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Abstract. It is shown that for smooth initial data solutions of the Robinson-
Trautman equation (also known as the two-dimensional Calabi equation) exist
for all positive “times,” and asymptotically converge to a constant curvature
metric.

1. Introduction

One of the most interesting problems in classical general relativity is the under-
standing of the formation - or lack thereof - of singularities in space-time in the
course of evolution of the metric via Einstein equations. Since the tools to analyze
this problem in its whole generality do not seem to be available yet, it is of interest
to try to understand such issues under various restrictive hypotheses, e.g. small-
ness of initial data (cf. e.g. [6, 11]), or under some symmetry hypotheses [5, 20,
16, 8, 7], or both, or under some other restrictions (cf. e.g. [9]). In this paper we
prove semi-global existence and convergence for a class of vacuum solutions of
Einstein equations known as the Robinson-Trautman metrics [25], thus no cur-
vature singularities (other than the singularity r=0 which is already present in
the initial data set) develop for finite values of the retarded time' « in this class
of metrics. The Robinson-Trautman metrics have played an important role in
the early understanding of gravitational radiation, providing the first known class
of solutions of Einstein vacuum equations which could be interpreted as repre-
senting a gravitationally radiating isolated system. These metrics have the amusing
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property that the four-dimensional space-time metric, which satisfies a second
order hyperbolic system of equations, is constructed from a solution of a fourth
order parabolic equation for a Riemannian metric on a two dimensional manifold.
At the origin of this is the fact that the initial data for the space-time metric are
prescribed on a null (rather than spacelike) hypersurface. As has been stressed
by Tod [28], the Robinson-Trautman equation turns out to be the two-dimen-
sional version of an equation considered by Calabi [3] in the context of extremal
Kaéhler metrics. Curiously enough, the problem of local existence and uniqueness
of solutions of the Robinson-Trautman equation seems to have been first dis-
cussed in the physical literature only in 1988, by Schmidt [26]. The linearized
equation has been studied by Foster and Newman [10], by Vandyck [29], and
recently by Robinson [24]. Numerical results of Perjes [22] and Singleton [27]
suggested semi-global existence (i.e. existence for all ¥ 2> u,) and asymptotic con-
vergence of solutions to constant curvature metrics on the two-dimensional man-
ifold *M. It was noted by Rendall [23] that this is indeed the case for all “small
initial data” unless M = S°, the two-dimensional sphere; in this last case A.
Rendall showed semi-global existence and convergence provided the initial data
satisfied a (rather unsatisfactory) parity condition. Let us finally note that the
global structure of the Robinson-Trautman space-times has been studied by
Schmidt [26] and Tod [28]. In this paper we show that for all compact, orientable
two dimensional topologies and all (say, smooth) initial data solutions of the
Robinson-Trautman equation exist for all positive” values of the “retarded time”
u. The key elements of the proof are a) the Calabi - Lukacs-Perjes-Porter-
Sebastyén (LPPS) [3, 18] monotonicity property of the integral of the square of
the scalar curvature, and b) an expression for the Bondi mass of the Robinson-
Trautman metrics derived by Singleton [27]. We point out that for smooth non-
analytic initial data no backwards solutions of the Robinson-Trautman equation
exist, thus the results presented here are necessarily of a semi-global rather than
global character. We also show that all solutions converge exponentially fast to
constant curvature metrics.

It is of some interest to compare the results and methods of this paper with
the analogous existence and convergence problem for the Ricci flow [14, 4, 21].
One would expect the problem here to be more difficult, due to a lack of the
maximum principle for higher order parabolic equations, an extensive use of
which is made when studying the Ricci flow. It is the author’s belief that the
proofs here are actually simpler, though certainly less elegant, than in the Ricci
flow case.

This paper is organized as follows: in Sect. 2 we briefly discuss some of the
properties of the Robinson-Trautman equation. In Sect. 3 an a priori L., bound
is derived. In Sect. 4 higher order a priori estimates are established, which prove
global existence of solutions. In Sect. 5 asymptotic convergence of solutions to
constant curvature metrics is proved.

2. The Robinson-Trautman Equation

As has been shown by Robinson and Trautman [25], in every space-time which
contains a hypersurface-orthogonal, shear-free, null geodesic congruence, there

% Positive if the total mass is positive, negative if the total mass is negative
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exists a coordinate system in which the metric takes the form
ds’= — @ d’ —2dudr+r’e** §,,dx"dx" , .1)
A=).(u,xa) ) gab=gab(x ) B

where g, is a fixed metric on a two dimensional manifold >M, which we assume
to be compact and orientable, with local coordinates x°,a=1,2. As has been
discussed by Robinson [24], a suitable redefinition of u# and r which preserves
(2.1) leads to

Vu | e duo= | duo , duo=V/detg,,d’x . (2.2)
M 2M

Whenever (2.2) holds, Einstein equations imply [25]

2m
=—+—— A,R—— =
> om R , R=R(g),

where m is a constant, and R(g)= R"”ab is the curvature scalar of the metric
gab=621 goab s (23)

A,(4,) denotes the Laplacian of the metric g (¢). If the constraint (2.2) is im-
posed, Einstein equations for a metric of the form (2.1) reduce to the single first
order quasilinear parabolic equation

aA 1

—a—u-——24_m‘ 4,R, 2.4)

which implies the following equation for g,s,

agab
au 12 4 Rgab s

an equation considered by Calabi in [3]. If m > 0 (2.4) is parabolic for u-increas-
ing, while for m < 0 it is parabolic for u-decreasing, thus for generic initial data
one does not expect to have existence of global solutions of (2.4), i.e. existence
of solutions defined for (u, p) € (— oo, 0)x *M. In fact, every solution of (2.4)
immediately becomes analytic [17], thus one has

Proposition 2.1. Let Ao be a non-analytic smooth function on *M, let g,, be Jan
analytic metric on >M. There exists no solution of (2.4) defined on (—¢,&)x°M
such that 1 (0,p)=44(p).

