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Abstract. The flow in the negative direction of the gradient vector field associated
with the functional total squared (geodesic) curvature J k2ds is the so-called curve-
straightening flow. This paper will consider spaces of closed curves in closed
Euclidean submanifolds. It will define these spaces of curves as submanifolds of
certain Hubert manifolds representing all curves. The main result will then be to
show the existence of a particular set of functionals defined on the entire Hubert
manifold which have the following four properties: 1. The directional derivatives
of these functionals may be computed by solving an initial value problem for a
system of ordinary differential equations. 2. By introducing a suitable Hubert
space basis for the Sobolev spaces used, the gradients may be effectively computed
(but of course not explicitly computed, except in very special cases). 3. The
gradients span the space normal to the tangent space of the space of closed curves.
4. Despite the fact that these gradients in general are not given explicitly it is
nevertheless possible to compute the projection onto the tangent space to the
space of closed curves. In particular we do this for the gradient of J fc2ds. When all
details are worked out this gives us an algorithm (which we supply) for finding
critical points in the space of closed curves. It is not known if the trajectories
actually always converge to critical points. If the functional is modified to include a
multiple of the length so the functional becomes \k2 + λds then the above
convergence is known for λ>Q. The motivating application for the curve-
straightening flow is the possibility of using it to find (non-trivial) closed (periodic)
geodesies. Note that if λ = 0 then a closed geodesic is a global minimum. For any λ,
geodesies are critical but there are also other critical points, the so-called elastic
curves. The paper concludes by deriving the second variation formula for J k2 + λds
along closed geodesies. The quadratic functional associated with the second
derivative is shown to be positive definite even for non-zero λ along some closed
geodesies in some particular manifolds of interest.
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0. Introduction

This paper will consider the problem of finding critical points of functionals
restricted to spaces of closed curves in closed Euclidean submanifolds. In
particular we are interested in functionals that are independent of parametriza-
tions of the curve. An example of such a "geometric" quantity is the length of a
curve γ and the corresponding length functional \ds. Our main applications will

y

involve functionals of the form J f(k)ds, where / is some real valued function and k
y

is the (geodesic) curvature along y. One of the primary motivations for considering
such functionals is the problem of finding geodesies, in particular closed geodesies.
To avoid confusion we point out that we consider a geodesic closed only if it is
periodic, i.e. not only should the endpoints be equal but the tangent directions
should also be equal at the endpoints. We will also call a constant curve a point,
rather than a closed geodesic.

Before we continue we remark that it is by no means obvious how to deal with
the complications caused by the fact that we consider functionals independent of
the parametrizations of the curves. The independence of parametrization will
cause the Euler-Lagrange equations associated with the functional to be
dependent (see [1]). There are several different approaches to this difficulty. For a
discussion of the length functional see [2, pp. 243-252]. One possibility is to fix a
parametrization and restrict the functional to curves with this parametrization.
This fixed choice of parametrization is then considered as a pointwise constraint
and requires a corresponding Lagrange multiplier. In this paper we will use a
different approach than any of the above. The so-called (generalized) indicatrix will
be introduced. We will suggest a way of uniquely associating to each regular curve
parametrized proportional to arclength its indicatrix. The space of indicatrices is
given a Hubert manifold structure and the functional of interest will be defined on
this new manifold. The indicatrices representing curves that satisfy some particular
choice of boundary conditions (e.g. periodic) turn out to be submanifolds of the
space of all indicatrices.

We will in this paper show how to split the tangent space of all indicatrices into
a space tangent to the space representing closed curves and its orthogonal
complement. We stress that for such a given Hubert manifold this splitting
depends only on the particular boundary conditions under consideration (and, to
be sure, how the Euclidean subrfianifold and its orthonormal frame bundle are
embedded). Given a functional defined on the space of all indicatrices its gradient
may now be projected orthogonally onto the tangent space of the space of
indicatrices representing closed curves. The steepest descent is now to flow along
the trajectories in the negative direction of this projected gradient vector field.

A very important application of the above general method is when f(k) = k2 + λ,
here λ ̂  0. Note that if λ = 0 then this functional is globally minimized at the closed
geodesies (fc = 0 at all points along a geodesic). The steepest descent flow as
described above for this functional is known as the curve-straightening flow. When
λ = 0 it is not known if all trajectories will converge to critical points. On the other
hand for λ>0 such convergence has been established (see [3]).

