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Abstract. It is shown that perturbed rings of the primary chiral fields of the
topological minimal models coincide with some particular solutions of the
dispersionless Lax equations. The exact formulae for the tree level partition
functions of A4, topological minimal models are found. The Virasoro constraints
for the analogue of the z-function of the dispersionless Lax equation correspond-
ing to these models are proved.

1. Introduction

Topological minimal models were introduced in [1], following general consider-
ations in [2]. They are a twisted version of the discrete series of N=2
superconformal Landau-Ginzburg (LG) models. A large class of N=2 super-
conformal LG models have been studied in [3]. It was shown that a finite number
of states are topological which means that their operator products have no
singularities. These states form a closed ring. For the LG models these rings of the
primary chiral fields take the particular simple form and can be represented in
terms of the corresponding superpotentials. In the topological twisted version of
the superconformal LG models the chiral primary fields are the only physical
excitations.

In [4] some evidence was provided that the topological minimal models
coupled with topological 2—d gravity are equivalent to multi-matrix models.
(After [2, 6] it was recognized in [5] that the multi-matrix model corresponds to
topological gravity coupled to some matter system, although precisely which
system was unknown.) On the other hand the multi-matrix model is believed to be
equivalent to ordinary matter coupled to 2 —d gravity. The last equivalence has led
to remarkable connections between the non-perturbative theory of 2 —d gravity
and the theory of the integrable soliton equations [7-9].

Our work was stimulated by the results of [ 107, where the perturbed rings of the
primary chiral fields were found. All correlation functions can be easily obtained
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with the help of the perturbed superpotentials. Moreover, the deep connections of
the perturbed rings with some algebraic truncation of the Lax equations were
found. In this paper we shall show that the perturbed chiral primary rings of the
topological minimal models correspond to particular solutions of the so-called
dispersionless Lax equations which are the quasi-classical limit of the ordinary
Lax equations.

Roughly speaking the quasi-classical limit corresponds to the solutions which
slowly depend on the variables x, t. For the KdV equation the quasi-classical limit
has the form

u,=3uu, (1.1)

(i.e. the form of the KdV equation but without dispersion term). As it was noticed in
[11], the dispersionless Lax equations and their two-dimensional generalizations
(the dispersionless KP equation is called Khokhlov-Zabolotskaya equation) are
the particular cases (the genus g =0 case) of the general Whitham equations for the
algebraic-geometrical solutions of a two-dimensional integrable system. There-
fore, the general construction of the exact solutions of the Whitham equations
which was proposed in [11] can be applied to the dispersionless Lax equation.

The organization of this paper is as follows. In Sect. 2 we define the hierarchy of
the dispersionless Lax equation in the form which follows from [11] and give in
closed form the construction of their exact solutions. In Sect.3 we review the
results of [10] and prove that the perturbed superpotential of the minimal 4,
models coincide with some particular solutions of the first n flows of the
dispersionless Lax equation. At the end of this section the exact formula for the
partition of the perturbed topological minimal 4, model will be obtained. It turns
out that it coincides with some special 7,-function of the dispersionless Lax
equation if we consider only n first flows of the corresponding hierarchy. The
Virasoro constraints for this 7,-function depending on all times will be proved in
Sect. 4. In the last section we review some of the main ideas of the algebraic-
geometrical perturbation theory of the two-dimensional integrable systems and
consider within the framework of this theory the Khokhlov-Zabolotskaya
hierarchy. (We would like to mention here two papers which are devoted to the
dispersionless Lax and KP equations. In [15] the construction of integrals for
dispersionless Lax equations was proposed. In [16] the construction of particular
solutions for Khokhlov-Zabolotskaya equation was presented.)

