eY)f = c"kO [M(kd ol A+ 2% MG 4 |vz|'/2)f2]

f=(£)e.%f.

For T(A,c,Z)* 1€ > A, e, we get

. Kl M (k4 0)%)*h
T(he,Z)h= T k"M(kd Aty ) he®. (4.15)

Now we can expand T'(4,¢,Y) and T(4,c,Z)*, A € I with respect to ¢2 as
follows: Define

4.14)

k* = v/2m (4.16)
then, for |c~2| small enough,
o0
T(he,Y)=) ¢¥TV(Y), (4.17)
Jj=0
T(he2) =) TV 2)%, (4.18)
j=0
where
TOW0, Y) = vV2m (M &, |v1]'/?) 0), (4.19)
M (ks,0l/H*
TOWLZ)* = v2m ( 1 M A"y (4.20)
2m

TO@Y) = vam (3)2(M<k5|1|1/2) 0)

I ( L ME, o) ﬁM(kS,A*szZ)) @421)
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where M'(k%,|v1|'/?) denotes the derivative of M (k, |v;|'/?) with respect to k at
k = k® and

5)2 ks 1/2
TO@K,Z)" =v2m ;22 ( 1 M( ) )
2m

M(ks * 1/2)
(k) M(ks 1/2)
+2m ey m? ()’ 4.22)
g M, A" 0y/%)* +1g Mk A*v)/H*

We can now state the followmg result for the ﬁbers of the scattering operator.

Theorem 4.2. For A € I, the scattering matrix S(A,c) associated with the pair
(H(c) — mc?, H(c) — mc?) is holomorphic in ¢=2 around c¢=> = 0 and we get the
following expansion:

[e 0]
S(he) =1-=2miT (he,Y)Gor (AT (he, 2)" =) ¢80 (2)
j=0

=S°) — 2m{T(”(A )G H)TO (4, 2)*
+ T“”a, V)G WTO(4,2)" + TOR V)G WHTW (A, 2)")

+0(c™). (4.23)
We therefore get
SOW) = 1 — 27i2mM (K, [o1] /D) g WM (K, 0D}, A€ o, (4.24)

the scattering matrix for the associated pair of Pauli operators (Hy, HY) (illustrating
the non-relativistic limit) and the explicit correction term of order ¢~

s = 0 50 - 1) - 2”’{(23)3M(k3 1) (OM K, 01"

1
~ 5 MU, A 0ol ) )" A = 2= 10) 7 for [P ga M (K, 0,

+ % M (K, A" oo )M (K, A" ;%)
(ks)3 (k )
+ @my?

x [0 2(HY — 2 — i0) ' A" AH) — 2 — i0) " [o1] 2] g24 (M (K, v,%)*

MK, o] ) gar (M (K, 0)%)* — MK, [01] ) gy (A)

1 o —
3 M, 0] (2) [v“Z(H? — 4= i0) 7 A%

x [0y AGH — 4= 10) ™ o2, DM (K, 01 )"

1 L — s
~ 5 MK, |ul|“2)gz+(z>[v”2(H1 — 2= i0)7 A" 0ol PIM (', 470" }
rely. (4.25)

Remark 4.3. Even though we may take 4'; = #;, j = 1,2, A& = 2 for the
applications we have in mind in Sect. 5, generalizations to singular interactions
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(of Yukawa-type) usually require the introduction of weighted L2-spaces or
certain Sobolev spaces, where X' ; & #;, j = 1,2 (see e.g. [2, 19, 20, 26]). For
completeness we included this generalization in Sects. 3 and 4.

Remark 4.4. Following the usual convention we have subtracted the rest energy
mc? from H%(c) and then studied I < R*. Similarly one could add the rest energy
and consider I < (—o0,0).

Remark 4.5. For later purpose [see e.g. (5.40)] we note that Assumption 4.1 (ii)
implies that

- d .-
o2 (HY — 4 — i0)2Jvy| /2 = o ol 2(H? — 2 — i0) " vy V2. (4.26)
5. Applications

Finally, we illustrate the abstract result of Theorem 4.2 with the help of two
concrete realizations: One-dimensional Dirac operators in Sect.5.1 and three-
dimensional ones in Sect.5.2. General references on relativistic spectral and
scattering theory relevant in the present context are [8, 15, 21, 25-27, 30, 34, 35,
39, 43].

5.1. The Dirac Operator in L*(IR)?
The free Dirac operator H%(c) in L?>(R)? is defined by
H%c) := cpoi +mctos, myceRY, 2Hc)=H*"R)?: (51)

al_(o 1) 02_(0 —i) 03_<1 0)
1 ’ “\i 0 ) —\0 —-1)°
0 ; : (5.2)
= ] — = 2’1

pi=—ir, 9(p)=H'®).

