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Abstract. We consider a class of long range Hamiltonians with diagonal disorder
on [2 (Z). For any ergodic potential V with non-empty essential range, we prove
the exponential decay of the Green’s functions for energies in the essential range.
If V is independent identically distributed, we obtain the exponential decay of the
Green’s functions for all coupling constant 4 > 0. Moreover the Hamiltonian has
only pure point spectrum.

1. Introduction

We consider a long range Hamiltonian with diagonal disorder. Let (£2, P) be a
probability space, TY(jeZ) a one parameter group of ergodic measure preserving
transformations acting on £2; f a measurable real-valued function on €, such that
the distribution P/ of f has no point component: P{w|f(w)=E} =0 for any E.
Let the corresponding ergodic potential V*(j) = f (T w); we define H® on I*(Z) by:

H®=A+ Ve, (1.1)

where A is a long-range finite difference Laplacian:

- o~ Im—n|+1 )
Amn)=——— (a>1),
(mm=""— (@>1)
(1/(1 — o) is just a normalizing factor), and 4 is the coupling constant. (We will
write V, H, instead of V*, H® for convenience.) .
Clearly A is very different from the usual finite difference Laplacian A:
A(m,n) = 8(lm —n| — 1), and is perhaps physically more realistic.
We are interested in the asymptotic behavior of the Green’s functions for H.
We show in the next section that H can be written as
1

H=——+AV. L.1a)
A—(@+a™b) (
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Define H, by
1

+
A—(+oa ! +ig)

€

V. (1.2)

Note that H = H,(¢ = 0). The Green’s function for E in the spectrum is defined to be
G(m,n; E) = lim G,(m, n; E) = lim {J,,|(H, — E) " !|6,). (1.3)
e—0 £—0
It is easy to see that (H,— E)~ ' is bounded for ¢ > 0. We prove below that the
above limit exists for Lebesgue almost all o (L —a.a. ), and is in most cases the
same as the more conventional definition: G(m, n; E) = lim {J,,|(H — E —ig) " |5,).
e—0
Definition. E is in the essential range (ER) of f if and only if
P{w|E—¢< f(w)<E+¢} >0
for all ¢> 0.

The main results of the paper are as follows:
Theorem 1.1. For all E,P —a.a. w,L —a.a.a> 1, G(m,n; E) =lim G,(m, n; E) exists.
e—0

Suppose E is in the essential range of Af for some A, and Elog* 1/|AV — E| < o0,
then for a.a.w and fixed n,

. log|Go(mm B)

li = — Vg (1.4a)
Im| ~ e [m|
where yg > 0, for a.a.o. Furthermore
G(m,n, E)=1lim {6,|(H — E —ig)~|6,> a.a.a. (1.4b)
£=0

Remark. Assume the ER of f contains an interval containing 0, then any E is in
the ER of Af for sufficiently large A.

Theorem 1.2. If V is independent identically distributed (i.i.d.) with absolutely
continuous distribution, and Elog* 1/|AV — E|< oo, then for all A>0, all
E,P —a.a.w and fixed n, both (1.4a) and (1.4b) hold for a.a.«. The Hamiltonian H
has only pure point spectrum.

Remark. The condition Elog* 1/|AV — E| < o0 in the above two theorems is a
regularity condition that enables one to use the multiplicative ergodic theorem [11]
to show the existence of the Lyapunov exponent (see the proof of Lemma 2.1).
The proofs of Theorems 1.1 and 1.2 are based on the identity (2.4) of the
following section together with results of Kotani [8] and the trace-class method
of Simon and Spencer [13]. The ergodicity of V plays a crucial role in establishing
the theorems. In fact it is essentially the only condition required of V. In parti-
cular, ¥ need not be non-deterministic in the sense of Kotani [8,12]. The non-
deterministic condition excludes many interesting stochastic potentials that
are intuitively random [1]. In this sense Theorem 1.1 is a generalization of the
Kotani theorem, which proves the positivity of the Lyapunov exponent for
non-deterministic potentials only [8,12]. It also complements a new result of
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Kotani, which proves the positivity of the Lyapunov exponent for potentials that
take a finite set of values but are non-periodic [9]. Note that this theorem holds
for potentials with empty ER, while Theorem 1.1 holds for potentials with
non-empty ER.

