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Abstract. To each gauge equivalence class of both local and global framed (in the
sense of Donaldson) self-dual solutions with the gauge group Ul(r) there is related
the unique canonical initial condition (in the sense of Takasaki) and in this way the
gauge freedom is eliminated. A geometric interpretation is given and consequently
the complete transcription of the ADHM construction into the inverse scattering
formalism is derived. As an application, an injection holomorphic mapping of the
instanton moduli space into a finite-dimensional complex vector space is described
and the loop group action on the transition functions is discussed. The results
suggest the possibility of a new description of the framed instanton moduli spaces
directly as algebraic sets.

1. Introduction

It is well known that the self-dual Yang-Mills equations admit two different
approaches: one initiated by Ward [1] and based on the Penrose twistor
transformation and the other, going back to Yang [2], Belavin and Zakharov [3],
based on the inverse scattering method. The former one, insisting on global
methods (cf. [4]), has succeeded in the ADHM construction [5]. The inverse
scattering approach is essentially local. It insists on expressions in local
coordinates and consequently it enables one to apply some more general methods
such as the Backlund transformation [6, 7], the construction of an infinite algebra
of symmetries due to Dolan [8] and Chau, Ge, Sinha and Wu [9] and the solution
of the initial value problem due to Takasaki [10].

This paper addresses the initial condition in the sense of Takasaki and its
geometric interpretation in the global case. The starting point is a more detailed
discussion of the gauge transformations in the local formulation. The main point is
to eliminate completely the gauge freedom. The geometric interpretation suggests
a new way to describe the framed instanton moduli spaces (in the sense of
Donaldson [11]) directly as algebraic sets. We recall that in the ADHM
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construction a finite-dimensional Lie group still remains as a reminiscence of the
infinite-dimensional group of gauge transformations. However, this problem here
is only suggested and illustrated by an example but not completely solved.
More precisely, this paper aims to present the following results:
(1) In the inverse scattering formalism, there is stated explicitly a condition which
enables one to distinguish a special “canonical” solution in each gauge equivalence
class (Theorem 3.3). Particularly, one can introduce the notion of the canonical
initial condition. Since the initial value problem has the unique solution, the
gauge freedom is eliminated in this way. It follows that the space of gauge
equivalence classes of local solutions has an extremely simple structure; it can be
identified with R® (relation (3.16)). A gauge transformation resulting in the
canonical solution is described explicitly (relations (3.14), (3.18)). As a corollary,
one gets an embedding of the framed instanton moduli space into R® (Proposi-
tion 3.4 and the remark following it).
(2) In the twistor framework, we describe a geometric construction relating the
canonical initial condition to a distinguished and again called canonical transition
function (Chap. 4). This means that to each gauge equivalence class of global
framed instanton solutions there is related the unique matrix valued function on
IP? with some special properties (Theorem 4.4; Proposition 4.3 and relations (4.3),
(4.4)). Almost all deliberations associated with the construction remain valid even
in the more general case of framed holomorphic vector bundles on P, 2> 2.
(3) Using this construction, one is able to obtain explicit expressions for the
canonical initial condition of the ADHM instanton solutions [relations (5.10)]
and consequently to give the complete transcription of the ADHM construction
into the inverse scattering formalism (Theorem 5.3). To the author’s knowledge,
despite the fact that the ADHM construction has become classical, such a
transcription was nowhere derived and published yet. Hopefully, it will enable one
to check and further develop some previous concepts such as the Bécklund
transformation.
(4) In Chap. 6, we make use of the one-to-one correspondence between the moduli
space of framed instanton solutions on S* and the moduli space of framed
holomorphic bundles on IP%(C) which has been proved by Donaldson in [11]. The
latter space is a complex manifold and we describe two ways of its holomorphic
embedding into a finite-dimensional complex vector space (Propositions 6.2, 6.3).
The latter embedding opens, in principle, the way to a new description of the
framed instanton moduli spaces. We are able to give some more concrete results
for the U(2) — gauge group (Proposition 6.4).
(5) Following Crane (cf. [12]), we consider in Chap. 7 the loop group action on the
instanton transition functions. Applying the results of Chap. 3, we discuss the
infinitesimal action on the one-instantons. The loop group action is gauge
dependent and well defined on the local transition functions provided the reality
condition (7.8) is satisfied. But the infinitesimal action is tangent to the embedded
one-instanton moduli space only under some special conditions and, if it is the
case, it coincides with an infinitesimal gauge transformation.

2. Preliminaries and Notation
Throughout the paper the gauge group is assumed to be U(z), 2=2; and it is well

known that it can always be reduced to SU(z) in the global case. Further, »
designates the rank of the holomorphic or instanton bundle under consideration
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and ¢ = ¢, designates its topological charge (instanton number) equal to the second
Chern class.

Let C* be a 4-dimensional complex vector space with a fixed (standard) basis
{e1, €3, €3, ¢4} and, consequently, with the coordinates zy, #,, #3, 24, and also with
the real structure

Ti(x1, 225 3, £ (— %o, %1, — %45 %3) .

This real structure is transferred to the projective space P> =IP(C*) as an anti-
holomorphic involution denoted again by 7. In what follows, all t-invariant
objects are referred to as real.

The manifold of real lines in IP3 is the sphere S*. Since each point in IP? lies on
the unique real line, we have the projection n:IP3—S*, the so-called Penrose
transformation. Let G, = G,(C*) be the Grassmann manifold points of which are
lines in IP?, and IF, , =IF, ,(C*) be the flag manifold points of which are the pairs
(0, #)eP? x G,, Qe Z. The real structure t is again naturally transferred to G,
and to IF, ,. Relate to each point from IP? the unique real line containing it to get
an embedding of IP? into IF, ,. The sphere as the manifold of real lines in IP? is
embedded into G,; it is a real submanifold of G, consisting of the real (z-invariant)
points. Summing up, we have the following standard commutative diagram, the

embedting are real analytic: X
P

Ps T, , 2.1)

Denote by IP? the two-dimensional projective space embedded into G and
consisting of those lines in IP*> which contain the point P,=spane,. Clearly,
S*nIP?>={z,} is a one-point set. The manifold pr; *(IP?)CIF, , is the blow-up of
IP? at the point P, and it will be denoted by P>,

We distinguish the following objects in IP3:

the points
P,=spane¢,, P =spane;,

the real lines
$O=IP((€3’ 64))=P0Poo’ $m=IP((€1,€2»,
the planes
Hoo=]P((el>e23 53))5 H0=1P((‘519 €3, 54))'

The real lines %, %, if considered as points in S*, will be denoted by =z, z, (or 0,
o0), respectively.

The restriction n: H ,\.%,,—»S*\{co} is one-to-one and it induces a complex
structure on S*\{oo} which we shall regard as the standard one. We choose the
complex coordinates z, » on S*\{co} = C? via the identification

H  3span(ye, + ze, +3)—(y, )€ C*,
and we introduce the coordinates
E=x1/24s N=zx3/24, (=z3/24

onIP*\H . Since for each point Q € IP3\ %, the plane £, Q intersects the line %, in
the unique point, we have the real analytic difftfomorphism

P\H,, =€ (S*\{00}) x (%\{P})=C>.
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Choosing the coordinate A= x/%, on %,, we have the transformations

y=Cl+n/(1+L0), +»=0I-51+{D, i=(,

and
E=dy—Z, n=letyz. 2.2)

So one can express the functions on €3 in the coordinates », #, A or ¢, 7, {.
Provided the latter ones are used, the corresponding function will be underlined.
According to the fundamental theorem due to Atiyah, Hitchin and Singer [4],
one can relate to every self-dual gauge field defined on a neighborhood # of the
origin z, € S* a holomorphic rank-z vector bundle F on 7~ (%), holomorphically
trivial on all real lines %, = € %, and with the additional structure —a holomorphic
isomorphism o : t*F — F* inducing a positively definite Hermitian structure in the
space of holomorphic sections HY(Z,, F | &£,), again for all ze%. Moreover, this
correspondence is invertible and one-to-one, up to equivalence.

We shall restrict ourselves to the framed instanton bundles with a distin-
guished orthonormal frame on the line .%,. The framed instanton moduli space will
be denoted by M(z,¢) and OM(z,c) designates the moduli space of framed
holomorphic bundles on IP*(C). The restriction from IP® to H,~IP? induces a
natural one-to-one mapping M(z, ¢)—>OM(z, c) [11].

