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Abstract. We construct a convergent cluster expansion for the two-dimensional
N =2 Wess—Zumino model, in a region of parameter space where there are multiple
phases. As a result of this expansion, we are able to construct the infinite volume
field theory and demonstrate exponential decay of correlations. We are also able
to investigate the different phases of the model, develop the phase diagram, and
show that the free energy of each phase vanishes.

1. Introduction

In the series of papers [10-13] a series of two-dimensional quantum field models
were constructed, in finite space-time volume, and some of their properties studied.
One of the main results of [10-13] was the existence in these theories, in addition
to the usual symmetries of quantum field theory, of an additional symmetry — the
supersymmetry. The existence of supersymmetry has important consequences for
the behavior of these quantum field models.

The purpose of the present work is of investigate the properties of some of
these quantum field models in an infinite space-time volume, and to ascertain to
the extent possible the persistence of some of the consequences of supersymmetry
in this limit. The main technical tool used in this investigation is the Glimm-
Jaffe—Spencer [5, 6] cluster expansion, which allows control of correlation functions
in the infinite volume limit. This expansion is applied to our model using methods
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previously applied by Cooper and Rosen [3] and Balaban and Gawedzki [1] to
the Yukawa, model, and using some additional techniques developed in [9] and
in the present paper. We restrict our attention to the N =2 models for technical
reasons explained in [9, 14].

Let us briefly review the properties of the quantum field models in finite
volume, as studied in [10-12]. The field content of the N = 2 Wess—Zumino models
studied there is one complex bose field ¢, and one Dirac spinor field i, acting as
operators on a Hilbert space # = #5® H#r, the tensor product of the standard
free boson representation #; and fermion representation . The space #
may be decomposed # = #, ® # _ into eigenspaces of the unitary generator of
chirality ys.

In terms of ¥, ¢, the Hamiltonian of the theory is given formally by

- vz 12 o gl V(@1 0 ] >

H Ho"‘;‘;(”/(d’)l ¢l +lﬁ[ 0 V) — 1 Y )dx,  (L1)
where H, denotes the sum of the free Hamiltonian for the bose field shifted to a
minimum of |V’|, and the free Hamiltonian for the Fermi field; here V(-) is a
polynomial of degree n. (There will be a choice of representation H=H, + H,
for each distinct minimum of | V’|.) The results of [10-12] imply that the formal
operator (1.1) may be regarded as the limit in an appropriate sense of a sequence
of regularized selfadjoint unbounded operators on #. Furthermore, it was shown
that there exists a selfadjoint Fredholm operator Q on # such that Q? = H. The
operator Q is the supersymmetry generator or “supercharge,” and may be written

0=0.,+0Q_, where Q, =11 Fy5)Q(1 £v5), ie.

QpH > H_,
Q_H _>H,. (1.2)
As Q is Fredholm, it has an index, which was computed in [11]; the result is
lindQ|=n—1. (1.3)
Now by definition of the index,
ind Q =dimker Q, —dimkerQ_. (1.4)

Since H = Q?, |ind Q] > 0 implies the existence of a zero energy state in #, that
is a state £, such that

HQ=0. (1.5)

If ind @ =0, there may be no such state; then of necessity the lowest energy state
¥ satisfies Q ¥+ 0; that is, supersymmetry is spontaneously broken. Of course
the vanishing of the index is not sufficient to guarantee broken supersymmetry.

The result (1.3) implies the existence of at least n — 1 such ground states, and
it would be natural to associate these to the zeroes of the polynomial V’, and to
conjecture that there should be precisely n — 1 such ground states. This result was
however beyond the scope of [10-12].

In the present work we shall extend the construction of the models shared in
[10-12] to infinite volume, assuming some technical conditions on the super-
potential V. The cluster expansion methods of [1,3,5,6] introduce a space-time
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lattice to interpolate between a theory defined on a large volume A and one defined
on the squares of size | contained in A, with no interaction between the squares.
This enables one to produce estimates uniform in A. Unfortunately we are not
able to carry out this procedure while preserving the supersymmetry, and hence
are unable to establish the existence of supersymmetry. However, using the
techniques of [2] we are able to show that a relic of the supersymmetry is preserved
in the vanishing of the free energy of the theory; this is the analogue of (1.5). We
thus have the following result:

Theorem 1. Consider the two-dimensional N =2 Wess—Zumino model with super-

potential _
A72W(Ax) + A tow(Ax),

where W,w are polynomials of degree n, W' has n — 1 distinct zeroes, and |W"| = 1
at each such zero. Write H= H, + H,, as above, choosing one minimum of V'. If
A and @ are sufficiently small, the Schwinger functions of the model converge to
infinite volume Schwinger functions, which are reflection positive, Euclidean invariant,
exponentially decaying, and satisfy the axioms of [15]. The n—1 choices of the
Hamiltonian H= H, + H, give rise (by the results of [15]) to n— 1 single-phase
infinite volume limits. The free energy of each such phase is zero.

Remark. A similar result exists for the Schwinger functions of the antiperiodic
model. A periodic Schwinger function has an infinite volume limit which is the
sum of n— 1 functions satisfying the axioms of [15].

Proof of Theorem 1, Assuming Theorem 2. The proof of Theorem 1 now follows
by standard methods, assuming the results of Theorem 2, by checking each of
the OS axioms. The regularity of correlation functions follows by the bound
(2.21).

To prove Euclidean invariance, we must prove translation invariance and
rotation invariance. We do these separately, introducing periodic boundary condi-
tions for the former and a spatial cutoff in a disc-shaped region for the latter. The
cutoff theories then possess the desired invariance properties, and by the cluster
expansion each converges to the same infinite volume limit.

It remains to prove Osterwalder—Schrader positivity. To check this, we choose
a spatial cutoff in a reflection invariant rectangular region, and note that the
infinite volume limit correlation functions in each phase can be taken to be the
limits of finite volume correlation functions in the cutoff regions, obtained from a
quantum field model with a Hamiltonian equal to the free-field Hamiltonian, with
mass term appropriate to the given phase outside the interaction region, and with
the full interaction inside this region. This can be proved using methods analogous
to those used in [10-12] for the periodic models. These (real time) finite volume
correlation functions arise from a Hamiltonian model and are therefore guaranteed
to be reflection positive. Thus their infinite volume limits, which again exist and
are equal to our infinite volume correlation functions by the cluster expansion,
are reflection positive.

The supersymmetric aspect of the theorem, the vanishing of the free energy,
in proven (using the methods of [2]) in Sect. 7.3.
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2. The Model

We consider the two-dimensional (Euclidean) N = 2 Wess—Zumino model, which
has the formal Hamiltonian

H=tiot [ (1w -tor+g] MO S e e
A

where ¢ is a complex scalar field, y is a Dirac (complex) fermionic field, H, is
the free Hamiltonian for a boson and fermion with unit mass. We will require W’
to have n — 1 distinct zeroes, located at A,,...,4¢,_, all of which have a second
derivative with absolute value one:

|W" (2] = 1. 22)

Note that such polynomials do exist, e.g.

- n—2 k —1n-1 )
Wi =1] <2sin " 1) klj[1 (z — 2mikin=1)) (2.3)

k=1 -

with zeroes at the n—1 roots of unity, or for the one parameter family of
polynomials of degree 2n’ (n=2n" + 1):

n—-1 -1 n -1
W;,(z) =[] <2 sin n—’f) I [(2 sin ik —t- ﬁ)) (z — e2mIm)(z — ez"““”””')],
n n

k=1 k=1

(2.4)
where 0 < f < 1. Without loss of generality, we can assume that £, =0 and that
w"0)=1. ~

The bosonic potential | W’,(¢)|> has minima where W’ has zeroes, and the scaling
as A—0 increases the distance between and the depth of the potential wells. For
small enough 4 this classical behavior will carry over into the quantum theory.

The restriction to mass of absolute value one is for computational convenience
and clarity; no new phenomena are expected in the general case, which should be
approachable through an extension of our methods (see the appendix to [9]). For
small variations about unit mass, our methods work directly. Instead of the
previous definition, consider

Wi(x) = A72W(Ax) + A~ 'ow(ix), (2.5)

where w is also a polynomial of degree n and w is a small parameter. The per-
turbation w breaks any artificial symmetry introduced by our mass restriction
without significantly altering any of our results.

The partition function corresponding to the above model is

Z* = [du(¢)exp {— £ (A I¢|2)}det [1+Syoxa(Y(Wi(¢)— 11, (2.6)

where
z 0
Y(2)= [0 " ], 2.7

and the fermionic propagator is
S=yo(ig +1)"" 2.8)
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where
P=7:0,

0 —17 , [0 i
_ly() yO 1 0 ’ )}1= l 0 s

and du(¢) is the normalized Gaussian measure with covariance (—A4+ 1)1, We
will also consider the case with periodic covariance.
Reordering our formal expression, we get

with

=§du(d>)exp{ [RELAC)]E :|¢|2:>dx}det3[1+12(¢>]e-'i (29)

where
K($) = Syoxa(Y(W(¢)) — 1) (2.10)

and

R= IdJCEIW((ﬁ)IZ—IW(ab)I2 — 1 +:191*: ] +5Tr K2(¢) - TrK(¢). (2.11)

It was shown in [10, 12] that the formal expression R is actually finite; i.e. if
R is regularized it has a limiting value as the regularization is removed. In finite
volume the theory corresponding to (2.9) was constructed in [10, 12]. Our goal
here is to prove similar estimates which are uniform in the volume.

In order to make use of the aforementioned finite volume results, we regularize
our theory in the same fashion. Thus we have

Zp=[du(¢)e 4" det[1 + E,K($,)], 2.12)
where

AN = [AXTIW ) = 6.+ V(6D = 6+ SWi(6) = 6% .13

o, = E‘Kd) and Z,_ is a cutoff whose Fourier transform has compact support. This
rather unusual cutoff is necessary to avoid explicitly breaking the supersymmetry.
Equivalently,

ZA=[du(ple™ ¥ dety [1 + EK())], (2.14)
where
d""—! dx[:I W) — bl 2+ : 9 Wid) — d,) + $W'(b) — p)*:1 + R,
(2.15)
and

R, =1Tr(EK(,)?* - Tr E,K($,)
+ ideW;(d)K) G2 — A Wi(h) — D> + S*Wi () — b))
+ QWD) — D )* —:0*(W(h) — b + dWid) — d)*: 1. (2.16)

Note that the expression (2.14) corresponds to our formal expression (2.9).
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Our analy51s will be simplified if our expression for the regularized partition
function Z 4 is replaced with another having the same limit as xk — 0. So we
consider

Z2=[du(¢)e™ 7V det; [1 + K($)], 2.17)

where
&/""—Idx[!ww—d)lz [ PHW (D) — b) + D (WD) — b )*: ]+ R,
—Idx[ | W17 — b1+ R, (2.18)

Notice that the counterterms ﬁ have not been altered (which might change the
11m1t1ng behavior); we have only changed terms that are expected to_behave well
in the limit k — oo. It should be evident that provided both Z*and Z A exist their
limits will be the same. The existence of Z 4 was shown in [10 12] and we will
directly demonstrate the integrability of Z Ain later sections.