There are several fundamental differences between the methods used in [3] and
the approach used here. In [3] variations of the indicatrix are related to variations
of the curve via an integro-differential equation (see Proposition 1.2) involving
among other things the curvature along the curve. This approach proved
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successful as a means of showing the Palais-Smale condition. Our objective here is
quite different. We want to develop an effective method that makes it possible to
actually follow these trajectories inside this infinite dimensional manifold. Our
main result (Theorem 2.4) will be used to show that the problem of computing the
relevant gradients has been reduced to a problem of solving an initial value
problem of a system of ordinary differential equations together with some linear
algebraic equations. This is a definite improvement as compared to [3]. This is
accomplished by allowing the geometry of the manifold containing the curves to
enter through the second fundamental form rather than through the curvature.
This is why the manifold containing the curves as well as its orthonormal frame
bundle are embedded in Euclidean space. Another significant difference is our use
of a Hubert basis in the Sobolev space factor of the space of indicatrices to facilitate
the computation of various gradients. The gradient computations in [3] and also
in [4] are done with the help of the so-called duBois-Reymonds lemma. Note that
apart from this, the present paper to a large extent generalizes the methods
developed in [4].

To motivate why the total squared curvature functional is used we remark that
the Palais-Smale conditions has been established for the energy functional J ds2 as

y
well (see for instance [2]). There are significant differences however. For starters,
the energy functional is not independent of the parametrization of the curve. The
spaces of curves on which it is defined include constant curves. As a consequence
the steepest descent flow when applied to a curve in a trivial homotopy class will
tend to shrink such a curve to a point. In particular on sphere-like surfaces with
trivial fundamental group this is a serious drawback.

There have also been attempts to use the length functional and define some kind
of "gradient" flow (see [5,6]). These attempts have produced certain partial
differential equations whose solutions yield the so-called curve-shortening flow.
These flows have their roots in the Birkhoff curve-shortening process (see [7]) and
all these flows suffer the same drawback as mentioned above.

Since the total squared curvature functional gets arbitrarily large on any
sequence of closed curves approaching a point it is clear that the curve-
straightening will not shrink curves down to points. Since geodesies are critical
points of the length functional we see that for any λ ̂  0 geodesies are critical points
of J k2 + λds. There are also other critical points, the so-called elastic curves. In the

y
case λ = 0 examples of such critical points are given in [8] where two-dimensional
spaces of constant curvature are considered. For λ > 0 there are examples in [3] on
the standard round sphere S2.

To gain a better understanding of where an initial curve will flow under curve-
straightening it is also important to study the stability of the critical points. For the
standard round sphere we again refer to [3] and Theorem 3.1 which states that if
0 g λ :§f then all non-geodesic critical points are unstable. We will in this paper give
additional results concerning the stability of the geodesies. In particular we will
derive the second variation formula for normal variations along a geodesic in a
two-dimensional manifold. We also consider some special cases related to sphere-
like surfaces.

The paper is organized as follows:
0. Introduction
1. Indicatrices
2. Projections onto the tangent space of closed curves
3. The curve-straightening algorithm
4. The second variation along geodesies
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1. Indicatrices

1.1. M and OM. We will restrict our attention to curves in closed Euclidean
submanifolds. Let F:Rk->Rι be smooth (C00). Assume that DF(p) is onto for all
p e F ~ *(()). We will consider functional defined on curves in M = F~1(0). We let
n = k — l and we assume that n ̂  2. A standard argument using the implicit function
theorem shows that M is an ^-dimensional submanifold of Rk. Note also that

TpM = ker DF(p) = {veRk\ DF(p)v = 0}

will be identified as the tangent space to M at p. Let the superscript τ indicate
transpose so that DF(p)τ: Rι-+Rk. The superscript 1 denotes orthogonal comple-
ments. We have

identified as the normal space to M at p.
Next we consider the orthonormal frame bundle OM associated with M. Put

(p,v) = (p,υu...,vn) and let

G: Rk x Rnk -+R1 x Rnl xRnxRm,

n(n-l)u .
where m = — - — be given by

υ) = (F(p), DF(p)vl9..., DF(p)vn,

Vί'Vί-l9...,Vn'Vn-l, Vί'V2,...,Vί Vn, V2 V3,...,Vn-ί'Vn).

Now let OM = G~ 1(0) and check that DG(p, v) is onto so another application of the

implicit function theorem shows that OM is an — dimensional submanifold

of Rk x Rnk. Without getting into details we remark that analogous constructions
give embeddings of the tangent bundles TM and TOM as well as the unit tangent
bundle SM as closed submanifolds of higher dimensional Euclidean spaces.

1.2. Curves in M and Their Indicatrices. Let / = [0,1] and consider a regular curve
y:/->M so that \y'(t)\=L for all tel (so L > 0 is the length of y and ' will always
mean derivative with respect to t). Associated with such γ is its indicatrix, which
comes about in the following way. Choose an orthonormal frame at y(0) and
parallel translate this frame along y. It is now possible to write y'(t)
= L(y1(t),...,yn(ή) with respect to this parallel frame. Note that y(t)
= (j>i(ί), ...,yn(t)) is a map into S"" 1 the standard (n— l)-dimensional sphere. In
order to get a unique indicatrix associated to y we suggest a particular choice of
initial frame. Let {bu ...,bk} denote the standard basis for Rk. Let bt denote the
projection of bt onto Ty(0)M. Next we apply the Gram-Schmidt process to
{/(0), Bl9...,Bk}. This will generate an orthonormal frame {eί,...,en}in the tangent
space of M at y(0). Note that with this choice of initial frame y(0) = eί (i.e. the
eastpole as in [4] rather than the northpole as in [3]).