To any framed instanton bundle F there corresponds a gauge equivalence class
of germs of local transition functions. In more detail, let  be an open
neighborhood of the origin 0e C2. Then the set n~ (%) can be identified with
U x %, and the real structure takes the form t:(z, A)—(z, —1/7). Choose a
holomorphic frame {s,,...,s,} defined on % x #,, with #, being an open
neighborhood of the unit disc {4; |A| <1} in %, in such a way that it coincides with
the distinguished frame on %N (% x #,). Apply the isomorphism ¢~ ! to the
frame dual to {4, ...,4,} to get a holomorphic frame of the bundle t*F on % x #,
and so a holomorphic frame {3,, ...,4,} of the bundle F on % x #_, #_ =1(H,).
The desired transition function G=(G) is defined on % x ¥", with ¥" = #, NH_
being a neighborhood of the unit circle in %, by the relation &, =Y 3,G, and it
has the properties:

(@) G(O,1)=1,
(1) G(&,7,¢) is holomorphic,
(iii) G(z, —1/2)=G(z, A).

On the contrary, every matrix valued function G satisfying (i-ii) is a transition
function of a local framed instanton bundle F. The distinguished trivialization on
%, is induced by the standard basis in C*.

The space of germs of local transition functions fulfilling (i-iii) will be denoted
by ®,. The above described correspondence can be established even if all reality
conditions are omitted. This means that we do not insist on the existence of the
isomorphism o as well as on the property (iii) of G, and, of course, the distinguished
frame is not required to be orthonormal. The larger space of germs of local
transition functions satisfying only the conditions (i), (ii) will be denoted by ®.

Let I'(z,4) be a matrix valued function on % x ¥~ such that I'(¢,#,{) is
holomorphic and I'(0, 1) =1. Then the corresponding gauge transformation takes

the form _
Gz, )~ T (z, — 1/ G(z, 4) [(, 1). 2.3)
The objects we are dealing with are real analytic in some neighborhood of the
origin in €2 and hence they can be locally extended from €? to €* as convergent
power series in the variables g, #, #, z. In what follows, the symbol = stands for four
complex variables y, #, 7, z in this order.
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Let & designate the subspace of the vector space
al(z, C[[z]]) x gl(z, (E[[z, /1]]) x gl(z, (E[[a:, AT 1]])
consisting of those matrices (J, W, W) of formal power series which satisfy

W(z,0)= W(z, 0)=1, (2.4)
J(0)=Ww(0,)=W(0,1)=1, (2.5
and solve the equations
W —2Joy(J ' W)=0,W +AJo.(J~'W)=0, (2.6)
W=~ (IW)=0.W+A" 1T 19, (JW)=0. (2.7)

We shall write

Wi, 2)=1+ fl WiV, Wiel)=1+ .i Wi2)i™,

where Wj(z), W{z) € §l(z, C[]) and W/{0)= W|(0)=0. An involution denoted again
by ¢ acts on S:
(J(a:), W($’ '1)’ W(xs j'))"g")('](w)"" (W(z’ - 1/I)T)_ 1’ (W(ﬁ, - 1/I)T)_ 1) .

We assume that the Hermitian conjugation includes the formal complex
conjugation of the variables y, %, z, z, 4, A (cc. y=y, cc. y=y, etc.). The
g-invariant subspace consisting of those (J, W, W) which fulfil

J)'=J(z), W) =W -1/ (2.8)

will be denoted by S,.
The gauge transformations

J(@)" ' I(2,0) V(@) 'I(,0),

2.9
Wiz, )~ TI(z,0)" *W(z, ) (z, 1) @9)
make sense on &, provided I' e gl(z, €[z, A]) satisfies
ro,n=1 (2.10)
and
(A0, — )T =(30,+0,)[ =0. @.11)
The last condition means that
[z, ) =LAy — %, Ax+ g, 1), 2.12)

where I'(¢,1,{) € 3l(z, C[&,n,]).
For Ge ®, we choose the Birkhoff decomposition in the form

Gz, )= (2)W(z, 1) ' W(z, 1), (2.13)

where the matrix valued functions W(z, A) and W(z, 4) are holomorphic in A on
neighborhoods of the discs {|A|<1} and {|A~'|<1}, respectively, provided = is
close enough to 0, and they are normed by W(z,0)= W(z, c0)=1. It is well known
[13, 14] that in this way we get the embeddings & ¢ & and ,C &, In fact, this is
the main link between the global approach and the local approach.
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3. The Canonical Initial Condition

One can exclude J from (2.6), JO,J ~'=0,W;, J0.J ™' = —0,W,, to get
0, W — 23, W)W — 0, W =08, W— 43, W)W + 4, W =0. 3.1)

Takasaki’s approach provides a method how to solve the equations (3.1) in the
realm of formal power series, provided an initial condition

W(y, 2 0, 0; /‘L) = W(O)(ya 2 A) (32)
is given. In accordance with (2.4), (2.5), the initial condition W e gl(z, €[y, #, A]) is
required to fulfill

WOy, £,0)= W(0,0,1)=1. (3.3)

It is known [10] that the initial value problem has the unique solution W(z, 1)
unambiguously determined by the condition

Wiz, YW O(y— A5 2+ 275, 2) " L els, €[z, A7 1]). (3.4)

This means that the left-hand side does not contain positive powers of . We can
complete this result.

Proposition 3.1. It holds
Wiz, YWy — A" 2, x4+ 2713, 0) ' =J(2)W(z, 4), (3.9
where AW is normed by W(z, ©0)=1 and (J, W, W) solve (2.6), (2.7), and (2.5), i.e.,
J,W,W)ee.
Proof. In fact, we shall prove also Takasaki’s result in an alternative way. Put
H(z,A):=WO(y—1" 2,2+ A7 15,1 L egl(t, C[2,4,A7]).

Then H(0,4)=1 and the m™ homogeneous term H,, in the variables = does not
contain powers of A lower than A~ ™. Consequently, H(z,4) is well defined.
Moreover, the following assertion is valid: _

For any Re 3l(z, C[z]) there exists the unique solution X € gl(z, C[z, A]) to the

Howi blem:
Jollowing Problem: e, DH(e, e, €27,
X(0,4)=R(0) and X(z,0)=R(z).
Actually, write X in the form w
X(z,)=RO)+ ¥ X;(z,4),
k=1

with the terms X, being k-homogeneous in the variables =, to get the relations
k
X+ X Hj,Xk—j,EQT(/‘, ‘E[[w,l_l]]), k=1,
i=1

which enable one to compute recursively and together with the condition X(z, 0)
= R(z) unambiguously all terms X .

Now we can finish the proof. The condition (3.4) together with W(0, )
= W(z,0)=1 has the unique solution W and it can be easily seen that this W also
fulfills the initial condition (3.2). Now decompose

W(z, A)H(z, A)=J(z) W(z, A),
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with the normalization W(z, 0)=1. Clearly,
(0.,— A0, H=(0,+10;)H =0,
and hence
(0.—20,) (U~ ()W (=, ))H(z, ) =(0,— iai)W(x, Aeal(e, Clz, A7 1]).
At the same time, it holds
(0.—205) (™ @)W(2, D=0 =0 ~ (@)W (2, 0))|,=0 =03, *(0)
and
0.~ 20)(J " Y)W (2, W1=0=0.] " ().
But (0,J ~ }(2))W(z, 4) fulfills the same relations as (9z— A0,)(J~ Y2)W(z, A)) and
so, according to the above assertion, we have the équality
(0.~ 205) (™ @)W (2, ) =(0.] ™ (=))W (=, 4).
Analogously we get
0, +40) (J Y (=2)W(z, ) =(0,J (=)W(=z, 4),
ie., Eq. (2.6) are satisfied. Further,
0.—20,)W(z, )=(0.J " "(@)W (=, YH(, ) =0, " @) (@)W (2, 4),
and analogously,
0, + 20 )W (2, )=(0,J () ()W (=, ).

Hence Eq. (2.7) are satisfied as well. The rest of the proof is evident. []

Asarule, the gauge freedom in the inverse scattering approach is used to get the
self-dual equations in the form (2.6), (2.7). But there still remains an infinite-
dimensional group of gauge transformations preserving these equations. We shall
show that, owing to this fact, one can distinguish a special solution in each gauge

equivalence class. On the other hand, in this way the gauge freedom is eliminated

completely.
For I'egl(s, C[z,A]) put I'%y, ,4):=I(y,,0,0,4), and suppose the con-
ditions (2.10), (2.11), (2.12) to be valid. Then

[y, 5, ) =L it ) =1+ 3 [y, 5. (3.6)
j=1

The relation (3.6) has the following consequences: I;%(y, z) is a polynomial of
degree equal at most to j and, since I'"%Y(0,0, A)=I'(0, 1) =1, the absolute term is
zero. Moreover, (3.6) implies that, knowing I'”, we are able to reconstruct I and
hence I' as well.

Since I'®(y, z,0)=1(0,0,0)=1 and according to (2.9), the gauge transfor-
mation of the initial condition takes the form

WO wOr©, 3.7

Again we put

W(O)(gf, E2) A’) =1+ Z VV;O)(ys x)j"l 5 VVJ-(O)(% z) € QT(’I,, Cﬂy, %:”) s
Jj=1

and according to (3.3), W/®(0,0)=0. The best we can do is to transform off all
summands in W® with degrees less than or equal to j. Moreover, the relation (3.7)
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implies that I'® with this property is unique and, according to the above
discussion, I' is unique as well. Summing up, we claim that

For each (J, W, W) e &, there exists the unique gauge transformation I, such that
W having been transformed satisfies

Wiy, x)edllr,(y, 2" "), jeN, (3.8)

where (y, 2y " ! is the (1+ j)™ power of the ideal (y, ) CC[y, z] generated by y, x; in
other words, the formal power series W%y, =) does not contain summands of
degrees less than or equal to j.