2. The Dispersionless Lax Equations
For each integer n>2 the n'® reduction of the KP hierarchy can be written as a

system of the compatible evolution equations on the coefficients of the ordinary
differential operator

0
L=0"+u,_,0" *+... , 0=_—. 2.
+u,_, +... U, ax (2.1)
These equations are equivalent to the operator equations
aiL=[[LF]+,L], 0= % i=1,2,..., 22)

where [ ], denotes the differential part of a pseudo-differential operator.
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Now we are going to define the quasi-classical limit of (2.2) as a system of
evolution equations on the coefficients of the polynomial E(p)

E(p)=p"+u,_,p" " *+...+u,. (2.3)

At the beginning we shall present them in the form (2.5) which was obtained in [11]
and which can be used for the construction of their solutions. Later we shall show
that they are equivalent to the evolution equations (2.10) which are the direct
quasi-classical limit of Lax equations (2.2).

Let’s define the set of the polynomials ©;(p) by the following formula:

Qj(p)= [Eé(P)L , 2.4

which means that Q,(p) is equal to the non-negative part of the Laurent
expansion of the fractional power of E(p). The coefficients of Q;(p) are the
polynomial functions of the coefficients of the polynomial E(p).

Let’s assume that the coefficients u; are the functions of the variable x, u; = uy(x).
Then the dispersionless Lax hierarchy is by definition the set of the evolution
equation on u;(x), which are equivalent to the following equations

0;p(E)=0,£,(E). 2.5

[Here and sometimes below we omit the notion of a dependency of p, @ on the
variables t;, i.e. p(E)=p(E,t;) and so on.]

From (2.4) it follows that p=Q,(p). Hence, the variable x and ¢, can be
identified.

The meaning of Egs. (2.5) is as follows. By definition E is a polynomial in the
variable p. The inverse function p(E) can be expanded at the infinity

pE)=K+& K '+..., K'=E. (2.6)

The polynomials Q; can be also considered as the functions of the variable E after
substitution Q,(E)=Q,(p(E)). They have the expansion

Qi=Ki+Xi’lK_1+.... (2.7)

In (2.5) the derivatives with respect to x, t; are considered for the fixed E (or K).
The coefficients of the expansion (2.7) are the polynomials in u;. Therefore,
Eqs. (2.5) are equivalent to an infinite system of the equations for the functions u;.
We are going to show that only a finite number of them are independent, i.e. that
Egs. (2.5) define the evolution equation for the polynomial E(p).
The partial derivatives with respect to x, ¢; for the fixed E or p are related to each
other in the following way:

0.0(B)=0,0,p)~ 2 0,50, e8)
0B =~ 2 5,E (). 29)

Hence, from (2.5, 2.8, 2.9) it follows that

dQ, dE
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In order to prove that (2.10) is well-defined evolutional equation for E(p) it is
necessary to show that the right-hand side of (2.10) is a polynomial in p of degree
less than n—1. From the definition of Q; it follows that

Q,(p)=E"(p)— [E’T(p)]- ; (2.11)
where

[E'%(p)]- =0(p™") (2.12)

is the negative part of the fractional power of the polynomial E(p). Substitution of
(2.11) into (2.10) gives that
d [E‘] .

=5 [] 412

-% o.E (2.13)

which proves that (2.10) is well-defined equation.
The Egs. (2.5) have the form of the compatibility conditions for the equations

Q(E)=0,S(E), i=1,2,.... (2.14)

This observation is trivial but very useful for the construction of the exact
solutions.
For each fixed positive integer m let’s define the polynomial

Sr:(p’tl’ "',tm)= Z tiQi(p’ t). (215)
i=1
These polynomials are the partial sums of the formal series
Ss@sty,..)= .=21 t:2:(p),

Sr:;(patla cee tm)=S:)(Ps tb---stmaoso; )

The coefficients of this formal series are well-defined as the formal series in the
variables t;,, We shall return to it later in Sect. 4.