Proposition 2.1 shows one-sided non-extendability of the metric (2.1) in the vac-
uum Robinson-Trautman class whenever the metric (2.1) is smooth but non-
analytic at u=1u,. This is an amusing example of pathologies which may occur
when considering the characteristic initial value problem for Finstein equations.
In [8] a similar non-existence result was exhibited, when the null surface is a
smooth but non-analytic compact Cauchy horizon. It may well be possible that
there exist vacuum extensions beyond a smooth non-analytic surface u = u, which
are not in the Robinson-Trautman class.

The above discussion establishes generic non-existence of global solutions of
(2.4), it is therefore natural to ask whether “semi-global” solutions exist, i.e.
solutions defined for all u>wu, when m > 0, or for all u<u, when m < 0. As
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stated in the Introduction, we shall show that this is indeed the case - the results
of the subsequent sections may be summarized as follows:

Theorem 2.1. Let (*M,g) be a smooth, compact, orientable, two dimensional
Riemannian manifold. For any® Aye C°(CM) there exists a function
A e C ([0, 0)x*M)NC™ (0, 00)x M), A (u,*) € C*CM) for u=0, satisfying
(2.4), such that A (0,p)=24o(p) (if A€ C* (M), then A € C™ ([0, )X >M)).
Moreover the metric e** g converges exponentially fast * to a constant curvature
metric on *M.

Before closing this section let us recall that ¢ can always be chosen so that
atzR0=0 ) ROER(g) [}

with R, >0 on S°, Ry=0 on T? R, <0 in the remaining cases. Changing the
orientation of the u-axis if necessary, by a rescaling of u we may always achieve

2m=1,

and in the remainder of this paper we shall always assume that this normalization
has been chosen. We have the following formulae:

R=R(g)=e_2’l (Ry—2404) ,

(2.5
A,=e 4, ,
ar 1
326 R (2.6)
%= —A,4,R—RA,R , .7
i)
5, dHs=4Rdu, , du,=)/detg,,d’x , (2.8)
and we also have
{ dug= | e*duo= { e duo=4,
20 2M 20 (2‘9)
A= S d.uo H AOEA'|u=0 >
M
1 1
<R>EZ § Rdufz { Roduo=R, , (2.10)
2M1 2M
uZuy= [ (R—RoY dug|.< [ (R—RoY ditglu, » (2.11)
uzug= [ & duo |, <[ € duglu, - (2.12)

> As mentioned in Sect. 4, the result still holds with l,e W,, (*M, du,), in which case
A€ C([0, ®); Wy, (*M,dup)) N C= (0, ) x *M)

* The convergence rate of the metric is made precise in Proposition 5.1; the results of that
proposition can be sharpened by establishing an asymptotic expansion of A for large u - these
results and their implications for the global structure of the Robinson-Trautman space-times
will be discussed elsewhere
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Equation (2.9) follows from (2.2); (2.10) is the Gauss-Bonnet theorem; (2.11)
is the Calabi-LPPS inequality [3,18]; (2.12) is D. Singleton’s version of the
Bondi mass-loss formula [27]; for completeness (2.11) and (2.12) are derived
in Appendix A.

3. Uniform W, , a priori Estimates

Let L,=L, (*M, du,) be the space of functions the p' power of which is integrable
on M w1th respect to the measure du,, let W, ,= W, p( M, d,uo) be the Sobolev
space of functions the derivatives of which up to order k are in L,. In this section
we shall derive an a priori W2 2 bound for solutions A (u) of (2.4) such that
A=A (0)e W, ,. Smce (2.4) is in divergence form the notion of weak solution
for A € C([0, T); W,,(*M, du,)) can be defined in a standard way. Proposition
3.1 is the key to the global existence proof and is specific to the problem at hand
- the rest of the proof, as carried on in the next sections, is rather standard and
applies to a quite general class of equations. We shall thus consider the following
problem:

i 1
—=z4,R ,
ou 2

A eC(0,T); Wp,CM,duy)) , 0<T=<eco, a1

A’ (u=0)=)~0 € W2,2(2Mad.u0) s

{ €*duo= | du, .
20 2M

If A, is e.g. smooth, then a solution of (3.1) will be smooth both in % and in
p €2M, and will thus be a classical solution of (2.4) (cf. also the remarks at the
beginning of the next section). Throughout this paper the letter C denotes a
generic constant which may vary from line to line.