Moreover, due to the uniqueness, this condition eliminates the gauge freedom.
The unique gauge transformation I, will be called canonical and we shall derive an
explicit formula for it. We shall need the following

Lemma 3.2. Assume that (J, W, W)e & and

Then J(y, +,0,0)=W(y,+,0,0,2)=1. (3.9
@ Wiz)edlln, (7,207, k=1,

where (3, %) is now an ideal in C[[z] generated by y, z, and

(ii) Wiz, WOy — 2712, s+ A" 5, ) " = J(@)W (2, ). (3.10)

Proof. (i) We have to show 6}6£Wk(y, %,0,0)=0 for 0<i+ j<k. According to the
assumption, this assertion is valid for i=j=0. The Eq. (2.7) are equivalent to

0}WC=6¢WC—1+(J—161J)W¢—1 H
0= =0, e~ 0, Wy, k21,

Put ;=%=0 in these relations to verify the assertion for k=1. Further we can
proceed by induction in k. It suffices to differentiate these equations by
057 10L or by 0,0/, respectively.

(ii) According to Proposition 3.1, the left-hand side in (3.10) equals to J'(=) Wz, A)
with (J', W,W)e&. It is sufficient to show that the initial condition (3.9)
determines J, W unambiguously. But this is an immediate consequence of the
following two easily verifiable assertions:

Let (J,W) and (J',W) solve (2.6) and satisfy the corresponding boundary
conditions in (2.4), (2.5). Then J'=JX with

Xegln, C[y.<]), X©0)=1.

Let (J, W),(J, W') solve (2.7) and satisfy the corresponding boundary conditions in
(2.4), (2.5). Then

Wiz, )= Y(y— A" 2+ A" 1, Y W(z, A)

Y(&n,0edlle, CEn. (7', Y(0,0,0)=1. O

The following theorem contains the main information.

with
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Theorem 3.3. Let (J,W,W)e &, and J, W fulfill (3.9), i..,
J(y,%,0,0)=W(y,40,0,2)=1.
Then W' satisfies (3.8), i.e.,

and, moreover. Wiy, x)edlle, (y, 2V 1), j=1,

WOTz, — T, — 1D = WOy, 2, 4). (3.12)

On the contrary, let W' satisfy (3.8), (3.12). Then there exists the unique solution
(J, W, W)e G, with W being the initial condition for W and, moreover, this solution

fulfills (3.9).

Remark. W1z, — 1y, —1/1) makes sense owing to (3.8). The relation (3.12)
restores the reality condition which was abandoned in Takasaki’s approach.

Proof. (=) The validity of (3.8) follows from Lemma 3.2.ad(i) and from the equality
W(O)(% D) A)_ 1= W(Os Oa ?’ z_, - 1/DT .

By the assumption, the equality (3.10) holds. Set 5 =%=0 in it and make use of
(3.9), (2.8) to get
WO(—A"15,07 14, 0) ' =W(0,0,5,%4).

Now, to prove (3.12), it is sufficient to replace A by — 1/ and to perform Hermitian
conjugation and inversion of both sides in the last equality.

(«=) Werelate to W a solution (J, W, W) e & according to Proposition 3.1. From
(3.12) it follows that

WOy + T2, 2 —Agp, — 1D =Wy — A7 5, 2+ A7 5, ).

The k™ homogeneous term in the variables z in WO(y—A"'z,2+1714,4)
contains powers in A not lower than (—k+1) and not greater than (k—1).
Consequently, we are allowed to multiply Eq.(3.5) from the right by this
expression. So we have

J(z)" ' W(z,A)= W(x, l)W(O)(y—/l_ L a+A” lg;, A).

Replace A by —1/4 and conjugate and invert both sides in this equality to find that
(W(z, —1/D)) ! is another solution to the initial value problem with the initial
condition W', By uniqueness, we have

and so (W(z, —1/DN 1 =W(z, )

J@)' (W(z, —1/D) " =J@)W (2, 4).

Hence (J, W, W)e &,. Validity of (3.9) follows immediately from (3.5) and the
uniqueness is guanranteed by Lemma 3.2.ad(ii). []

Definition. A solution (J, W, W) e G, will be called canonical provided it fulfills (3.9).
The subspace of canonical solutions will be denoted by &.. An initial condition
WO will be called canonical provided it fulfills (3.8), (3.12). The space of canonical
initial conditions will be denoted by 9B.

Hence W@ eI iff it holds
WOy, )=1+ 3T Y Y WQyhniik,
k

=1 n=k+1 j=0

(3.13)
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where
W.(J%)E QT(% q:), W,,(ﬁ‘)=( 1)n+1+kW(0n)?] nek-

Hence B can be identified with R since each point from IB corresponds to a
sequence of complex matrices W, 0<j<n, 1<k<n, and the condition (3.13)
simply excludes the superfluous real variables.

Suppose (J,W,W)e &, We introduce a gauge transformation I(z,A)
=LAy —z%, Az + 3, A), where

L& 1,0 =W(0,0,1, — &,0)"1J(0,0,1, ). (3.14)
Having performed this gauge transformation, we get another solution

(J, W, W)e&,. From (2.9) it follows that J,, W, satisfy (3.9) and, according to
Theorem 3.3, the initial condition WO fulfills (3. 8) Hence

The relation (3.14) represents the announced explicit form of the canonical gauge
transformation. .
This means that we have just constructed the projection
pr.: €~ . :(, W, W)~ (J, W, W), (3.15)
which, moreover, induces a one-to-one mapping of the quotient &,/gauge
transformations onto S, According to (3.9), (2.8), L(fn,0)=1 prov1ded
(J, W,W)e &, and hence the projection pr, reduces to the identity mapplng on

S.C @ Accordmg to Theorem 3.3, the mapping &,—»: (J, W, W)— W is one-
to-one and so we have

3,/gauge transformations=S, ~MW=R*. (3.16)
In other words, the gauge equivalence classes of local self-dual solutions are
parameterized by the points from the space W~IR*.
Denote by 6,C®, for the subspace of germs of those transition functions
G=(J, W) 'w for which
G(%a E2) Oa 0’ '1) = W(O)(y’ E2) i) .

By restriction, we obtain the projection
pr.:6,-6,:G=(J, W) 'W—G,, (3.17)
where
G&m, =W/ n/L,OW (@, — 0,0, —1/D1(F —&0,0.  (3.19)
Again the projection pr, induces a one-to-one mapping
®,/gauge transformations=®,. (3.19)

Besides, one has a simple relation between the canonical transition function G,
and the canonical initial condition W!9:

GA&m =W/ /L), e, (3.20)
Gz, )=WOy— A" %2+ 17" 4,2), :

and vice versa
Wy, 2, )= G Ay, Az, A). (3.21)

The following proposition suggests that these results can have an interesting
application also in the global case.
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Proposition 3.4. The isomorphism class of a global framed instanton bundle F on IP?
is unambiguously determined by its local restriction to n = (%) with U being any open
neighborhood of the origin z,€S*.

Proof. The Gram matrix of the Hermitian form, if expressed in a holomorphic
frame, is real analytic. Owing to this fact, the distinguished orthonormal frame on
%, can be extended as an orthonormal real analytic trivialization {#, ...,4,} of F
over P*\ %, in the following way. The sections ¢; are defined on the plane H \ %,
~(C? as horizontal lifts over the segments P_Q, Qe H \.%,, and they are
extended as global holomorphic sections over each real line. Using this triviali-
zation, we get a connection form .« on €* ~R* with the curvature being self-dual
and with the finite topological charge equal to c,(F). At the same time, ./ depends
only on the isomorphism class of F and is real analytic and hence unambiguously
determined by its germ at the origin. Using now Uhlenbeck Theorem [15] to
remove the singularity at co and applying the Penrose twistor transformation, we
conclude that o/ determines F uniquely up to isomorphism. []

It follows that, having in mind (3.16), (3.19), we can relate to each isomorphism
class a unique point from the space 2B. In this way we get an embedding of the
framed instanton moduli space M(z, c) into W=~R ~. The explicit expressions will
be given in Chap. 5.