Similar expressions may be derived for Green’s functions using the results of
[10-12]. In this case the quantity of interest is

j ~
Z{fi95h;}) = [ du(d)e “‘”l_[ *(f, /’Tr[ A [1+K(¢K)]'1Sh,~(g,~,')]

i=1

-det, [1+ K(p,)Je™ ®

= [du(p)e™ TV T] o*(f) dets[1 + D>K(p)D~*Je™ R

i

Fd
-f!Tr[ A 1+ D2Syoy ,(Y(Wy(,) — 1)D‘”2]“1P,-], (2.19)
j=1
where
D=(—A+ )2
and
P;(-)=D2Sh(D~*g,), (2.20)

the test functions {f;} = #_, and {g;,h;} = # are each localized in a unit square.
The insertion of powers of D allows us to compute the determinant of an operator
on the space #’ = L*(R*)@ L*(IR?) instead of # = #_ ,(R*)@ # _,,,(R?). The
# symbol indicates that some of the test functions f; may be associated with
complex conjugated fields — ¢p*(f;) — instead of only ¢(f;). The expression (2.19)
will be the starting point for our investigations.

Although our cluster expansion and the expression (2.19) assume a particular
choice of the minimum of the potential we expand around (we expand around ¢,),
we could have just as easily chosen one of the other n — 2 minima or taken periodic
boundary conditions. For any of these choices, we have the following:

Theorem 2. For A and w sufficiently small,
(@) The Green’s functions Z"({fl,gj,h }) have a limit as k - o0, Z*({f:,9;,h;}).
(b) The infinite volume limit of Z*({f;,9;,h;})/Z*=S*({f:,9;,h;}) exists, and
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has a convergent cluster expansion. Thus the resulting connected Schwinger functions
Sc exhibit exponential decay in the distance between the supports of the functions
{fi,9;,h;} in the form appropriate to [15]:

SC({fbgj,hj})
B2

s
<IN ep)” [ 1 fillaler)” Dl(” gillelhill4)  sup  exp—cpll]

i=1 I osupp{fi.g;.hj}

(2.21)
for appropriate (positive) values of the constants cg, cp and cp,.

This theorem follows via standard methods from the cluster decay bound of
Proposition 7.1 and the lower bound of Proposition 7.3.

3. Cluster Expansion

We proceed to analyze our starting expression (2.19) as in [1, 5-8]. We first define
the block-spin configurations, by restricting the field ¢ to be near one of the n — 1
minima &;, within blocks of size d.

Let X be a function from d-blocks to {1,...,n— 1}, where X(4) represents
which phase the field ¢ is in inside A. Let

h(x) =&z for xeA. 3.1

Since ¢ is complex, we cannot immediately use the characteristic function of [1]
or [8] to restrict ¢ to be near one of the £;. However, we can associate with each
of the minima ¢; a neighborhood Z; so that ;€ 5| (see Fig. 1), where the choice of
region is unimportant, so long as they scale with A in the same way as the underlying
¢;. Then define

1 2
xq(é)=; [erlema. (3.2)
n—1 ’
Note that ), y,(x)=1.
q=1
= E,
o, o,
= Ee
o, I
o, o5
Es Es

Fig. 1. Example of six minima and their associated regions
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Defining the mean-field (¢),=d ? [ ¢(x)d’x, we have the characteristic
A

function that restricts ¢ to a particular block-spin configuration:

l;[ Xz (@) 4)- (3.3)

Then Y [ [ xz(a)((#)4) is a partition of unity, and ZA({f:,9;,h;}) =Y. Z5, where
T 4 z

1

Zy= Idu(tb)l:[ Lz (®)a)e™ T[] o*(f) dets[1 + DY2R(¢)D~ 2 Je R

s
! Tr[ A 1+ DY2Syox a(Y(WS(¢,)) — DD ™2™ lP,-]- (34)
j=1
We expect Z, to have decay in the size of the phase boundary |0X|.
Standard analysis of determinants of the type appearing in (3.4) is essentially
an application of the formula

det(1 + x) =exp Trlog(l + x) 3.5)

and is only effective when Y(W'(¢,)—1) is small. However, the characteristic
function y 54, can force W’(¢,) away from 1 when the different phases of the theory
have different masses. Fortunately this is exactly the case we considered in [9, 14],
where we saw that a local unitary transformation can “rotate” the determinant
from one minimum to another.

Let

(=oAL Y(W3(d,))e™™* — 1 — Jays] (3-6)

with «e C2(R?) chosen such that |da| < 1 and e™2* = W’(¢5,,)) if Z is constant
in a neighborhood of A. Then we have

Lemma 3.1. Let 5, be the cutoff operator on 5" given by

(& 'f)(X)=Ie"’2”"2fA(P)ﬂei""‘ (3.7)
Then (2ny?
dety[1+ IZ(d)x)] =det;[1 + S{Jexp R (¢,), (3.8)
where

. ~ 1 ~
R($,)= lim Tr 5, [sc ~R(#)—5(507 + %sz,c)} sl (9)

The preceding lemma combined with our choice of o will allow us to use
standard perturbative techniques to analyze the determinant, since { is small when
¢ is near a minimum: {({z4)) = O(@) if d(4,02) is sufficiently large (it would be
zero except for our perturbation w).

As a result of the lemma,

Z5=[du@d) [T xza((@)ae™ 7 T1*(f)dets [1+ DV2S{D /2] R (40~ Re

A

13

s
A [1+D'2S¢(p~*2]~ 1Pj:l, (3.10)
j=1

j=

'f!Tr|:



Wess—Zumino Model 33

where (as in [9, 14])

P,(-)= (D~ 12,,-)D/ sk, G.11)

and
hj=Uh;, §;=U""g;, (3.12)

with
U = e, (3.13)

Notice that there is a formal cancellation in the counterterms so that

~ . . 1

R—R =~ lim (bosomc terms + Tr [(S0)?/2 — S{] + —|| 0« ||§), (3.14)
regularization—0 41'C

again indicating that perturbative methods should be effective. These terms will be
dealt with more carefully later on.
We wish to shift the field ¢ so that we are near the minimum of the potential

in each block. As in [5-8], let
ge(x) = (n(—=A+n)~"h)(x), (3.15)

where 7 is a constant to be specified later. The function g, is a smooth version of
h, but we would prefer to shift by a function almost as smooth but more
localized — the function g specified by (2.3.3)—(2.3.5) of [8]. Then we have

Zz=f!fdﬂ(¢)nxz(4)((¢+g)A)eXp{ I( W@+ 91> —:1(¢ + g).[*: )dX}

l_[(¢+g)#(f)Tr[ A [1+K((é+9))]" P ]dets[l +K((¢ +9)J]

j=1
-exp — [Ry + [[g*(— A + 1)g + 2Re p*(— A+ 1)g]dx] (3.16)
where
K =D'2S{D~1? (3.17)
and
Ry =R (& +9)) — R (¢ +9),). (3.18)

Since g is smooth, we can make g, arbitrary close to g by taking x large. Since
we are ultimately interested in k — co, we replace (3.16) by the simpler expression

Zz=flfdﬂ(¢)l_lxm)((¢+g) exp{ JCIW3(@+9)1%: Il¢x+g|2:)dx}

l_[(¢+g#(f)Tr[ A [1+K(pe+9)]7'P, ]det3[1+K(¢x+g)]

-exp —[R, + j [g*(—A+ 1)g +2Re p*(—A + 1)g]dx], (3.19)
where
R,=R (¢, +g)— R(¢,+9). (3.20)
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We leave our notation unchanged although (3.19) is not equal to (3.16) as they
have the same k — oo limit. Differences between g and g, will be O(x ~") for some
large N; this shows that even the counterterm divergences behave acceptably.

We also wish to divide the action into terms that give decay along the boundary
of X' and those that do not. Thus we write

A =R+ [ LIWY @+ 9P —m:|d+ g —hI*: — (1 —n):| ¢, [*:1dx  (3.21)
A

4
and F= ) F; with

i=1

Fy=n{|h—gl*dx+ [ |Vg|*dx, (3.22)
A A
Fy=(1—n) | |h—glPdx, (3.23)
R2\A
F3=2Re<n§¢*(g—h)dx+ I¢*(—A)gdx>, (3.24)
A A
F,=2(1—n)Re f d*(g — h)dx. (3.25)
R2\A

Here F, and F, are boundary terms, F, is the term that gives decay on X, and
Fj is a correction to that. We neglect the difference between ¢ and ¢, in F5 and
F,; as with the difference in regularizations of Z, and Z, discussed previously,
this makes no difference in the k — co limit. Thus we write

Zs=Jg! Idﬂ(¢)1;[ Xza)((@ + g)A)e_d_F H(¢ + g)#(fi)

s
'Tr[ A[1+K(p.+9)] 1Pj]det3 [1+K(¢,+9)]. (3.26)

j=1

The Glimm-Jaffe-Spencer [5, 6] cluster expansion is essentially an application
of the fundamental theorem of calculus. For a partially decoupled function F(s)
depending on parameters {s,} we have

1
F1)= Z jdsras"F(s), (3.27)
I'e#(Z)0
where
o =110, dsr=]]ds (3.28)
bell bell

and we set s, =0 for all b¢T.

We introduce a decomposed version of Z ;— we choose (as in [9, 14]) to use the
decoupling scheme of [1]. We denote the subset of bounds on which we decouple
by %(Z), to be chosen later. Let A, A’ be [-lattice squares, and take se[0, 1]%®,
Then define

CEO\NA, A
HsAd)= Y [[s]l0-s)Se—ad)

_ , (3.29)
finitey c B(X) bey  béy C(Aa AI)
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where
Ch(A Q)= [dx [ dyCT(x,y), CT=(—A2+m})~Y; (3.30)
YRY

AP. is the Laplacian with Dirichlet boundary conditions on I" and m.>0 is a
sufficiently small constant to be chosen later.

Lemma 3.2. H(s, A, A’) has the following properties [1]:

(@) 0= H(s,4,4) <1

(b) |6zH(S, A, A/)l é eO(l)echd(A,A’)—6mcd(y.A,A’)Gl(,y’51)e(c—6zl)|y|’
where G, gives decay in the size of y and is defined in Eq. (5.12).

Definition 3.3. Let O be an operator on #'. Then we define
O,=Y 140%a+ Y. His A A)4014-
A

A+ A’

We use this definition to produce decoupled versions of the operators K, P, IZ,&/
and R.
Let % = DY2SD'/?; note that % is unitary. Define

K(s)=u D~ ) (D12, (3.31)
P(s)=((D~2),g;, )(D'2S)h;, (3.32)
with K(s), «(s), R(s) defined similarly.