Up to now the variables ¢;and u, ..., u, _ , can be considered as the independent
variables. Let’s define the dependence of the polynomial E(p) with respect to the
variables t,, ..., t,, m>n, with the help of the following relations:

as,; dE

& (p)=Bn(p) i @), 2.17)

where B,,(p) should be some polynomial in respect to p
B,=bp_,p" " +...+by.

The polynomial equation (2.17) is equivalent to the system of m equations for the
unknown functions u; and b;. The first n—m+ 1 of them define the coefficients b; of
the polynomial B,,(p) as the rational functions of u; and ¢;. The last n— 1 equations
define u; as the algebraic functions of the variables ¢, ..., t,, ie.

(2.16)

ui=ui(t1, ceny tm).
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Remark. From the defining relations (2.17) it immediately follows that u; don’t
depend on ¢,,t,,, ...

Theorem [11]. If the functionsu,(t,, ..., t,,) are defined with the help of the relations
(2.17) then they are solutions of the dispersionless Lax equations (2.5) (or
equivalently (2.10)).

Remark. Thisis a very particular case of the construction [11]. But we restrict our
consideration to this case because of its connection with the topological minimal

models.
Let’s give the proof of this theorem. From (2.15) it follows that the expansion of
the polynomial S,! (E) has the form

St= Y tK+0(K™), K'=E. (2.18)
i=1
Therefore,
0,5} (E)=K'+ O(K ") = Q,(E)+ O(K ). 2.19)

The next step is the proof that from (2.17) it follows that S, ;(E) which is equal to
the left-hand side of (2.19) is a polynomial in p. Let’s consider this derivative S,,, ;(E)
as function on the whole complex p-plane. It’s holomorphic everywhere except at
the points g, which are the zeros of the differential

dE(g)=0, s=1,..,n—1.

(For simplicity we consider the generic case where all zeros of dE are simple.) In the
neighbourhood of this point the local coordinates are

I/ E_Es’ Es=E(qs)
Hence, a priori S, (E) has the expansion
S} (E)=a,)/E—E,+B(E—E)+..., (2.20)

and consequently the derivative S,, ;(E) might be singular at the points g,. But the
defining relations (2.17) are equivalent to the equalities

dS:(g)=0, s=1,...n—1, 2.21)

which imply o, =0. Therefore, the derivative S, ;(E) is regular everywhere except at
the infinity. Then from (2.19) it follows that

0,5, (E)=2,(E)=2,(p). 222

For i=1 we have
0,8, (E)=p(E). (2.23)

The compatibility conditions of (2.22) and (2.23) are exactly the dispersionless Lax
equations.

3. The Perturbed Primary Chiral Rings of the Topological Minimal Models

At the beginning of this section we recall the results of [10], where the perturbed
rings of primary chiral fields were found. The construction of these rings which was
proposed in [10] is very similar to the construction of the solutions for the
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dispersionless Lax equation which was given in the previous section. That’s why it
is not so surprising that these two constructions give the same answer.

Topological field theories were introduced by Witten [2,12]. These theories
possess a nilpotent symmetry Q, Q?>=0, and the physical observables are the
cohomology classes of the operator Q. The stress-energy tensor T is Q-exact.
Therefore, the correlation functions of the observables are independent on the two-
dimensional metric. The topological conformal field theories (TCFT) are the
special class of topological field theories in which T is traceless even before
restricting to the Q-cohomology. For each physical operator @;in TCFT there are
three types of observables

2i0(P), [ @iy, £¢i,2,

where @; o, ®; , P, , are zero-, one-, two-forms, respectively; Pisa pointand Cisa
contour on the surface X. The different components @; , @; |, @; , of superfield @;
are related by the descendent equations [2]

d¢i,0={Q9 ¢.'.1}, (3.1)
ao; 1 ={0,%; ,}. 3.2

Below we shall consider only the correlation function of zero- and two-form
operators. For simplicity, the notations of weights of forms will be omitted. In the
following all integrated operators will be understood to be two-forms. The
correlation functions of zero-form operators