4. The Geometric Interpretation

Despite the local way of its definition, the canonical initial condition can be shown
to have a clear gcometric interpretation in the twistor framework. The global
embedding of S* into G, and the pull-back of the instanton bundle pr¥F on IF, ,
corresponds to the local analytic extension from €? to €*. The initial condition,
i.e., the local restriction to the two-dimensional subspace €2 C C* determined by
the equations j = =0, has a counterpart on the global level in the restriction from
G, to P2 and from IF, , to IP. Actually, in the local coordinates ¥ % y, zon G, at
the point =, introduced via the mapping

it holds: (y, % Y E)Hlp(yel +xeyte3, —Zegtye,+ 24),

S* is locally determined by the equations

y=CC. y, x=CC x,
and P? is locally determined by the equations
7=2=0.
The main goal of this chapter is to describe a geometric construction of the

canonical transition function. This construction and its consequences can be
formulated in a more general setting.

Notation. Let us consider the ~-dimensional projective space IP*, »> 2, with a fixed
line %, and a framed holomorphic rank-z vector bundle F on IP*, :>2, with a
distinguished holomorphic trivialization on .%,. For such vector bundles, the first
Chern class ¢,(F) vanishes and, according to Grothendieck’s Theorem, the vector
bundle decomposes on each line .# CIP” as a direct sum of line-bundles:

FI=0:)®..®0%,), ¢;=...2¢,, ¢, +...+¢,=0.
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Hence 7, 20and ¢; =0iff F is holomorphically trivial on .#. The set & of jumping
lines in IP*, i.e., consisting of those lines on which F is not holomorphically trivial, is
a proper closed analytic subset in the Grassmann manifold G,(C***) (cf. [16],
Chap. I). Fix two different points P,, P, €.%, and denote by ¥, &, the sets of
jumping lines passing through P, and P, respectively. Let Sing(P,) CIP” be the
union of all lines belonging to %, analogously define Sing(P,). The set consisting
of those lines in IP” which contain the point P, (respectively P ) can be identified
with the (»— 1)-dimensional projective space and its subset ¥, (respectively &) is
then proper closed and analytic. Consequently, Sing(P,) and Sing(P,,) are proper
closed analytic subsets in IP~.

To get more information about jumping lines, we adapt the following theorem
due to Barth by generalizing it to higher ranks. Denote by & the locally free rank-2
sheaf of germs of holomorphic sections in F. Recall the standard diagram:

T, =
]Flyzpl p]P,,

pro=4q
G,

Theorem 4.1. The set S5 of jumping lines is an analytic subset in the Grassmann
manifold G, of codimension one everywhere. The sheaf &:=R'q,p (F(—1)) (the
first direct image of the pulled-back sheaf p*(% (—1))) determines in G, a divisor D
the degree of which is equal to c,(F) and the support of which coincides with %,
SuppPp=suppé = S.
Proof. In [16], Chap. II and 2.3, there is given a proof for the case z=rank F =2.
The main part of this proof can be reproduced almost verbatim also for higher
ranks. We shall not do this and notice only the last part in which the degree of the
divisor is computed. Hence we assume the following facts having been proved:

The sheaf & determines unambiguously a divisor D in G, and supp Dr=suppé&
= yF'

It is sufficient to verify the equality deg Dg = c,(F) only for the dimension »=2
(and that will be assumed up to the end of the proof).

In this case, there exists a resolution

0> @1 (9(k,-)—>j(£91 Om)—F(~1)0, @.1)

with k;, m;<0.
The line bundle corresponding to the divisor Dy is

where (2] =detE,®detEY,
E,=@R'q,p*0(k), E,=@R'qp*0m,).
Finally, ¢,(R'q,p*O(k))= —k(k+1)/2.
Now we can apply the Whitney formula to the resolution (4.1):

¢1(F)=0, and hence

ey(F(=1))= — 2= (DOm)) — o(DOK) = Ym;— T k;,

co(F(—=1)=co(F) +342—1) = o,(DO(m,)
— o5(BOK)) — o1 (DO(k)e 1 (F(— 1))
=Y mm;— ¥ kik;j+1yk;.

i<j
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Finally, we can compute
degDr=c1([Dr])=c1(E;) —<((Ey)
=420 )~ +m)
— ¥ kik;+ Z mm;+ %Y k)

+3% ki— 2(2’",‘)2 22’”1‘
=co(F(= 1)+ 34— Yki+ Y m;+1)
=oy)(F(—1))—32e—1)=2y(F). O

Corollary 4.2. Let P* CIP” x IP"~ ! be the blow-up of P” at the point P,.IP*~ ! is here
considered as a submanifold in G, consisting of those lines in IP” which contain the
point P,. Then ¥y:=%nIP*~! is an analytic subset in P*~! of codimension one
everywhere and the sheaf &y:=R" pr,, pri(# (—1)) determines inP*~* a divisor 2,
of degree c,(F) and such that ¥,=supp&,=supp%,.

Proof. Since S CG, is of codimension one everywhere, the codimension of %,
= yFm]P”‘ !is at most one. But %, is a proper closed analytic subset in P*~ !, and
hence it is of codimension one everywhere, too. Since suppZr= S5, Dr cuts in
P~~! a divisor 9, such that

and suppZo=(suppZp)nP " '=%, [Do]=[2(]|P**

deg D =c¢1([Do])=c1([ZFr])=degDp=c,(F).
Now one can make use of the following diagram
P 2 pe

P! F, , 2> P~ 4.2)

and apply the base-change theorem (cf. [17], Sect.9) to get &,=¢&|P*~! and
consequently supp&,=(supp&)nIP*~!=%,. Hence the divisor 9, is unam-
biguously determined by the sheaf &,. [

Corollary 4.2 takes into account also the multiplicity of the irreducible
components of the algebraic set %,. Let @ :=pr,(pr; 1(2,)) be the divisor in P*
(see (4.2)). Then deg%, = c,(F) and supp@0 =Sing(P,). Define analogously &
Again, deg = ¢,(F) and suppJ, =Sing(P,,).

Construction. Owing to the distinguished frame on %, we have a fixed basis in the
fibre over the point P . Extend this basis as a holomorphic trivialization on each
line containing P, and not belonging to &,. We get a holomorphic frame
{9 ...,9,} defined on the open set %, =IP*\Sing(P,)> P,. Construct analogously
the holomorphic frame {3,,...,4,} on the open set %, =IP*\Sing(P,)3 P,. The
corresponding transition fucntion is defined on %%, =P"\(Sing(P,)
uSing(P,,)) and it will be denoted by G* =(G}); 9, = Za Gl

According to Chow’s Theorem, all the sets S <,, Slng(Po) Slng(P ) are
algebraic varieties in the corresponding projective spaces, and owing to a
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generalization of the same theorem, F is an algebraic vector bundle on IP* (cf. [18],
Sect. 1.3). GF should be a matrix of meromorphic functions on IP* and hence,
according to the same principles, a matrix of rational functions on IP* with the
poles on the algebraic set Sing(P,)uSing(P,,). By the construction, G* is identically
equal to 1 on the line %, and so it has the following form (in the homogeneous
coordinates 3=(xy, ..., %,) on IP%):

1
G'@) =1+ ———— 23 .
O=1t  he " “y
where f,, /., are homogeneous polynomials and #(3) is a matrix of homogeneous
polynomials with the degrees equal to deg(/,)+ deg(4,,). Further, Z(3)=0 on the
line %, and the algebraic set 4(3)=0 (respectively f£,(3)=0) coincides with
Sing(P,) (respectively Sing(P,)), up to multiplicities. Respecting Corollary 4.2, we
conjecture:
The polynomials £4(3), £,(3) in (4.3) can be chosen in_such a way that the
corresponding divisors (o) and (4,,) coincide with 9, and 9 ,, respectively. Then

deg foo =deg s, = co(F).

The explicit results derived in the next chapter for instanton bundles support
this conjecture.
G* can be shown to be unimodular.

Proposition 4.3. detG" =1.

Proof. The line bundle det F on IP* is holomorphically trivial. The choice of a frame
in F on the line %, induces a holomorphic frame in det F on %, which extends to a
holomorphic trivialization over IP* in the unique way. From the construction of G¥
as a transition function it follows immediately that det G is a transition function of
the bundlet det F and it is identically equal to 1 on %,n%,, and hence everywhere
onlP~. [

By the construction, the matrix function G* depends only on the isomorphism
class of the original framed vector bundle F. But the crucial property of G is that it
characterizes F completely.

Theorem 4.4. The isomorphism class of a framed holomorphic vector bundle F on IP”
is unambiguously determined by the matrix valued function GF.

Proof. G*, if considered as a transition function, determines the framed vector
bundle F up to isomorphism over the open set %, U%,, = IP\(Sing(P,)nSing(P .)).
The analytic sets Sing(P,), Sing(P,) have dimensions equal to (»—1) and their
intersection has dimension equal at most to (»—2).

Actually, provided the dimension of the intersection equals (» — 1), the analytic
sets Sing(P,), Sing(P ), Sing(P,)nSing(P . ) have the same dimensions and so they
have at least one common irreducible component 7, again with dimension equal
to (»—1) (cf. [19], Sect. 1.3). The irreducible components of the analytic set
Sing(P,) are in one-to-one correspondence with the irreducible components of the
analytic set &, and each of them contains the point P,. Consequently, Poe 7
CSing(P ) and we get a contradiction.