Let ¥V be the maximal multiplication operator with the real-valued function
v = v(x), and for some o > 0 assume

eo() e L'R) N LA(R). (5.3)
The Dirac operator H(c) in L?>(R)? is then defined as
H(c) =Hc)+V, 9H() =2HC). (5.4)
H(c) is self-adjoint and
Oess (H(c)) = (—00, —mc?] U [mc?, 0) . (5.5)

In order to prove this statement we note that f € H>!(R) implies f € L®(R)
and thus
lof 2 < [vll2 If o < oo implying Z(p) = 2(V). (5.6)

The integral kernel k(x, y) of ¥ (H’(c) —z)~" is given by (see e.g. [13])
i ~—1
wa=wnﬁ””i( 0 sw@—w),

2c \ sgn(x —y) ko (5.7)
z € C\{(—00, —mc*] U [mc?, 0)},
k@) = (2 —micht, Imk(@) >0,  ho(z) = K2 (5.8)

z+me?’
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This integral kernel is in L?>(R x IR)? and therefore the potential V is relatively
compact with respect to H%(c). Weyl’s theorem [29, p. 112] then yields (5.5).
Subtracting the rest energy according to (3.1) we therefore identify

H\=Hr=H1=H,=L*R), I=R*, e=0 &=0C> (59

A=A"=p= _i4 2(4) = H*'(R), (5.10)

dx’
Vl = V2 = V’ V= vl/2|v|1/2, UI/Z = |U|1/2 Sgn(v)>
Y =Y"=B() w2 Z=2z"=B(pw'

Then clearly Assumptions 3.1-3.3, 3.5, and 3.7 are satisfied. Assumption 3.6
follows from the explicit expression (5.18) and Assumption 3.7. Assumption 3.8
is clearly satisfied if Ran(|v|'/?) is dense in L?(R). This in turn is satisfied if
supp(|v]'/?) = R. If supp(|v|'/?) £ R one simply replaces |v|/? by |#|!/2, where

092 = { le()I'%, x € supp(v)

(5.11)

(5.12)

e,  x¢supp(v),
since then V = v!/2|v|'/2 = v!/2||!/2. Hence we always may assume supp(|v|1/?) =
R without loss of generality.

It remains to verify Assumption 4.1.
(i) Holomorphy of Q1+(4,¢), A > 0.
The integral kernel g(x, y, 4,¢) of

01+(4,¢) = v'?B(c) (H%(c) — mc® — 2 —i0) ' B(c) ! |v|'/? (5.13)
reads
L L -y
a(x,y.2,0) = o092 2 |k T ),
sgn(x — y) -
A>0,
(5.14)

1/2
k%A, c) = k5(1)<1 + #) , k() =V2mi,

s -1/2
ko(A,¢) = k(l)(l—l— 4 ) .

2mc 2mc?

Define the compact set M < C

A
M = { eC||c? <’ < 27 and 2|Imké(4,¢)| < k¥ — < a}. (5.15)

m|c2|
/1 1/2
k4 <k5(1+ ) ,
o 2mic]
-1/2
LI T (5.16)
2m|c0| 2m|c0|

12
‘cko‘_ ks ( +§n%c(2)_|) ’

Using
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and a matrix norm || - || in €? we get for ¢~ € M the bound
lg(x, y, 2, 0)| < const(d, @) [o(x)["[o(y)|'/2ed Mei M. (5.17)

For ¢ € M and fixed A we have a family of uniformly bounded Hilbert Schmidt
operators. Since the integral kernel q(x, y, 4,¢) is a holomorphic function of ¢~2
around ¢~ = 0 we get holomorphy of Q;(4,¢) by (5.3) and (5.13).
(i) Holomorphy of T'(4,¢,Y), A > 0.

The integral kernel t(x, 4,¢c) of T(4,¢,Y) : L2(R)> — @2, is explicitly given by
(see [30] and (4.12))

1 1 e—ik"x @ e—ikdx
t(x, A, ¢) = —— 12 ¢ , 5.18
(a4 0) VA +/cky ()] ( ok _@eikdx) (5.18)
C
l[£(x, A, ¢)|| < const(A, a)|v(x)|"/?e? ™, (5.19)

(We note that F maps L2(IR)2 — L2((0,c0); C?), see [30].)

For ¢ € M this is also a family of uniformly bounded Hilbert Schmidt
operators, with integral kernel holomorphic in ¢~ and therefore T'(1,c,Y) is
holomorphic in ¢=2 around ¢2 = 0. The holomorphy of T(4,¢,Z)* follows
analogously.