Proposition 3.1. Let A satisfy (3.1). There exists a constant C depending only upon
1A (0)|| s, and g, such that

Vuel[0,T) |2 )llw,,<C . (3.2)

in particular
Yuel0,T) sup |A(u,p)|=C . (3.3)
pPEM

Proof. Equation (2.5) inserted into (2.11) gives

S e—27~(A0 *%Ro)zdﬂo_éc B (3'4)

C= C( || /10 ” Wz,z>gab) .
Holder’s inequality implies

{1404 — L Ry | dpto= | 57 (Aod =3 Ro)|*'S du
<(f et due)” (e (A4 —3 Ro) duo)*”*
c. (3.5)

IA
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and we have used (3.4) and D. Singleton’s inequality (2.12). Equation (3.5) leads
to
”AOA'”Ls/séc . (36)

Let us recall the following, well known fact, which we prove here for complete-
ness:

Proposition 3.2. Let ¢ be a smooth metric on a compact two dimensional manifold
M, let 1 <p< oo, let ¢ € W, , satisfy

1
<¢)=Z S¢dﬂ0=0 > A=§duo >

AO¢=p s pELp(zM’dtuO) .
There exists a constant C(g) such that
“¢”W2p§_C“p”Lp . (37)

Proof. We have the well known estimate
I8llw.,=CUILN L, 81l 2,)

(cf.e.g.[1, Theorem 15.17, p. 703]; the result presented there extends immediately
to manifolds); to establish (3.7) we thus have to show

ol =CllpllL, - (3.8)
Integrating over M the identity
Vo@V9)=|Ve|*+¢408 ,
one obtains

(1Ve|2duo=~{ gAo@du, (3.9)

1 1
=gl 408l , —+-=1.
P q

From Sobolev’s inequality (cf. e.g. [2, Theorem 3.67, p. 91]) and (3.9) one gets

gl sClIVll.<CllsllZ Mol =18, =CllpllL, .
and (3.9) yields
IVell.<Cllelle,

(3.8) follows again by Sobolev’s inequality. O
Returning to the proof of Proposition 3.1, let
g=1—(1} . (3.10)
(/1)5% { Aduo , A={du, .

Proposition 3.2 and Eq. (3.6) give
||¢”W2,6/5§C . (311)
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Since (3.11) controls the modulus of continuity of 1 we are done, an elegant way
to proceed is as follows: from Moser’s inequality [2, Theorem 2.46, p. 63]

[~ duo< Cexplull$llim.] »

for some constants C and u, from (2.9) and (3.11) we have
e < Cs(Ay2—C (3.12)
on the other hand

(W)= [ dduot | ddue< | Aduo< | 'dus=C,
e et et ar (3.13)
Q_={(pe’M:A<0}, Q,={(pe’M:1>0} .

Equations (3.12) and (3.13) thus give

(] <C; (3.14)
from (3.10), (3.11), and (3.14) it follows
Al waes=C . (3.15)
From (3.15) and the Sobolev embedding [2, Chap. II, Sect. 3, p. 35] we have
Al L =C (3.16)

(3.16) and (3.4) imply
§ (402 duo<C ;

(3.14) and Proposition 3.2 establish the claimed assertion. O

4. Higher a priori Estimates

In this section we derive a priori bounds on all W, , norms. This, together with
the local existence results discussed e.g. in [26] or [23] shows semi-global existence
of solutions5 . The estimates of Lemma 4.2 can be used to show that A € C([0, T);
W;., (M) implies 4 € C* ((0, T); C* (*M))=C> ((0, T)x M) and thus A is a
classical solutlon for u> 0 [for u=0 if Ao € W, - this will be the case if e.g.
Ao € Cs( M)).

Proposition 4.1. Let 0 < TS o0, k22, let A € C([0,T); Wy, »(CM,du,)) be a so-
lution of (3.1), 2 (0) e W, ,(°M, d,uo) There exists a constant C such that
\10_<_u<T}|/1(u)||W“SC(l—l—u)”2 . 4.1)

The proof of Proposition 4.1 makes use of the lemma that follows. Wherever
convenient one may suppose that A € C*™ ([0, T) x >*M), appropriate results under
weaker differentiability conditions can then be established by a density argument.

° Let us note that energy estimates similar to the ones derived here can be used to prove local
existence of solutions for A, € W, ,(*M), thus the results of the previous section are actually
sufficient to show semi-global existence
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In the remainder of this paper we shall assume that g is a smooth metric the
Ricci scalar of which is a constant. For any multi-index « = (ay,...,q;) let

V=V,..V, .
where V is the covariant derivative of the metric 8. For je N set
[VIA|2=gub . g2V, . .V, AV, ..V, ] . (4.2)

Lemma 4.1. For every [€ N, I= 1, there exist a finite set of indices B, a set of
constants 2SN (I, B) < o, B € B, and a constant C < o such that

d
;j—ulle“lV’lllliz— IV2al 2.+ C 3 llllmes? s
| Bek (4.3)
g=1—(1), (MEZ § Aduy, A= 1| du, .
M 2M

Moreover there exists a constant C’ depending also upon || A (0) ||y, such that
d
oo T VAL = IV AL+ C gl s - (4.4)

Proof. Let
— S eAAIVlllzd,uo ,
20

with |V’A|% as in (4.2). A straightforward though somewhat lengthy and tedious
analysis presented in detail in Appendix C (cf. Lemma C.4) gives

dE
;J< 2|V Az, +C XNV ALl
pen (4.5)
Upez, Vp2l2—oay .
Yang’s inequality “with ¢,”
1 —w 1 1
ab<ea’+- (pe) 97b7, —+-=1,
q P 49
with p=2/a,, g=2/(2—a), applied to each of the terms appearing in (4.5)
gives
V2 alwlielle.Se V2 alz, + CU Bl 81557
2
N(LB)Y=52E-22
2-0(,;
which proves (4.3) when ¢ is chosen small enough. Since
g @ 134.= 18 @I 118 @ .. = CUBO) w2 | @ [
for some function C(||4(0)||w, ), (4.3) implies (4.4). O