Now, let 2 : %, %, IP* be the embedding. Owing to a consequence of
Hartog’s Theorem which guarantees the removability of singularities of a complex
analytic function provided the singular points are contained in an analytic set of
codimension at least two, we have a natural isomorphism 1,1*% ~ % . Hence F is
determined by its restriction F|(%,U%,) in the unique way. []
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Let us now specify this construction for the framed instanton bundles on IP3,
This means that the real structure must be taken into account. Now, %, is a real
line, ©(Py)=P,, and the distinguished frame on .%, is orthonormal. Moreover,
7(Sing(P,))=Sing(P ) and the frame {3, ..., 3,} is related to the dual of the frame
{44, ...,4,} by the isomorphism ¢. It follows that

G ((@)=G"(Q" on Unu,. 4.4

The goal now is to show that G* can be identified with the locally defined
canonical transition function G, First, using the blow-up we resolve the
singularity at the point P, and then choose a special coordinate system at this
point.

Denote by P,=(P,, %) the point from the exceptional divisor in the blow-up
1P3. The pull-back of the matrix-valued function pr¥G” is holomorphic at the point
P,. Identify IP? with the plane H ,, =IP(¢,, ¢,, ¢53) CIP* and introduce local coordi-
nates on IP3 CIP? x IP? via the mapping

(. % A)>span(Aye, + Azey +Aes+24),  span(ye; +ze, + e3);

the values in P, are y=x+=1=0. Denote pr¥GF, if expressed in these local
coordinates, by W %(y, z, 4). Clearly,

Wy, x,0)= W (0,0, 1) =1.
From (4.4) it follows that the equality
VVC(O)(IE’ - /Té’ - 1/I)T = VVc(O)(% %y j')

holds on an open set % x ¥, where % and ¥ are neighborhoods of the origin in C>
and of the unit circle in C, respectively. Looking at the Lorain A-expansion in this
equality, we find that the condition (3.8) is valid and, consequently, the reality
condition (3.12) is valid as well. Hence W ? is indeed the canonical initial condition
corresponding to the framed instanton bundle F.

The projection

pr: PPy, 2, ) (6, )= Ay, A4, )

is one-to-one provided A’ 0. For the real analytic coordinates (z, 2) =(y, #, 7, #, 4)
on IP3, the relation (2.2) implies:

(=Ay—z=Ny', n=lzty=14, (=iA=1,
and hence:

y=y—A"'2, A=xz+1"1y, V=4
Since W@ =pr*G*, we have
G (2, )= WOy £, ) = WO y— A~ %+ 2715,
Comparing this relation with (3.20), we conclude:

The matrix-valued function G*, if expressed in the local coordinates (, 1) on
C3~IP3\H,, coincides with the canonical transition function G,.

Note that this construction of the canonical transition function is applicable
also to the local framed instanton bundles.



68 P. Stovitek

5. Explicit Expressions

The global instanton solutions are described by the famous ADHM construction.
So we stand before a natural question: How do the canonical initial condition and
the canonical transition function for the ADHM solutions look like? The
corresponding formula in the simplest one-instanton example was derived by
Crane in [12], though in this paper the transition function is not recognized as
canonical. Here we present the general result. But knowing the canonical initial
condition, we are even able to solve the initial value problem explicitly and in this
way to derive the transcription of the ADHM construction into the J, W,
W-formalism of the inverse scattering method.

First, let us introduce some notation related to the ADHM construction. For a

d 1
quacrupole (0g, 00, 2, )eCo*x C x C x C~*
and 3=(z;) € C* set
01%4 +oc£x2—x3
R(3)= a2%1~a112+%4 ’
QZI_KTZZ
43)=RG)'RG). 1)

The moduli space M(z, c) of framed instanton bundles on IP? is the quotient of the
set of matrices (xy, a5, @, £) satisfying

(i) the rank of R(3) is equal to ¢ for all 30,

(i) R(r3)'R(3)=0 for all 3, or equivalently,

Ae3)=A4(3) for all 3, 52
by the action of U(c): (z3)=4G) 3 (52)

R(3)—diag(g,g, DRB)g™ ', geU(),

(cf.[11]). Let Z € IP? be a point with homogeneous coordinates 3=(x4, ..., #,). Then
the fibre F, of the instanton bundle in the ADHM construction is given by

F,=XKerR(t3)'/RanR(3),
(cf. [20]). The Hermitian product in F is given by
([+1.[#))=4'1—R()4G) 'RG)"<.
The following lemma characterizes the jumping lines.
Lemma 5.1. Let & be a line in P* and Y,, Zye ¥ be two different points with

homogeneous coordinates ), 3o, respectively. Then the restriction of the bundle
F| 8 is holomorphically trivial if and only if the matrix R(tiy)'R(3,) is invertible.

Proof. (=>) Fix a basis in the fibre over Z, via the choice of a (2¢+ #) x » matrix N
satisfying

R(t30)'N=0, rank(N,RG,)=2+c¢.
Then the matrix-valued function
S(Y)=[1—R(3,) (R(H0)'R(30)) " 'R(tdo)'IN
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modulo RanR(}), Y =spani) € Z, is in fact a holomorphic trivialization of F on .Z.
(<) Suppose R(tH,)R(3,) is singular. We shall show that F | & has a nontrivial
section with at least one zero. Put

K =KerR(z}y)'R(G,) CC°.

Let A be a projector onto R(3)K C €**** according to any direct summand. Since
the restriction R(3,): K—R(3,)K is an isomorphism, we can define the linear
operator

A=RGo) ' oA R(Ho): K~K.

Choose an eigenvalue-k of the endomorphism A4 and a vector f € K\Ran(4 + k1)
Hence

RBo)f #(R(Ho) +kRBo)g forall gekK.
The section

A(Y)=R(G,)f moduloRanR()), Y=spanjhe.Z,

is holomorphic and «(Z,)=0. Now it suffices to verify that 4(Y)+0, where Y € & is
the point with homogeneous coordinates §) =1, + k3.
Actually, provided there exists g such that

R(30)f = R(H)g =(R(Ho) + KR (30))2 >

0=R(t30)"RB3o).f = R(t30)'R(§o)g = — R(tD0)'R(30)g -
Hence ge K and we get a contradiction. [J

we have

Now it is enough to follow the construction of Chap. 4. Set

0 1 0
R0= 1 > R00= 0 N No= 0 N
0 0 1

where the dimensions of these matrices are
2e+2)xe, Ret+4)xe and (2ec+2) x4,

respectively. The matrices R,=R(0,0,0,1), R, =(0,0, —1,0) are related to the
points P,, P, respectively, and the columns of N, determine the distinguished
frame on .%,. Note that it holds

RiRG)=R(3)'R,, and NoN§=1—R,R,—R_R. (5.3)

The frames {sy,...,4,} and {J,,...,5,} are determined by the matrix-valued
functions S(Z), S(Z) modulo Ran R(3), respectively, where (Z =span3)

S(Z)=[1—R(R(13)'R,) " 'R(z3)'IN,, (5.4)
S(Z)=[1—Ro(R(z3)'Ro) "' R(13)"IN,. (5.5)
Actually, S(Z) is well defined and holomorphic on %,=P*\Sing(P,) and S(Z)

=N, identically on the punctured line %,\{P}. The relations (5.3) imply (as it
should be)

S2)'8(z)=1, (5.6)

and hence S(Z) is regular on %, Besides, R(3)'S(Z)=0. An analogous discussion
can be done for S(Z).
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According to the construction, the canonical transition function is given by

G(2)=8(:Z)'8(Z), (5.7
G(Z) '=8(xZ)!8(Z). (5.8)

Now it is enough to substitute (5.4) into (5.7):
G{Z)=1—N}R(3)(R(r3)'Ro)” (RR(3)) " 'R(13)' N, . (59

Taking (3.20) into account, we get the canonical initial condition
V[/c(o)(y, zA)=1+ l(ay —ﬁfx) a- Uy — otzz)_ 1
X (1+ Moy —al2) " (by +a's),
VVc(O)(y, zA)” l=1— ).(ay — ﬂz) a1+ /1(0(23; — Otiz))_ 1
x(—oyy—alz) Sy +ats).

(5.10)

According to (3.20),
G(2)=G ¢ n D)= VV;(O)(ZI/%:% #a/%3: %3/%4) »
and we can rewrite (5.9)
GUZ)=1+(ax, —£%,) (23— g2, —afx,) "
X (244 0pxg — 0 25) "1 (21 +a'2,). (5.11)
Using the Cramer rule, we find that the canonical transition function G, for
ADHM instantons has the form (4.3), where
ﬁo(g.):det(%a—%%l —0‘%2), (5.12)
fro(3) =det(xy + o2, —aixy).

These expressions agree with the conjecture following the formula (4.3).