The operator U, that diagonalizes A*4 = p? is given by Uy : L*(R) —
L*((0, 00), du; €),

(Uof)(.u)=*1—#"l/4( (Urf) (vu) ) f e *R), (5.20)

V2 (UFf) (— u)
with
(Urf) (k) =5 — lim / dxe ™f(x), feL*R) (5.21)
|x|<R

the Fourier transform in L2(R). Thus we get M (k% |v]'/?) : L2(R) — €2,
a2y - Lo —1/2( (Urlo'2£) (k%) )
M (K% ol /) f \/§ (k%) (UFIUII/Zf) (—kd)

w1 (L 9
— e |

VAT F eu00)12f (x)dx

1 1/2 d
= (k%12 Jin (é:i:l/zigigzd;;; > . fel’®), (522

oy (K%)= e, o= (DY, =12, (5.23)
j
(-,-) denotes the scalar product in L>(R), and M (k% A*|v|'/?) : L2 (R) — T2,

. 12 d
M AT f = 2 () p e w29

For the adjoint operators we get M (k¢,0'/2)* : €* — L*(R),

where

(M (K0 (x) = (k97172 \711: 0() 2 hy + e *h)  (5.25)
T
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and M (k% A*v'/?)* : €* - L*(R),
(M (K4, A%0"?)*h) (x) = (k%) mv(x)l/z(e”"’"h e hy)

h=(h1>e(132

The physical solutions w3 ; of the Schrodinger equation are defined by the
Fredholm (respectively L1ppmann -Schwinger) equation

(5.26)

£iks x

'Y =g (WPl (K, x) =e (527
K =+2mh, e=(-1))*"", j=12, i>0, '

where g,4(4) has been defined in (4.4). From Jost function techniques we know
that e4 = 0, implying that g,4(4) in invertible for all 1 € R* (see e.g. [9, 28]).
For the nonrelativistic limit we get from (4.24) the well known formula

T'O) RO@G ,
sO@) = (m«»((z)) Tr«»(u))) =1 —2ni2mM (K, |o|'*)g2+ (M (', 0'/)"

gy 2m ((Ivll/zwél(ks),vl/zwil(ksn (ol gy (k5), 0123 (ks)>>
2iks \ (o[, (%), 025 (k%)) (Jv]' /2w, (K°), 1/2w+2(ks)>
1>0, (5.28)

where T!©, RO 17O RO denote the transmission and reflection coefficients

from the left respectively right incidence.
We note that s, = TOfS, ys, = TOfS, where f§ are the Jost solutions in

the notation of [9]. We also note that y°,(k°, x) = p3,(—k’,x) and y*  (k%,x) =
¥3,(—k*,x). One has e.g.,

1 =1 2m —ik®x S (IS
TOG) — 1 2iks /e v(x)f3 (K, x)dx,
R
1 — 1 — 2_m iksx S (1S _ 1
Tr(O)(/{) =1 2iks /e U(x)f_(k ax)dx - TI(O)(/D,
R

T = 3 [ siE s,
R

RO () 2m ik o
Tr(O)((g)) = 2k /e “X0(0) f2 (K, x)dx .
R

Calculating the remaining terms on the right-hand side of (4.25) yields:

2 term

kS ([ 28, (k), 01295 (k%)) (ol 2pg; (K%), 01725, (K5))

16m \ (v 28, (k%), v /295 (k%) (Iol'/ 2, (K%), v/ 2, (K°))
(k*)? (-(lell/zw(sn(ks), o293 (k%) —(xIol" 2, (k9), 01/21Piz(ks)>>. (530)

+ S s S
(xlo] /g (k°), 0 2y (k) (xlol /gy (k%), v 2y, (k%))

8m



404 W.Bulla, F. Gesztesy, and K. Unterkofler

3" term

:{( (I /28, (k°), v 2 pys, (k%)) (lvll/zw&(ks),Ul/zpwiz(ks»)

4m \ —(|o] 2y, (%), v 2pys (k) — (vl 2, (k%), v' 2 pys, (K°))

+ﬁ( (o125 (%), 0! 25y (k) —(Ivl‘/zw&(ks),v”zwéz(ks»), (5.31)
4m \ — (o 2y, (%), v 2y, (k%)) ([ 28, (), v 2, (k°)) '

We remark that the integral kernel of v!'/2A(HY — 1 — i0)~!|v|'/2 is given by
v!2AHY — 1 —i0) o2 (x,x') = % v(x)? sgn(x — x) XX p(x)| V2. (5.32)

4™ term

_ik_s( (o] 28y (&%), 0! 2105, (%)) —<|U|1/2‘P31(ks),Ul/zwgz(ks») (533)
am \ — (ol Pwi k), 02wy () (ol Pl (k)0 Py () )

5t term
ik ((lvll/zw(s)l(ks)avl/zw.sn(ks)) (o], (), 0'/ 25 (ks»)
16m \ ([ 2y k%), v 293 (k) (ol 2, (k9), 01/2w+2(k5)>
+(ks)2 <(|v|1/2 3 (k%), xv' 25, (k%)) —(|0|1/2@0s_1(ks),xvl/zlpéz(km) (5.34)
<|U|l/2w_2(ks),xvl/2w01(ks)> —(JoV 2S5 (k), xv Py (k) )