Proof of Proposition 4.1. Integration in u of (4.3) using (3.2) gives
" Vialll.sCl+w ,
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and (3.3) implies
VAl ,£CQ+uw)'?,
which establishes (4.1). O

We shall now derive a “smoothing-out” inequality, which follows from Lemma
4.1. The method of proof follows [15]:

Lemma 4.2. Let A satisfy (3.1), A (up) € W, 5, k22, ug=0. For every 120 there
exists a constant C, ;. depending upon I, k, g and || Ao|| w,,, such that, for u2 uy,

k+21 2 C 2
[CARRE TP ),{ll(vkz)(uo)nh
0

(u
+ 1§ (1+(S—uo)')|l(i"(/1))(5)”%;/2,2613} . (4.6)

Proof. For uzu, let
E@w)= || VEA||1,+ci(u—up)||* VT2 4|3,
ot eu—u) || VETH A,

where the ¢/’s are positive constants to be chosen later. By (4.4) we have

dE [ d
E=<% |+ VEA| L, + el e V"+2/1I|iz>

d
+ (u— 1) <c1 - |22 VE*22012, 4 2¢, || € V"+4A||§2>
+ .04

d
+(u_u0)1—1 <Cz—1 21_1; ”eZA Vk+2l—zllliz+lcllle2l Vk+211”22>

d
-i-c,(u—uo)l % ”82/1 Vk+211 ”i2
<(csupe** —D||VF2113,

+(u—uy) 2cysupet* —c)) || V<442,

+ ...+

+u—up) " (Ie;supe** — ¢, ) ||VETHA|,

+ 2 G u—up) || 8 3ss - 4.7)
i</

Let us choose the ¢;’s so that
csupe** <1, 2csupe** <ey,..., lesupe** <e, .

By Proposition 3.1 the constants ¢, can be estimated from above by a constant
depending upon || A (o) || ws .. Equation (4.7), Proposition 3.1 and Proposition
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4.1 imply

dE
S SCU+@—uw))[$llhns »  $=2—(1),
thus

ESE@uo)+C | (14— u)) |6 ()] 3. ds

uo

— 1 VA () |12+ C § (L + (s — o)) 16 ()| 3aadls

uo

and the result follows. O

Corollary 4.1. Let A satisfy (3.1). For every m =0 there exists a constant C,, such
that

Vuzl [[A@)||w,.=Cp - (4.8)
Remark. C,, depends upon || A¢|| w,.,-

Proof. 1t follows from Proposition 3.1 that (4.8) holds for 0<m <2. Let m > 2,
thus m=k+2[ with k=1or 2, /e N. Let u=1, from (4.6) with uy=u—1 one
finds

HV’"l(u)llizéC{HIkall(u-l)lIinr f

u—

(A —<A>><s>lliyz,2ds}
1
<C’'. O

Corollary 4.2. Let A satisfy (3.1). For every A > 0,0 <6 <1, me N, uy =0, there
exists a constant C such that if

”A' (uO)” W2,2§.5 )

then
14 (o + )| wn, =Co . (4.9)

Proof. Let
F(uw={ e M |V2A 2 du, .

From Proposition 3.1 and Lemma 4.1 it follows that

dF (u)
From the inequality (cf. e.g. [1, Theorem 15.1’, p. 703 and Proposition 3.2])
16115, S C T IVZAPduo<C” §e™** |V2A) 2 du, , (4.10)
we have
dF
LW < cpw) ;

du
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integrating in u# one obtains
F(u) S F(up)e““ ™, (4.11)
hence (4.11) and (4.10) lead to
wusuyt4 , ||gW)]||w,.<C9 .

Now

€= 1] = | [ (@0 =) di|

e2<A)

== 11— du| . (4.12)

Since (¢)=0 there exists p € M such that ¢ (1, p) =0. By Sobolev’s embedding
there exists o > 0 and a constant C such that the a-Holder continuity modulus
of ¢ is bounded by C||8|| w,,, thus

1= (u,q)= | (1 —€**) (0, q) — (1 —€*°) (u, p) |
< Csup |¢(u,q)— ¢ (u,p)|

=C @l mac »
and (4.12) implies
(A) =Co ,
which finally gives
w<usuyt4 , ||AW)||ln,.SCo , (4.13)

which establishes (4.9) for m<2. If m>2, let m=k+2l, k=1 or 2, le N.
Equation (4.6) with u=u,+ A and (4.13) imply

IV7A e+ A)||2,£CO%
which gives (4.9).

5. Convergence to a Constant Curvature Metric

The results of the previous section show that all the C ¥ norms of 4, R(g), etc.,
are bounded for > 1. In this section we shall show that R(g) asymptotically
converges to a constant, exponentially fast with decay rate equal to the decay
rate of the linearized equation (“modulo gauge”).

Proposition 5.1. Let A satzszy (3.1) (with T= ), let g,j—e gu, where g;; is a
constant curvature metric on “M, let i be the smallest eigenvalue of — A satisfying
u > max (0, Ry). The metric g,; converges exponentially fast to g;; s P, to a conformal
diffeomorphism. More precisely, there exists a function A ., € C~ (CM) such that

R(&*=g,)=R(&;) »
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and for all k there exists a constant C, such that
Vuz1l, H(l_/leo)”Ck(ZM)éCke_vu > (5.1
v=p@—R) . (5.2)

Remark. If M+ S°, then A, is a constant (necessarily equal to zero with our
normalization conditions) and u is the first non-zero eigenvalue of —A4,. If
M =S? then A is in general not a constant, and u is the second non-zero
eigenvalue of —4,.