In conjunction with these constructions it is appropriate to make explicit, in
terms of DF(p), the projections used.

Proposition 1.1. Given veRk if we let vp^DF(p)τ(DF(p)DF(p)τy1DF(p)v and
vt = v — vp then veRk is decomposed as (vvvp)eTM®TM1.
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Proof. By applying DF(p) to υp we see that DF(p)υp = DF(p)v it follows that vt e TpM.
Next we let ue TpM be arbitrary

<!>,,u) = ({DF{p)DF(j))τ)-'DF{p)υ, DF(p)u) = 0

so vpeTpM
L.

A word of warning is appropriate here. In writing this paper we made every
effort to keep the notation as consistent and standard as possible. However we did
decide to blur the distinction between row and column vectors and in particular
suppress transposes (except for matrices). Since the notation will get quite
cumbersome (in Sect. 3.2 in particular) we hope this decision relieved some of the
complicated expressions from at least one level of notational mushrooming. As a
basis for TpM

L we use the row vectors of DF(p). This will of course in general not be
an orthonormal basis. Let DF^p) denote the ith such row vector. The next two
results we include for completeness. The proofs are straightforward.

Proposition 1.2. The covariant differentiation — along y (induced by Rk on M) of

tangent vector fields v along y is given by

^v(t) = v'(ή- Σ xMDFMt)),
at i=i

where α f(ί) is given by the solution of the I x l linear system

Σ oφ)<DFJtγ{ή), DFj(γ(t))} = (v'(t), DFJy(t))>
i= 1

forj=ί,...J.

Proposition 1.3. The parallel translation of v along y with respect to the connection
induced by Rk on M is given by

i/(t)= Σ "MDΠyWH,
i=l

where v(0) = v and oc^t) is given by the solution of the I x l linear system

ί α i ( ί )<O^(y( ί )) , DFJ(γ(ή)}= - < t < ί ) , HF/y(t)y/(ty>
ί = 1

/or 7 = 1,...,/.
Here HFj{y(ή) is the Hessian (the symmetric matrix of second partial

derivatives) of the / h component function Fj of F. To each regular curve
parametrized proportional to its length we now associate the triple y = (y, L, ω),
where y is the indicatrix, L is the length of the curve, and

where p is the initial point of the curve and {el9..., en} is the orthonormal basis of
TpM. It is of course not necessary to use the basis suggested above but it is
convenient to have an automatic way of picking such a frame. We strictly speaking
should refer to the whole triple j> as the indicatrix. With the use of Proposition 1.3 it
is now clear how to determine the indicatrix. Conversely we have:
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Proposition 1.4. Given p = (y,L,ω) we can recover γ by solving

y\t)=L

e'h(t)= Σ
ΐ = l

y(0) = p and eh(0) = eh for h=\ ... n.

We again omit the proof but point out that oίhi(t) are solutions of the linear
system in Proposition 1.3 with v replaced by eh. Note that the solutions ahi will
contain terms involving the eh's. Note also that the y'(t) on the right-hand side of

n

the linear system should be replaced by L £ y^ήejif).

1.3. The Hubert Manifold Structure. Now we supply the space of all indicatrices
with a Hubert manifold structure. There is of course a lot of freedom in defining
this structure. The choices made are motivated by on the one hand the form of the
functional and on the other hand a desire for computational simplicity. As seen in

the introduction we will specialize to \k2 + λds the modified total squared
7

curvature functional. A variational vector field 7 along y will satisfy 7(0) = 0 since
j;(0) = (l,0, ...,0) and it will also be tangent to Sn~1. The curves we consider are
sufficiently smooth so that the functional is well defined. Let Hι denote the
Sobolev space of curves from / into Rn whose first derivative is square integrable.
Let

On this level the modified total squared curvature functional is:

Jλ:SxR + xOM-*R

given by J\y)= i f t </(ί),/(ί)>dΛ+ΛL because k\t)= -^ </(f),/(t)>. The tan-

gent space to S will be identified with H1 maps Y into Rn which satisf> Yit) is

tangent to Sn ~ι at y(t) and 7(0) = 0. The only thing left to supply is the Riemannian

structure. For the tangent spaces of R+ and OM we use the standard inner product

induced from Euclidean space. On S we use a particular Riemannian structure

suitable for our purposes. Let the standard connection on Sn~x be — then given 7
and f i n TS we define: d t

We are in other words discarding the normal part of the derivatives. This will
simplify the gradient computations that follow.