6th term s
[ myp o mypp
8m? (m21 mzz)’ (5:33)
where
1 = (o] 2% (k°), v (H) — A—i0) 7 p? (H) — 2 —i0) " o] /20! 28 (k°)),
= (jol" 2, (k), 1/2(H°— =107 (] — A= i0) ol P Pk,
mar = (oS, (K%), v 2 (HY — A —i0) ' p2(HY — A—i0) || /20123, (K°)),
= (Jo" 2, (k%), o2 (HY — 2 —i0) ' p?(HY — A —i0) ™! [o] /20! 29, (K)).
7% term .
—1 nir g
4mks (1121 nzz)’ (5:37)
where
= ([v)2p(p* | (k) — w§; (k) v *p(w5, (k) — w§; (K°))),
= (Jo"*p(p. (k%) — w31 (k)), 0 (w5, (k) — w&a (K%))), (538
= (o] p(p* 5 (k*) — i (k%), v (WS (k) — w3, (k%))),
= (Jo]'"?p(°, (k) — w5, (k)), vy, (k) — wiy(K%))),
8th term

—i ( (012 p(ws; (k) — w§; (%)), 0"/ 245, (k) (ol p (w2, (k) — wy (k) v >, (k%)) )
(101"2p (w2, (k%) — W (k%)) 02wy (°) — (ol /P (w2, (k) — wiy (k). 02wy (K))) )

(5.39)
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Using (4.26) we get
ik ([o] S (k°), [0 (HY — A — i0)~2[o] /210! 2y, (k%))
= — m{[v|"?p* | (k°), x0' 23 (k%)) + m{x[v] 2§ (K), ' 2, (K9))

d
— ik = (Il Py (k) 01 (). (5.40)

Summing up we get for the first order correction term of order c¢~2 of the
scattering matrix (in terms of transmission and reflection coefficients)

T!O) RO (k)* dSO(2)
SO@ = (R"”gi; T’“’((i))) ~8md  di
1 ((Ivl“zpwil(ks),v‘”pwil(ks)) (Ivl”zpwil(ks),v”zpwiz(ksn)
dimks \ ([o]"?py?,(k*), 02 pys, (k) (o] 2pys,(k*), v'/2pys., (k%))
([ 25, (k%) 025, (k%)) ([v]/2ps; (k%), /23, (ks))>
(<|v|1/2w_2(k8), V2t () (ol 2506, 0V ey 0 470 54D

4im

5.2. The Dirac Operator in L>(IR3)*

The free Dirac operator H%(c) in L?>(R?)* is defined by:
H(c) :=cap+ pmc*>, myceR"Y, 2(H’(c) = H>'(R3)*, (5.42)

_(0 1) _(0 —i) _<1 0)
1=\t o) 2T\ o) 2T o0 -1)
0 o 10
oci=(ai ‘(’)) l3=(0 _1), (543)

o= (O-la 02, 0-3)’ a= (als 02, a3),
p=—iV, 20 =H"®).
Define (cf. e.g. [40, p.305])

where

1/2
My ,(x) = { / Eylv»))?|x —yI@‘3} , v measurable, ¢ <3,
|x—y|<1

M,(R®) := {v | M,,(-) bounded},

(5.44)

1/2
N,(x) :={ / d3ylv(y)|2} , forall xeR® andve Ll (R%, (545)
|x—yl<1

and let V' be the maximal operator of multiplication with the real-valued function
v = v(x) where

v € M,(R?) for some ¢ < 2. (5.46)
ve L'(R?. (5.47)
ve®l fullfills (5.46) and (5.47) for some o > 0. (5.48)
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The Dirac operator H(c) in L>(R?)* is now defined as
H(c) =H%)+V, DH() =2(HC). (5.49)

The hypotheses (5.46)—(5.48) then imply
(i) V is H°(c) bounded with relative bound 0 by (5.46) (see [40, Theorem 10.18]).
(ii) Since v € M,(R?) with ¢ < 2 it follows that v'/?2 € M,(R3) with ¢ < 1 and
M,(R3) = M,(R%), 6 < g.

Since v!/2 € L2(IR?) we have N,i2(x) — 0 for |x| — oo.

Thus V72 is H%(c) compact (cf. [40, Auxiliary Theorem 10.24 and Theorem

10.21]).
Subtracting the rest energy according to (3.1) we therefore identify:

%1=<7f2=f1=f2=L2(1R3)2’

5.50
I=R* Iy=Dei(c?=0), €=L*S? (-30)
A=A*=( P Pi7i;m 2
(p1 +ipy  —p3 )’ 2(A) = H> (R°),
i (5.51)
P — > —_ . — 1
p] 1 ax] ’ ] ,2, 3,
Vi=va=v, Vol o), o

Y=Y"=B@ 'Ww"? Z=2z"=B(w"

(Here S? denotes the unit sphere in R?) Due to our hypothesis (5.48), e(c) is a
discrete set [26].