To prove Proposition 5.1 we shall use a series of auxiliary lemmata:
Lemma 5.1. Suppose that (5.1) holds with some constant v satisfying
v>%u(u—Ry). Then (5.1) also holds with v =u (1 — Ry).

Proof. To avoid (non-essential) problems with non-linear subspaces of Banach
spaces it is useful to replace A by

h=e**—1 .
It follows from (2.9) that
1
(h)=;§hd,u0=0 . (5.3)
If >M # S° we shall write the equation for 4 in the form
a—h=Lh+g(h) , (5.4)
du

oh
where L is the linearization of 5; at h=0,

L¢=—A36—RoAop , (5.5)
and
g(h)=A,R+AZh+ Rydoh . (5.6)
In the case 2M = S? we set

L¢= _A§¢_R0A0¢_ﬂ2(ﬂ2_Ro)Z¢i S @:ddu ,

i M

g(h)=A4,R+A5h+ RoAch+ X (h)V,h—Roh J a;(h) ¢; ,
X ()= a:(Wg" Vs 8 ,

1
O‘i(h)z“R— Uz (U2~ Ro) E he;du, ,
0

M

where the ¢;’s form an L,-orthonormal basis of the first non-trivial eigenspace
of 4 0>

A0d;= —Ro@;= — 11 @; ,

and u, is the second non-trivial eigenvalue of — A4, (recall that on a two dimen-
sional sphere with a constant curvature metric the eigenvalues of — A4, are of the
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form u,=I[(I+1)Ry/2). As discussed in Appendix B, solutions of (5.4) on S?
with L, g defined in (5.7) are in one-to-one correspondence with solutions of the
original Eq. (5.4) with L, g defined by (5.5)-(5.6). Since g (%) consists of terms
which are at least quadratic in A, for all k¥ we have

llg ()| cxeany < Cre™ > . (5.8)
Equation (5.4) yields

;1% §*duo=2 { hLhduo+2 | hgdu, .
Now
{hLhduo= — { (Aoh)’ duo+ Ry § (VhY du,
—c;(j $:hduo)’

c=pu,(u,—R,) for S*, ¢=0otherwise .

From (5.3) a straightforward eigenfunction expansion together with an approx-
imation argument give

[ [AohPduo2 3 | B dus
S(Vh)zd/lOZ/Jl Shzdﬂo >
which for Ry =<0 (¢=0) implies
d
E; Khzd/lo§ —2p, (41— Ro) jhzdu0+2 jhgdﬂo

S = 2u (U~ Ro) Shzdﬂo'*' Ce " .

In the case ¢=+0 a slightly more careful argument is needed. Let

h;= S @:hdu, ,
M
thh_zh,¢, .

Let y, denote an L, — orthonormal basis of eigenfunctions of — A4, with eigen-
values greater than or equal to u,,

—AgWos=U Vo »
let
ha= S Wahduo .
M

We have, formally,
[ {(4ohY = Ro(V hY}duo= 3 (4, — Ro)hZ
21, (Uy— Ro) D b
=, (4> — Ry) [ (Ph) du, (5.9)
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(recall that u,=R,), and the above calculation can be easily justified by an
approximation argument. Thus

S hLhdpo< — s (ua— Ro) S (Ph)zd/lo_ﬂz(llz"‘Ro)Zhiz
52 S2

= — U (42— Ry) S hdug .
S2

Therefore in either case

d —3vu
™ §n?duo< —2u (u—Ro) [ K> duo+ Ce >,
u=u,if *M =52 u=pu, otherwise, so that
ﬁ e2ﬂ(ﬂ—R0)u S h2dﬂ0)§ce[2#(ﬂ‘R0)“3V]u . (510)

Integrating (5.10) in u one has
(§ 1 dpo) () < Ce™ 2100
because, by hypothesis,

2 —
v> U (U —Rp) ’
3
thus

||h||L2§ Ce—ﬂ(u—Ro)u .
Note that
AOL=LAO s

so that repeating the above argument for Aok, A¢h, etc. (cf. (5.8)), one obtains

”A (I)(h Il Lzé Cke_ﬂ(” ~Royu ’
which by elliptic estimates yields the claimed result. 0O

Lemma 5.1 reduces the proof of (5.1)-(5.2) to a proof of (5.1) with some
sufficiently large exponent® v. The following lemma shows that such an estimate
holds if || 4|| u,, is sufficiently small:

Lemma 5.2. There exists €y > 0 such that if for some uy=0
“A'(MO)”Wz,zéeo s (511)
then the hypotheses of Lemma 5.1 hold (and thus Proposition 5.1 holds).