1.4. Indicatrices Corresponding to Closed Curves. We now turn our attention to
curves satisfying some type of boundary conditions. It turns out that the set of
indicatrices corresponding to the curves satisfying the particular boundary
conditions under consideration is a Hubert submanifold of S x R+ x OM. To see
that this is indeed the case for closed curves we will look at the following map:

Φ:Sx R+ xOM^SM xSM 9
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where Φ($)= ((p, βi) CP), \y{ί)9γyr(ί) jCP)) and SM is the unit tangent bundle of

M. If we let

A = {(x,y)eSMxSM\x = y}

be the diagonal then the space of closed curves is given to be Ω = Φ~ι(Δ). The
appropriate transversality conditions may now be checked, see for instance [3]
(and also [10] for general theory), which will show that Ω is a submanifold of the
manifold of all indicatrices.

Remark. The gradient of Jλ will of course in general not be tangent to Ω. The main
result of this paper is to show the existence of a set of functionals whose gradients
will span the space normal to the tangent space of Ω. As for the overall objective, to
present an algorithm for the curve-straightening flow, a second important
contribution is to show how these spanning gradients can be effectively computed.
Moreover it is shown that despite the fact that these gradients are not explicitly
known the projection onto the tangent space to the space of indicatrices
representing closed curves can nevertheless be determined.

2. Projections onto the Tangent Space of Closed Curves

2.1. A Basis for TyS. By introducing a parallel frame along y e Sn ~1 it is possible to
express tangent vector fields along y by its components with respect to this frame.
Let {bu ..., bn} be the standard basis for Rn. We move this frame so that its origin is
at y(0) = (1,0,..., 0) and then parallel translate this frame along y. A vector field Y
along y may now be written as

Y=(Y2,...,Yn) and Σ
r = 2

since 1̂ .(0) = 0 we may use the following Sobolev H1 norm:

In order to proceed we need an orthonormal basis for

Here is one possibility (it is of course not the only possibility but it has some
p

advantages from a numerical standpoint). For p = 1,2,... let Pp{t)= £ cq(p)tq be
given by: «=1

c«(p)=-dβ-i(P)> « = 1,...,P,

- ^
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Proposition 2.2. The collection {Pp}p°= i is a complete orthogonal set in H and

Proof. Let {Qp}p°=o be the Legendre polynomials on [—1,1] then Q0(t)=l,
Qι(t) = t9 and

2
so (Qp, QP)L2 = in the standard L2 inner product on [-1,1] (see [9]). We

now shift these polynomials to / by Q(t) = Q(2t-1) so now Q0(ή=ί,Qi(t) = 2t — l9

and

and <β p, Qp)L2= in the standard L2 inner product on I. By defining dq(p)tq

P

from Qp(t) = £ dq(p)tq and collecting coefficients of equal powers of t generates the
q = 0

recursive relations for the dq(p)9s. Now let Pp(t) = J Qp_ ^ds. It is clear that Pp is in

H and <Pp,Pq> = <Qp-1,Qq-1>L2. It follows that {Pp}?=1 is orthogonal and the
norm relation follows. To show completeness we let YreH be such that (Pp, Yr}
= < β p _ 1 ? Yr'}L2 = 0 for all p. By the completeness of the Legendre polynomials it
must be that Y/ = 0 in L2 but then Yr = 0 in H.

Remark. Here are the first ten:

4862ί 1 0-24310ί 9+51480ί 8 —60060ί7 + 42042ί6 —18018ί5

+ 4620ί4 - 660ί3 + 45ί2 - ί.

2.2. A Basis for TωOM. We now turn our attention to OM. Again we need to find a
basis for the tangent space. Recall that OM = G~1(0), where G was defined in
Sect. 1.1. Our goal is to find a basis that may be expressed in terms of F and
derivatives of F. As a first step we compute the derivative of G. It will be convenient
to talk about block matrices building the (/ + nl + n + m) x (fe + nk) matrix repres-
enting DG. We will let Ft denote the fth component function of F, so there are / such
functions. The hessian of Fb i.e. the symmetric matrix of second partial derivatives
of Ft is denoted by HFt. Our block matrices will be as follows: DF(p) is / x fe, ej is
fe x 1, HFiβj is 1 x fe and finally H} is / x fe and its ϊ th row is HF^j. We now describe
DG. It splits into an upper (l-\-nl) x (fe + nfe) matrix and a lower (n + m)x (fe + πfe)
matrix. The upper matrix has n + 1 blocks DF(p) along the diagonal. Underneath
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the leftmost DF(p) is Hγ and then H2 so on and so forth until Hn. All remaining
entries are zero. The lower matrix has all zeroes in the leftmost {n + m)xk block.
The remaining part splits into an upper nxnk block and a lower mxnk block. The
upper block has 2ef along the diagonal starting with el in the upper left-hand
corner and ending with ej in the lower right-hand corner and zeroes elsewhere.
Finally the lower matrix has el in the upper left-hand corner el as its right-hand
neighbor. Underneath el is el and underneath el is a block of zeroes and then
follows (if possible) e\. This way of building el's diagonally continues until there is
no more room. The whole process (continuing going down) now starts all over
shifted k entries over to the right and now el will have el as its right neighbor and
so on and so forth. We illustrate the above with an example when n = 3.

