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Abstract. A large class of discrete quasiperiodic operators is shown to be
decomposed into orbits of SL(2, Z) action with equal densities of states. Moreover
under some natural assumptions all nontrivial representatives of the mentioned
action transform operators with pure point spectrum into those with absolutely
continuous spectrum. Some applications of these results are presented.

1. Introduction

Let us consider the general family of quasiperiodic operators acting in [%(Z)
through the formula

(H?’),zjjiw Y, f(@0+l0),  feC(SY), aeR\Q. (1)

This paper is an attempt of outlook on this class as a whole in order to reveal which
almost periodic features are responsible for various spectral properties and thus to
provide some old results with a new understanding.

During the 80’s there was a great amount of interest in almost periodic
operators. The balance between generality and concreteness was periodically
driven to either side. Perhaps the most attention was paid to investigations of the
almost-Mathieu operator

(HY), =Y, +¥,_+Acos(al+ D) Y, 2)

and related models.

The almost-Mathieu equation arose from the model of Bloch electron in the
uniform magnetic field [1] and has been studied extensively both from physical
and mathematical points. It seemed to have very interesting properties but (in
comparison with a related 2D-operator) a simple easy to handle form.
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The rigorous results concerning almost-Mathieu operator can be divided into
two classes. Those which hold for more general operator families [2-5] etc.), and
those which use essentially the almost-Mathieu specificity [6-10]. The theorems of
the first class concern usually the nicer spectral properties but cover mainly the
considerably smaller sets of parameters than the results of the second one. The
specificity used is the symmetry of the almost-Mathieu family with respect to the
Fourier transform (the “Aubry duality”) which gives rise to proving the positivity
or vanishing of Lyapunov exponents y(E, 1) for corresponding values of A. This
implies that the spectral measure does not contain an absolutely-continuous
component for A>2 and there are no pure point spectrum for 1 <2. We will call
such results as theorems “up to” the singular-continuous spectrum because
clearing up whether there exists a singular-continuous spectrum for 1+2 and the
proof of the believable pure singular-continuity of the spectral measure for =2
will give a complete description of the spectrum.

The duality argument at first appeared in [6] as a quasitheorem and was
proved rigorously in [7] and [8] by different methods. It has been uncertain what
is the nature of the duality and whether this argument can be extended to the wider
classes of almost-periodic problems.

In this paper we will show that symmetry properties of the whole class of 1D
almost-periodic operators are caused by the existence of some gauge group for
related 2D Hamiltonians. Thus a physically intuitive connection between almost-
periodic and 2D operators in a uniform magnetic field becomes a mathematical
fact which enables one to find a group of transforms (including the Fourier
transform) that preserves the integrated density of states. These are the results of
Theorems 1 and 2. Theorem 3 shows that under some natural assumptions every
orbit of the above mentioned group action includes at most one isospectral class of
operators with a pure point spectrum, all other operators in the orbit possessing
pure absolutely-continuous spectrum. Theorem 4 is an example of application of
Theorem 3. Theorem 5 relying on Theorem 2 describes the spectral properties up
to the singular-continuous spectrum of some operator family.

Thus the essence of our method is that deriving 1D quasiperiodic operator from
the 2D Hamiltonian one should not forget the initial problem. We remark that all
known proofs of the Aubry duality have in fact the two-dimensional nature. All the
latent symmetries become explicit when regarding the related 2D operator.

Let us give now the precise formulations.

We consider an operator H of the form (1). It is connected with the matrix of the
Fourier coefficients B= B(k, j)= ||b, ;|| appearing in the expansion of the functions

9= 3 bujexplikx—jz/2).

We will use the notation H, , for operator (1). (The indices «, @ would be ignored
in all objects connected with Hy if it would not lead to ambiquity; in order to avoid
rather cumbersome notations we will sometimes use b, for b, ;, where |=(k, j) € Z?).
Sometimes it will be convenient to deal with a diagram corresponding to the
matrix B, which can be built by omitting all zero coefficients b, ; and providing all
nonzero b, ; with vectors going from the point (0, 0) to the point (k, j). Denote by 2
the set of operators Hy such that b,=b_; and b, € ['(Z?). Let Hy(A) be the operator
H;; restricted to [?(— A, A) CI*(Z). Denote, as usual, by (24 + 1)N(4; 4) the number
of eigenvalues 1(A) of Hy(A) which are less than 4, i.e. 1(4)< .
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Take Hze 2. It follows from the general facts for the random metrically
transitive operators [11] that
1) Hyis an essentially selfadjoint operator defined on the space of finite sequences.
2) There is a deterministic (®-independent) measure dNgz(4) which is the weak
A— o0 limit of the sequence dNg(4; A).
3) Let dEF(4) be the identity resolution of H§. Then

ANy(1)= | (@E3(Aeq, ¢o)d®. 3)

where the vector e, e 1%, ey(n)= (0, n).