(11 oum) (3)

do not depend on the points (Ps). They can be represented in terms of the three-
point functions

i,k =<D;D; D). (34)
For example,
(P;9;9,9,)= f:_‘, i Conki > 3.5)
where the matrix
n;=<9;9;» (3.6)

is used to raise the index. The self-consistency of the factorisation (3.5) implies that
the operator algebra of the fields ®; given by

0,0;= ; ck; By 3.7

is associative. In N =2 theories this algebra is known as the chiral primary ring R.
As it was shown in [3] the ring R can be exactly described in terms of the
superpotential W(p,) of the corresponding LG model. The LG description of the 4,
minimal models uses only a single LG field p and in that of the other models there
are two fields p;. The ring R is isomorphic to the ring of polynomials in the LG
fields p;, modulo the equation of motion

9 _Clrd (38)

a—piW(Pi)=0, R= W) =0"
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The potential for different series is given by
A, W(p)=p"*?,
D,:W(p,q)=p"""+pq’,
Eg:W(p,9)=p*+4*, (3.9)
E;:W(p,9=p*+pa’,
Eg:W(p,9=p>+4°.
For the A, series which will be considered below the chiral primary fields are
identified with &;=p’, i=0,1,...,n—1, and generate the ring
Q,0;=9,,;, Iit+j<n, (310)
?,8,=0, i+j>n—1.

Hence, all correlation functions of the zero-form operators can be found exactly. In
[10] it was shown for any TCFT that the correlation functions of the zero-form
operators and of the integrals of the two-form operators can be factorized and
expressed in terms of the correlation functions which contain only three zero-form
operators, i.e. through correlation functions of the form

Cijk,zm...s=<‘pi‘pj¢kf¢zf‘pm~--f‘ps>- (3.11)

Moreover, it was shown that the insertion of the integral of two-form operator acts
as the derivative and, therefore, (3.11) can be represented in form

Cijk,lm...s = 6lm...scijk(t05 tlﬂ seey tn— 2)(t=0 3 (312)

where c;;(t) are the three point correlation functions of the perturbed primary
chiral ring. The parameters ¢; are the coupling constants of the physical fields. They
provide a parametrization of the space of topological models which are described
as the deformation of the initial TCFT.

In the case of the topological minimal models the deformed chiral ring can be
described in terms of the deformed superpotential W(p, ¢, ...,t,-,). The three-
point correlation functions of the perturbed ring are given by the relation

P,(p, )P;(p, )= %‘, cli(t)®.(p,t)(modd, W(p,1)). (3.13)
Now we are going to describe, according to [10], the equations which define

uniquely the dependence of W on the coupling constants.
For any polynomial W in the ring

R=C[p]/dW(p)=0)
there exist the natural inner product
- 2,9,
(D;P;)=res,, (6,,W dp). (3.14)

For given W the primary fields ®; can be uniquely defined with the help of the
orthogonality conditions &;

(PP =1;j=0i+jn-2> (3.15)
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where n is the degree of W (we consider the deformations of the 4,_; minimal
topological model) and with the help of normalizing conditions

D,(p,)=p'+0(p' ). (3.16)
Then the W(p,t) can be found (in principle) from the equations
®,(p,t)=—0;W(p,1) (3.17)
and from the initial conditions
W(p,0)= %n (3.18)

(we use the same change of the normalization of W as in [10] for easier comparison
of the results which were obtained in [10] and in previous section of this work).
The orthogonality conditions (3.15, 3.16) were solved in [10] in the exact form

1 d i+1
2= [ow) |, (.19)

where [ ], denotes, as before, the non-negative part of the Laurent series. After
substitution of (3.19) into (3.17) one shall obtain the equations for W in closed form.
They were exactly solved in [10].

Instead of presenting this solution here we are going to show its coincidence
with the solutions of the dispersionless Lax equations which were obtained in the
previous section.