The potentials V studied here include for example, quasi-periodic potentials
and potentials with a Gaussian distribution. In particular, for the quasi-periodic
cosine potential, Theorem 1.1 implies the positivity of the Lyapunov exponent for
all A>0 and all Ee(—4,4). This is quite surprising in view of the strong 4
dependence of the Lyapunov exponent if we replace 4 with A [1]. Note that (1.4a)
does not hold for periodic potentials, since such a potential has empty ER and is
not ergodic.

Similar results can be obtained for

H=A+V,
where
A = {f(li—jl), 0 < |i —j| < l(lany integer)
Y 0, otherwise

when V'is non-deterministic, and will be written elsewhere.

2. Proof of the Theorems

The kinetic part of the Hamiltonian can be resummed exactly (as can be easily
seen in the Fourier space). We have

1

A=~ 2.1
A—(@+a™t) @1)
so that,
1
H=————+)V. 2.2
A—(@+a™Y) @2

Note the denominator A — (« + o~ ) is never zero, since ||A[ =2 and a#1. So
the operator is well defined. (We use fractions whenever the numerator and the
denominator commute.)

The Green’s function G for H is related to the Green’s function G’ for another

Hamiltonian H’,
H=A+V, 2.3)

where

o1 (2.3a)
AV —E

(Note that V' is also an ergodic potential.) This can be easily accomplished by
using (1.2):
1

(He_E)—lz( — -
A—(a+a"t+ig)

=(A—(+a "t +ig))(H —(x+oa ! +ig)) }AV —E)" L. (2.4)

-1
+/1V—E>
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Let
G(mna+ o=t +ig) = (8,|(H — (x4 o~ ! +ig))~*5,D, (2.5
then
G(m,n; E) = lim {6,,|(H, — E)~*|d,)
=0

=lim [Gm+1L,ma+oa t+ig)+Gm—1,na+a" ! +ie)
e—=0 V"—E
— (4o~ +ig)G'(mmo+a ! +ie)]. (2.6)

Remarks. For ¢ >0, G’ is well defined, since H’ is self-adjoint. The Hamiltonian
H is self-adjoint, so G(m,n) = G(n, m). Once we establish the exponential decay of
G(m,n; E) for fixed n and |m|— oo, the result also holds for fixed m and |n|— co.
It is clear that in order to study G(m,m;E), it is equivalent to study
lim G'(m,n; 0 + o~ ! + ie).

e—0

The Lyapunov exponent yg(&) characterizes the asymptotic behavior of the
solutions to H'u = &u. If we denote the transfer matrices by {4,}, then for each
&, the Lyapunov exponent for H' is defined to be [1]:

log || 4,--- A4,
n b

yE(€) = lim a.a. . 2.7

The above limit exists and is independent of w for P —a.a. @ [S].

Lemma 2.1. Fora.a.a, lim G'(m,n;a + o~ + i¢) exists. If furthermore yg(o. + o) >0
g0

for a.a.a, then

lim ilog lim |G'(mna+ o™ ! +ie)| = —ypla+a”t), aa.o (2.8)

Imj»eo [M| " e~0

Proof. Since G'(m,m;a+ o~ +ig) is a Herglotz function, for a.a.a, lim G'(m,m)

=0

exists [7,8]; lim G'(m,n)(m # n) exists by polarization. Using the multiplicative
=0

ergodic theorem and an argument due to Delyon, Lévy and Souillard [3] which
shows that the Green’s function decays at the rate of the Lyapunov exponent, we
obtain (2.8). O

The positivity of the Lyapunov exponent is ensured by the following two lemmas:

Lemma2.2. For E inthe ER of Af, define £2' to be the set of w, such that there exists
a subsequence j,, with j, — + oo, such that lim AV; (w) = E, and AV (w) # E, for all j.

n—>co

Then the set €2 has full measure: P(Q') = 1.

The main lemma is:

Lemma 2.3. If E is in the ER of A f, then for we2' the Lyapunov exponent for H'
is positive: yg(e + o~ ') >0a.a.a.

Proof of Lemma 2.2. Define Q, to be set of w, such that there exists a subsequence
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m;, m;—~ £ oo, such that f(T™w)e(E/A — ¢, E/A +¢). Clearly Q, is T invariant. Let
F,=f"YE/A—¢ E[A+¢),and y be the characteristic function of F,. If w¢ £2,, then

m=tn
lim ! Y, x(Trw)=0; (2.9a)

n>o N m=0

but
| v(@)dP(w) >0 (2.9b)

since E is in the ER of Af. So P(2,) = 1. Define Q° to be,
Q2°= ) 2y
p=1

then P(Q2°) = 1. It is easy to see that the set
Q°n{w|f(T"w) # E, Vn},

which is of full measure (since P/ has no point component) is contained in £’
Therefore P(2)=1. O

To prove the remaining two lemmas, we need the following two theorems:
Theorem 2.4 (Simon—Spencer) [13]. Let h be the operator,
h=A+V
on 12(Z). Suppose that
linfi‘ip [V(n)] = oo,

then o,.(h)= .