2. The Connection Between the Quasiperiodic Operators
and 2D Hamiltonians in the Uniform Magnetic Field

Given Hye X let us consider the Hamiltonian Ly acting in [*(Z?):
(Lg¥)= Z Py ibiexp(ia®y ), k=(k',k?), I=(",)eZ?,

where the gauge field 2@, ; corresponds to the uniform magnetic field with the flux
o through the unit cell. Immerse the lattice Z? into IR?. Let x, y be the coordinates
in R2. Given k, le Z? consider the vector t, ;€ TJR? with the coordinates I' —k?,
I>—k?*. Here '1}]R2 is the tangent space identified with IR%. Fix @ € A'IR? being the
differential 1-form such that d® =dx A dy. The form O is defined, uniquely, up to
the gradient of any function f:IR*->R. Now we can choose ©, ; being equal to
O(t,. ). Note that all “physical” values connected with Ly are gauge invariant, i.e.
1ndependent on the concrete choice of the gauge field ©, ,=0(t, ;) such that
d® =dx A dy. The wave functions ¥(x, y) of operator LE *&24/:» are exactly those
of operator LY multiplied by the phase factor exp {if’ (x y)}. It turns out that the
group of transformations of the Hamiltonian Lz due to the gauge arbitrariness
leads to the decomposition of the set of quasiperiodic operators into orbits
consisting of operators with equal densities of states (Theorem 2). This fact is a
generalization of the Aubry duality which follows within our method from the
symmetry of the lattice with respect to the rotations by the angle n/2.

Consider the ensemble Y of the lattice paths y=(y,,....7), v;=0},y}) €Z?,
v0=7,=0, t=|y|. Here t=|y] is the length of the path y. Let

Al
bt

be the statistical weight of the path y. Denote by Zj ., the partition function over
the ensemble Y. It is straightforward that =g, ,=(exp{iLg}e;e;) for any
ji=G", j) e Z?. Here e;e I(Z?), efn,m)=0(n, j*)o(m, j°).

It turns out that 5y ,., can be represented in terms of the operator Hy.

PB.asa(7)= ( Y by 1) exp {iaS(y)

Theorem 1. For every irrational o and Hge X,
.{exp{—}'t}dNB,a(Z)ZEB,a;).‘ (4)

Proof. Consider the area functional S(y) determined on all (not necessarily closed)
lattice paths: S(y) = @, @ € A'IR?,dO = dx A dy, JCIR*is the image of the path y on

b
Z? after the natural immersion of Z2 into R2. Fix @ = ydx. It is obvious that the
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concrete choice of the functional S(y)is equivalent to the choice of the gauge field; it
will be convenient to consider area formulas instead of gauges.

Fix ke NU{0},z,,z,€ 5" élzl 1} C €. Consider the ensemble IT* of the lattice
paths y=(yo, ....%), ;=] 1Y 1)622, 1o=0 with the fixed length k. Let the
statistical weight pg ..., .,(7), y € II*, be equal to

<n b) exp{iaS()zizf, k0.
ji=1

Denote by P}, (z,, z,) the corresponding partition function. Consider the function
@(z1,2,)=Y. |by |2} z5. It follows from the definition of X that ¢(z,, z,) € C(S* x S1),
and one can apply the Cauchy theorem to it. Taking into account the estimate

IPz,a(ZD ZZ)I é (pk(1a 1) > (5)
we obtain that the same property of the function P% ,(z,,z,) holds. Thus if

B a(zlszz)_ Z CB @ j1, ja 2112122, then
Ji,J2

CB 00,0 =] P’fg’a(exp{icbl}, exp{i®,})dP,dP, .