Proof. Equation (5.11) and Corollary 4.2 imply that for any k there exists a
constant C, such that

14 (o + Dl w. = Cel| A (o) | w5

® Note that if v in (5.1) is too small one can iterate a finite number of times the argument of
the proof of Lemma 5.1 and again obtain the conclusion of Lemma 5.1; this will however not
be needed in our proof
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if ||A (o) || w,, is small enough. Let k=5. If M+ 5S>, it follows from e.g. a
theorem by Lunardi [19] (cf. [23]) that for &, small enough and for u=u,+1 we
have

|2 @) || wsa<C(BYe P, (5.12)

with any B8 <u(u—Ry), in particular (5.12) holds with f=3u(u— R,)/4
> 2u (1 — Ry)/3. Corollary 4.2 implies now that for > u,+2 and for all £

14 @) [z S CillA =D || ws S Cle 7™,

which had to be established. If >M = S, a modification of the equation for A as
in (5.7) (cf. Appendix B) allows one to apply Lunardi’s theorem’ in the same
way. O

Proof of Proposition 5.1. We shall show that there always exists u, such that (5.11)
holds. D. Singleton’s Bondi mass-loss formula (A.12) implies

mw+12°§’ < S f_llDoDoflzdl‘o> (wdu=m, ,
0 \2af

where
f=e™
m0= S e3lodtu0 ’

me=1lim | e*du,

[existence of m, follows from (A.12)], thus
f f 7 DyDyf |*dugdu < o
0 M

and since from Proposition 3.1 we have

I eesCy NIl SC, (5.13)
it follows that
§ § | DoDof |*dugdu < oo . (5.14)
0 2M
Equation (5.14) implies that there exists a sequence u;,— o such that
< f |D0D0f|2dﬂo> () — 0. (5.15)
2M

From the identity (A.5) (with D= D,) integrated over M and from (5.15) we
have

[I(40f Y~ Ro| V£ ]*1dto] umr — 0 . (5.16)
If Ry <0 (5.16) gives

[— oo

S(Aof)zd,u()lu=u; -_— O 3

7 In the S” case a similar argument has been independently used by D. Singleton [27] to prove
global existence and convergence for small data
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and elliptic estimates together with (2.9) yield

”f(ui)“Wz,z 0 s

which shows that there exists a u, such that (5.11) holds if *M is not a sphere.
When M = S?, a spectral expansion argument along the lines of (5.9) gives

(40P due=<5 | [(Aof ) —Ro|Vf]*1dus ,
thus (5.16) implies
I(PSY @) ws — 0 (5.17)

The first spherical harmonics are restrictions of coordinate functions x’ to S2,
when S? is embedded in IR® in a standard way, thus f (u,) can be written in the
form

S (w)=A4;tBx+(Pf)(w) ,

for some constants 4; and some vectors B;. Equation (5.13) together with (5.17)
imply
[4;| +[B| =C

for i large enough. It follows that we can choose a subsequence, still denoted u,,
such that

A—A.,, B—-B,,
and we have
1/ (@)= A = BoX|| yas — 0 . (5.18)
The area conservation condition
S f—zdﬂo=g Ldp,
implies that there exists 7 € R and a unit vector n such that
fo=A,tBox=cosht+shtnx ,

which is precisely the condition for the existence of a conformal diffeomorphism
¢ of S? such that

¢*gab = (fazz)geab .

Consider the metric
g-ab (u) = (¢_ 1)* gab (u) )
gab (u) =f_ 2gab

24
=e gab .

let

Equation (5.18) implies
”f(ul)_llle,2 0 s
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thus
”I(ui)”Wz,z 0 >

and Proposition 5.1 follows by Lemma 5.2. O

A. Appendix

In this Appendix we shall derive the inequalities (2.11) and (2.12) - these are key
inequalities in all our results. From (2.7) and (2.8) by elementary manipulations
one obtains

d
o | Rdug=—2[ ((4,RP—R|VR|’}du, . (A1)
20

Following [18] we shall use the Kihler structure of M to show that the right-
hand side of (A.1) is nonpositive (cf. e.g. [13, 12] for an introduction to the
theory of Kihler manifolds). Choose a holomorphic structure on ’M, let
z=x+iy; for any tensor field #; 7, on M, let

D=V, tp S =L (Vo =iVt )
Dty =Vt 4= Vati =587 (Voti G +iV, 6]

For any smooth function f on *M we have

|Vf|>=2DfDf , (A.2)
Af=2DDf=2DDf, (A.3)
DDDf—DDDf= —§ bf. (A4)

DDfDDf=5(V'V/f—34fg/)V.V,f—34[g;)=0 .
From (A.3)-(A.4) one finds the identity
DDfDDf=D(DfDD'f)—D(DfDDf)+DDfD’Df+§ DfDf. (AS)

Integrating (A.5) over 2M with f=R, the D(---) and D(---) terms give no
contribution (cf. e.g. [12]), and from (A.1)-(A.4), one finds

d o
o | R'du,=—4 [ DDRDDRdp, <0 , (A.6)

which together with (2.10) establishes (2.11). D. Singleton’s inequality (2.12)
requires some more work. From (2.5) and (2.6) one finds
d 1 A duy,= “A(4,1)* 4,
a’-ugj‘e ﬂo—__[e (4oA) du,

—~[ e *A,A|VA|?dus+ R, [ e *|VA|2du, (A7)
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(R, =const). Let
f=e *.
(A.7) can be written as
d 1 3 —1 -2 2
du 3 Seldﬂo":Sf (Aof)zdﬂ0+3§f Aof|Vf| dpo
+R [ STV S duo—=2§ VS| duo (A.8)

Let Dy, D, be the Kihler derivative operators of the metric g,. One has the
identities

f_lD-oDofDoDOf=D-o(f-lDofDoD-of)“Do(f_lDofDODof)
17 Do Do f Do Do+ 52 £ Do f Do f
+f_2D0fDofDoD-of“f_2DofDofDoDOf , (A9)