Let E(p,ty,...,t,—1,t,+1) be the solution of the dispersionless Lax equations
which was constructed in the previous section (it means that in the construction we
have to consider the case m=n+1). Then the superpotential of the perturbed 4,,_,
topological model is equal to

_ oty 1
nW(p’ th (R tn—l)—E <pa tO, 2 LRRRS n— 1’ n+ 1) . (320)
From (3.20) and (3.19) it follows that after the change of variables
o> ti-: 1
1
the primary chiral fields coincide with
! d (3.21)

= 0.,
ittdp !

where , are given by the formula (2.4). Therefore, for the proof of (3.20) it is enough
to show that

d 1
i QDb sty )= — " O E(D, b1y styrq)- (3.22)
From (3.22) we have .
Q)= B =085 (B)=085, (D)~ D aEp).  (23)
For m=n+1 the defining relations (2.17) have the form

s,/ — 1p

iE ” (3:24)
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Hence,
nS,, 1= [pdE=pE— [Edp. (3.25)

After substitution of (3.24, 3.25) into (3.22) we shall obtain (3.22). Therefore the
equality (3.20) is proved.

As it was shown in [10] all information about the correlation functions of the
zero- and two-form operators is encoded in the partition function of the perturbed
topological model (at the tree-level), because

Ciju(t)=0;0,;0,F(t). (3.26)

The equalities (3.26) can be considered as the defining relations for F. In [10] they
were integrated twice and the following formula for the derivatives of F was

obtained: ;
n+1+i
nw)

F= B e A . 3.27

oF reS""((i+1)(n+i+1)d”) (3.27)

The last integration was not performed. We are going to prove the following exact
formula for the tree-level partition function

F=—}res (S, 145} 1), (3.28)
where S, ; is the non-negative and S, ; is the negative parts of the Laurant series
Swii= —— K™ 14 "iz.—ti—Ki“, (3.29)
n+1 i=o i+1
where
K"(p,t)=nW(p,t). (3.30)

(After the change of variables
t,— 'tl;l'
i

S}, will coincide with the polynomial which was used in previous section.)

From (3.24) it follows that (3.27) can be transformed into the following form:
K" +1+i " dSn++ 1
i+ (m+1+9) dK*

Ki+1 Ki+1 _ 3.31
= —TI€S, <;1— dS,:'H) = —TI€S, <[—l-|% dS:+1> ( )

0;F =res,, (

Let’s find the derivatives F, ;, where F, is equal to the right-hand side of (3.28). The

residue of the differential does not depend on the choice of the local parameter. We

can use K(p) as the local parameter. Then, as it was shown in the previous section
[K', Qi

+ = =
0;S,+1(K)= i1 1 (3.32)

From the definition of S, ; it follows

1 i+1
084 1(K)= - K7
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Hence,
- (K= L it
0:8,+1(K)= ) [K*™H]-. (3.33)
From (3.32) and (3.33) we have
res((K**1]_dS,y —[K'*']4dS, ). (3.34)

1
0.y = C2(i+1)
The last equality and the identity

O=res(K'*1dS,. )
=res([K'*'],dS,,  +[K'"']_dS,,,

1+1
0,;F, = —res,, <!:T1]— dS,TH)

Hence, F=F, and the formula (3.28) is proved.

prove that

4. The Virasoro Constraints

In this chapter we restore the “times” t; as they were in Sect. 2. Let’s consider the
function F(t,,t,,...)

= —%res(S”dS*)= —}res(SdS), 4.1)

where
S= Y t,K', K"=E({,t,,...), 4.2)
i=1

S* is the non-negative and S~ is the negative parts of (4.2). The polynomial
E(p,t,,...) is the solution of the dispersionless Lax hierarchy which was
constructed in Sect. 2.