Let us introduce the “inverse temperature” 4, A€ €. Let IT be the disjunct union of
ensembles IT*. Put the statistical weight pg,.,, .,.;(y), y€II*CII equal to
/Ik

i — PB.usz,,2,(¥)- The partition function Py (z,,2,;1) over the ensemble IT is of

Ak
course equal to ¥ Pk (z,,z,)— i It follows from estimate (5) that for any Ae € the
value :

[Py o(z1, 255 D S exp {|dlop(1, 1)},

therefore Py ,(z4,2,;4) is an entire function of 4, for |z,|=|z,|=1. There exists a
natural famlly of recurrent equations on the partition functions P% ,(z,, z,). In fact
given y® =(yo, ..., 7 Y** V=", 74, 1) such that y,, ; —y,=(j, ) we have

ST D) =SOW)+jl2+71,
hence
Py, I(Zn z)=%.b; 1P {21, 22 expliof)zi 24 expliogl/2), k=0,
P} (z1,2,)=1.
System (6) is equivalent to the functional-differential equation for Py (z4,2,;4):

ap . i -
o =L by Pla, 2, expli), )2} expliaf2)

(6)

P(z4,2,,0)=1. ™

Define Qf (A1) el', deS', AeC as a vector with the coordinates
2n . X
Q%A= [ Py (e €, A exp(—ild)ds.
0

Note that Qf (4) belongs to I' because it is a sequence of Fourier coefficients of a
continuous function. For every [ e Z the function (Qf ,), depends analytically on A.
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Equation (7) can be rewritten in terms of Qf , as a Cauchy problem

Q2 (2
Q) _yg 08,0,
Q3..(0=Q?,
where Q@ el!, Q(n)=46(n,0).
Note that for every k 2 0 the vector (Hf, )*Q is well defined and belongs to I*,
because of the estimate

Y NHE QNS Y by, w1 m] =051, 1)
leZ z

Ji,mi€

®)

Since QF ,(4) is an analytical solution of the Cauchy problem (8), hence it equals
exp(AHg ,)Q. Taking into account that

2n
EB,a;). = g {Q%),a(}')}odé )
we obtain

2n
Enasa= [ exp(IHE )Q, Q)d®

2n o

=y (exp(A)dE3, (1)Q”, QV)dd = f (exp(A)dNp (7).
Here we exploited formula (3). To prove the legality of changing the order of

integration one should approximate exp(At) by a sequence of step functions fi(t)
such that f(f)<exp(At) and apply the Lebesgue and Levi theorems. Q.E.D.

3. The “Duality”
Because of the gauge invariance of the right-hand side of (4) it follows that the

measure dNp ,(t) is invariant with respect to any area-preserving lattice transform.
Moreover, given homomorphism

a b
A= (c d>eGL(2,Z),

let A(i, j)e Z* be (ai+ bj, ci + dj). Define the induced action of 4 on the matrices B:

AB(i, j)=B(A™(i,)). ©)
Theorem 2. Let Aec GL(2,Z), Hze X, 0 ¢ Q, then
NAB,a(E) = NB, adetA(E) . (10)

Proof. Given path y=(y,...,7,), 7:€Z*, yo=7,=0, consider the corresponding
path $=(A4y,, ..., Ay,). Then

Pag,os (V)= (H b,- 19, = 95— l)) CXP{l“S(V)}l I,

<H byyy,- 1) eXp{locS(y)/detA}l l' =DPg,adeta, V)
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Changing the summation over the paths y to the summation over § we obtain
equality Z3p ,.,=5p ,4e4;2 Which immediately gives the statement of the
theorem. [J

In particular, if 4 € SL(2,Z), then
Ni5(E)=Ng(E). (11)

. . . . 01 .
The equality (11) turns into Aubry duality when 4 is < { 0) and the diagram
corresponding to Hy, is N

Fig. 1

The generalization of the Aubry duality proven by Pastur [12] corresponds

0
A= 1 0 and

bi,j=¢1()d(0,1) + 9,()4(0, j) -

Theorem 2 enables to obtain results on spectral properties “up to” the singular-
continuous spectrum for different operator families invariant with respect to an
arbitrary automorphism (see Sect. 4 for some examples).

4. SL(2,7Z)-Action

Here we want to describe the families of 1D quasiperiodic operators (1) with
identical density of states, which are generated by the gauge transformations of 2D
Hamiltonians.