Clearly Assumptions 3.1-3.3, 3.5 and 3.7 are satisfied. Assumption 3.6 follows
from the explicit expression (5.60) and Assumption 3.7. Assumption 3.8 can be
dealt with in exactly the same way as in Sect. 5.1. It remains to verify Assumption
4.1.

(i) Holomorphy of Q1+(4,¢), 4 € L.

The integral kernel g(x, y, 4,¢) of

014 (4, ¢) = v"/?B(c) (H(c) — mc? — A —i0) "' B(c) ! |v|/? (5.53)
is given by

ai;r drz a3 as

2| a1 axn a3 axn 1/2
x—y| 4n | a1 axn az; an PO, (5:549)

a41 Qa2 Q43 Aa44

ek=yl

q(x,y,4,¢) = v(x)!/

A
a =an = +2m, ayp=ay= 2 1 =0 =0 = da =0,

a a ,
a3 = 5 (x3—y3), au= ) [(x1 = y1) —i(x2 — y2)],

an =5 [oa—y) +ita—y)]  au=—3 (=), (555
az; = a(xs —y3), axn =al(x; —y1) —ilx2 —y2)l,
ag = al(x; — y1) +ilx2—y2)], an =—a(x3—y3),

. A 1/2
— IS _ S —
A€ L, Kk(he) =k (1 + 2ch) , k 2ma,
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where
a(x,y) = Ix —y|2(Kx—yl+1), xyeR’ x#y. (5.56)

Define the compact set M = C

M = {c € a:| e < leg?l < M and 2| Imk4(4,¢)| < k° lz, _oc}. (5.57)

A &
Using
1 \2
k4| < ks(l + ) (5.58)
2m |c0|
and a matrix norm || - | in €* we get for ¢=> € M the bound (cf. [8])
. 1 1
x,9,4,¢)| < const(4,a)|v(x)|"?|v 1/Zef""eﬂ”( + ) 5.59
lg(x,y, 4, )l (4, ) () lv(y) Ny T =L (5.59)

For ¢™2 € M and fixed A we have a family of uniformly bounded operators (using
[40, Theorem 6.24], the fact that v'/2e3ll € M,, ¢ < 1 and v'/2e3ll € L2(R?)).
Since the integral kernel g(x,y,4,c) is a holomorphic function of ¢~? around
c¢~2 = 0 we get holomorphy of Q1 (4,¢).
(i) Holomorphy of T'(4,c,Y), A > 0.

The integral kernel t(x, A, c,w) of T(4,¢c,Y) : L2(R** — L?(S?)? is given by
(see [34] and (4.12))

t(x, A, ¢, 0) = (27) ‘3/2\/ \/ 4 +2mc _'kdwxl ()1?
— a)3 (601 iwy)
X ko C C ko R
0 1 - (w1 + iw2) - 3

A 2

(We note that F maps L*(R%)* — L?((0,0); L*(S%)?) (see [34]).) For A € I we get
t(w, x, 4, ¢)|| < const(4, a)|v(x)|"/?e? ™. (5.61)

For ¢~ € M this is also a family of uniformly bounded Hilbert Schmidt operators
(since ve*'!l € L'(R3), with integral kernel holomorphic in ¢? and therefore
T (A, ¢, Y) is holomorphic in ¢=2 around ¢=2 = 0.

The holomorphy of T'(4,¢,Z)* follows similarly.

In particular, S(4,¢) — 1 is a trace class operator, i.c.,

[S(Ac) —1] € B,(L*(8%?), Ael\er(o). (5.62)
The operator U, that diagonalizes A4*A4 is given by Up:L*(R%)?2—
L2((0,00), du; L*(S%)?),
(Uof) (1, 0)); = f W (Urf)) (Viw),
=12 wes? feLl*RY? (5.63)
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with

(Urf) (ko) = s — lim / dxe % (),

|x|<R
fel*R), k=,u k>0, (5.64)
the Fourier transform in L2(IR3).
Thus we get M (k% [v]'/?) : L3(R3)? — L2(S?)?,
(M (K 10")f) (@)

;%wmeWme

1 2l
— (kd)l/Z(zn)—3/2 /d3xe—1k wxlv(x)|1/2fj (X)
V2 J
1 .