Finally, we also have the partially-decoupled measure dy,, defined as the
-normalized Gaussian measure with covariance

C= Y, [l_[sb [1 (l—sb)]Cﬂ‘”\C (3.33)
I c#(X)

bel’ beB(X\T

as in [5].
Then the decoupled version of Z is

Zso= ' [du D] x5y (@ + 9 a)e™ O~ [1(d + 9)*(f)

s
-Tr[ ./\ [1+K(@©S) (P +9)] le(s)}det;, [1+ K@) (o +9)] (3.34)

j=1
Note that Zy , factors on connected regions whose boundary consists of bounds
with s, =0.
Applying the G-J-S expansion to Zj gives

Proposition 3.4.
Zx({fi’gj’hj})=zz):,s=1 =Z Z J.dsrasrzz,s- (3.35)
T

Z I'e®(2)

The s-derivatives in (3.35) can act either on the explicit s-dependence present in
the integrand, or upon the measure du,:

Zyyr= Y fdsp Y £@5NTdu)olr .. (3.36)

I'e#(X) Iscr
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A single derivative acting on the measure has the following effect:
2

— G.
0¢*(x)o¢(y)

We will be able to combine this structure with the fermionic s-derivatives more
easily if we adopt the replacement operator notation of [3]. The fields that are
differentiated away in (3.37) are replaced with dummy fields ¢,, using the replace-
ment operator r, and the covariance operator &,

2

0, [ dp,G = [ dp, | dxdy(@,,C)(x,y) (3.37)

[dxdy(07C,)(x,y) =&1*r.G (3.38)

——G=6, )
0*(x)od(y) T
where

1(x1) - plxn) P - OF = 4;1 D(x1) -+ Dlxi— 1 )@y (X)P(xXi 1) -+~ Dx)T -~ D},

(3.39)
7:4’1 < G *(y1) - 0*(y) = '21 1 Om®*(y1) - O*(yi- 1)‘Pt(Yi)¢*(,Vi+1)"'4’*(}’”),
(3.40)
and
€,05(X)p,(y) =(0;C)(x, ). (3.41)
Then, writing
Em=Q¢E, and Fm)=[]rir,
Zyso1=F! z jds,— Z Y fdusé”(nb)F(nb)G{f---. (3.42)
Ire®(2) Iscr n:ea.;?li”o\nls‘;)

Terms in our expansion arising from differentiating fermionic objects will have
the form

kITr (A1 + K(s)]™ 1 G)det, [1 + K(s)] = 7(G), (3.43)

where G is an operator valued distribution on A*3#” given by antisymmetric
products of operators of the type A, E and P defined below. The result of performing
one differentiation on 7,(G) is then [3]

0 oG
9 6) = n(—) £ 70n1(G A 4y) — 1(G-dAKE,) (3.44)
0s, 0sy,
where
K
4,= k29K, g, (1 - k(9) XY, (3.45)
0sy, 0Os,

and the operator d A* identifies E, with an element of A*s#":

AAYE=KEAIFY PFl=1A .. Al (3.46)

k—1 times
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Similarly,
1o Ti(G) = (1, G) + T4 1(G A A°) — 1,(G-d A*EP), (3.47)
where
AP = K%(s)r,K(s), E°=(1—K(s))r,K(s), (3.48)

where we use superscripts to indicate the effect of a replacement operator and
subscripts to indicate an ordinary derivative.

To obtain an overall differentiation formula we need to iterate the above
expressions. We expand the derivatives 8/, and then identify where a particular
derivative acts by writing I” as a union of partitions [ 3]. First we write te (") as

T=T,UT, (3.49)
to indicate fermion and boson derivatives. Fermionic derivatives are specified more
exactly by writing

Mp=T; IR, pUT; pUT, gUT, U g (3.50)

Here A and E sub-partitions produce terms similar to 4, and E, above, and P
terms represent derivatives acting on projection operators P;(s). We use 7, 5 to
indicate a derivative acting on &/(s) (recall </(s) includes fermionic counterterms)
and 7, 5 indicates additional derivatives of such terms. Finally, 7, , produces all
additional derivatives.

The bosonic case is slightly more complicated, as we must consider both r and
r* terms. Thus we write

T =munk, (3.51)
where each subset of bonds appears twice, one of which is reserved for r terms
and one for r*. Then

2 _
Ty =Ty g I Ty g U T g U T s U g U, U Ty, o Ty ps (3.52)

where, €.8. T, 4 = {71,725 > Ym V¥, 7%,...,7*}. The sub-partitions Ty, Tp, @ aNd T, ¢
refer to derivatives of characteristic functions, test functions, and the F-terms,
respectively.

Putting this all together, we have the following:

Proposition 3.5. We can write 8" Z ;. ; according to the following decomposition:
arzz,s = Z Z jd#s(Cb)e_ “ —Féa(nb)[xq’(nb,z) ¢(nb,0)F3,4(nb,F)

neP(I') decompositions

*0"r(my,5)B( 1 p, Ty, p)

“0™0r(1y,0) T, (P(myp) A ARy 450y, 4) d A"E(y , T £)) ], (3.53)
with the notation explained below.

We have
rmx)= [] r, TI rk, (3.54)

YEMb,Xx  Y*emp,X

S
D(3,0) = r(7s,0) l;[1 (@ +9)*(fo), (3.55)
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and
X(p(nb,x) = r(ﬁb,x) l_[ X}:(A)((¢ +9)a)- (3.56)
A
We also have
Fyumye)= [1 (=r,F) [] (—rkPp), (3.57)
YEmH,F y*emy,F

Bn;pmp)= [] (—07) [] (—r,2) I (= r3sd), (3.58)

YERS,B YEMb, B y*€ns,B

A(mp 4m0)= N K*s)0K(s) A K3*(s)r,K(s) A K2(s)rj.K(s), (3.59)
YETS, A ¥ Y*enp, 4

ENh, A
and

P(ﬂf,,,)=< 1T 63‘>P1(s) A A Py(s), (3.60)

YETf, P
where each 0! acts on a different factor P;. Additionally,
AN E(mpg,myp)= [] dA"(1—K(s)3?K(s) [T d A7(1 ~K(s))r,K(s)

VRS, E YEMH,E
: H dA"(1— K(s))r’y';K(s), (3.61)
y*enn,E

where r= ¢ +|n, 4| +|m, 4| and the d'A means that terms where E derivatives
precede A4 derivatives (according to an arbitrary ordering of the bonds) are omitted.
Finally, we have the convention that n, 5,7, 5,7, and =, , derivatives only act
on already differentiated terms, one term per derivative.

We will be estimating the terms in (3.53) by fixing all the localization squares
in the sum over characteristic functions within the decoupling (Definition 3.3). In
addition to the explicit localizations, we implicitly insert partitions of unity into
the bosonic integrals defining &/ and F in the B and F; 4 terms. We indicate such
localized terms by writing 4,, B, etc., and rewrite Eq. (3.53) to make this explicit:

Lemma 3.6. The derivative 3" Z 5  may be written as the following sum over localized
terms:

0 rZ}:,s = Z Z Idus((j))e N M_Fg(ﬂb) [X¢(nb,1)d)(nb,tP)FS,At,l(nb,F)

neP(I’) decomps
localizations

. anf,sr(nb,S)B,(ch,B, 7':b,B)
01 (1 o) T (P s p) A AT s 45Ty 4) AATE (s s )] (3.62)

As Z; ; decouples across bonds with s, =0, we can reorder our summation to
show this explicitly. Following [1], we label by Z; the closures of the connected
components of R? with the decoupling bonds removed, ie. the components of
R?\I". Then

ZZ,s = i_ H ZX,s(Zi)’ (363)

where the + sign results from possible reordering of the fermionic test functions,
and e.g. is + for all regions Z; that do not intersect with the support of any such
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function. If we let Z; = {Z,, h(0Z;)} be the region Z; with the phase of its boundary

components specified, we can replace Y, ), by first summing over admissible
X I'c3Z)

Z; (we will choose #(X) to be the maximal subset of bonds of A such that h is

constant within a distance L, to be chosen later, of 6Z;) and then summing over

all ¥ and I" which leads to Z;:

= > I X > (3.64)

L I'c®() {(Z}admissible i Zirestricted X, c B(Zi,Zi)
constrained

where the restrictions on the summations are described in [1]. Then

Z({fi95h}) =+ {;} Hp(lj), (3.65)
where
pZ)= Y Y., JdspolZ5 (Z), (3.66)

Z,restricted Z; < B(Li,Z1)
constrained
and Z 5, (Z;)is the same as Z ;  except that all the integrals in R? have characteristic
functions of Z; and we replace ,# and 4 with ¢, and .#,, the number of test
functions in Z;. The activity p(Z;) depends only on Z; (and the test functions
contained in Z;) - specifically it does not depend on X outside Z;.

We write our expansion in the form of (3.65)—(3.66) above because now the
activity of each region Z,; is exponentially small in its volume |Z;|. Prior to our
resummation our “smallness” depended not on the size of the region but on the
size of I

4. Combinatorics

In order to estimate the sums in Lemma 3.6, we will make use of the method of
combinatoric factors, as we did in our earlier work [9]. In fact, the discussion here
follows the lines of similar discussions in Sect. 4 of [9] which in turn is based on
[1,3]. We refer the reader to these references for details not contained here.

We begin by replacing the sum over decompositions with a supremum over
decompositions by including an overall factor of O(1)!'*!. We move on to localize
(i.e. fix a particular choice of terms from the sum over localization squares) the
F,B,P,A and E terms. The F, B, A and E terms are treated as the A terms were
treated in [9, 14]: for all yem, 4um, U ---Un,  We get a factor

O)Iy|®V [ exped(4y,y) (4.1)
k

when we estimate the sum over localizations by the supremum, where the product
is over all localization squares in a given term.
Similarly we can localize the P factors with combinatoric factors

O(1)expe[d(4;, 4)) + d(4;, 4)], (4.2)

where Zj and Z;. are the supports of the test functions h; and g;.
This results in
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Proposition 4.1.

Fz
10/ Zs(2)|=0()'"'Y,  sup  [] O()expe[d(4;, 4)) + d(4}, &)]
. decomps, j=1
localizations

II (ounvl"‘“Ik]expsd(Ak,v)>

YEML,AVUTF, AITH,BUTf B
UTty, F U, EVT S, EUTH, PITS, P

: U dugdle” ‘- Fg (mp) [x® (7, x)d>(7tb,¢)F 3,4,1(7%,1?)5""8’ (my,5)By(me f.B> Ty p)
'an”o"(nb,o)fr(Pl(”f,P) A Al(nf,A’ Ty, 4)°d ArEl(nf,Ea Tp,£)) 11

We will use additional combinatoric factors to restrict the internal structure of
many of our terms, as well as additional derivatives (m, o--- 7, s). These estimates
all make use of exponential pinning, similarly to those on p. 301 of [1].

We begin by bounding the exterior derivative — reducing the sum over terms to
the supremum of such terms. To count the number of terms, let e; (4) be the number
of E terms with left-most localization square A. Then the number of terms ind' A"E,
is bounded by

2724 1IN [T e (A <2720(1)! 7! [ exped(y, 4y), 4.3)
A YEMY, EUTS,E
where A, is the left-most localization square corresponding to the E factor being
differentiated (by 7).

Similarly we can restrict the sum generating P derivatives. There are ¢, factors
and |n p| derivatives, so there are less than (2,¢,)"™*! possibilities. We have the
exponential pinning bound

Q1) <o) =1+ TT explemin{d(y, 4),d(, 4)}], (4.4)

Yemrys,p

where A4, is one of the localization squares corresponding to y chosen via (4.2),
and A, is the corresponding test function square. The distribution of “additional”
derivatives is also restricted. For 0"/°r(m,,) there are less than [O(1)(n, 4u
My A UT ,,Eunb,E)]'"f ovmol factors, and for 0™Sr(m,s) there are less than
[0()(m gum, g)]'™5V™s! factors, for which we have estimates similar to
(4.4):

[0(1)(1tf’Aunb,AUnf’EUnb,E)]lnf,ounb,ol
so™ T[] explemin{d(y,4),d(,4)}], 4.5)

YEms,0UNH,0

[0 (m, gum, g1 somst<o)™  []  explemin{d(y, 4) d(y,4)}], (4.6)
YEMF,SUTD, S
where A, and 4 are the localization squares chosen via (4.1) or its equivalent that
surround the factor being differentiated by 1.
We also need to fix our choice of derivatives generating y and @ terms. As in
[1], pp. 306-307, the number of terms making up x®(n, ,) is bounded by
[T 0(*)expled(y, Ap)], 4.7)

YETMD,
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and the number of terms making up @(m, o) is bounded by
o1y’ T O@?)expled(y, AL)]. 4.8)
Y€MD, 0

Finally, because each K(s) has three decouplings each term can actually be
differentiated a number of ways, so that the partitions 7, 4,7, 4,..., must be divided
into sub-partitions. However, this simply gives a factor of O(1)!7, and we will
leave our notation unchanged for the time being.