The residue of the differential is invariant with respect to change of variables

K—-K+eK™*1,
Hence,
0=6,F= —% res < Y i, K'*tmdsTt +Sd5mS+>. 4.3)
i=1

For m=—n, 0, n, 2n,... from the defining relations (2.17) it follows that the
variation

dS+ m+tn
+ n
OnS*=n—r .E " 4.4)

is an entire function of the variable p. Therefore

0

st = 8 (u(item= £ uieon), 7

i=1
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where y;; are coefficients of the expansion
0
[K]+=K'+ ) x;K™.
j=1

The equality (3.31) in our “new-old” times has the form
0;F =res(S*dK?).

Hence
The substitution of (4.7) and (4.5) into (4.3) gives for m=0, n, 2n, ...

0 m—1

0= 3 | itdrsnF+ 5 T 00,7 @nyP) |.

i=1 2 =1 !
From (4.7) and the definition of F it follows
i tiaiF=2F.
=1

Therefore
i=1 i=1

and we obtain finally
0 1 m—1
z itiai+mF+ ~ Z aJFam_JF=0
i=1 2 j=1

For m= —n,

0=0F=res i it(K'*™dS* + Sd[K'*™] ).
i=1

Using (3.31), we can represent the right-hand side of (4.13) in the form

O= _2 z il’iai+mF+rCS (;v‘ itiKi+mdS+> .
i=-m+1 i=1
The second term in (4.14) equals
i=1 itj=-m
The differential operators
1 .. . 1
Ln— E i+j§_m l]tlt_}+ i_j;_m ltiaj",‘ 5 i+jz=m @,aj

are the generators of the Virasoro algebra with central charge c=1,

[Lm Lm] = (n - m)Ln+ mt (n3 - n)én, 0-

1

12

From (4.14) and (4.15) it follows that the function
Tx(ty,...)=expF

425

4.6)

@4.7)

(4.8)

4.9)

(4.10)

4.11)

4.12)

(4.13)

(4.14)

4.15)

(4.16)

(4.17)

4.18)



426 I. Krichever

satisfies the Virasoro constraints
L,tx=0, m=0, —n. 4.19)

The equalities (4.12) are the truncated versions of Virasoro constraints for m>0.
This 7, should be an analogue of the usual 7 in the theory of KP hierarchy.

In the next paper we consider the general algebraic nature of a general ,
function for the dispersionless integrable equations. For t, which was constructed
in this section (4.8) for i=1 is the relation

0,0,,Int,=res(K™dp),

which is the dispersionless analogue of the well-known relation for KP theory.

5. The Khokhlov-Zabolotskaya Hierarchy

The algebraic-geometrical construction of exact solutions of the two-dimensional
KP-type integrable equations was proposed in [12]. In the generic case these
solutions are quasi-periodic and can be expressed in terms of the Riemann theta-
function of auxiliary Riemann surfaces.

For example, for the KP-equation itself

uyy = (ut - %uux + %uxxx)x (5' 1)

Al

the exact solutions have the form
u(x,y,t)=202In0(Ux+ Vy+ Wt+Z/B), (5.2)

where 0(z,, ...,z,/B) is the Riemann theta-function which is constructed with the
help of the matrix of b-periods of normalized holomorphic differentials on the
Riemann surface I, of genus g; U, ¥, W are the vectors of b-periods of second kind
differentials on I, which have a pole of the order 2,3, 4, respectively at the fixed
point F, of I, and are holomorphic everywhere else.

The Whitham averaging method (or non-linear WK B-method)is the generaliza-
tion for the evolution partial differential equations (1 + 1-systems) of the classical
Bogolybov-Krylov method. It can be applied to any equation which has the set of
exact solutions of the form

u(x, ) =uo(Ux+ Wt/l,, ..., Iy), (5.3)

where uy(zy, ..., 2,/l;, ..., Iy) is a periodic function of variables z; and depends on the
parameters ;. The vectors U=U(l), W=W(]) are also functions of the same
parameters.