=7 (kD 2Q2m) = (o) Pyo(Kw), £i),  fj € LARY),  j=1,2, (5.65)

where yo(k‘w, x) := ¢*®* and (-,-) now denotes the scalar product in L2(IR3).
Similarly we have M (k% A*[v|'/?) : L2(R3)? — L%(S%)?,
(M (K%, Aol )f) (@)

_ 1 d\3/2 -3)2 w3 w1 — iwy
B ﬁ (k5)™"2m) w1 +iw; —w3

{[v] o (K ), f3) s
* (<|U|1/2wo(kdw),f4)>’ fe L R~ (5.66)

For the corresponding adjoint operators we obtain M (k% v'/%)* :L2(§?)> -
L*(R%?,
1 — i X
(01,012 () = 7 0692009 [ do o o),
SZ

hj € L*(S%), j=12, (5.67)
and M (k¢, A*v'/%)* : L2(S%)? > L2(R%)?,
(M (K, A0 h) (x)

= %(kd)m(zn)—s/zv(x)l/z / do ((wl 640—3iw2) (a)l_—w iw2)>
S2

h ((1)) ikdwx
X ( h; (w)> ekex he L2($H)2 (5.68)

The physical solutions 5 of the Schrodinger (Pauli) equation are defined by the
Fredholm (respectively Lippmann-Schwinger) equation (see e.g. [1, 28])

ikSwx

vy (o) = g (W pi(Kw),  piko,x) = ¥,
K =+v2mi lely, woes% (5.69)
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For the nonrelativistic limit S (1) we get from (4.24) the well known result [1,
3,4, 22,24, 28]

SO (@); = ([1 — 27i2mM (K, |v]*) g2+ A M (°,0"/%) *1h) (),
= hj(w) — 27i % 2m(2m)~3 / dBxe FoX|p(x)|/?

X 824 (D/2() / do %O, (o)

= hj(w) — imk*(2m) ™2 / do'h; (') (o] 2y (kK w), v 2y (K w')),

hj € L*(8%), j=12, ae A€l. (5.70)
Calculating the remaining terms on the right-hand side of (4.25) yields:
274 term
l(ks)3 ) 12, s (L8 V28 (Keo'
(2 ) do'{Jo] g (o), v 23 (Kw)) hj (@)
e (5.71)
el GO / do'(jo]'*(@ - Xy (K ), o'y} (Ko (@),  j=1,2.
31 term (k)2 by )
l -2 /b1,
im (2m) /dw (bz(co,a)’)> , (5.72)
S2
where
bi(w,@) = (o] (K w), 030" [p3 (i (K )
— 3 (Ko)hi (@) + (p1 — ip2) (W3 (K°0) — yi. (K ') ha(@)])
+ (o] Py (K ), (w1 — iw2)o'*[(p1 + ip2) (Wi (k)
— (K ))hi (@) = p3(wi(K'0') — i (K'o)ha (o)), (5.73)

ba(w, ') = (jv|"*p§ (K w), (01 + iw)v'[p3(p§(K'e)
— p} (o) (@) + (p1 — ip2) (W} (K*') — v, (') ha()])
— (o] (K w), w30 [(p1 + ip2) (p§(K°w)
— i (Kw)h (o) — p3 (i (K o’) — i (Kw') ha(0")]).
4t term

Y oy / 4o o) Py ), o' P )

w30y + (w1 —iwy) (0] +iwy)  w3(w] — iwy) — (w1 — iwy)w)
(w1 + iwy)wy — w3(w] +iw)) (w1 + iws) (0] — iw)) + w3w)

hi (@)
x <h2 (w,)) . (5.74)
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5% term

D - / 4o ol i (6 0), o120, 0y (@)

(W (5.75)
(2n)2 / do' (o] 2p* (K w), v (0 - x)p§ (Ko ))h; (@), j=1,2.
6% term
’("SP 2m) / do' (o] 2 () — . (), 025 (' (o)
z(kS)S (5.76)

+ g 207 / oy ol (K o), o2 — 1= 10) 2] )

!/ 23 ksco’))h (@), j=1,2.
7th term
ik’ , di(o, '
— ) / do ( d;gg;) (5.77)
where

di(@,0") = (jo]'?ps (p (K w) — . (K'w)), v'/* [p3 (w5 (K*e)

— i (K aNhi(@) + (p1 — ip2) (P (K@) — 3 (K@) ha(w)])

+ ([0l 2 (p1 + ip2) (Wi (K ) — p2 (K w)), o' [(p1 + ip2) (W (K*e)

— % (B0 ) (@) — pspy (k') — v} (Ko@), (578)
dy(,0) = ([v]'(p1 — ip2) (W3 (k') — 2 (Kw)), o' [p3 (Wi (K*w')

— i (K o)hi(@) + (p1 — ip2) (Y5 (k') — i (K ') ha(w)])

— ([ol/*p3 (w3 (@) — . (K'w)), v'/*[(p1 + ip2) (Wi (K )

— pi(K)hi (o) = p3(p5 (K o') — pi (Ko')ha(w')]).
In order to simplify (5.78) one can use

V2o s (150 w1/ 200 s psony [ G11(0, @) ap(w, o)
(0l Papy (.o Papys o)) = (SH00) Seed) (s

where
ayy (@,0") = (jo|"p3y’ (Kw), v *p3p (K))
+ ([ (p1 + ip2)ys (K w), v (p1 + ip2)ys (Kw')),  (5.80)
an(w, ) = (jo]psys (K'w),v'/*(pr — ip)y’, (Kw'))