The above discussion can be summarized by the following proposition:

Proposition 4.2.

Fz
10/ Zs(Z)| 0! 2+ 725 sup  sup  [] O(1)expeld(4;, 4)) + d(4), 4)]
n  decomps, derivatives j=1
localizations

[T exped(y,4y) [] explemin{d(y,4),d(y,4)}]

YETS,EUTD, E yens,p

I (0(1)|y|°‘“Ik] exp sd(Ak,v))

YERb, AURf, AUTL, BUTS B
Unph, FUTh, EUTf, EUTHL,PUTS P

[T 00 expled(y, 4,)]

Ve, UTp, 0

’ |§ duy(d)e” “-Fg () [ti’(nb)l) D'(my, o) F ’3,4,1(775b,r)anf’s'r’(nb,s)B;(n f,B> T, 8)
'0""0"'1(7%,0)fr(P;(nf,p) A A;(nf,,b nb,A)‘d ArE;(nf,E, Ty, £)) ] 1.

where the primes on x*, @, A,,d’' A"E,, etc., indicate that we take only one term form
each summation.

5. More Estimates

We now wish to simplify and estimate the terms appearing in Proposition 4.2.
First of all, the 7, expression now consists of exactly one term, as the primes and
Is indicate. Thus we write

7(Q) = anf'o,rl(nb,O)Tr(P;(nf,P) A A;(”[,A’ nb,A)'d ArE;(nf,Ea Ty.5))s (5.1

where

Q=0,A0,AA0Q, (5.2)
and Q; is of the form

Q;= AMEPER...EM™ (5.3)
or

Q;=PHERPE™...E™, (54

The expression A7 may result from fermion derivatives:
Ki(s)01K(s), K,(s)0;K(s)) Ki(s), OVK,(s);K(s)o K (s),  (5.5)
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or from the action of the replacement operators:
K,Z(s)rvK,(s), K (s)r,,Kys)r,, K(s), r,,K\(s)r,,Ki(s)r, K(s), (5.6)
or mixed, for example:
K(s)03* K (s)r

It represents the original derivative in n 4 or m, 4 as well as those from =, , and
Ty,0- The expressions P} and ET are similar.
For convenience we introduce the following notation:

3K (s). (5.7)

Y3—s

17 (1) = Py, ) X(T, ;) (5.8)
with
¥, )= [ (@,)a, ‘H (934, (59

We split x(m,,,) in this fashion so that y(m, ,) can be associated with the action
while @*(m, ) is associated with the @'(n, o) and Fj 4 (m, f) terms.

We also note that the replacement covariances &(n,) can be written (in two
different ways) as a linear combination of measures, as in [1,3]. Thus

Em) = ® T+ dum(p,). (5.10)

yemy p

The sum producing the linear combination of measures can be eliminated with a
combinatoric factor O(1)!7!. Thus we can write

Proposition 5.1.

Sz
|0FZ5(Z) <o)\ T+ #2+72%  sup sup [] O(Mexpe[d(4,4) + (A, Z})J

n  decomps, derivatives j=1

localizations
[T exped(y,4.) [] explemin{d(y,4),d(y,4)}]
YERf,EUTH,E Yenys,p

I1 (0(1)|y|°“>Igexped(Ak, v))

YEMB, AUTS, AU, BUTS,B
Uy, FUTL , EVURf, EUTL,PUTS, P

[T 00*expled(y, A1)]

YERD,x U, 0

| du (@) ® &) dpr*(@,)[x(ms e~ ~F DXy ) @' (1, o) Fs 4 (s, )

YEMDH

. a"f,s’r'(nb,s)B;(TCf,B, ﬂb,B)Tr(Q)]

Since we have expressed &(n,) as a linear combination of measures, we can
bound the above expression using inequalities for measures. Specifically, let ||| .

represent an L"(dus(¢)®®du”’((py)> norm. (More accurately it represents the

v
geometric mean of the two different ways of expressing & as a combination of
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measures, as in [3].) Then we can use Holder’s inequality to get

Jdu(@) ® @ du*(¢,) [x(m ) e~ ¥ ~F @X(my, ) @' (M, o) Fy 4 (s, )

yemp

. 6"f‘s'r’(nb,s)B;(nf,B? nb,B)Tr(Q)]

< X(nb,x)e — FTr(Q) lLoll a""s"'/(nb,s)B;(ﬂf,B, 7'51;,5) fl La

N Dy ) Lol ' (7,0 | arz | F3 4,1(T,7) | o (5.11)
1 5
for some p>1and -+-<1.
P 49
5.1. Gaussian Integration Estimates. Let
G,(3,0)= Y exp— 3L, (5.12)

€S}y

where S, denotes the permutation group on n elements, and where the “size” |1,(y)|
of the linear ordering of y determined by the permutation s€S;,, is defined in [3],
p.12. The G, factor gives the primary decay in the number of derivatives.

We begin to estimate the L? norms on the terms in Eq. (5.11). We will make
use of the following result (essentially from [1]):

Lemma 5.2. There exists 6 >0 such that for all q:1 < q < o0,
o ~
@, (xalllze < I xaf 2000 eXp{— Emcd(v, A)}Gx(% 6/4),  (5.13)

where A is the I-block containing the unit-lattice block A.

The above inequality allows us to prove the following lemmas:

Lemma 5.3. Let A, be the localization square corresponding to the differentiation
at y*. Then

| @*(y,) | o = H o(1)'"™Mo() exp{ —3om d*, 4,0} G, (%, 5/4).  (5.14)

yHenp

Proof. The norm can written

” ¢x(nb,x) “Lq H ((pv” )A»,#

YETb, x

La

[T (@) anllza, (5.15)

YEMD,y

IIA

due to Holder’s inequality, as each field appears at most twice. Now by (5.13),
1(@#)aell 20 < OW)O(1) " exp{ —16m d(*, 4,1} G, (%, 6/4),  (5.16)

and the proof is complete. W
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Lemma 54. Let #(A) be the number of test functions localized in the square A. Then
I @' (m,0) llaz < O(A™ 1) f[1 Il fill L2 AI;[Z (£
- [T o™ o@)exp{~3omd(* 4,)}G,(*,6/4).  (5.17)

yhenp,0

Proof. The operator @'(m, o) has both original and replacement fields:

@' (m,0) =16+ *() [T o410 (518)
Thus we have
I D' (m,0) Il Larz = H @ +9)*(f) H (Pf;;(f i) (5.19)
i Lall i t La

The replacement field term is bounded as in Lemma 5.3:

’I]wfg(fi) < TT 0™ 00 exp{—somde* A} G, /9T 1 fill. (520)

L1 yemp,0

For the original field, we make use of checkerboard, Holder and hypercontractivity
estimates (as was done in [1]). Thus

’ £(4)
[T@+9*f)| = I1| 11 (¢+9*f)
i La AcZllo=1 La’
£(4)
s AHZ I;[1 14+ 9)*(fi) I rcare
F£(4)
= AHZ ]:[1 [O(#£ ()21 6*(fi) 2 + 1g*(f:)1]
£(4)
< [1 @H7204~H"“ T1 16*(f) Iz (5:21)
AcZ w=1

Combining (5.20) and (5.21) we complete the proof. W
Lemma 5.5. Choose K > 0; let 1 be sufficiently small. Then
IFya o) le < [T O™ iXexp{—3omd(*, 4,0} G, (% 6/4).  (522)

yheny, F

Proof. F7 ,, is a product of terms of the form
—2Re [ @hL(nlg —h) — Ag)xa+ (1 —n)(g — h)(1 — xa)]dx. (5:23)
A

Thus
IFyaimo) s T | § o*Ltrg — k) — Agixa+ (1 —n)lg — (1 — xa)1Fdx
y¥enn,F || A4 L2a
< *l_[ I 25,,L(n(g — B) — Ag)xa+ (1 —m(g — W1 — x4)] .2

:0(?9)0(1) " exp{ —35m.d(y¥, A,0)} G, (¥, /4)]. (5.24)
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Let Z° be the set of unit squares in Z within a distance L of a phase boundary,
i.e. such that within a distance L the configuration X is not a constant. The
functions within the L? norm are identically zero unless

d(A,, Z\Z°) 2 1L 2 Ylog A2 (5.25)

if we take L= 0(|log 4|2). Since %(X) does not intersect Z° d(y¥, 4,4) > 1|log A|?
and

exp{—30m.d(y*, 4,0)} < ¥ exp{—1om.d(y*, 4,4)}. (5.26)

for any K’ >0, if A is sufficiently small.
The L? norm is O(IA~!); we bound

O(IA~1)O(I*9)AX < )X, (5.27)
which completes the proof. B

5.2. Estimates for Derivatives of the Action. 0™5'r'(m, 5)B(n ;. p, T, p) is a product of
terms, each of which is of one of the forms below:

r({r*}) . IA W (@ +9) X)W F(¢ +9)¥):0{0,(s)(x, y)dxdy  (5.28)
or
r({y*}) i W (@ + 9)(x))*:dx (5.29)

(as well as boundary corrections which are bounded by const. x || x40a3). The
polynomials #7; have the property that if we expand them around ¢ =0, away
from the phase boundary (i.e. where g = h) we obtain the small factors which are
needed to ensure convergence of our expansion. For the purely bosonic terms like
(5.29), we get a factor A (or ) since if g (approximately) minimizes the potential,
the constant, linear and quadratic terms (almost) cancel, leaving behind terms of
order A72|4¢|" + O(w) for n' > 3. Near a phase boundary we can get a big

factor — O(A~ %) — which is controlled, however, by exponential decay factors
e~ 1

Counterterm Estimates. Obtaining small factors from the counterterms is a little
more delicate (their finiteness was demonstrated in [10] for the fully-coupled case
and in [19] for the decoupled case). However, we can simplify matters by only
considering those terms which are field independent — every field is associated with
a factor A and the polynomials arise from " W, for n’ = 2 and thus have coefficients
O(1) or smaller. Thus only terms containing, e.g. W’(g) are important for this
discussion.

First consider the fully coupled case (s =1). We need to examine terms of the
form

TrSyo XSy X, (5.30)

where one or both of the propagators has a cutoff and X = X, + iys X, represents
Y(W3(9) — 1 or & Y (W3(g)) — 1.