Unitary action of SL(2,Z) in L,(S' xZ) can be defined as follows. Let

0 1
A=<_1 0).
Set ,
(UAw)(ﬁ,p)=(I)d<P Y. exp(i®p+in(B+pu)p(P,n), &,peS'; pnel -

' n==c (12)
(the “Fourier transform”).

1 k
ForA—-<0 1) set

(U49) (B, p)=exp(ipk(pa/2+ B))p(B, p) - (13)
Proposition 1. The formulas (12)—(13) determine the

SL(2, Z)-action on L,(S* x Z).

Proof. Set U,z=U_, Uy All we need is to decompose the every automorphism
AeSL(2,Z)into a product of automorphisms of two above types. The correspond-
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ing fact is the discrete analog of the polar decomposition theorem: for every

A= (i’ ”) eSLR,2),

d
1 k 0 —1\/1 k{\/0 —1 1 k,
A=<0 10)(1 0)<0 1)(1 0)"‘<0 1)’ 9

where ky, ..., k, are defined by

o
—_

=Lk, ... k1= (15)

d

Propeosition 2. The following equality holds

UHU;'=H,;. (16)
Proof. It follows from the above that one needs to prove (16) only for the operators
U, of form (12), (13). Let 4 be <(1) l;) ie. (AB)(i,j)=b; Thus

i—kj,J°
H )= ¥ Y0y ;0(P+Io)exp{—ikj(®+la+jo/2)},
J= —

hence

(HzU,P), = ) Y. Y0 ,{‘p + lo) exp (ilk(le/2 + ) = (U JHp V), .
J=—©

The proof for case (12) is similar to this one.
Note that the group G= {(é I;)} CSL(2,Z)actsin L,(S' x Z) as a group of
keZ

operators which are unitary in [* for every fixed @€ S'. Thus G preserves the

spectral properties of Hy. However the action of automorphisms 4 € SL(2, Z)\G

changes essentially the spectra of Hy though it preserves the density of states. The

precise assertion is given in Theorem 3. We need the following definition.
Consider the ergodic dynamical system (M, u, T,), x € Z*. The operator family

Ly : IMZ%—1*(Z%, ®e M will be called the metrically transitive (mt) if R, LyR;*

=Ly g, ®€M, where R, is a lattice shift to the vector x: (R,¢) (n) = @(n+ x),ne Z*.
We will say that mt-operator L, possess S-spectrum if the following three

conditions hold:

1) The spectrum of L, is pure point for a.e. #€ M.

2) The integrated density of states N (E) is absolutely continuous.

3) There exist measurable multi- (but a.e. finitely) valued functions

A®)=(AYD), ..., AO(D)), A:M-R,

and X(@)=(XY(®), ..., X*D(P)), X': M- 1% i=1, ..., k(®), k: M->NuU{0} such that
the complete sets of eigenvalues and elgenvectors of Lg can be represented
correspondingly as U A(T,®P) and U R . X(T,®).

xeZ

Let us emphasize that the ex1stence of the function A(®) (X(¢)) such that the
spectrum of L, (the set of eigenvectors) can be represented as a union of its values
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along the dynamical system trajectory follows from the mt-property of operator
L4 and the pure point character of the spectrum. Condition 3) states that such
functions can be chosen measurable and almost surely finitely valued. The
functions A(®) and X(P) were introduced by Sinai [4] (which is the reason for the
letter S). They were studied in [4] for the almost-Mathieu-type situation. Later
they were used in the proof of localization for the 1D discrete Schrédinger operator
with two frequency potential [13]. Similar objects were used to study singular-
continuous spectrum [14]. Following the Frohlich-Spencer construction [15] one
can build functions A(w) and X(w) satisfying 3) for almost every realization w in the
Anderson localization regime for multi-dimensional Schrodinger operator with
random potential.

It seems that generically pure point spectrum of mt-operators satisfies
S-conditions 2), 3). The only counterexample we know corresponds to the 1D
Schrodinger operator with random discrete-valued potential which possesses pure
point spectrum but has the singular component in the integrated density of states
[16]. It has been already mentioned however that the case of the discontinuous
function on the phase space M needs generally speaking a special approach and
the results presumably are principally different from those for the continuous
function. Furthermore, the results related to the Maryland model (see [17]) and
Kotani theorem [18] concerning the almost periodic Schrodinger operator with
discrete valued potential give rise to a natural question: does there exist an
operator of the form (1) with essentially discontinuous functions f and absolutely
continuous spectrum? Our conjecture is no.