DG(p) =

DF{p)

H2

0

0

0

0

0

0

0

DF(p)

0

0

2β[

0

0

el
0

0

0

DF{p)

0

0

24

el

0

0

0

DF(p)

0

0

2el
0

The tangent spaces of OM are identified with linear subspaces of Rk x Rnk.

Proposition 2.3. A basis for the tangent space of OM at ω = (p, {eu ..., en}) is given
by:

{(euvu, ...,vnl), (e2,vι2, ...,vn2), ...,{en,vίm ...,vj,

(0,e2, -eu0,...,0), (0,e3,0,-e»0,...,0),-,Φ,em0,...,0,-e ί),

(0,0,e3,-e2,0,-,0),ΦΛeA,0,-e2A-,0),...,(0,...,0,en,-en-ι)},

where the vectors vij=aUJDF1(p)τ+ ... + aUJDFι(p)τ and xij=(aUj,...,alij) is a
solution of the following linear equation Ax(J= —bij:

A =

DF1(p)DF2(p)τ

DF2(p)DF2(pf DF2{p)DFlp)τ

DFtp)DF2(p)τ ... DF)(p)DF\(p)τ'
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Proof. First note that since DF(p) is assumed onto it can be shown that A is

invertible. Next counting the number vectors in the list we see that it equals — - —

(i.e. the dimension of OM) so the proof is complete if we can show linear
independence and tangency. To show linear independence we observe that the last
m vectors are orthogonal among each other and also orthogonal to each of the first
n vectors. Next note that the e s are linearly independent it follows that the first n
vectors are linearly independent and hence all n + m vectors. To show tangency we
apply DG to each vector. We see that they are all annihilated so they are indeed in
the tangent space of OM.

2.3. The Gradient of Jλ. Recall that given any smooth functional F:X^>R on a
Hubert manifold X, we define the gradient VF e TX by DF(p)v = < VF{p\ v} for all
{p,v)eTX. Let VJ\y) = (α,αL,αO M). Here we write α = (α2, ...,απ) to indicate the
components with respect to the parallel frame along y. The gradient of Jλ satisfies
the following defining relation:

DJ\y)v = < VJ\y\ ι>> = <α, vy} + aLυL v0M

for all v = (vy, vL, vOM) in T(S x R+ x OM). The dot product used is the standard
Euclidean and the first inner product is given by the sum of the Sobolev inner
products in the factors α2, ...,απ. Now suppose j / = (Y2,..., Yn) then the gradient

VJ\y) is given by ocr=y Yr, re{2,...,n}, ocL = λ-~ £ J Yr\t)dt and α O M - 0 .
Lt Li r = 2 I

When ar is expressed with respect to the orthogonal basis {Pp}™= i we write uξ for
the "Fourier" coefficients. They may be computed by

2.4. The Main Result. We now take full advantage of the fact that our manifolds
are embedded in Euclidean space with its linear structure. Consider:

A:SxR+ xOM->Rk

given by Λ(y) = (y(ί) — p)(y). The dependence of y(l) on y is given by Proposi-
tion 1.4. Next we consider:

Λ:SxR+

ί\ \ 1
given by Λ(v)= \—y\\)-e1 (j>). Note that —/(1)= Σ ^-(1)^(1) and the de-

\L ) L i=i

pendence of the ef's on y is also given by Proposition 1.4. Now let {ΛJ))=1 and
{Aj}k

j=l denote the k component functions of A and A. Using notation similar to
the above we write

VΛβ) = (β9 βL, βOM), VAj(y) = (β, βL9 βOM),

so we drop the/s for the time being We also write β = (β2,..., βn\ β= (β2, > ,βn) ̂ o r

the components with respect to the parallel frame along y. Using the basis from
Proposition 2.3 we write βOM = (βoM, - , 0 βoM = ΦoM, .--JOM"1)- Since the
basis is not orthonormal we also need the Euclidean dot products between the
different vectors in the basis. Iΐ(w1,...,wn + m) denotes the basis, let ctj = wrWjfor ij
in {1, ...,n + m} denote these products. Note that most cf/s are in fact zero and

00

cij = cji. We will use the basis for these Sobolev spaces to write βr= £ β?Pp,
p=l