To find the solution with the initial condition (5.10) in the J, W, W-formalism of
the inverse scattering method one has to solve the Riemann-Hilbert problem, i.e.,
to find the Birkhoff decomposition (2.13):

Gz, N)=W(z, ) U(z) ‘W(z,1).

But in the general case, the Riemann-Hilbert problem is highly nontriviail.
Fortunately, we can avoid it using the following

Lemma 5.2. Let F be a local instanton bundle defined on a neighborhood of the line
Yy CP?andlet {54, ...,4,} be a holomorphic frame in a neighborhood of the point P,,.
Then the Gram matrix H=(s;,9,) has the form (in the coordinates (z, 1), we now
distinguish between A and 1)

H(z, A, D)=W(z, )1 J(2) ' W(z, ).
where J(z)=J(z)!, W(z,0)=1 and J, W solve (2.6). Hence
J(z)"'=H(2,0,0), J(z)"'W(a,A)=H(z,4,0).
Proof. The assertion follows immediately from the form of the Birkhoff decompo-

sition (2.13) of the transition function and from the form of the gauge transfor-
mation of the Gram matrix:

H(z, A, )= T(z, ) H(z, A, ) (z,1). [
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Now we apply this lemma to the frame S(Z) and $(zZ)". In the coordinates (, A)
we have 3=(Ay—%, Ax+4,4,1), and so
J(z)~ ' =SG3)"(1—-R(G)4(G)'RB)NSB3)l1=1=0>
J(2)~ ' W(z,)=SG)'(1-R3)4G3) "' RG)"SG)l1=0>
J(@)=S8(z3)"(1—R(z3)43) ' R(z3))S(x3)1=1=0>
W(z, )™ "J(2)=5(t3)'(1 - R(z3)4(3) ' R(z3))S(e3)l1=0 -

To get the explicit formulae we set

(5.13)

‘I’=ay—57z, 'P,,=ﬂy+afz,

5.14
O=o,y—alz, P,=oy+o}z, (514)

and hereinafter
A=1-H)(1—-0,)+ D+ Py
=1-9,)(1-d})+ 0"+ ¥, ¥!. (5.15
In this notation, (5.2) is equivalent to

. Y, ¥=[9,9,]
and (5.10) can be rewritten

WOy, 2,A) =1+ AP(1— D) '(1+ 1) ' ¥,. (5.16)

After some straightforward computations we arrive at

Theorem 5.3. The following formulae together with (5.14), (5.15) provide the
complete transcription of the ADHM construction into the J, W-formalism of the
inverse scattering method:

Wiz, )=1+ AP+ Pi1—&})~ &4~
x(1+A0(1— &)™) (¥, — (1 - 2})~'¥"),
Wiz, )~ ' =1— AP+ Pi(1— &)~ 19)
x(1+A(1—&})~10)" 14~ (¥, — &1 —B))"1¥Y),  (5.17)
J(2)=1+¥{1-2))"'1-0,)" ¥,
—(P+Yi1-0) ' o)A~ (P + o' (1-0,)"'?,),
J@) ' =14+P(1—0,) 11—}~ 1pt
(P —PA—®,) 0N A (¥, — &(1—&1) 1 P). (5.18)
If we put W(z,)=W(z, —1/D")Y, then (J,W,W)e&, is the distinguished
canonical solution defined in Chap 3.

Let us conclude this chapter with some examples. The most familiar self-dual
solutions are t Hooft’s instantons with the gauge group SU(2). In this case

—a, =diag(#y,...,%,), —o,=diaglk,...,2,),
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where the constants g; are positive and the points («;»)eC? 1<j=<c, are
mutually different. The canonical initial condition and the canonical transition
function take the form

c 2 - 2
WOy, 2, ) =1+ & (CW , )’
A=l Y T (Ao —a) \ £y

c 2 kg2
GEn =1+ ¥ 9% ¢n—¢ )

(5.19)
=1l +a+om—vil+am) <’72‘“£’7

The modified ’t Hooft’s solutions (cf. [4]) are known to exhaust all two-
instantons (cf. [21]). Let (), v;) € €%, 0<j < ¢, be mutually different points and y;,
0<j<c¢, be real parameters such that y,+...+x,=1,0<y;<1. Let

Vi=span{uje, +vje,+e3, —vjes + @jer+es), O0=j=<c, (5.20)

be the corresponding two-dimensional t-invariant subspace in €*. We furnish it
with the Hermitian product

_._X_L__@ o)
1+|“jl2+|vj[2 »

where {o,0) is the restriction of the standard Hermitian product in C*, and let
(o, o)y designate the induced Hermitian product in the direct sum V=V,®...®V..
Then the instanton bundle is the quotient

F=F/K,
where for Z =span3, 3€ C*, the fibre F, is the (c +2)-dimensional subspace in V
determined by the equations
(e¢gs e )EF,CV iff (13, 00> =13, 0,0 =...={13, ¢,),
and K, =span(yy, ...,p,), where the vectors y;e ¥, 1 < j< ¢, are linearly independ-
ent and unambiguously determined by the equations
(V)j, Oy =43, w%;— woy forall @=(«,...,u)eEV.
The Hermitian product in F is given by

(Lol [vD=(0,(1—-4)y),

where 4, is the orthogonal projector onto the subspace in V spanned by the
vectors Yy, TPy, ..., P, TY,.

Now, the same procedure as before should follow but there is no need to give all
the details. We only note that the following trivialization {4,,4,} appears to be
convenient in the computations

1 1
= 303“-’ ’0 ’
. <1_Uo‘f+ﬂo’1 1—v,+un >
_ <C+¢;oé+5o’7 (+a,l+vn
9= ,15"-5 ,1 .
1—voé+uon 1—vcé+un
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The entries here are the coordinates with respect to the bases (5.20) in the vector
spaces V,, ..., V.. After some algebra we get

WOy, 2, 2) =1+ wig—j;k %’g—:

» ( — (=) Do s—Ds,)  —(Dok— 5.5 )
(d—9)* (D= 9) (Do, — Ps.))

A

20 XiXjXk W2
s i<‘};<k 9.9,9, (D5, {@;— &i) + cykl(ijk))

6 %)
(o 1) (5.21)

bi=viy—wpx, o =djytvi,

8;=(1+4¢,,)1—41d), 0=3,...3,,
w=x1+¢,,)...1+¢, )+cykl(01...c),
w,=xo(1—=4¢,)...(1—A¢,)+cykl(01...c).

where we have put

6. Conjecture: The Moduli Spaces as Algebraic Sets

Owing to the Donaldson’s result, we can consider the moduli space OM(z, ) of
framed holomorphic vector bundles on IP? instead of the moduli space M(z, <). The
description of OM(», ¢) is similar to that of M(s, ) (cf. [11]). Theorem 4.4 asserts
that the points from OM(z, <) are in one-to-one correspondence with the restricted
canonical initial conditions W9:=W | __,. We introduce a new coordinate
«= Ay and define

Wy, «)=Wy,0,0/y). (6.1)
From (5.10) it follows

VV,(C(;)(y, w)=1 + ywa(l— aly)_ ! A+o,00)” 4. (6.2)

The Taylor expansion at the origin shows that a point from OM(», ) correspond-
ing to the equivalence class [(«,, ®,, ,£)] is unambiguously determined by the
infinite doubly indexed sequence of matrices @afoké, j, k=0,1,.... But this
sequence can be replaced by a finite one.

Lemma 6.1. Let f(t)€ Oy be a rational function in one variable over any field T of
characteristic zero and assume f(t) to be regular at the origin. If f can be expressed

as a quotient f = p/q with p, q being polynomials with degrees less than or equal to »
i

then f is unambiguously determined by 2, numbers f;= ]1—' ‘—;% f0), 0=5j<2—1.

Proof. Put
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and for two polynomials

pO)=po+pit+...+pt*, qO)=1+q t+... +qt*,

R(p,q)= (g g)

where the blocks A, B are defined

denote

Do 0 Dk Dk-1--- D1
A= D1 P.o . B= D Pz ,
Prk-1 DPi-2 --- Po 0 Dx

and the blocks C, D are defined analogously but now with the polynomial 4. Then
detR(p,q) as a polynomial in the coefficients p;, q; is the resultant of the
polynomials p, ¢ and it vanishes if and only if p, =g, =0 or p, g have a common
nontrivial divisor (cf. [22], Sect. 34). It holds

If f=p/q, then detR(p,q)=(—1)*det M(k).

Actually, the recurrence relations

0=p0~f0’
ji—1
O=p;,—fi— ;Ofiqj_l, j=1(p;=q,;=0 for i>k), 6.3)
imply
A C 0 0 C 0
detR(p,q)=det| B D C|=det 0 D C
0 0 1 —Mk) 0 1

=(—1)* det M(K).