S 72Dy f Do f Do Do f=Do(f > Dy f Dy f Do f)
+2f73Dy fDyf Dy fDyf
—2f72Dy f Dy fDyD, f . (A.10)
Integrating (A.9)-(A.10) over 2M leads to
[ f7H (Ao [ dpg=4 [ f 7' Do Do f Do Do fdpo+ R [ f 1|V f|?duo
F3[ 2V 1P Ao fdue—2 [ [V f|*du, . ALL)
Equation (A.11) inserted in (A.8) gives D. Singleton’s formula [27],

[ e duy=~12] £~ DoDof DoDy g0, (A2)

which establishes (2.12). Let us mention that the integral
j‘ 63). d,uo
is related to the Bondi mass of the metric (2.1) [27].

B. Appendix

When >M = S?, the operator obtained by linearizing the right-hand side of the
Robinson-Trautman equation has zero eigenvalues, which leads to difficulties
when trying to prove convergence of the metric to a constant curvature metric.
The origin of these difficulties may be traced back to the existence of non-trivial
conformal motions of the sphere, as a result of which A in (2.3) is defined only
up to the addition of the logarithm of a conformal factor for a conformal trans-
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formation of S>. To handle this problem®, let ¢ () be a u-dependent conformal
diffeomorphism of g,,, let

Gapr (W) =0 (1)* gap () . (B.1)
We have

32, 92, 98, ;
aub = ¢ (u)* [Tub + L xw gab] =@ (u)* aub + Ly 8ab >

where
X@=(" 32 (82)

is the u-dependent conformal Killing vector field generated by ¢ (u), and &Ly
denotes a Lie derivative. X (u) is of the form

X=XV,

where the @¢;’s form an L,-orthonormal basis of the first non-trivial eigenspace
of 4,, V is the gradient operator of the metric ¢, and the «,(u)’s are u-dependent
constants. We have

Ly bar= —ROZai(u)¢igab .

For a metric g, («) satisfying the Robinson-Trautman equation one obtains

or 1 .
2y 3 @sR=Ro Qai8)+ X4, (B.3)

where A is defined by
gab = eZIgnab .
Let Fe C” (R) be any function such that F(0)=0, F’ (0)+0. The choice

a; ()= [ F(Z (up))$:(p)duo (B.4)

2M

is especially convenient because in this way one gets rid of zero eigenvalues of
the operator which arises by linearizing the right-hand side of the modified Ro-
binson-Trautman equation (B.3). Given 1 (u,p) satisfying (B.3), such that
2(0,p)=1,(p), a solution of the original equation can be recovered by inte-
grating ¢ (u) from (B.2), with ¢(0)=id, o, given by (B.4), and inverting (B.1)
gives g,,(u). It is simple to check that if A converges exponentially in C* to 0
with some decay rate 8, then ¢ will exponentially converge to a smooth conformal
diffeomorphism ¢, of S with decay rate 8, and that A will exponentially con-
verge to a limiting function A, defined by

200 o * o
€ gab:¢oogab

(cf. [27] for a more detailed exposition).

® The same method as presented below has been independently used by Singleton [27] to get
rid of the zero-eigenvalue problem
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C. Appendix

In this Appendix we shall prove some estimates use of which is made in Sect. 4.
Let us define the convention, that for i;e IN the “equality”

f=g+<“Vii---V5)”
is a shorthand for the statement that f— g consists of a sum of terms of the form
constV*'A-- V¥4, o =i,
in particular there exists a constant C such that
|f—glSCIV Al |V*A] .

Lemma C.1. For any multi-index a=(ay,...,a;), 0= |a| =1, we have

a_gzll:e—“(—AgVai +RARAR) (C.1)
P STy ©
Ry = +VAVA+V2 Vel (C3)
b T Vv c
§=2
I1SH=1+ |«

it tisS || +4
Proof. One shows by induction that
V,45=4;V,+ % , (C.5)

where 4, is the Laplacian acting on tensors, and % is a sum of terms of the
form

RoVy -+ Vyd, s=2+]a .

For |a| =0 from (3.1) and (2.5) we have

oL 1 _ -
5.7y € P Ao (e (Ry =24, 1)
=e P [~ BA+VAVIA +4(1+VAVA+VA) V227
+4VAVA?}
1 2 3
<M= A3A+ Tyt Rt R} (6

with éo satisfying (C.2)-(C.4). An induction argument using (C.5) yields the
result. O
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Let us recall the well known Gagliardo-Nirenberg inequalities:

Proposition C.1 ([2], Theorem 3.70, p. 93). For 2= p < o, 0< j < m, there exists
a constant C such that the equality S fduo=0 implies
M

2
j+1-=

WV, <CIVP AL I AL, a= (C.7)

m

Proposition C.1 implies another well known result, which we prove here for
completeness:

Lemma C.2. For 2<p < 00, 2<k <[+ 2, there exists a constant C such that the
equality | ¢du,=0 implies
20 2

k—1-%
_ p
V811, =CUIV 2L 1Bl 18l wan) »  a=—TF— . (C8)

Proof. Let f=A,¢, set j=k — 2. By elliptic estimates ([1], Theorem 15.1’, p. 703)
we have

I8llw.,=CULS Nw,,+ 118]lL,) - (C9)

Let us consider the case k=2 first. Equation (C.9), Proposition C.1, the Sobolev
embedding and the definition of f imply