We will show now that quasiperiodic operators (1) with S-spectrum turns under
the transforms of SL(2,Z)\G into an operator with absolutely continuous
spectrum. It seems that the symbol S in all considerations may be replaced by
“pure point.”

To avoid some technical difficulties let us restrict ourselves to the case of finite
matrices B. Denote by U the class of Hye 2 with finite B. Every Hye U is self
adjoint.

Theorem 3. The decomposition of U into orbits O of SL(2,Z)-action satisfies the
following properties:

1) Ny is constant along the orbit O.

2) There is at most one class of operators with S-spectrum in the every factor-set
O/G; if it exists then all other classes in O/G correspond to operators with absolutely
continuous spectrum.

Proof. Statement 1) is a corollary of Theorem 2. Let us give the proof of 2).
Define the unitary action on IL,(S* x Z) for some transforms belonging to
SL2,Q).
Set .
(U 1@ (B,m)=exp {inr(nz/2-+ B)} p(B,m).

U((l, ;):]LZ(S1 x Z)—~1Ly(S; x Z) for r=p/q. Here S} =R(mod2ng), $*'=S].

Let = {C= <Z fi)eSL(Z, 0), a,bel}.

Given Ce§ there exist (not unique) r,,r, €Q, C! e SL(2,Z):

C= ((1) r;)cl((l) rf). 7)
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Set
UC=U((1) rll) UCIU(%) rlz).

It can be shown easily that the definition of U, is independent of the concrete
representation (17) of C. Let g=¢(C) be the common denominator of ¢ and d.
Define CB(i,j)=B(C~'(i,j)), i€Z/q, jeZ, r=p/q, Be Z. Here B(i,j) is assumed
to be zero for i¢Z or j¢Z.

Lemma 1. Given Ce 9, Be X then the operator family Hgg, @€ S} of form (1) is
well defined. The functions f;in the related formula (1) belong to C(S;), — 0 <j < co.
The operators H}, ®eS"' and HE,, ®eS) are conjugated through the unitary
operator Uc. Besides that N¢g(E)=Ng(E).

Proof. Define Hgp through formula (1) with functions f;(x) of the form

o 1

Y (CB)(k,j)exp(ik(x—ja/2)), x€S;, keal.

k=—o
It follows that f{x) is equal to
2 B(C” '(k, /) exp (ik(x —jor/2)) .
ke Z

It remains to repeat the arguments of Proposition 2. To prove the equality of
integrated densities of states it suffices to consider random walk on Z? which is

{(m/q,n), m,neZ}, and to repeat the proof of Theorem 2.
Note that U,.=U, U for 4,C,ACe$H. Every automorphism

a b
(c d>eSL(2,Z)

can be represented in the form

a b\ (1 ac\(0 —1\(c 0)\(1 d/c (18)
c d) \o 1tJ\1 o/\o 1/c/J\0o 1)
As far as operators U 1 1) are unitary in [* for every fixed @ S* (they don’t

“mix” @) it suffices to study the action of U(? - (1)) <3 1(;).
C

Denote the matrix (((; 1 /c> by D.. It is straightforward to check that the
operator Uj, . acts as follows:

(Upe@) (B, n)=(B/c+a{n/c}, [n/c]), c€eZ.

Lemma 2. 1) If the operator Hy € W has pure point spectrum then the spectrum of
Hj 3 =Up, HyUp ! is also pure point.
2) The S-property is also preserved under the U, conjugation.

Proof. Set Xi(B,m)=Y, (ﬂ -|(—:ozr’ m; r) d(r,m(modc)), 0=r<c, for an eigenfunc-

tion P(P) of the operator H4 , with the corresponding eigenvalue E,(f). Then

!I,k<ﬂ+ar) o
¢

I XB) = 2 IX(B, n)|? =
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B+o,

for any fe S¢. Itis obvious that HY , X (B)=E, ( ) X%(pB). The completeness

of the eigenfunction system {X}(f)}> _ ., 0=r<c, fo]lows immediately from the
completeness of the system {¥}(B)}i% - ,, for every 0=<r<c.

Statement 1 of the S-property is already proven. Statement 2 follows from
Lemma 1. Go on to the proof of Statement 3.

Let A(B) and X(B), B€S*, be measurable functions related to the operator Hp.
Set

A(B)=A(B/c), X(B,m)=X(B/c,m/c)3(0,m(modc)), PeS:.