The solutions of the form (5.3) can be used for the construction of asymptotic
solutions for a perturbed equation or for the initial equation if one needs to solve it
with non-trivial boundary conditions. The leading term of these asymptotic
solutions has the form

u=uy(e 18X, T)/UX,T)+eus+..., (5.9

where X =ex, T=¢t are the slow variables, and the vector-function S is defined
from the relations

0.S=UX,T), 85X ,T)=W(X,T).
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It turns out that “self-consistency” of the expansion (5.3) requires that a
dependence of the parameters (X, T) should be described by some partial
differential equations. Any type of such equations are called by Whitham
equations (see [13,11]).

In [11] the ideas of the Whitham method were generalized for the two-
dimensional integrable equations of the KP-type. The set of the parameters for the
whole KP-hierarchy is: the algebraic curve I with the fixed point F, and a local
parameter k™ }(P), k~}(F,)=0, in the neighbourhood of P,

M=(T,Py,k™1). (5.5)

The Whitham equations on these parameters was obtained in [11] in the following
form:

For any set of data (5.5) let’s define on the corresponding curve I’ the
meromorphic differentials dQ;, j=1,2,3, ..., with the help of the conditions:
1. dQ; has the only pole at F, and its expansion in the neighbourhood of this is as
follows:

dQ=dk’(1+0(k™1)). (5.6)
2. The differential dQ; has pure real periods on I’
Im | dQ;=0, CeH,I) (5.7)
(o}

[the conditions (5.6, 5.7) define dQ2; uniquely].
The equations

dp(0;Q;— 0;Q;)—dQ{0;p—0,Q))+dQ,(0;p—0,2)=0 (5.8)

are equivalent to the full set of the equations on the parameters (5.5) and are
necessary for the existence of asymptotic solutions of the KP-hierarchy with a
uniformly bounded first correction term [11]. In (5.8) dp=dQ,, x=t,; Q; - are the
multi-valued functions.

In [11] the construction of the exact solutions of (5.8) was proposed. A
particular case of this construction has been used in Sect.2. We would like to
mention that in the case of perturbed KP-hierarchy the right-hand side of (5.8)
contains an additional term. This more general equation was used in [14] for the
Douglas equations.

The subsets M, of the data (5.5) corresponding to the curves I, of the fixed genus
g are invariant with respect to Egs. (5.8). In the case g =0 the local parameter k~! is
the only part of the data (5.5). Hence, Eqs.(5.8) give the hierarchy of nonlinear
equations on the coefficients of the series:

K(p)=p+&p ' +&p 2 +.... (.9)

In the case g =0 there are no conditions (5.7). The integrals of the differentials dQ;
have to be polynomials. Therefore, from (5.6) we have

Q;(p)=[K'(p)]+ - (5.10)

The Important Remark. The equations (5.8) are invariant with respect to a change
of parameter. It means that ; can be considered as the functions of any local
parameter z, p=p(z). The derivatives with respect to t; are taken for the fixed z. Any
change of local parameter z preserves the form of Eq. (5.8).
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The first polynomials have the form
Q,=p*+u, Q;=p*+3p+w, (5.11)
where
u=2¢,, w=3¢&,.
The substitution of (5.11) into (5.8) gives
We=3U,, W,=u,—3uu,, (5.12)
which implies the Khokhlov-Zabolotskaya equation
Fuy,=(u,—3uu,),. (5.13)

The Egs. (5.8) are the dispersionless analogue of the zero-curvature representation
of the KP-hierarchy. Some of their solutions can be described with the help of
evolution equations which are the analogue of the Sato hierarchy.

The analogue of the Sato representation for the KP-hierarchy is evolution
equations for the local parameter K(p) which have the form

dQ; dK

It should be mentioned that (5.14) has the Hamiltonian form. The right-hand side
of it formally is equal to the canonical bracket for the functions depending on two

variables p, x.
The right-hand side of (5.14) equals

dK . . d[K]
E ax [K ] - dp axK ’

which proves that Eqs. (5.14) are well-defined.
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