We wish to commute X through S in order to obtain a local expression. We
neglect the commutator of X with a cutoff; since X is smooth this vanishes as
Kk — oo. Similarly [X, S] introduces terms dX which are boundary terms. Taking
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the Dirac structure into account we get (as the local part of (5.30))

___1_ 2 2 _1_ 2
Tr[p2+1(X1+X2)+(p2+1)22X1]. (5.31)
Therefore the relevant counterterm contribution is
d*p E*(p) p Ep)
—1p? I(Z N +2Re(W (9)— 1)[(2 Fpril (5.32)
from the bosons,
B _x(p) —— EXp)
—2Re(W(9) I)I r )2 o — W39 0 4 ]
d’p nz(p)
" _ 2 3
+2(Re(W(g) — 1))*| T e 17 (5.33)
from the initial fermions, and
d’p E,.(p)
Zla "
2Re(W'y(g) — e**W'(g))| 2 P41
; d’p E.(p)
" _ 2 _ | p2ia " _ 2 .3
+(IWi(g) — 11> —|e**Wi(g) — 1] )I(z )2p2+1
_2[Re(W(g)— 1) — Re(e@Wig) — y1] L2 BB (53

(2n )2(2+1)2

from our unitary transformation.
Adding (5.32), (5.33), (5.34) gives us

d*p EXp)-E,
2Re(W3(0)— D[ 3 ((I’:z - 1)2(” )

. d’p E,.
+2ARe(e W)~ P 5T

(5.35)

As K, k' — oo the first term of (5.35) goes to zero, and the last term is either O(w)
or a boundary term since e W”(g) =1 far from 0X. M

Now consider the case of partially decoupled counterterms. The bosons are
not affected by this procedure. For the fermions, the decoupling does not affect
diagonal terms — only terms in different I-blocks. The off-diagonal parts are more
regular than the diagonal parts; thus e.g. Tr(K*(s) — K*(s = 1)) has a limit as we
remove the cutoff (cf. Lemmas 6.4, 6.5) so that the difference in cutoffs between
R (2.16) and R’ (3.9) is irrelevant (as k — c0). Therefore our formal cancellation
3. 14) properly describes the behavior of the off-diagonal terms; since {(g) is O(m)
except near phase boundaries we are done.

The kernels 02a(s)(x, y) all come from the counterterms, and are in L**(4; x 4,)
for some p, > 1 as in [10] and decay exponentially. The derivative 7 will give an
added factor of

6
o ¥ [ exp{—0om.d(y;x,y)}Gi(7:,0) (5.36)

y1u-Uye=y i=1
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for m, sufficiently small, as 0)0; arises from terms like Tr ’K?(s), i.e.
6
oy H H(s, i, Ay )Xo, X X2, D™ UzXA;CD - 1/2XA4%XA5D - I/ZXA(,CD— 1/2)(47, (5:37)
i=1

and 0?H has the decay properties indicated by Lemma 3.2. (These terms are trace
class although K?(s) is not since 07H(s, 4, 4) = 0; see the computation of & in the
proof of Lemma 6.5.)

With the above discussion in mind, we have the following lemma:

Lemma 5.6. Let g be a positive integer; let 1, @ be sufficiently small. Let M g(A) be
the number of subterms localized in the square A arising from the derivatives of the
action. Then

8% (s, 5) By, T, 8) o

= ]:[ exp[(nM5(4))°*0(logg)]

# 1 Ae°00(1) " exp{ —1om.d(y¥, ALy, A2)} Go(y*,6/4),
yrens, BURL, BUTS, S UTh, S
h (5.38)
wnere
Gs(7,0)=  sup H Gy(y:,9) (5.39)

Y1V UYe=y i=

Proof. Using Theorem 8.5.5 of [4], and making use of our discussion about the
counterterms to pull factors of A from the kernels 0c; we have

! O(A)qI(Av*etZ")l

La

[T %8001,

YERF,BUTS,S

n XA,*”‘P?#

yHenp, BUML, s

I 5nf‘s"'l(7tb,s)B;(7Tf,B, Ty, 5) .=

q

Lpn(]RZ X oo X RZ)
O™ 1yia#ZA T (ng M g(A))!. (5.40)
A

The term Iln XAV,,nq)f#ll e is bounded using Lemma 5.2 and Holder’s inequality
(each field appears at most twice):

[ l_[XA,#"q’y# e < | HXA #nq’y#“Lq
< [[no@?**9)0(1)" exp{ —16m d(y* A0} G,(y*,6/4). (5.41)
We also have
I HXA; 6zdj(s)XAy2 ”Lpa(]RZ x ... x R2)
é l_[ " XA: a;’o.j(S)XA.Z ”LP"(A} x Af)
6

<[]e°®o)" Y l—[ exp{—omd(y;, A,:,A,2)} G,(y,0), (5.42)

Y1V U=y i=

using our estlmates on the kernels 0!0;. As in (5.25)—(5.26), we only get factors of
71, where d(y* A #)>3llog A% so these bad factors are cancelled by our
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exponential decay:

i a”f's/r’(n,,,s)B;(n f.Bs Tp,8) [l La

< [H (ons(A))!]Uq I1 2°00(1)1""
A

ytens, BURD, BURS, s UTth, S
'exp{ - %5mcd(y#, A;#, A?#)} G6(v#9 6/4) (543)
Using Stirling’s formula to bound the factorial completes the proof. W

5.3. Estimates for Wedge Products. We need to estimate the operator @; we begin
with the following lemma:

Lemma 5.7. Let M, (A) be the number of subterms localized in the square A from
the term Q;; let Gy be defined analogously to Gg. Then for m, sufficiently small,

Qi = l;l exp[(4nMo,(4))*0(logq)] ] 2e°P01)""

y#causing Q;

-exp[—30m.d(y¥, A}, AZ)1Go(v¥, 6/4) [ ] exp[ —dd(AL,, A3 )]

{47 g5l e ;| s exp[—OLd(A}, A7) + d(A3, 4111}, (5.44)
where the term in braces is present only if Q; contains a projection operator (P term).
Proof. We bound || Q;|l; by

A7 WEF - NEP I (5.45)
or
I Pl NER - N Ee|l. (5.46)

The A4 term is a product of three K terms, so we can write

(ZH =Y Hur MK (S) 5

uy—
Z H Ilr K,ll3 Z H |6V»kH(sA AL, (5.47)

We estimate the field dependent piece, assuming here that all the characteristic
functions are near each other. If they are not, we obtain similar estimates with
exponential decay in the distance between the blocks through the use of Lemma A.2,

I "sz 3= XAi%XAzD_I/ZXAsryCD_ 1/2XA4 I3
SIxa D™ 4 112D~ Vg, D™ 2 g g N4 (5.48)
The fourth power of the 4-norm appearing in (5.48) may be written as
) W(x15- ., X, 0, 0)* (x2) (1, ) (x3) (r, ) * (X4 )dx - dxy,  (5.49)

A3 X A3 X A3 X A3
where # €L”((45)*) for some p> 1. We obtain our needed factors of A since each
{ is O(4) unless it is localized near a phase boundary. In fact it is the requirement
that terms like (5.48) be small that forced us to implement our unitary rotation
which produced { from Y'(W’)—1.
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ET is of the form

(1= Ky(s))r,, 072K (s) (5.50)
or
r, 072K, (s)r

Y17s

In either case we can bound this as we did with the 4 terms, with terms like
[H (xq, ., x0)(r,, Oy, 0¥ (x,)(r,, ) (x3)(r,,0)* (Xa)dX -+ dxy
JT107H(s, A, A+ 1) (5.52)
k

074K (s). (5.51)

737s

Finally the projection operator P} is clearly bounded:
2

IPEI S 12,y D ™20 oo | 2y DTt g ey [T 102°H (s, 4L, 47
< 1195l o bjll ¢ exp[ — S[d(A], A7) + d(4}, A3)1]
'{eo‘” ﬁ O exp[—om.d(y;, A}, A})1G, (', 5)}, (5.53)
i=1
where =17, U?y,; the term in braces is absent if # is empty. When we combine
this with reasoning identical to the proof of Lemma 5.6 we complete the proof. W

For more than one Q;, we have the obvious generalization:

Corollary 5.8. Let Mg(A) be the number of P, A or E subterms localized in the
square A. Then

QI = % I;[ exp[[(4nMo(4))*°0(log g)] [1 e?®o(1)™

y#enp, 4 UTh, EUTL,0U
nf,AURS EURS,0URS,P

.exp{ - %5mcd('y#a Aylih Af#)} GQ()}#1 5/4) H exp{ - 5d(A;.#9 A;-l:- 1)}

Fz

,Alnb,AUnb,EUﬂb,OUﬂf,AUﬂf,EUﬂf,ol 1—[ ” gJ”f ” hJ”f
j=1
-exp{—3[d(4}, 47) + d(43, 49)]}. (5.54)
6. Vacuum Energy Bound
We wish to calculate an [’(du) norm of
e_M-FX(nb,x)Tr(Q)s (61)
uniformly as k, A — co0. In this section we will estimate the I” norm of
Z=e" 7 Fx(my,) | N[+ K(s)] ™ dets[1 + K(s)], (6.2)
which is sufficient to bound (6.1) as we can estimate
[T QI=r!QI, | A[1+ K(s)]™ ' det;[1 + K(s)]|| (6.3)

using operator and trace norms, and the trace norm in (6.3) is estimated in Sect. 5.3.
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Let "= | z"|| be the operator norm of (6.2). Let n, be the number of times
the characteristic function yz4((¢ + g),) is differentiated, and let Z’ be the union
of the blocks where n,> 0. We will prove the following:

Proposition 6.1. There exists p> 1 such that for A, w sufficiently small,

127N = 0(1)'[1 | CXP(O(l)nA)(nA!)O‘”] exp[O(1)A|Z|]exp[—0(1)A"%|Z° L Z'|].
A
(6.4)

The basic idea behind the proof of Proposition 6.1 is that the fermionic
determinant is relatively unimportant compared to the bosonic terms in the action.
Following [1,3,10,17,19] we can bound the determinant by terms which have
small coefficients and are of lower degree in the field ¢ than the bosonic potential;
the result then follows from standard results of 2(¢), models [4-8]. Compare this
with the trivially obtained bounds on the determinant in [9].

We begin by splitting K(s) into its diagonal and off-diagonal parts. We write

K(s)=A+ B, (6.5)
where
A=Y xs,UxD 22 {D™ 24, (6.6)
AcZ
B= Z H(S’Aun~,A4)X41%X42D—I/ZXAch_I/ZXA., 6.7
Ay #221(;AA41¢A3
or A3#+ A4
and

H(s,Ay,...,A))=H(s, A, A))H (s, A,, A3)H(s, A5, 4,); 0L H(s,44,...,4,) < 1.
(6.8)
Using this decomposition, we have a determinant inequality:

Lemma 6.2. There exist constants a,c > 0 such that

I A[1+ K(s)] ™' dets[1+ K(s)]|| Sexp[3 Tr(A+A4*)*> +a| AB|, + | BII2 + cr].