Curve-Straightening in Closed Euclidean Submanifolds 43

β, = Σ ftPr

 L e t wr" e re w i t h re {2,..., n} be given by Wr"=(0,..., Pp,..., 0) with
p = l

Pp in the (r — l) t h position out of the (n — 1) possible.
Theorem 2.4 (i) Given any XeT(SxR+ xOM) the derivatives DA0)X and
DΛj{p)X can be found by solving an initial value problem for a system of ordinary
differential equations.
(ii) The gradients can be computed from the following derivatives (the j subscripts
are dropped on the right-hand sides of the equations):

DA0) (Wr

p, 0,0) = β?, DΛ0) (Wr

p, 0,0) = ft,

DΛ0) (0,1,0) = βL, Dλtf) (0,1,0) = βL,

• 50,w s)= Σ pOMcU9 DΛ/j))(O,O,ws) = Σ
i=ί i=l

(iii) The collection {VAp VΛj}k

j=1 span the normal space TΩ1 to the tangent space
TΩ of the space of closed curves.
(iv) Projection of any X e 7̂ (S xR+ x OM) onto TΩ is done as follows. By (iii) there

are some scalars λj and X} so that Xtan = X - Σ (^Aj{P) + X/P̂ ϊyCP)) is tangent to Ω.

Let Xun = (Xr XL, XOM) be the different factors of Xtan. Use the embedding of OM
to write XOM = (Xp,Xeι, ...,Xβn). Determine the λpXj by finding a solution of the
under-determined system

Proof, (i) Recall that Λ($) = (y(l)-p)($) and Ά($)= (^y'(ί)-et f (j)) and Proposi-

tion 1.4 gives the initial value problem relating y and {eu ..., en} to y. Note that j)
enters both into the equations as well as into the initial conditions. If we evaluate
the solutions of this initial value problem at t = 1 then this creates a map

Ψ:SxR+ X0M-+0M

that may be differentiated to get a map

DΨ($): T(S xR+x 0M)-+T0M.

The point now is that if we can compute this derivative in arbitrary directions then
we can also compute the derivatives DΛ(p) and DΛ( j)). We postpone the details of
these computations to Sect. 3.2 (Step 11-12). But remark that it is possible to solve
the algebraic linear systems involved once and for all and this would then leave us
with an initial value problem.
(ii) By the above remarks and by using the bases in 2.1 and 2.2 we compute the
corresponding directional derivatives. The defining relations for the gradients then
gives the expressions in the theorem. The only remaining issue is to determine the
βo\ίs for i e {1,..., n + m}. We observe that the above gives n + m linear equations.
This system has a unique solution because the matrix with entries consisting of the
dot products of the w/s is indeed invertible.
(iii) Suppose there is some Xe TΩ1 such that <κVΛJ{y\Xy = <yλJ{y\Xy = Q for
all j = l,...,k. We want to show that X = 0. First observe that DAj{y)X
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= DΛj(y)X = 0 for j = 1,..., k. It follows that DA(y)X = DA(y)X = 0. The transver-
sality of Φ (see the beginning of Sect. 1.4) implies (see [10]) that TΩ1 and TA1 have
the same dimension. It also follows that

+ TA = T(SM x SM)

so if VG TΩ1 satisfies DΦ(y)υe TA then it must be that ί; = 0. Since

and

we see that DΦ(y)X is of the form (χ,χ). This means that DΦ(y)XeTA and
therefore X = 0.
(iv) Recall that the space of indicatrices corresponding to closed curves is given by
Ω = Φ~ 1(A), where A is the diagonal in SM x SM. If a vector is tangent to Ω then its
image under DΦ will be tangent to A. Since such vectors are of the form (x, x) the
definition of Φ when compared with the definitions of A and A yields the statement
(iv) in the theorem.

Remark. In [4] the gradients are computed explicitly in the case of planar curves.
For curves in arbitrary manifolds these gradients may not be computed explicitly
(in fact already in the standard sphere S2 things are sufficiently complicated). The
main reason for this is how the geometry enters in to the functional, in our case via
parallel translation along the curve. The point with Theorem 2.4 is that
nevertheless it is possible to get expressions for the gradients provided certain
derivatives are computed. In the next section we will show how the computation of
these derivatives is reduced to solving initial value problems for certain ordinary
differential equations.

3. The Curve-Straightening Algorithm

3.1. Initializing. We will list the main steps needed and we begin with:
1. Use Proposition 2.2 to generate the Legendre polynomials {QP}^LO

 a n d
the complete set {Pp}p = 1.

This basis will be instrumental in computing the various gradients because we
will in effect compute the "Fourier" coefficients with respect to the basis. This is a
major difference from what was done in [3] and [4] where the duBois-Reymonds
lemma was the principal tool in determining the gradients. Superscript p is used for
the components with respect to Pp.