It follows from Statementl of the lemma that the spectrum of Hj p , can be
represented as () U E, (ﬂ o ) where {E(B)}.zis the spectrum of Hj ,. Hence

keZ r=0
the spectrum of H% p , can be written as follows:

c=1 +oar +ok ~
U UA(ﬁ ) UA(B >=UA([3+koc).
r=0 keZ c keZ keZ
The set of eigenfunctions of Hj p , can be represented in an analogous way:

k%} rL_) Xi(B)= U U Wk(ﬂ—l—ocr mc r> 8(r,m(modc))

~U U X(ﬁ”r ko, 2T —k>5(r,m(modc))
r=0 keZ C

- sz<ﬁ+°‘k e k)é((k m)(modo), 0= | X(B+ka,m—k).
ke

Q.ED

. 0 1
Denote by I the symplectic matrix (_ { 0).
Lemma 3. Assume Hj , € U possess S-spectrum. Then the spectral measure p(E) of
HY; , is purely absolutely continuous for almost all B€[0,2n], the generalized
eigenfunctions being spectrally almost surely quasiperiodic in the I* sense.

Proof. Using Statement 3 of the S-property write the sets of eigenvalues and
eigenfucntions of HY , in the form U A(f+ma) and U X(B+moa,n—m) for

measurable functlons A(f) and X (ﬁ) on St M1m1ck1ng Delyon Chulaevskii’s
argument (which uses effectively up to this moment only conditions 1, 3 from the
S-definition rather than almost-Mathieu specificity) we obtain for the dense set of
¥ in IL,(S* x Z),

#(p,n)= | d0G(®, ) 5, 6°@. Y50, (19)
where
G(®D, B, n)= ZZ exp(i®n+ im(f + na)) X (P, m) (20)

is a multi-(but a.e. finitely)valued function. Relation (19) assumes the summation
over all branches of multivalued function G(®, f§,n) which is

(GY(®, B, n), ..., G*YD, B, n))



1D-Quasiperiodic Operators 599

in correspondence with the branches (4(®), _...,A"“’”(tp)) of function A(®). One

can easily check that for a.e. § the function G{(®, §,n) is a generalized eigenfunc-

tion of H;B . with eigenvalue A%(®). Relation (19) ylelds that the type of the
2r kD)

spectral measure uf of Hfj , is measure g, which is u(4) = j do j x(A4(P), A) for

the Borel subsets A CR (y is the characteristic function). Thus uﬁ do not depend
on f and taking into account (3) one obtains the spectral type of H5 to be equal to
dNg(A). The S-condition 2 gives immediately the statement of the lemma.

The assertion 2 of Theorem 3 follows from (18) together with Lemmas 3, 2
because of unitarity in [* of operators U((l) ;). Q.E.D.

Let us describe the spectral properties of SL(2, Z)-orbit of almost-Mathieu type
operators as an example of application of Theorem 3.

Let Hy be the operator of the form (2) with cosine replaced by ¢ : S! >R — the
trigonometrical polynomial having exactly one nondegenerate maximum and
minimum (see [4]). The last condition can be expressed in terms of algebraic
inequalities for the coefficients b; , of (x) “Fourier expansion,” setting actually
some decreasing property.

Theorem 4. For sufficiently small A, typical a. € S* and A € SL(2,Z)/G the spectrum of
H; , is purely absolutely continuous and is a Cantor set of positive Lebesgue
measure.

Theorem 4 is an obvious consequence of [4] and Theorem 3.
Let us describe an explicit form of the almost-Mathieu SL(2, Z)-orbit.

Let H?, be an almost-Mathieu operator (2). For A= (’: Z ) eSL(22,Z)
operator H%; , has the form
(Hppg o V) =AY pexp{im(a(l+n/2)+ D)} + ¥, ,exp {ip(oll + q/2) + )}
+ AW, exp{ —im(o(l—n/2)+ ®)} + ¥,_ exp{ —ip(o(l—q/2) + D)} .
Corollary. 1) Under the condition of Theorem 4 the spectrum of Hy,,, , is purely

absolutely continuous and is a cantor set of positive measure. ,
2) For a dense G; of pairs (a, A) the spectrum is a nowhere dense set.

Assertion 2 follows from the results of [19] and Theorem 2.