(6.9)
Proof. Using Lemma V.5 of [1], there exist a’,c > 0 such that
I AT[1+ K(s)1~ " dets[1 + K(s)]
<(dets[1+0;])"*exp[4Re Tr B> + Re Tr AB— Re Tr A*A?
—LTr(4*4)> + d' | AB||, + 1| B|)2 + cr]. (6.10)
Here
O,=A+ A*+ A*A, (6.11)

and O} is its positive part. Using standard determinant inequalities, we have
Indety;[1+05]1<3Tr(0;)* <1Tr(0,)? =1 Tr(A+ A*)* + 1 Tr(4*A)* + 2 Re Tr A*A>.
(6.12)
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Thus we can replace (det;[1+ 0} 1)? in (6.10) yielding
I A1+ K(s)]™ ' det3[1 + K(s)]
<exp[Tr(A+A*)*+1iReTrB*+ ReTrAB+d | AB|, + 3| B||3 + cr].
(6.13)
Setting a=a’' + 1 yields (6.9). H

Ordinarily an inequality involving a trace quadratic in A would be useless, as
A is not a Hilbert—Schmidt operator (almost everywhere). However, (4 + A*) is
Hilbert—Schmidt (a.e.) as the singularities cancel. We see this by writing

(A+A*)?=Y (K;+K})*—Y [B;A;+ B;B;+ A;B;+ B¥ A;+ B¥ B, + A} B, + adjoint],

13

(6.14)
where
A;=x Uy D™ Py lD™ 2y, (6.15)
Bi= Y xAuD Py{DTy, (6.16)
j#li‘:r‘iﬁti
ori#l
Then
K;=4D 'y (D™'/? (6.17)

is of the form of the finite volume K from [10], where it is shown that the
singularities cancel. The remaining terms are sufficiently regular since at least one
pair of characteristic functions must be off-diagonal.

We wish to estimate the determinant by a product over blocks of operators
that only depend on the field within that block. This will allow us to prove
Proposition 6.1. The 4 and K terms are already of this form, but we have to show
that the B and AB terms can be estimated in this fashion:

Proposition 6.3. For ¢ > 0 there exists p>1 such that (almost everywhere)
I AT[1+ K(s)]™ M dets[1 + K(s)]1l < ¢ [ Es(9)s (6.18)
A

where E ,(¢) only depends upon ¢ within A. Furthermore
E (1) < expconst. x I°P[ | xs(W3(¢, + g)e** — D13, + 402113 ,,]  (6.19)

and we can write

EJ¢)= eXp[ [ dxdy&(x, y)(W3(+g)e** — (x)(W}(¢ +g)e*™ — 1)*(y)

AXA
+ const. x [9@ || y 00 ll§+£:|, (6.20)

where &(-)e LP(A x A).

Although the proof of Proposition 6.3 is quite long, it is actually just a
straightforward application of the regularity of the bosonic covariance. The
difficulty arises in transferring regularity across characteristic functions. The
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techniques to do this are taken from [1], but must be refined due to the
non-Gaussian nature of the interaction.

To derive (6.18), we need to estimate || AB||; and || B||2 by a sum over blocks.
We begin by moving some regularity from B to A. Let v>0 be small. Then

IAB|l, = AD™"D*B|l; < [|AD™" |, D*Bl, < |AD™"|; + I D*BI|3. (6.21)

Now
||AD"‘|]§=TrZD‘”A;“AiD'“=Z||A,-D‘”||§, (6.22)
while
IDBI;=Tr ) D¥yUy;D™ Pyl D V2D Py, L*D Ty U ¥y,
i#jo?;:n:grk#l
l#¥morm#norn#p

2v -1/2 -1/2 -1/2 —-1/2
Z D Xi%XjD / 1D / 1D / XmC*D ! Xn%*Xp
ijinp
i#jorj*kork#l
l#¥morm#norn#p

<y

km

1

(6.23)

Ifd(4,, 4,,) < \/il, we bound the norm in (6.23) by || D**B,||, || B, | ;. If this is not
the case, then either A,, A, or A, A,, don’t touch. Choose the pair with the greatest
separation. Then using Lemma A.2 (essentially Lemma 2.2 of [17]),

|2

< const. x Y || Be||, || D> B, || ;&= 4414v
l

ijinp 1
i#jorj#¥kork#l
l#morm#*norn#p

< const. X || By ||, || D?*B,, ||y~ ¢4 4k:4m), (6.24)

where -
B, =D~ '?y (D2 (6.25)

Thus
IDBl3s Y ID*B,ll, || Bl + const. x ¥ || B, ||, || D?*B|| &~ <4:-4)
ij ij

d(Ai,Aj)SV21
< const. x ) (| D> Byl + || B;l|5 + I B;l|3)
i

<const. x Y. (I D*B;|I3 + 1| B 113). (6.26)

Of course (6.23),(6.24),(6.26) hold for v=0, so | B| } is bounded in the same way.
So combining (6.9),(6.14),(6.21),(6.22) and (6.26), we have

I A"[1+K(s)]~* dets [1+K(s)] |
< [TexpA Tr(K,+ K} +al 4D |2 +b| D*B;|% +c|| B;||2]

= [1 E(@) (627)

yielding the block structure we need for (6.18). W
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We now move on to the proof of (6.19), where we bound E;(¢,) in terms of 2+¢
norms. The basic structure follows that of Proposition A.L.1 of [1], which we
unfortunately cannot use directly as their bounds in terms of 4-norms (|| ,) are
insufficient for our purposes. We also note that the added Dirac structure resulting
from our unitary transformation e** does not alter the results of [1] and [10] in
any significant sense.

We will need the following lemma:

Lemma 6.4. Choose ¢>0 small. Then there exists v>0 and constants (depending
ONn €) Cy4,Cp,. .., such that for fe***(R?),

(@) l2:%x:D~ 21 f D2 D™ ||, S 4l i f 24 (6.28)
Ifi#j,j#k or k#1,
(b) “DZVX;'JZ/XJ'D_UZkaD_1/2)(1 2
S cpl®®) 1if | 2+.0xp — c3ld(4;, A)) + d(4), A) + (A, 4)],  (629)
and
(© I%D ™25, fD™ 2|, £ cgl®@N xif |2 4 (6.30)

Parts (a), (b) and (c) represent bounds for 4, B and B terms, respectively. We reserve
the proof of Lemma 6.4 for an appendix.

It is now clear that a short computation to separate the terms arising from
the Dirac structure yields bounds of the form (6.19) for all the terms in (6.27)
except for Tr(K; + K¥)*. This term, however, was specifically designed so that the
bounds of [10] would apply. Thus we essentially duplicate Eq. (36) of [10]:

Tr(K(¢,) + K;"(qﬁ,c))2 < const. X _f [IWi(o,+ g)e*® — 1|2 +|oa|?]dx, (6.31)
Ai

and complete the derivation of (6.19). W

To complete the proof of Proposition 6.3 we need to determine the L? properties
of the kernels of the operators making up E;(¢). If we didn’t have to worry about
the characteristic functions within the operators of E;, such properties would be
obvious. Unfortunately, the characteristic functions obscure the behavior of £(x, ).

We get around this problem in a fashion similar to that used in the appendix,
in the proof of Lemma 6.4. We commute the covariance operators through the
characteristic functions, and eventually obtain terms with commutators and terms
without (extra) characteristic functions. Where we have no characteristic functions
the bounds are simple to derive. Where we have commutators we have extra
regularity that allows us to obtain the bounds we need.

Let &(-) be the kernel of Tr(K; + K¥)?, &,(°) be the kernel of | A,D"|, and
similarly for &5(-) and &5(").

Lemma 6.5. There exists p>1 such that
Ey(")elP(Ax A)
for #=K, A, B and B.
Proof. The lemma follows directly from the results of [10] for & and is straight-
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forward for &3, we we will concentrate on the other two cases. First
Eale, ) =D~ 2 ,D™ 1, D12 (x, y)(D 2 g * 4 U D )%, a0 :y). (6.32)
Now

D~ 1/2XiD—2inD— 1/2 _ D—3v/2(D— 1/2+3v/2XiD—2inD— 1/2)’ (633)

where we can clearly see that the operator in parentheses is Hilbert—Schmidt. As
D~3¥2 has a kernel in L*“ 3" we can use Young’s inequality to show that the
left-hand side of (6.33) has a kernel in L*(~3%,

The other factor making up &, can be written

D~ 1/2Xi%*xi%xiD—3/10D—2/10 =D 1/2xi%*xi%D—3/10XiD—2/10
+ (D™ ¥ AU, D30]I D) DO,
(6.34)
Using Lemma A.1, the term in parentheses is easily seen to be Hilbert—Schmidt,
so its convolution with D~'/'% js in 1>, For the other term, we commute some
more, giving
D— IIZXi%*Xi%D— 3/10XiD_2/10 = D— I/ZXi%*%D—S/loxiD—Z/IO
+ D~y X [y, D~ ¥y, D0
=D_1/2X~D_3/IOX~D_2/10
+ (D~ AU* g, AD O] DD,
(6.35)
With Young’s inequality we can show that D~ 1/2y,D~3/19%.D~2/10 has a kernel
in 27 for any ¢ >0, while as the parenthesized term is once again
Hilbert-Schmidt, we once again determine that the right-most term is in L2,
Combining the above results we see that the kernel of D~ /2y, & * y A y;D ~**°D~1°
is in L*~* for any & >0. If we also use Holder’s inequality with the bound on

(6.33), we finally see that &,eL! 34,
We now move on to the kernel of || D**B; | 2:

Eg(x,y) = Y (D™D~ 2 y)(x, y)

Jjklmn
j#iori#kork#l1
m#norn#iorj#i

D™ P D T xtaD ™ 23) (%, ). (6.36)
First let us consider y,D~?y;D~?y,. For i= j,
(D™D 2 ) (e P~ (6.37)
for any & >0. If i # j,
1D~ 2D Py = D72y, DT ]y
— ;D= 1D~ 12DI0y, D=112]), (638)

The parenthesized term is Hilbert—Schmidt so that similarly to the case for &, we
obtain an I>'! bound for (6.38). Furthermore, if i and j do not touch, x;D~'/?y;
has an L®-norm which is exponentially small in the separation between i and j.
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Thus
< Z xiD'l/zij"1/2xi)(')eL2'1. (6.39)

Jii#j
We move on to the other half of &. If all the characteristic functions are the
same (in which case i # j),
DT P U (D U DV 1
= 6D U* D gD 2 s + 2D T2 0 U* YD A [ D 1
= u:D ™ P uU* D UD 2y + 1D V2 U * 1D [, D T ]
+x:D” I/ZXk%*XlDZVXm%[XmD— Y21

= ;D™ 1%y, + sum of commutator terms. (6.40)

The kernels of the commutator terms are all in (say) L*>! (if v is small enough),
similarly to (6.38). Additionally, (3,0~ ** %" y,)(-)e*~*".