Define the essential closure for a set A, to be
A = {k||An(k — &,k + )| >0, for all &> 0},

where || denotes the Lesbesgue measure. We have

Theorem 2.5 (Ishii—Pastur—-Kotani) [1, 8].
0oolhy) = {&19(8) = 0}

Proof of Lemma 2.3. Since E is in the ER of Af, from Lemma 2.2, for e’ the
potential V' as defined in (2.3a) is unbounded: limsup|V'(n)| = co. Applying
n—t o

Theorem 2.4, we obtain o, (H')= . This in turn implies, by Theorem 2.5, for
we’, ya+a"1)>0for aaa [

We need one more lemma before proceeding to the proofs of Theorems 1.1
and 1.2.

Lemma 24. For all weQ’, yglo+a™ ' +ig) = ya+ o~ ') a.a. a. If E is in the ER
of Af, then

. 1
lim —log|G(m,ma+a ! +ig)|= —ygla+a ' +ig) € —yppla+a"1)<O0.

fm]—= o0 m

(2.10)
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Proof. From the Thouless formula [1,16], the Lyapunov exponent is related to the
density of states as follows,

y6(6) = [log |6 — x|dpg(x), (2.11)

where & is a complex number and dpg(x) the density of states. Suppose
& = o+ o~ ! +ie, then taking derivatives with respect to ¢, we get [6],

dyg -1, dpg(x)
—(+ +ig) =Im
de (e ) jx—(oz+oz'1+ia)
=E[Im G'(0,0;0 + o~ ! + ig) ]. (2.12)
d .
Since jdp xx) is a Herglotz function in the upper half plane, ling % exists for a.a.
X—Z [ 3d €

o; (1/m)lim E(Im G') is the density of states, so we have
e—~0

limPE > ¢
-0 dB

for a.a a. Hence yg(a + o~ ! +ig) = yp(a + ™ 1), for a.a. . Applying Lemma 2.3, we
obtain yg(a + o~ +ig) >0, for a.a. a. Therefore for P —a.a. w there exist unique
solutions u, to H' that decay exponentially at + oo [8,12]. The Green’s function
G' constructed from the solutions u., decay exponentially at the rate of the
Lyapunov exponent. We thus obtain (2.10). [J

We are now ready to prove Theorems 1.1 and 1.2.

Proof of Theorem 1.1. Let we’; using Lemmas 2.1 and 2.3, we see that in the limit
¢—0, the sum of the Green’s functions G’ in (2.6) exists and is of O(e~?*'). Since
for we2' and fixed n, 1/(AV, — E) is just a constant,

i E
lim C8IGWmEN_ ), 2.13)
Im|~ |m|
where yg(o +a~1) >0, a.a. o. Let
G(m,n; E) = (J,,|(H— E — ig)*|5,. (2.14)

Since we only have the bound |%,| < 1/¢, we need to expand the resolvent identity
to second order:

% —-G,=GJIG,+GJIGTY, (2.15)
where
I' =igA—1),
1
A= e ——
A—(@+a t+igA—(x+a™ )
Clearly A is bounded, so || I" || = O(¢) as ¢~ 0. Since |¥%,| < 1/e and G(m,n) decays
exponentially with a rate that is uniformly bounded below from Lemmas 2.4 and

(2.6), the right-hand side of (2.15) converges uniformly in &. We obtain (1.4b) by
taking the limit. [J

(2.16)
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Proof of Theorem 1.2. Since Viid., V' is also i.i.d.. By a standard integral equation
method, yz(a 4+ «~ 1) >0 for a.a. a [2,15]. So (1.4a) holds by Lemmas 2.3 and 2.1,
(1.4b) holds by the same argument as in Theorem 1.1. By (1.4a) and Fubini’s
theorem,

lim ¥ | G(m, n; E + ig) > < oo 2.17)

=0 )y

fora.a. w, a.a. @ and a.a. E. Hence there exists only pure point spectrum [4,14]. [
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