Let us emphasize that Theorem 3 contradicts the belief that pure point and
absolutely continuous spectra are dual to each other under the discrete Fourier
transform. Indeed the operator U, transforms the pure point spectrum into an
absolutely continuous one, though the latter is preserved (generically) under the U,
action.

Example. Consider the family HY , of the form
(H? )= {Aexp{i(e(l+1/2) + )} +exp{—i(ell+1/2) + D)} } ¥y
+{Aexp{—i(o(l—1/2)+ D)} +exp{i(dl—1/2)+ P)}}¥,_, .
This family is related to the model with pure diagonal hoppings. The “Fourier
transform™ U, turns the operator H, , into F, _, though assuming A or 1/2
sufficiently small and @ € S* being typlcal the spectrum of H,_, is pure absolutely

continuous. It follows from the fact that H, , belongs to the SL(2, Z) orbit of the
almost-Mathieu operator H;, ,, of the form (2).
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5. The Next-Nearest-Neighbor Model

In this section we will study spectral properties “up to” the singular continuous
spectrum of the certain family of the operators Hy, i.e. we will prove the absence of
absolutely-continuous (point) components in the spectra depending on the
parameters given. We will use the equalities on N(E) together with the connection
between the Lyapunov exponent y(E) and the measure dN(E) in the same way as it
was done in [8, 7]. Here we will deal only with the second order operators H rather
than with the general case. Under such a restriction the Lyapunov exponent y(E) is
defined as

YE)= sup lim n~!Inju+u2_,|'/? 21
Bel0,2n] n—

for the solution u, of the Cauchy problem

Hu=FEu (22)
with the initial data

u_,=cosf, ug=sinf. (23)

The limit in (21) exists almost surely and is nonnegative for every mt-operator due
to the multiplicative ergodic theorem [20]. The connection between y(E) and
dN(E) in the Schrédinger case is called the Thouless formula. We need a slightly
different version of it valid for all mt second order operators of the form

(HT)n=an'Pn+1 +an—llpn-—1+qnan'

For bounded stationary processes a,, g, and a.e. E€R it follows that
WE)=—<Inla,|>+ | In|[E—E'ldN(E), (24)

where ¢, > denotes the mathematical expectation.
Consider the operator family H; _, related to the next-nearest-neighbor walk
in Z2. The corresponding diagram is

?\4 AS AZ
A Ay

Fig. 2 Az Az Ag

and the family acts in [* through the formula
HS, _, .P) =24, cos(al+ D),
+{As+ A exp {i(a(l+1/2)+ D)} + A, exp{ —i(e(l+ 1/2) + D)} ¥,
+ {43+ A, exp{ —i(a(l—1/2) + B)} + A exp {i(e(I— 1/2) + D)} } ¥, .
Set A=max(4;, 43,4, +1,).

Theorem 5. For any irrational o and a.e. deS?,
1) For A=A, being a strict maximum there is no absolutely continuous component in
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the spectrum of HY, _, ,. The Lyapunov exponents (if any) on the spectrum are
given by the formulas:

WE)=2n In’ll"”— YA —4haly

27, ’

2
/23 —4
y(lz)=2nln—’11+ ’;} M‘*, Ao <Ay Ay <lAg+As;
4

A+ A3 —42,4
WE)=2nin VAT A ) .
As+)/A3—4Ay0,
2) For A=A being a strict maximum there is no pure point component in the
spectrum of H‘fl_q,a. The Lyapunov exponents (if any) are equal to zero.

3) For A=2,+ A, being a strict maximum the Lyapunov exponents (if any) on the
spectrum are equal to zero.

/{2>/{4, /13</14+/?.2,

Remark. 1. Setting A, =2, =0 turns H}, _ , into the almost-Mathieu operator for
which the results of Theorem 5 were proved in [7-9].

2. The case when A is not a strict maximum has codimension 1 and seems to
correspond to the purely singular continuous spectrum (see below).