— ([o]"2(p1 + ip2)p® (K°w), 02 pas. (K w')), (5.81)
ax (@, ') = (|21 — ip)p’ (o), v pys (Ko'))
— (Jo]'*p3y’ (K w), v"*(p1 + ip2)ys (Ka)), (5.82)

an(w, ') = (v](p1 — ip)p’. (K w), v (p1 — ip2)y’. (K°0'))
+ ([ p3yS (K ), v *psys. (K )), (5.83)
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8t term
$\2
ik’) (2n)~2 / do’

adm
[ ( (o] 2173 Wik w) — S (K w)), ' Pp§ () [wihi (@) + (@] — iwy)ha ()] )
(I

(j01'2(p1 — ip2) (Wi (k) — v (K'w)), v' 2§ (k°e’)) [wih (@) + (0] — iw))ha ()]
( 0]'2(p1 + ip2) (P (k°w) — 2 (Kw)), o'y (ke ’))[(w1+lw2)h1(w’)—w3hz(w’)])]
(o3 (w3 (K w) =y (K o)), v Py (K e") (] + io)h (@) — o3ha (@) '
(5.84)

Summing up we get for the first order correction term in ¢~2 of the scattering
matrix

s\4 ©)
SOWh) @) = ©) ( Sl )( )

8m3

+@2n)7? / dco[ (jo'y2 (R w), v ys (o)1

K / /
+ 7 (1ol Popps (o), v 2opy’ (Ko ”] (Zigﬁ;) ’
hi

ae. lel, weS? h= <h

) e L2(8H)%.  (5.85)

The analogous expansion of the scattering amplitude up to order O(c~?) can be
found in Appendix A.
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Appendix A. Comparison with the Foldy-Wouthuysen Method

In this appendix we compare our approach with the Foldy-Wouthuysen (F-W)
method. The F-W-expansion is in principle a formal expansion of the unbounded
Dirac operator in ¢~2 which is used by physicists to compute relativistic cor-
rections. (It became popular since the terms in (A.7) have a nice physical inter-
pretation.) Since the perturbations become more and more singular it is quite
remarkable that this expansion (interpreted appropriately) yields formally correct
results (see e.g. [10,12]).
Let f(4,¢~2, w,w') be the Dirac scattering amplitude

1
fhe o) ==2n—=E A —1)(0,0), aeicl, oo S’ (Al
kd
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Then we get by (5.85) the following expansion:

fOco,0)=f00%0,0)
e [/12 df O(4, w,w’)

3 s s,/
o 7 /d xP (Ko, x)v(x)pi (Ko, x)

_ 87er / & x(opyS (K°w)) (x)v(x) (opy’ (K'e") (x)]

R3
+0(c™, (A.2)
where
fOQ% o 0) = —2mi 5 (s<°>(;1) 1) (w, ')

2 s
=— 4—m dPxe O (x)ps (Ko, x). (A.3)
T J
This expansion of the scattering amplitude f(4,c¢~2,w,’) coincides with the
expansion of the scattering amplitude t(4,c¢™2, w,w’) of [14] after multiplying
d

t(4, ¢, w,’) by a factor —2n? % = —2n22m(1 + A(2mc*)~!) and expanding the

function e(4, ¢c=2) = A(1 +A(2mc?)~!) with respect to ¢ 2. (We do not average over
spin states in order to keep greater generality.)
Next define the Pauli operators H?, H; in L*(R?)? (see e.g. [12, 34])

4 4

i __ VvV — H) = H22 IR3 2 .
e Hi=—so 4V, 9H) =9(H) = HPRY,  (Ad)
where we assume that V' is the maximal multiplication operator by the real-
valued function v(x) with v € CP(IR?) for simplicity. (Here we suppress the trivial

spin dependence in HY, H;.) Then

HY = —

Uess(Hl) = Gac(H?) = [0,0). (A.5)
The first order F-W operators in L?(IR%)? are now defined by (see e.g. [10, 12])
4 1
0 o 2 o
Hpy () = — m 3 4%, Hpw(c) := Hpw(c) + W (o), (A6)
D(HR,) (0) = D(Hew(c) = H¥ (R,
where | )
W (c) :=V+4—m2—cz[§AV +o(VV)Ap], p=-iVv. (A7)
We have {
O'ess(HgW(c)) = O'ac(HgW(c)) = ( — 0, ) mcz], (A8)
ikFW o x
Hw(©wiw = 2w, wiw (K™ o,x) = 4%,
where
4 \ /212 1
KW = [2m>?—2mPc* | 1— = 2ml)"*( 1+ |+0(c™". (A9)
2mc? 4m