We will assume that F:Rk-+Rι together with its partial derivatives are given
(there is no need for more than third partials in what follows). An initial curve
y: [α, b~]^»M = F~ 1(0) is also assumed given. Since the flow will take place on the
space of indicatrices rather than on the space of curves the indicatrix correspond-
ing to y must be computed.
2. Compute the length L of y

L = ]\y'(u)\du.



Curve-Straightening in Closed Euclidean Submanifolds 45

Next we need to parametrize proportional to arclength. Recall that the
indicatrices are defined on / = [0,1] so we need a reparametrizing 1 — 1 map σ: /
->[Λ,&] SO that \y'(σ(t))\=L for all tel.
3. Find σ by solving the initial value problem:

In order to find the indicatrix we proceed as in Sect. 1.2 to generate an
orthonormal basis {ei,...,en} of the tangent space of M at y(a).
4. Use projections as in Proposition 1.1 and Gram-Schmidt to find {eu ...,en}.

Next we need the corresponding parallel frames along y:
5. Use Proposition 1.3 to get the parallel frames {e^ή,..., en(t)}, i.e. {eγ(t\ ..., en(t)}
is an orthonormal basis for the tangent space of M at y(σ(t)).

Let y = (y,L,ω) denote the initial indicatrix so that ω = (y(a\ {el5 ...,£„}). Let

6. The initial components are given by

3.2. Steps Needed to Compute the Gradients. The flow in the direction of steepest
descent of Jλ will require repeated computations of the various gradients and
therefore the subsequent steps starting with Step 7 will be part of an iteration.
Recall that we use another set of parallel orthonormal frames along y, and with
respect to this frame, tangent vectors to the space of indicatrices will have n — ί
components. Note that at this stage we need to know y at arbitrary points so
{Pp}p=ι is used here.
7. Adapt Proposition 1.3 to the case Sn ~1 to compute the parallel frame {/2,..., /„}
along y and we will use a subscript r to denote the components with respect to these
frames.

To compute the gradient of Jλ we need:
8. Express y' with respect to {/2, ...,/„} and we get y'(t) = (Y2(t),..., Yn(t)) so

Yr(ή = y'(t).fr(t) for r = 2, . . . ,n .
1

9. Let Yr

p = (2p-1) J 17(ί)βP- i(t)dt then these are the coefficients of Yr with respect

With notation as in Sect. 2.3 we have:

10. The gradient VJλ(y) is given by aξ=^Yr

p

9 <*L = λ-ττi Σ V(WU a n d

L L ir=2

αO M = 0.
We now get to the heart of the algorithm. The following steps will show how the

remaining gradients are computed.
11. Use Proposition 1.4 to compute y(t) and {^(ί), , e«(0} This step is of course
redundant the first time around.

Note that Proposition 1.4 for each tel gives a map from SxR+ x OM into
Rk x Rnk, but its values are always in OM as a submanifold of Rk x Rnk. It follows
that a variation of the indicatrix y creates a variational vector field along a curve in
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OM. The components of this vector field may be given either with respect to the
basis of OM or with respect to the basis of Rk x Rnk. In the latter case we denote the

components by ^— and-^-for h = l, ...,n. Write υv = (vv^ ...,vv) using the frames
l d d w d™along y and

^
d w

for the factors in RkxRnk. Let j± = (VyJ2 + ... + vyjn) bh for h=l,...,n; here

{fcl5 ...,&„} is the standard basis in Rn. The variational vector fields are solutions of
the following initial value problem:

dvr n n (dvi dg

The initial conditions are given by -r— (0) = vn and -r-̂ -(0) = tλ, for all ft = l, ...,π.

The functions -r^ are determined by differentiating the solutions of the linear
cw

system in Proposition 1.3 with respect to the variational parameter w, and then
evaluate at zero. The equation looks as follows:

^ <DFMt))> DFJy(t))} + + ^ f <DFJy(t)), DFj(y(ή))

I
' ΓΛ 77 / . . / ^ \ \ \ _\_ I TΛT? ί-.ίdW TTT7 /../x\\ '

Note that at this stage there is a need to know the third partial derivatives of/h

component function Fj. They show up in the map DHFj(y(t)) which appears as
follows. The map HFj is a map from Rk into L(Rk; Rk) the space of linear maps on
Rk. Its derivative DHF} is hence a map from Rk into L(Rk; L(Rk; Rk)\ using the same
notation. If follows that DHFfy(t)) is a linear map from Rk into L(Rk;Rk) and

DHFj(y(t))y'(t) is a linear map from Rk to R\ and we write DHFj(y(ή) I y\t\ j - \ for

dy ^ *
this map's value at -r—. Note a

dw
equation should be replaced by

dy dy'
this map's value at -r—. Note also that -r—(ί) in the last term in the previous

dw cw
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12. By evaluating solutions of the above system at t = \ we compute all the
derivatives needed in Theorem 2.4 (ii).
13. Use the derivatives in Step 12 and Theorem 2.4 (ii) to determine the gradients
VAj and Vλy

14. Project VJ\γ) onto the tangent space of indicatrices representing closed
curves by finding the tangential part from solving the linear algebraic system in
Theorem 2.4 (iv).