If the characteristic functions are not all the same, we essentially repeat the
above procedure, except that there will be no non-commutator term left over. We
can also get exponential decay as we did before, which results in

, (6.41)
j#*iori#Fkork#l
m#*norn#iorj#i

Y DT uD D s (‘)G{L“, i=]
klmn
L2—4v’ 19(__}

1/2

and complementary bounds for y,D~'/?y;D~ 'y, Together, these yields (for v

small enough)
&p()eL?2, (6.42)
completing the proof of Lemma 6.5 and therefore Proposition 6.3 as well. W

With a bound for the determinant in terms of a product over blocks, we are readily
to proceed with the proof of Proposition 6.1. We notice that

PO W3+ 951, S POULIWH e + 91PNl + 1)
S1°90( 1l M + 91" 2 114) (6.43)

if ¢ is sufficiently small (recall that n is the degree of the superpotential), so that
for large ¢, the terms arising from the determinant are bounded by the leading
term of the bosonic potential. Thus we have Wick lower bounds which are just
the integrated versions of those in [8], derived in exactly the same way, provided
that our perturbation w is small enough:

!‘ LWy + 9P —n:l e+ g — h|*:1dx — In Ey(d,) — In X4 (($ + 9)s)
< —const. x 2*9@(In k)L, (6.44)
and for n,>0, there exists K such that
£ LW+ 9) > =il ¢+ g — hI*:]dx —In E(¢,) — In x50 (¢ + 9))

< const. x 27 %@ (g(n)A~2 —In Kn,! — (In k)"~ 1). (6.45)
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This lower bound, combined with the L? estimates on &y, satisfy the hypotheses
of Theorem 8.5.3 of [4], so that letting
AM, =InE4(¢) —In E4(¢,)

+£[:IW;(¢.¢+9)|2:—:IW;(¢+g)I2:—11:I¢K+g—h|2:+nrl¢+g—h|2:]dx,

(6.46)
where
fdu($)(AM,)* < const. x k@ (6.47)
uniformly in s, A and @ for some w > 0.
Using hypercontractivity,
| AM, ||2 < const. x k™ P*(p— 1)~ (6.48)
for all p=2. Then, by Proposition 8.6.4 of [4], there exists b>0 such that
[ odp(@) e ™, (6.49)
|AML |21
and thus

EAD)150((¢ +g)A)eXp(— ,E‘ Ll W}(¢+9)I21—'l=|¢+g—h|22]dx>€L”(dﬂs) (6.50)

uniformly in s, 1 and .
We now use multiple reflection bounds in order to take our blockwise bounds
and get bounds on the whole volume. Theorem 1.1 of [17] states that

'ﬂ ol <IT10:lLw, (6.51)
i LP i

where f=4/(1—e "2 Thus we have

Lemma 6.6.

2, )| A1+ K(s)]7 " det;[1+ K(s5)] |

'exp—£[1|W2(¢ +9)1>i=n:ld +g—h|*:]dx

LpP

-4 C'l[l_[ exp(O(l)nA)(HA!)o“’:l exp[O()|Z|]exp[— O()A™*Z']].  (6.52)

So far we have neglected the counterterms R. However, the counterterms obey
exactly the same types of bounds as the B terms. As with the 4 terms, we can
write our counterterms as a sum of terms like those in [10] plus off-diagonal terms.
The terms from [10] obey the proper bounds, as do the B-like terms. The only
concerns are the terms involving da, which are field independent and can be shown
to be finite, and overall factors of A, which we demonstrated in Sect. 5.2. Thus
Lemma 6.6 remains valid if we include the counterterms on the left-hand side.

We have also neglected e ¥, which is responsible for the decay in the size of
the phase boundary. Recall that F =7 [ |[h—g|®dx + | |Vg|*dx, and that at a

A A



Wess—Zumino Model 57
phase boundary h changes by O(A™!). Thus either |k — g|? or |Vg|? is large (O(4 ™ 2)).
As in [7,8], F; dominates F and we have

Lemma 6.7. For p sufficiently close to 1,

exp[—F+(1—n)j:|¢|2:dx] < const. xexp — O(1)A™2|Z°|.  (6.53)
z

LP

Combining Lemmas 6.6 and 6.7, we have (using Holder’s inequality)
lle™ = Fx(mp, ) AT+ K(s)]™ " dets [1+ K ()11l o

= [H eXP(O(l)nA)(nA!)O‘“iICXP [OD)IZ|Texp[— O()A™2|Z°VZ'[]. (6.54)
A

The final step in the proof of Proposition 6.1 is to show that the vacuum energy
is O(4), not O(1). This is done, as in (say) [1], by inserting additional decoupling
factors t(4) into the interaction wherever we would expect to get a factor of 1. By
essentially repeating the cluster expansion procedure that got us this far, we obtain
factors of A for all blocks in Z\(Z°u Z’). Thus we can replace the O(1)| Z| in (6.54)
with O(1)|Z|, and we have proven Proposition 6.1. W

7. Convergence of the Expansion
7.1. Decay of Cluster Activities. In this section we will combine the results of the
previous sections to arrive at the following estimate:

Proposition 7.1. Let | be sufficiently large; let A, w be sufficiently small. Then there
exists 6 >0 such that

lp(@)] < (1)1 exp[o(fz + 2+ 0| Z] - ?(IZI - 12)}

Sz Fz
Hl O™ N fill2 Hl g5l 5 1 Bl -
i= i=

(Note that I? is the size of the smallest cluster.)
We begin with a lemma:

Lemma 7.2. Let | be sufficiently large; let 1, be sufficiently small. Then there exists
0,>0 such that

Fz fz
107 Z5(2)| 01y =722, 2 TT gl lhsll e TT 27111 fillo
ji=1 i=1

exp[O(1)A|Z| — 8,11 I"| — O(1)A~ 2| Z°|].

Proof. Combining Proposition 5.1 and the inequalities (5.11) and (6.3), we have
Sz _ _
10/ Z5 (Z)| < O(1)!T1* 72+ 72y sup [] expe[d(4), 4)) + d(4), &))]

j=1

[l expedy,A) [] exp[emin{d(y, 4),d(,4)}]

YeRf,EUTH,E YEns, P
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[1 <|?|°‘” l:[ exp ed(4, v))

YEMD, AU, AUTH,BUTS, B
Uy, FUTh,EVUTRf EUTh PUTS P

[T o@)expled(y,A)]

YETD,y UTh ®

UL e QU (| o ll 87757 (o,5) (71 s T, 8) o
N @y, )l a | @ (p,0) [l arz | s g 1T, ) [l o (7.1)

1 6
for some p>1and -+-=1.

q
The factors involving M q(4) in Corollary 5.8 and n,! in Proposition 6.1 are
bounded using exponential pinning, as we did in (4.3). This introduces additional
factors of the form

0(1)! T[] exp ed(y, A). (7.2)

These new factors of exp ed(y, 4), as well as existing factors, are all controlled by
decay factors e~ 2m44 and ¢~ %(4%4"" ") arising in Lemmas 5.3-5.6 and Corollary
5.8, if ¢ is sufficiently small (requiring [ large). Similarly the factors of exp ed(4, A)
are beaten by the factors e ~%4(4,47+4(4%.49] in Corollary 5.8. This gives us, when
combined with Proposition 6.1,

Fz Sfz
107 Zz(Z)| SO 11+ P2 72( 7,012 5 sup [T llg;ll el byl [T A1 fille
i=1

T J i=1

[T 0()'Go(y*, 6/4) exp{ —'m.d(y¥, 4,4}

yhen

Alm\msom o uns Pl expTO(1)A| Z| Jexp[—O(1)A 2| Z°0 Z'|]. (71.3)

The factor exp — O(1)A~2|Z’| gives us smallness in the number of differentiated
characteristic functions, but we would prefer an estimate in the number of
differentiations. However,

exp{—&md@* A4 — O()A~2|Z|} < 20(1) (7.4)
I1 %4, y= 11

y¥enp, yhemp,y

(for I large and A small) by exponential pinning. Thus

Fz Sz
105 Z 5 (2)] 2 O()! 71+ 22+ 72( g )2 T Nlgsll el bl TT 27111 £l
i=1 i=1

Y. [T 0()Gs0* 6/4)

neP(I') yhen

- plm\(mb, 0 Ums P) exp[O()A|Z| — 0(1)/1‘212°|]. (1.5)
Now Gy(y¥,6/4) < 0(1)Gs(y#,6,)e %!, and
Y. I1 Gv*6,) o). (7.6)

neP(I') yten
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Thus
Fz Sz
0] Z5 (Z)| S O(1)! 1 =+ 72(g,1)1/2 ]_[1 g1l o 1 sl ¢ I—[1 A7 filla
i= i=

~sup [] O(1)e %"

neP(I') y¥en
A\ vns Pl exp[O(1)A| Z| — O(1)A™ 2| Z°]]. (7.7)
Using the factors of 1 to beat the factors O(1)', we have the lemma. W

To complete the proof of Proposition 7.1, recall from Eq. (3.66) that
@)= Y Y 18]Z5(2) (7.8)

Z restricted I constrained

The sum over I is constrained so that Z cannot be separated into separate
decoupled regions. Thus for Z consisting of more than one block, [2|I"| is
0(|Z\Z°|), and O(1)A|Z| < 8,I|T"| + O(1)A~2|Z°|. Since the number of possible
I’s is exp O(| Z|/1?),

Fz Sfz
|p(Z)] < 0(1) I =* 72 g, 1)1/ _ZX ;1 1A 1l l_[1 AT fillee
j= i=

'exp—ngl Y exp[—0(1)A"2Z°[]. (1.9)

X restricted
Finally, the number of block-spin configurations is bounded:
Y. exp[—0(1)A7?Z°]= 0(1)#", (7.10)

X restricted
and the proposition follows. W

7.2. Lower Bound. In order to obtain useful information from the cluster
expansion, we need to bound the single square vacuum cluster activity from below.
We obtain the following bound:

Proposition 7.3. Let A, @ be sufficiently small, and let Z be a single-phase vacuum
cluster (no test functions) of size 1. Then

|p(Z)| — 1 £ O(AP).
Proof. Write
p(Z)= sz(Z)e_ " Fdy,
=1+ jX}:(Z)(e_M_F — Ddpz + I(Xz(z) — 1)du,. (7.11)

Following [8], the last term is exp — ()(A~2), while the second term is bounded by
O(A?) through a repeat of our vacuum energy calculation. W

7.3. Calculation of the Free Energy. It remains to prove the supersymmetric aspect
of Theorem 1, the vanishing of the free energy. In order to make use of the
machinery of [2], we need a cluster expansion for the model with periodic boundary
conditions, not just for the Dirichlet-like condition we have imposed. We will
indicate roughly how to proceed.
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Let A be a rectangle in the Z? lattice, with edges T,m. We begin with the
periodic covariance

Cp(x, ) = xA(X)x2(¥) ; C(x,y + t(l,m)), (7.12)

where
t,m)y=t, [ + t,m. (7.13)

Given a set y of bonds of Z*n A, we introduce the periodic covariance with
Dirichlet conditions on y as follows: let § be the set of bonds in Z? which are
translates of y by il + jm, i,jeZ. Let C’ be the ordinary covariance with Dirichlet
conditions on the bonds of , and let

Cr(x,9) = 24X a(y) EZZZ C(x, y + t(l, m)). (7.14)

The covariance C}, is the periodic covariance with Dirichlet conditions on the
bonds of y. We may interpolate between C} and Cp in the usual way by introducing
the covariance

Cols)= Y [Hs,, I (1—s,,)]c,?<f>\t (7.15)

IcBZ)Lbel’ neBX)\I'

This covariance gives rise to a measure dup(s) which satisfies the usual integration
by parts formulae. Furthermore, the covariance Cp(s) and its s-derivative are easily
shown to satisfy all standard bounds satisfied by C,, provided the distance are
replaced by the torus distance

dr(x,y)= m;n d(x,y + t(l,m)). (7.16)
teZ2

This fact follows immediately from the “sum of translates” representation (7.14)
for Cp(s).