Proof. According to (24) for a.e. E€R the Lyapunov exponent y(4, _,; E) of

operator HY __ , is equal to

2n ©
YA -3 E)=— | In|A;+ Are™ + A Ndx+ | In|[E—EJdN,, (E). (25)
0 )

Denote by o the transposition (1,3). According to Theorem2 N, (E)
=N;..,_.(E), thus (25) can be rewritten as

2n o
WA — a3 E)=— | In|is+ 26"+ Ae " ¥dx+ | In|E—EdN,_ . ,(E)
0 —

20 A+ Ape™ 4 Age |

='}’(A.o.(1_4); E)‘+‘27'E if) lnll3+12eix+l4e—ix’dx‘

2n ix —ix
Denote 27 { In MI +/12eix * /14e_ixl
0 |AstAye™ e
Since y(E) cannot be negative the positivity of L(4, _,) implies the positivity of
Y(Ay_4; E) for a.e. E.
The straightforward calculation shows that

/A3 —4
L(,ll_4)=2n1nf1—‘i—i——2’11, Ay>hgy Az <Agthg Ay >Aa+ Ay,
2

2
/22 —4
L(ll_4)=2ﬂlnw, l2</{4, ).3<)»4+/12, }.1>l4+/12,
4

2_
Lo, _g=2ninatVAals ) At i,
Tt )/ 12—,

dx by L(1,_,).
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/13+ A3—40y4,
212 ’

A+ /2400,
214 i
L(ll_4)=0, ll,l3<l4+l2.

It remains to use the argument of [21] to obtain assertion 1. Assertions 2,3 can be
proved by the argument of [9] which being repeated in our situation shows that
Y41 —4; E)>0 implies (A, —4y; E)=0. In fact

Hll 4,0 UIH

LAy -4)=—2n

Ay>Aay Ay>Aat Aoy A <Ay+hy,

LA, _4,)=—-2xrln

Ay <Agy A3>A4+As Ay <Ay+2,,

UI B}

Ao(1-a),a

and it remains to notice that Delyon’s argument exploits only the properties of the
Fourier transform. Q.E.D.

Let us restrict ourselves to the case A,=4,. Setting A,=1 we obtain the
following diagram in the plane 4,, A4

22,

Fig. 3 1 A3

Domain I corresponds to the absence of the purely continuous part in the
spectrum, Domain II to the absence of the pure point component, and Domain ITI
cannot be studied by our methods but it seems to correspond to the singular-
continuous spectrum.

The latter model was considered in [22] where the expressions for the
Lyapunov exponents were announded in the domain A;>1 and the numerical
computations for the {IIIN{A;>1}} were fulfilled. The results of computations
give rise in regard to the spectrum of operators corresponding to III as singular-
continuous.

It can be stated more for the case: A, =0, which is reverse in a sense to the
previous one. It turns out that operator H, _, in this case corresponds to the
random walk on the triangular lattice.

Indeed consider the lattice Z2 with the cell of the form of a parallelogram having
sides a, b and the angle f € [0, n]. We regard the area of the unit cell ab sin f as being
equal to 1. The argument used to prove Theorem 1 repeated with appropriate
changes shows that under some “rationality”_conditions the correspondlng
partition function £} ,., (defined with respect to 77 in the same way as 5y ¢ With
respect to Z?2; see 2) is 1ndependent ofa,b, B and is equal to Zp ;.. The “rationality”
condition mentloned is that b? sm2ﬁeQ Thus all “rational” in the above sense
lattices are equivalent.

The triangular walk can be regarded as a walk on the lattice Z2 with parameters

a=b= I / -2—, sinfi= g (which implies b*sin2f=1). Hence the corresponding

/3
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diagram is

;\2 23

Ri Ri

Fig. 4 25 A2

and the corresponding operator is H; ;,5.0: =H; ;,:..

Theorem 6 (the triality). Given transposition c=(g,,0,,05) the following equality
holds:

Ny _(E)=N,, _,(E).

~
~

Proof. The partition function 5 ,., corresponding to the lattice Z> with
parameters a, b, § defined above is invariant with respect either to the /3-rotations
as to reflections in the axes {x =0}, {y =0}, {y = — x} which together with (3) gives
immediately the desired equality.

Theorem 7. For irrational o, almost every ®€S* and /., > A,, 1,> A5 there are no
pure point component in the spectrum of HS, ., ,.

Remark. All the other domains in the space (4,,4,,43) are already regarded in
Theorem 5.

Proof. It follows from Theorem 5 that for A, > 4,, 4; > 1, the Lyapunov exponent
y(4, _5; E) is strictly positive for E belonging to the spectrum. It remains to note

1 —1
that HY , ;. ,=Hj?_,forJ= (0 1
of Theorem 5. Q.E.D.
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)I, Hp=H,, ., and to repeat the reasoning
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