Before we compare the results of our approach and the F-W-method in
connection with scattering theory, let us briefly recall the corresponding facts
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for eigenvalues. For simplicity assume Ej to be a nondegenerate bound state
of Hy, ie., Hywo = Eqyg for some o € H>*(R?)?, |yo| = 1. Then the first-
order correction term E; to the corresponding eigenvalue of the Dirac operator

cap + (f — 1)mc*> + V is given by Eq + zlz—El with [10, 11],

1
Ei = 7o (@pyo, (V — Eo)opyo). (A-10)

In contrast to this simple formula the F-W method has some conceptual difficul-
ties since for negative energies there exist no bound states. Nevertheless a formal
perturbation calculation yields

1 pt 1

One can show that (A.10) and (A.11) are equal if e.g. 0y, 05,V € C2(R’)NL®(R3),
1 < j, I < 3. The result can be explained in terms of spectral concentration as
shown in [12]. However, we emphasize that expression (A.10) is simpler than the
traditional F-W-formula (A.11) and at the same time it is based on an analytic
expansion of the Dirac eigenvalue (rest energy subtracted) with respect to ¢ =2 as
opposed to the somewhat artificial spectral concentration approach. Moreover,
(A.11) requires much more smoothness of the potential V' than (A.10) and, in
particular, excludes Coulomb-type singularities (which are included in [10, 11]).
Now we turn to scattering theory. Since we are interested in relativistic
corrections to nonrelativistic scattering quantities for a fixed 41 > 0, we consider
AE (O, % mcz) and choose ¢ large enough. According to our conventions the F-W

scattering amplitude frw(4, ¢ 2, w, ') for ae. 4 € (0,1 mc?) is defined by
few(h ¢ 2 0,0') = — % g(hc?) / dPxe ko
R3
X W(c)[1 — (Hrw — 4 — i0) "' W ()] X @0,
o,0 €82, (A.12)
oy K 2 A -4
g(A,¢c™) :=% 1+ kp) = 2m<1 + ﬁ) +0(c™).
Expanding (A.12) in powers of ¢~ gives

frwlh 2 0,0) = 19,0, 0,0") + 28, (4 o,0) + 0, (A.13)

where
) N 2m 3 —ikswx NW—11/7 ik ()
Fw(l,w,w)——ﬁ/d xe V[1—(H —1—i0)"V]e ) (x)
R3
2m 3, —ikwx S (1,5, 0) /
=~ d’xe v(x)p (Ko’ x) = fY(4, 0, o) (A.14)
R3

by (A.3) and

2 dfOLw,0) 2m " s

(1) n o _ thadd 3., —ikwx ikSw'(-)

rw (A, 0,0") = T R /d xe (K(A)e )(x)  (A.15)
R
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with

1
K(A) = s [$4V +a(VV)Ap] (1 =R V)

! VR [$4V +0a(VV) Ap]

T am?
A? 1

+VR1{ S+ AV +o(VV)/\p]}R1V

8m3 ' 4m 2[

A 22
2va-— Z_VR?
+m (1 R1V)+2m VRV

1 1
=7 (1—=VRy) [4V +a(VV)AP| (1 =R V) — ) V Ri(op)*RiV

) 2
+—V(I-RV)+ i-VRZV

= (H1 —2a—i0)7", wiaﬁw,x) = ((1- H —2£i0)7'V)e**0) (x). (A.16)
We note that
[op, V]op = apVop — V (ap)’,

/ Pxips (Kw,x) ([ 4V + o(VV) Ap]wi (o)) (x)

R3 (A.17)

PxpS (K w,x) ([op, V]opys. (Kw)) (x)
]RB
since

/ Exp® (Ko, x) ([4, V]S (Kw)) (x) = 0. (A.18)

Using (A.17) and (A.8) we finally obtain

/d3xe—ik‘a)x(K(/{) eiksw’(~)) (X)
= /d3xe*”‘W{<ﬁ; (I1=VR)[34V +0a(VV)Ap] (1 =R V)

1 A 2 .
—g—VRl(crp)“RlVJr V(1—RV)+ ~ VRzy)ezkw-)}(x)

= /d3xe—""‘w"{ <W (1 —VRy)[op,V]op(l — R V)
R3

_Lyr (op)*RV + 4 VA —RV)+ 2 VRV ) e® 0L (x)
8m?3 ! ! m ! 2m !

= % / Pxe (1= VR)V (1 — RiV))e* 0} (x)

+ 4—:”—2 / Pxe ¥OX(1 = VR)) (opV op) (1 — R V)@ 0} (x), (A.19)
R3
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and hence (A.15) coincides with (A.2). However, in analogy to the bound state
case mentioned before, (A.2) is much simpler than (A.15) and requires less
smoothness properties of V. [In order to speed up our treatment we did not
factor V into v'/?|v]'/? and symmetrize the expressions in (A.12)—(A.19). This can
be done as in Sect. 5 and we omit the details.]
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