V28l S llwa, CULL Nz, t N8l 2,)

SCUV'ANEN AN L “+ 111l L)
2
1__

<CUV T BlIL It 18llmD) . a=—30 . (1)

which is (C.8) for k=2. For k=3 (C.9), Proposition C.1 and (C.10) similarly
yield

WV I, <CUI Nw,, F 181 L) SCUIV L, + 1 e, + 11 8112,)
SCUV AN IV, + 18] 2,)
SV 81151l mme+ IV 211 2,11 811 me + 1 81l was) 5 (C.11)

with
2 2
k—l—; 1—;
a=-—l———- s =—-l—-
Yang’s inequality
P q
e
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with x= ||V )|, 11811527, y=$l1%:."" " p=alb, g=al(a—b), al-
lows one to get rid of the second term at the right-hand side of (C.11), and (C.8)
follows. O

Lemma C.3. Let
E= [ e*|\V'A|?du, .

2M
For every 121, € N, we have
d_EI — 1+2 2 Vl+l 2 ! 2 C.12
dué 2|V Azt Cl A, +@,+D)) , (C.12)
where
1
®,= [ |VA[IVT'A[|V! 24 dy, (C.13)
2M
2 . ]
o= 2 § VoAl 1V"2 du, - (C.14)
s=23 M
1<i<i+1

it +is<21+4

Proof. From (C.1) we have

E 0 1 2 3
—‘2 ‘=L +I1L+1L+11+11,
u

where

oA
L=4 [ VA 3 du, ,
2M

I=-2 3 | VeAA2V,Adu,

le| =1 2p7

=2 3 [ VaPRduy, a=1,.,3.

lel =1 2p1

The terms I; have to be estimated separately for /=1, 2 and for />3. If I=1,
(C.6) and several integrations by part to get rid of the fourth and some of the
third derivatives of 1 give

L[ IVANVAIV A duot 3 T IV"AL-++ V73] duo]
M

s=3 M
1<4,<2
i+ <6
1 2
=C{P,+ D},

1 2
@,, &, given by (C.13)-(C.14). For /=2, an integration by parts to get rid of
the fourth derivatives of A gives

2
L=C®,,
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while for /=3 one directly obtains
2
L£Co, .
a
Consider now the terms 7/, Commuting derivatives and integrating by parts

0
11, can be transformed to the form

0
II[= -9 Z S VaAVaAd‘uo_}_ S VIAV1+2A.dﬂ0,,

“«
laf=1+2 2M M

— _2”VI+ZA.”§42+“ S VI‘FIAVI"'IAdIuO” ,
M

thus
0
ILS =2\ VP2A |2, +CIVT AL, .

1
An integration by parts in 11, gives

1
IL=={ V'"AVAVAduy”

M

=« [ VTP2AWVTAVA+VIAV ) duy”

M

=« [ (VPAVITIAVAHVIT AV AV VI AVIAVA A dpo”
2M

which yields
1 1 2
ILEC(D,+ D) .

2
Consider now II;: an integration by parts to get rid of the /+ 2™ derivatives gives
for /=2,

2 2
ILSCEIVT Az, 0,

while for /=1 one has

2 1 2
ILEC{|V?Al| L+ @1+ 21 .
3
Finally from the definition of %, one obtains directly

3 2
IL=C9P, ,
and from what has been said (C.12)-(C.14) follow. O

Lemma C.4. For every [ € N 2 1, there exist a finite set B, a set of positive constants
og,Yp, B €B, and a constant C such that

dE .
A< =2VTRILEC T IVAISII, . (C19)
BeB

O<ag<2, ypg=2—ag. (C.16)



312 P. T. Chrusciel

Proof. We have to estimate the three rightermost terms appearing in (C.12).
Proposition C.1 yields immediately

” VI+IA, ”izé C” VI+2)‘ Ili(21+l)/(l+2)|| ¢”i/2(l+2) , (C17)
1
which is of the desired form. To estimate &, we have

1
= [ VA |VTIA V20 dpg
M
SUVAL IV A 1722 s b=
B " " 2’ Dy Dy 2 ’
which by Sobolev embedding and Proposition C.1 gives

2 2
1 2—— 1+
I dsl' é C” Vl+2)' ”Lz P2(1+2)”¢” Wz.gZ(H—z) ’

2
which is of the form (C.15) and satisfies (C.16). To estimate &, we shall use
Lemma C.2. Let

Y= S Vii---V*Adu, , (C.18)
M

s23, 1=5i=sI1+1, §i+---+i;S2/+4,

2
be one of the terms appearing in &, let k > 0 be the number of i;’s in (C.18) such

that i;=1. Reordering terms one may assume that for 1 < j<s—k we have

i;22, thus
SNV LIV A Ly - (VPR g, s
1 1 1
—+---+ =1-—, 2§ij§l+1 , Lttt S20+4—k .
P Ds—« Do

From (C.8) one obtains

s—k
P<Cll@lln T AV T2ANLN S wm + 11l )
j=1
2

—1-2
=C X VRIS, gm ), (C19)

BeB’

for some finite set B’ of indices f. Note that for all f# € B’ we havea,+y;z2>3
and that the largest exponent «,,,, =supg . 5 a4 in (C.19) is

21+2—s+£

Po
amax=al+"'+as—k§ .

l

Choosing p, > 2 we have
<2,

x max

because s> 3, and (C.15)-(C.16) follow. O
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