We have a similar representation for the Fermi determinant. The determinant
appearing in the period partition function is

dety[1 4 S, Y(Wi(¢)— 1)1, (7.17)

where S; is the periodic fermionic covariance and has an expression in terms of
translates similar to (7.12),
SP(x’ y) = Z S(x’ y + t(l’ m)), X, J’EA- (7'18)
teZ2
The unitary transformation method of [9, 14] again shows that it suffices to
consider

dety[1+ Sp] (7.19)

asin Lemma 3.1. The determinants appearing in (7.17) and (7.19) must be considered
as determinants on the Hilbert space #7% ,(A)@® #™] ,(A) of functions on the
torus A; however, by examining the Fredholm series for the determinant, we may
note that

dety[1+ S,(]| ,=dets[1+5:{11e, (7.20)

HPT(A)D KT (A
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where the operator S, is given by the kernel

Sexp) = 3 806y -+l m)ia0) (7.21)

and { = ¢, considered as a function on R? supported in A = R2. Then, as in Sect. 3,
we have

dety [1+ Spl1| =dets[1 + DV2SD~12]| .. (7.22)
Consider the translation operator T;: #' — # defined by
(TN)x)=f(x+1) (7.23)
for teR?. Then
D28, {D " = ZZ D'*SD*"*T, D~ V3(D ™12, (7.24)
teZ2

We produce a decoupling of this operator as in (3.31):

KP(S)=< )y D”ZSD”ZTm,m)> (D12 LDT),. (7.25)

teZ?

We note that this operator is not periodic. However, the last three terms in (7.25)
are precisely those appearing in the definition of K(s), (3.31). As for the first term,
we note that it is equal to

(Zl %Tt(l,m)) =) ) HG A, AVLAUK 5 11 my Totmy- (7.26)
teZ? s

teZ2 A,A'cA

Since || Tyy,m |l = 1, the norms of the operators appearing on the right-hand side
of (7.26) may be estimated just as in the nonperiodic case, using the estimates
proved in the appendix, which yield the necessary exponential decay. The correction
term exp — R may be treated similarly.

In view of the above remarks it is clear that the periodic partition function Z2
(and its corresponding Green’s functions) satisfies a cluster expansion of the type
satisfied by Z4

The clusters of this periodic cluster expansion differ from those of the ordinary
expansion in two ways. First, there are the clusters which “wrap around” the torus
A, which do not appear at all in the nonperiodic expansion. Second, there is the
effect of the boundary on the individual clusters due to the differences between
periodic and nonperiodic covariances. Recalling (7.14) and (7.25), these differences
can be expressed as a sum of translates, which will produce corrections that are
exponentially small in the distance to the boundary, and hence will not affect any
of our basic estimates.

With this in mind, we sketch the arguments from [2] that lead to our main
results.

The index theorem of [11, 13] relates the partition function of the model with
periodic boundary conditions to the index of the supercharge Q of (1.2), namely

ZA=indQ=n—1. (71.27)
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Therefore the free energy fp of the periodic model is

fp=— lim ilogZ,’,‘=O. (7.28)
ArR2|A|

We compare this exact calculation of the free energy to the free energy as
computed via our polymer expansion, which is convergent by Propositions 7.1
and 7.3. By examining the form of the expansion, we see that the expansion can
be reorganized as a sum over all stable phases (which contribute equally to the
periodic partition function), and a correction term for the large clusters (where
there is no natural choice of the correct phase) which vanishes in the thermodynamic
limit so that [2]

Zi~ Y e fRIAL (7.29)
gstable

where f% is the contribution to the periodic free energy from contours in the g™
phase. Equations (7.27) and (7.29) clearly imply that f4=0forg=1,...,n—1.

Now we consider the non-periodic case. Since we have a convergent polymer
expansion, with activities that are exponentially small in the size of the polymers,
the boundary conditions cannot affect the bulk properties and f?= f¢ =0 for all
g. Thus any ratio of partition functions that would appear in the re-summed
polymer expansion is less than ¢®®?), which is a sufficient condition to construct
any of the n — 1 phases (if we had initially chosen appropriate boundary conditions),
and to demonstrate exponential decay of correlations in each of the phases.

Note that this also shows that the infinite volume limit of the periodic model
results in a state that is the equal mixture of the stable states.

Acknowledgements. We would like to thank John Z. Imbrie and Paolo da Veiga for their
assistance on this project.

Appendix: Proof of Lemma 6.4

We begin with the proof of (6.30), which is the simplest case. It is only slightly
complicated by our desire to end up with a 2 + ¢ norm.
Using the Holder inequality,

1%D = 2y, f D2, S 1UD ™2yl 1 % D™ 2 245 (A.1)

where 1/p=1/2—1/(2 +¢). Now [[%D~/?y,]|, is clearly bounded, and we bound
| 2:fD~*|l,+, using Lemma 2.1 of [17] (essentially Young’s inequality):

Ixf D72z ve S 1f o i1 (A2)

2+e

(p* + 1)~ 22*9 is integrable, so we arrive at Lemma 6.4c:
12D~ 2y f D72, = csl®Nxif 2+, W
We now move on to (6.28). As y#y; is a bounded operator (with norm =< 1),
D~ Py f D™D ™, S |1 D™ V2 f D™ 2D~ 5. (A3)
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In [16] we learn that D%;D ™" is a bounded operator provided that v > 25. Thus
ID™ 2y f D™ 2D~ ||, = | D™ Y25, f D~ 27°D%,D 7V,
<const. x | D™y, fD7127,
=const. x [TrD~ Y2 %, fD 'y, fD~1272]12
=const. x [Try; D 2°D ™'y, fD y, f1'? (A.9)

by the cyciicity of the trace. (We treat f as a positive function; clearly our results
extend to general f.) Using Holder’s inequality, this is less than

const. x [ x:D 2% 521D 7 2if 24 (A.5)

which we can bound using Lemma 2.1 of [17] by

1 1/2
const. x |l———I g2 |55l 1%/ 2+ (A.6)
P>+ 120, e+ D2, *
If 26 > ¢, then the norms of the p? + 1 terms are bounded, yielding
3D~ 25 f D~ 20D~ |y S const. x I || 3, f [|, 1. (A7)

which proves Lemma 6.4a. W

Finally we come to the most difficult part of the proof, the derivation of (6.29).
We will need the following two lemmas which are extensions of lemmas in [1]
and [17].

This extension of Lemma A.L4 of [1] and Lemma 2.3 of [17] follows by
duplicating the steps of the proof in [17]:

Lemma A.l. Let n be an integer =22. f0<v<2""and A—2v>2"" then
[D™* x,]D"e L n.
The same is true if D~ * is replaced by UD .

We also have an extension of Lemma A.LS5 of [1] and Lemma 2.2 of [17],
which differs only in that the result is uniform in the blocksize I:

Lemma A.2. Let A, A’ be non-touching l-blocks. Fix k, a positive integer. Then for
A =0 and | sufficiently large we have

10,%4D #1200, 1|1 < O(V)exp[ — ¢'d(A, A)] 014D~ D™ *54.0, |,
for any complementary q,q'. The same is true if D~ * is replaced by UD~*.
We need to estimate
B=|DxUx;D" Py f Dl (A8)

where at least one pair of i,j, j, k and k, [ is distinct. The case where no such pair
represents touching squares and which yields exponential decay will be dealt with
later; first we treat with the three “touching” cases.

Case 1 — k #1. Recall that D** and % commute, so
% — ” DinD_3mIlD3vXjD—9vD_ 1/2+9vkaD_ 1/2Xl ”2
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SID* kD> I % 1D> ;D= [ID™ 2" f D™l

<const. x | D722y £, sl F 120D T Pl 4 g (A9)
using Holder’s inequality. Then for é » v we have
B < const. X || g f 11375281, (A.10)

where
B, = fP2uD™ 2 D * + D74t D lla-s
SIfPuD ™2 D ™ o — s+ ISP DT 2T AID ™A ] Ml — s (A.11)
Choose the smallest A such that 1> §/(4 — ) and 4 is of the form A=15-27"/4.

Then for p = —4—_(—5——— we have
1—(@—0)2"
B, <const. x | f12uD ™ 2 Al + L f P D " P ALIID ™ 2] Ml 2n
<const. X (| 720D~ 2yl + £ 121 ,) (A.12)

using Lemma A.1 and Lemma 2.1 of\\[17]. Now using trace cyclicity,
B, <const. x [l xef I3/ + (Tr(;D~ 12+ 2 f D™ 12+ Ay)?)H4]
<const. X [[lxef 133 + |1 D72 4D~ 12 2y, £1372]
= const. X [ |5 f 142 + (Te D™ 1/2+ 4, D71+ 24y D12+ 4y, f2)14], - (A13)

The operators D ~* have positive definite kernels with well-known properties. Thus
we can write out the trace in (A.13) as an integral. After discarding a characteristic
function (allowed ‘since the integrand is positive) we have

f D732+ 34, YD~ 12 * X (x, ) f ()N xi(y)d > xd . (A.14)

Now D~32%3%(x y)D~12+X(x, y) has a singularity like |x —y|~27*% When we
integrate d2y we are left with a singularity of the form (d(x, 4;)) ~** which is in L*
for any q < 1/A. Thus the entire integral is bounded if, say, x, f?€L'*?4, yielding

B, < const. x [lxef I,/3 + 10 1152431 (A.15)
By choosing v and é properly, we can finally bounded 8B by a 2 + ¢ norm as desired:
B < ol 10 I (A.16)
The [-dependence arises from using Holder to get our 2 + ¢ norm exactly:
IS g = W lo xS 24 (A.17)
finishing case 1.
Case 2—j#k. In a fashion similar to the previous case,
B=||D"D"” 3V%D3vXjD_ kafD_ 1/le (P3
< const. x || stXjD— Py f D™yl
<const. x | DYy D™ g f12 |y sl 1S PD T2 4k 5 (A.18)
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We commute some regularity through y;:
B <const. x [ DD~ *y;+ [ DT DD ™2 g f 12 sl f 11325725 (A19)
and are now left with a situation almost identical to case 1.
Case 3 —i#}.
B < Dy D™ P fD2
= D" D~ *x;+ [x;, D™ DD ™2 g f DT . (A.20)

Because the operator % has no regularity by itself, we have to repeat the above
procedure:

B < || D*[x;, D~ *1y; D72 Ay fDT 2,
+ DD~ UD> [x;, D™*ID "2 Ay f DT . (A.21)
Using Holder and pulling out some bounded operators, we have
B <const. x |y f12D 72 |y (1D Dt XD~ * 1 D12 i f 12 o
+1D> 0, D™D g f 1214 ), (A22)

which we can now bound as before since [y, D~ *] and [y, #D~*] obey the same
bounds in Lemma A.1.

Case 4 — Exponential Decay. When at least one pair of i,j; j, k or k,I do not touch,
we actually have so much regularity that we can estimate a 1-norm:

B <D ;D 1 f Dy (A.23)

Thus these estimates are actually simpler than cases 1-3, and we will only briefly
sketch their proof.
If i does not touch j we use Lemma A.2 to obtain

B=0(l)exp[—c'd(4;, A)IID*;D~ 24| D~ ;D™ 0 f D™yl 5 4pr  (A24)
otherwise we use the bound
B < const. x | D3y; D™y, D™y, (A.25)

as before. Now if j, k and k, ! touch or coincide, we bound the right-hand side of
(A.24) as before, If, on the other hand, j doesn’t touch k (for example)

ID*1;D™ 21 fD™ 2l
< const. x | DD 2|4 | D2y D12yl exp [~ c'd(4;, A4y)]. (A.26)

We continue this procedure until we have accounted for all possibilities, and obtain
exponential decay for all pairs of characteristic functions. Thus, combined with
cases 1-3, proves Lemma 6.4b. W
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