Write now f as the quotient f = p/q with both the numerator and the denominator
being uniquely characterized by the condition: p, ¢ have no common nontrivial
divisor and ¢q(0)=1. Put »=max(degp, degq). Then 4 is the lowest non-negative
integer with the property: det M(k)=0 for all k> . From (6.3) it follows that the
coefficients (pg, ...,P,» 415 ---9,,) Solve the system of linear equations with the
matrix

0
Jo

1 —E

(0 _ M(m))’ where E=| f; fo , (6.4)
Jn=1 -2 - fo

and with the right-hand side (f,, ..., f3,,- 1)- For ».=0the blocks 0, — E, — M() in
(6.4) are empty, for » > 0 the matrix (6.4) is regular. Hence the coefficients p;, g; can
be reconstructed in the unique way. [

Now we can construct two holomorphic embeddings of the moduli space
OM(z,c) into a finite-dimensional vector space.
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Proposition 6.2. The holomorphic mapping OM(z, ¢)—C*****;

[(@1, a2, @, )] (acfolss; 0L j, k<2c—1) (6.5)
is injective.
Proof. Use the Cramer rule and apply twice Lemma 6.1. First, putting =C we
reconstruct o(1—o,z) " 'dk4, 0Sk<2c—1. Then putting =C(y) — the field of

complex rational functions in the variable » - we reconstruct
al—a1z) " (A+a0)™ 4. O

Let us now consider another and maybe more fruitful mapping. The Cramer
rule implies
c -1 < -1
WAy, w)=1+ (1 + X szfj) <1 + 2 tﬂ‘*’)
j=1 j=1
X Y Ryt (6.6)
Jk=1

where s, t;€ €, Zj €3l(2,C) and
14350 =det(l—0y), 1+t =det(l +aye).

Proposition 6.3. The mapping OM(z,c)—C2**<;

[(Oﬁl, 0(2, @, ﬂ)]’_)(s.", t]’ c@lk; 1 éj, kél}) (6.7)

is holomorphic and injective. Moreover, it is a homeomorphism onto its image. This
image is an irreducible locally analytic set in €*°***** and its dimension is equal to
dim OM(», ¢).

Remark. Recall that the moduli spaces are known to be connected (cf. [16],
Chap. II).

Proof. The interpretation of W9 as a transition function shows that this mapping
is a homeomorphism onto its image. All the properties of this image are then
characterized by Remmert’s Theorem (cf. [19], Sect. IV.7). O

Up to the end of this chapter, we identify O M(2, c) with its image in the mapping
(6.7). The canonical transition function on IP? corresponding to the initial
condition W has the form

Gres((’_))=1+ ﬂ(g)’ (;)=(Z15 %3 %3 14),

1
#03) /0 (3)
where . . .
#0B)=25+ j; siz1#5 7,

fo3)=#4+ P g, (6.8)
i
%(3) = Z .@jkz"i+ kzg_jzi_k .
Jk=1
This is in agreement with the conjecture following the expression (4.3). This

transition function defines a holomorphic vector bundle F on the set IP?\ ./, with
4 being the discrete set

M : fio(3) = £:(3) =0. (6.9)
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Now we state two problems:

(1) The first problem naturally arising is to determine for which parameters
(s; t;, ) the singular points from the set .4 are removable in the sense that 1, is
alocally free rank-2 sheaf on IP2. Here 1: IP?\ ./ ¢, IP? is the embedding and % is the
sheaf of germs of holomorphic sections in F. Owing to Hartog’s Theorem on
removability of singularities (cf. [19], Sect. IV.2), we can simplify this discussion.
The singularity in the point Q € ./ is removable if and only if the bundle F is
holomorphically trivial on some punctured neighborhood #\{Q} of the point Q.
(2) For such parameters it is further necessary to compute the second Chern
number ¢,(F). Let P? IP? x P! be the blow-up of IP? at the point x; = z; =0. Here
we can identify IP* with the line P(¢,, ¢;) CIP2. Then R, pr,, pr¥#(—1)isasheafon
IP(¢,, ¢5) with the support being contained in the discrete set (zy, 23)=0 and the
sum of dimensions of the stalks over the points from this discrete set equals to ¢,(F)
(this assertion is proven in [16], Chap. II).

Conjecture. The equality ¢,(F) = should lead to a system of algebraic equations
specifying OM(z, ¢) as an algebraic set.

We solve the problem (1) for the lowest rank 2 =2. Up to the end of this chapter,
all matrices are supposed to belong to gl(2, €) and the same is true for the values of
matrix-valued functions. First, note that the equality detG,.,=1 (Proposition 4.3)
leads to the equations

trR, =tr R, j=trR;; =0, 2=5j=e, (6.10)
<1+ i Sjy’) <1+ i tjwj) i trgjkyj_zwk_z
ji=1 =1 J=2
+det< i %ik%j_lwk_l) =0. (6.11)
j k=1

Equation (6.11) means that all coefficients of the polynomial in the variables y, «
on the left-hand side are equal to zero. So Egs. (6.10), (6.11) represent together
24(2¢— 1) algebraic conditions on the 2¢(2-+ 1) independent variables (s, t;, % ). If
we subtract these numbers we get exactly the dimension of the complex space
OM(4, ¢) which is known to be 4¢ [11]. This fact conjectures that the moduli space
(OM(, ¢) might be identified with a set o/\ %, where ./ is an irreducible component
of the algebraic set (6.10), (6.11) and £ is an algebraic set. The one- and two-
instanton examples which are mentioned in Chap. 8 support this conjecture.

Now we shall show that the condition detG,,=1 is sufficient for the
removability of the singular points. The problem is local. We choose coordinates
«, v on a neighborhood % of the singular point Q € ./ in such a way that the
algebraic set £((3)=0 (respectively f,(3)=0) coincides on % with « =0 (respec-
tively »=0) and hence Q has the coordinates ~=+=0. The vector bundle F is
holomorphically trivial on #\{Q} if and only if the transition function G, has a
special decomposition as the following proposition asserts.

Proposition 6.4. Let G(«,v) be a 2x2 matrix-valued function defined on a
neighborhood of the origin in €2, with the properties:

(i) G is meromorphic with the poles on the set #v=0,

(ii) detG=1.

Then there exists a decomposition G=XY, where X, Y are again unimodular
meromorphic matrix-valued functions and X (respectively Y ) has the pole on the line
«=0 (respectively »=0).
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Proof. The function G(«,+) can be written in the form
Glu,v)=v *A(2)+ 2o * " 'B(w)+..., Al«)%0, k=0.

We can suppose that k>0 (the case k=0 is trivial) and proceed by induction. So it
is sufficient to prove the inductive step:

There exists a matrix-valued function H(e«,») which is unimodular and
meromorphic with the pole on the line + =0 and such that the product GH has the
poles again on the set «v =0 but the order of the pole on the line v =0 is equal at most
to (k—1).

1
Denote J= < 0

1 0). The unimodularity of G implies:
detA=0, tr(4J B* J)=0. (6.10)

From the former equality it follows that there exists a holomorphic unimodular
matrix-valued function T(«) such that the second column of A(«)T(«) vanishes. So
we can suppose that a() 0)

4

b«) 0
and, again without loss of generality, that a(«)=+0. Let us denote the entries of B
_[* )
wo=(2 o)
(the first column is unessential) and put f(«)= —c(«)/a(«). Note that the latter

equality in (6.10) means that ad —bc=0 and hence af +c¢=0, bf +d=0. Now we
distinguish two possibilities. First, provided f(«) is holomorphic, we can put

fle) —v
H(u,v)=(v_1 L
Second, provided f(«) has a pole in the origin, i.e., f(«)=«"g(«), g(0)%0, j>0, we

can put
H(ﬂ,v)=< ge) 0 > O

vt gla)™?

Alw)= <

7. On the Action of the Loop Group

This chapter serves as an illustration of another possible application of the results
from Chap. 3. Here we try to prolong the discussion initiated by Crane in [12]
about the loop group action on instanton solutions.

Notation. The embedding of the space & into the vector space
gl(z, C[2]) x 8l(2, C[, A]) x 8l(z, C[z, A~ '])

enables to treat formally the Lie algebra X(&) of vector fields on &. Denote by
gl(z, €[4, A~ ']) the Lie algebra of Lorain polynomials in the variable A with
coefficients from the Lie algebra gl(z, €). Dolan [8] and Chau et al. [9] discovered
the following infinitesimal action, i.e., a Lie algebra homomorphism

8:8l(z, €[4, 271D > X(S): TA™ —(3(T) 5, S D> (T (7.1)
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where keZ, Tegl(z, €). Introduce the §l(z, C[=])-valued functions d(T), di(T),
keN,, defined on S and linearly depending on the parameter T € §l(z, C), by the
relations:

WAOTWQA)™ = ¥ d(T)A*,
L0 (7.2)
WHTW@) ™ '= ¥ d(T)(=A)7%,
k=0
for (J, W, W) e &. To simplify notation, we stress explicitly the dependence only on
the variable A and not on the variables . The vector fields J,(T) have the form
0(T)y;=d(T)J, for k>0,
=[TJ], k=0,
=(—1)"'Jd_(T), k<0,

Ol Tw=— .Zl dk+,(T)ﬂjW(/1), for k=0,
i=

=/1"‘{—W(/1)T+J_.,ilgf(T)(—i)_U_IWw}’ k<0, (73)

(S,,(T)Wzll"‘{—W(A)T+J“E:d,(T)ﬂJW(A)}, for k>0,

=(_1)k+1ia_H,(T)(—A)-JW(A), k<0.