We are now in a position to flow. As an example the simplest possibility would
be to take a short step in the negative direction of the projected gradient. This
would give us an approximate new indicatrix y and we would then proceed with
Step 7 as before. To be precise let y0 be the previous indicatrix and let the
approximate new indicatrix be denoted by yh. Suppose the projected gradient is
(vy,vL,vω% then its components are given by vy = (vy29...,vyj, where each of these
components are computed from the Hubert space basis components in the
standard way. An approximate flow in the negative direction is now given by:

Lh~L0

ω h — ω 0 .
— _ — = -(i? 1 w 1 + ... + ι; Λ + m w l l + M ).

This approximate flow will give a new yh that is a function that is not quite in Sπ" 1

and also an ω that is not quite in OM. A possible alternative would be to flow a
distance h along geodesies in S"'1 and OM instead of along lines in the tangent
spaces. We leave problems such as these (they really belong to the field of
numerical analysis) as sources for future investigations.

4. The Second Variation Along Geodesies

4.1. Background. This last section will initiate a study of the stability of the closed
geodesies under the total squared curvature flow. We will give some partial results
but there are many open questions still to be answered. Recall that the flow is
known to satisfy the Palais-Smale condition only when the parameter λ is greater
than zero. On the other hand if λ = 0 then all closed geodesies are global minima
but in this case it is not known if all the trajectories of the negative gradient flow
converges to critical points.

On S2, the standard two-sphere of constant Gaussian curvature G, it is known

(see [3]) that if O^λ^ — then all non-geodesic critical points are unstable (i.e.

they are not local minima). Moreover the second variation formula is positive

semi-definite at the w-fold great circle if and only if—j— ^ — . We will discuss the

second variation formula evaluated at closed geodesies in two-dimensional
manifolds of arbitrary Gaussian curvature. This formula remarkably turns out to
be identical to the second variation formula in the constant Gaussian curvature
case when it is evaluated along a closed geodesic.
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4.2. The Second Variation Formula along Geodesies in Two-Dimensional Manifolds.
We will not go into the lengthy details of the derivation of the second variation
formula. The main reference is [8] Lemma 1.1 and Formula 1.4 and its proof. We
work on the level of curves rather than on the level of indicatrices. Consider a
variation

of closed curves such that γ0 = y(0, t) is a closed geodesic and M is two-dimensional.
With

dy
and variational vector field W(w, t) = -^-(w, t) along yw. The tangential part of the

ow
variation will not show up in the second variation formula so we write W= φN,
where N is the unit normal to the curve. With φ denoting the derivative we have:

here G is the Gaussian curvature along the curve. Note that surprisingly this is
exactly the same as Formula 1.4 in [8] when the geodesic curvature k equals zero.
To see why this is the case we list the differences in the proof,

W(k)ss = same as before + 2φG-\-φG.

This difference propagates through the computation until the end where an
integration by parts cancels the two new terms because for closed curves:

\φ2Gds=-μφφGds.
y y

To see how the length L of the curve enters into the formula an alternative formula
is:

4.3. Some Consequences of the Second Variation Formula. If we consider a surface
of revolution then a circular closed geodesic will have constant Gaussian curvature
along itself. In fact if (x{u), y(u)) is revolved about the x-axis then if we again let y, x
denote the derivatives it must be that y = 0 at such a geodesic. It follows that

G = - 9

xy2

along such a geodesic. Suppose first of all that λ = 0, then after integration by parts
we may write:

Moreover this is zero only if the curvature and the length are related by L2G
= (2πn)2 for some integer n. Since L = p2πy for some positive integer p it follows
that

x2~ p2'
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Hence the second variation is positive definite generically for positive Gaussian
curvature and always for negative Gaussian curvature at the circular geodesies on
a surface of revolution. It follows for instance that on a non-spherical ellipsoid of
revolution the second variation is positive definite along any p-fold circular

geodesic provided the ratio of the two axes is not - for any integer n. Hence for
P

sufficiently small positive λ it will remain positive definite. By perturbing the
ellipsoid of revolution we may also find ellipsoids so that the second variation is
positive definite along the shortest as well as the longest simple closed geodesic.

In conclusion we remark that it is exactly the facts sampled above that make
curve-straightening a competitive alternative to other flows used to find closed
geodesies. For instance both the length and the energy functional tend to flow
curves away from the closed geodesies on ellipsoids.
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