It was also recognized by Chau et al. that to get a well defined action on the
subspace &,C & one must restrict gl(z, C[4, A~ ']) to the subalgebra consisting of
those elements ¥ T,A~* which satisfy

T_=(—1)"'T. (74)

Let Q designate the loop group consisting of holomorphic mappings from € to
GL(2, C) defined on a neighborhood of the unit circle.

Crane discovered that one is able to exponentiate the infinitesimal action if we
replace & by its subspace of convergent power series ®. Let

G=(JIW) 'We®, TA)=YTA *eglz,C[4,Ai™1]),
(J, W, W) =(J, W,W)+ed(T(%)), e-infinitesimal.
Then using (7.3) we get after some algebra
G:=(J'W) W =(14eT(A)G(1 —eT(1) (mode?).
Hence the global action of Q on & should be defined as:
(¢ G) (=, )= g(NG(, VgH)~", (7.6)

where g€ Q, Ge ®. This definition is easily seen to be correct. Crane defined the
action of Q on ®, as follows:

(7 G (@, )= gNG(z, Mg —1/D)". (7.7)
But the relation (7.6) suggests that this result requires an additional specification.

(1.5)
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The global action (7.6) will be correctly defined on the subspace ®,C® if we
restrict the group  to its subgroup Q, consisting of those elements g(A) which satisfy

H=1D'=41)"". (7.8)

This condition is the global counterpart to (7.4).

The main disadvantage is that the loop group action is gauge dependent and
the moduli spaces being embedded into ®, are not invariant with respect to this
action. Let us notice more closely the infinitesimal action on the one-instanton
moduli space M(2,1)C&,Cc&,. The action of Q, includes as a special case the
adU(2)-transformations corresponding to the unitary transformations of the
distinguished frame and there is no necessity to pursue them further. Because d,(1)
=d,(1)=0 for k>0, it is enough to consider only vector fields 6(T(1)), where

TW= Y (TAT*+(=1TIAY),  Tesi2,0).
Denote k21
Su(T):=0(TA ¥+ (=1 1T k),
ST):=pr 0dT), k=1, Tesl2,C).
The projection pr,: ©,— S, is defined in Chap. 3 (cf. (3.15)). Since S, ~ I, we can

regard the vector field 5‘0)(T) as being defined on .
We shall try to answer the following question: Which vector fields

T(A):= Z 5,(T;) having been restricted to M(2, 1) are tangent to pr, }(M(2,1))

cG, ie, whlch vector fields 6(°(T(1)) are tangent to M(2,1)CIB? Roughly
speakmg, we ask when the loop group action preserves infinitesimally the
topological charge finite and equal to one.

To this end we derive some necessary formulae. Let (J, W, W)e &, and W/ be
the corresponding canonical initial condition. Then it holds:

dfz; THh=dyz; T)' and dyy,0,0; T)=0, for k=1. (7.10)

Use these relations to get

(7.9)

INT)=— Y d2 FONS T)AIW Ny, 2, 2)
=1
WOy, 5,2) ¥ &% Az, —Az; T)I (=AY, (7.11)
=1
where d”(y, z; T):=d(y, #,0,0; T). It is easy to show that

a0y, = T)ESN2, (3, "1 1).

Here again (y,#) is the ideal generated by the terms g, z. The infinitesimal
canonical gauge transformation

(J, W, W)+ e5(T)—(J, W, W) +£0°(T), e-infinitesimal,

takes the form

LEnO=1+e Y &2 ~ETN (-0 (modd).  (112)
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The one-instanton canonical initial conditions depend on four complex
parameters e, £, «, v, (¢,/)*0:

A
WOy, ) =14 — =&,
where ol +(1+¢a)(1—/1¢)
E= (;f;;j) Ly +ex, — ey + /%),
7.13
¢=U%_“%, ¢a=¢2y+1;%. ( )
We obtain (k=1)
d(o)T—q',)k_1 E,T]—(k—-1 Al ETE 7.14
OT)= g[8 T1= (k= 1)1 5T, (1.14)
(0) [ l¢k—1 = —k=ETH
5k (T)— (1+¢a)2(1_l¢) {¢(1+¢d) [‘-‘a T] k"'T"'}
lk+1¢’;_1

TETRY BRIV — = TV1—AkETE
+(1+¢o‘)(1—/1¢)2 {¢a(1 }»(b)[._;,T] lkuT u} (715)

Since 6°(T) €512, (y, #)* * ?), the infinite series ¥ O°XT;)=0*(T(4)) makes sense
k=1

in the realm of formal power series. The four-dimensional tangent space at the

point W@ e M(2,1)CIB can be obtained by variation of the parameters ¢, #, «, ».
Comparing homogeneous terms of the forma power series, after rather

straightforward considerations we arrive at the following conclusion.

Provided T(J) is nonzero, the vector field 5°(T(4)) is tangent to the manifold
M(2,1) only in the points corresponding to the parameters « =v =0, e, f-arbitrary,
and only in the case T, =0. The vector fields 5{°T), k =2, vanish in these points and
hence the vector fields 5,(T), k=2, are tangent to the fibres of the projection pr,. The
corresponding infinitesimal canonical transformation is

LEnO)=1—¢{lY, T+ YTV} (=0)""* (mode?), (7.16)

where Y=E| _; .-,

8. Concluding Remark

The basic notions this paper was dealing with are the canonical initial condition
and the canonical transition function. And perhaps the most interesting conclu-
sion we can derive from this discussion is to stress once more the conjecture we
have proposed in Chap. 6. Namely, the following one- and two-instanton
examples aim to support the idea that it should be possible to describe the moduli
spaces OM(z, c) directly as algebraic sets. The one-instanton example is rather
trivial. In the case of the two-instanton example, we present only the final formulae
without other details but with the hope that in a forthcoming paper the complete
results will appear.

Let 2=2 and ¢=1. Then OM(2,1) being embedded into the vector space C°®
with the coordinates s,, t, € C, #,, € €* 2, is biholomorphically equivalent to the
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set o/\%, where o is the four-dimensional algebraic set determined by the
equation
tr#,, =det#,, =0, or equivalently, #2,=0, (8.1)
and the algebraic set 4 is determined by the equation %, =0.
Let 2=2 and ¢c=2. Then OM(2,2) being embedded into the vector space €>°
with the coordinates s, t, 5,, t, € C, 1, R4, R11, #,, € C*2, is biholomorphi-
cally equivalent to the set o7\ %, where the algebraic sets ./ and £ are specified

below.
First, denote

Ri1=A, R, =B, R,=C, R,,=D.
Then Egs. (6.10), (6.11) can be rewritten
trA=trB=trC=trD+detA=0,
sytrD—trAB=t, trD—trAC=0,
sytrD+detB=t,trD+detC=s,t,trD+detD=0, 8.2)
syt trD—tr(AD+ BC)=0,
Syt ttD—trCD=s,t, trD—trBD=0.
The algebraic set 7 is the eight-dimensional irreducible component of the

algebraic set (8.2) which is determined on the open set trD#+0 by the additional
equations:

s4AC—AD—BC=s,DB—BD=0. 8.3)
In other words let o7’ be the algebraic subset in the open set {tr D +0} C C*° which
is determined by Egs. (8.2), (8.3). Then the closure of &' in €*° is exactly /. The
algebraic set 4 is contained in the hyperplane trD=0.

It remains to specify # and the intersection of &/ with this hyperplane. The
Eq. (8.2) together with the condition tr D=0 imply:

XY =0 for arbitrary two matrices X, Ye{4,B,C,D}.

This means that the matrices 4, B, C, D are multiples of the same nilpotent matrix.
Let {E,E,,E;, E,} be a basis in gl(2,C). For an element E from this basis we
denote

a=trAE, b=trBE, c¢=trCE, d=trDE.
Then the intersection of &/ with the hyperplane trD=0 is determined by the
equations
(c®—act, +a?t,)s; —2cd +(ad + be)t; — 2abt, =0,
(c?—act, +a’t,)s, —d*+bdt, —b*t,=0,
(b*>—abs, +a*s,)t; —2bd +(ad + bc)s; —2acs, =0,
(b2 _‘ab31 + aZSZ)tZ ___d2 + CdSl _CZSZ =0 .

(8.3a)

(8.3b)

The algebraic set # is determined by the equations

b%*—abs, +a*s,=c*—act, +a*t,=0. (8.4)
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