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Abstract. We show that the weak-L? limit of a sequence of solutions of the two
dimensional incompressible Euler equation is still a solution, provided that a
(strong) concentration set for the reduced defect measure has locally finite one
dimensional Hausdorff measure in space and time.

1. Introduction

In studying the two dimensional incompressible Euler equation with vortex sheet
initial data, DiPerna and Majda [4] proved that concentration for the so-called
reduced defect measure 6 could occur on a set of (cylindrical) Hausdorff dimension
at most 1 in space and time. Recently, Alinhac [1] proved that if a concentration
set for the weak star defect measure o is of “finite type,” one still obtains a weak
solution in the limit. A set is of “finite type” if, speaking informally, it consists of
a finite number of C!-curves plus a “small” part. In this paper we generalize
Alinhac’s result in two respects. First, we enlarge the allowed set of concentration
by an arbitrary set of finite one dimensional Hausdorff measure. Second, we employ
the more precise notion of a strong concentration set for 0 (see below or Definition
1) instead of the notion of a concentration set for ¢. In particular, our result allows
for an everywhere dense strong concentration set which could be purely
(H*, 1)-unrectifiable, so long as it has finite one dimensional Hausdorff measure.
The proof combines the shielding technique employed in the aforementioned papers
[4] and [1] and a structure theorem of Federer [7].

We define a set E to be a strong concentration set for 6 if 6 (V)=0 for all
open sets V' o E. A concentration set for 6 (in the sense of DiPerna—Majda [4])
is defined to be the intersection of a (decreasing) sequence of open sets whose
complements are null sets of 0. It can be seen that each such open set is a strong
concentration set. This connection actually also gives us an estimate on strong
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concentration sets, since DiPerna-Majda’s estimate on concentration sets is
expressed through an estimate on strong concentration sets. Detailed properties
of strong concentration sets and relations between various concentration sets can
be found in the next section. We point out that the advantages of strong
concentration sets are first that one can use its structure as well as its size to
enhance the weak convergence, and second strong concentration sets are generally
much smaller than concentration sets for o. The disadvantage of strong
concentration sets is that they are generally larger than concentration sets for
in the sense of DiPerna and Majda.

There is therefore still quite a distance between the present result and the final
expectation, which is to establish the existence of weak solutions to the two
dimensional Euler equation with vortex sheet initial data. See DiPerna—-Majda
[4-5], Greengard—Thomann [8], and Evans [6] (and references therein) for more
background on this problem.

2. Concentration Sets

We shall consider a sequence of measurable functions {¢*};° , mapping R x [0, T']
into R? such that, for each R >0 there exists a constant Cy with

sup | |Mx,0)Pdx < Cp, k=1,2,.... 0

O0<t=<T|x|<R
By Passing to a subsequence, we can assume that this sequence converges weakly
in L2 (R*x [0,T]) to a function ve L*([0, T], L} (R2)):

loc loc
v* - v weakly in L2 (R? x [0, T]). )

loc

We may also assume, by still passing to a subsequence, that

U)*

Uk@Uk*"(Hij)zu—:—Ha A3)
where u denotes a 2 x 2 matrix-valued Radon measure on IR? x [0, T] and
v*® v* = (vf1%), « »- This means

[¢:*@v*dxdt— | ¢p:dp

for all matrix-valued test functions ¢eC,(R? x (0, T)). Here *” denotes inner
product of matrices, A:B = trace(A'B). The weak star defect measure ¢ in the
present context is defined by requiring

[@lv* —v|*dxdt > [ pdo

for all peC(R? x (0, T)). The reduced defect “measure” 6 is defined on each Borel
set EcIR? x [0, T] by setting

O(E) =limsup [ [v* — v|*dxdt.

k—»>w E

Note that 0 is only finitely subadditive. A concentration set for ¢ is any Borel set
E cIR? x [0, T] such that

0(A)=a(ANE)
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for all Borel sets A = R? x [0, T]. A concentration set for 0 in the sense of DiPerna
and Majda [4] (see also Greengard and Thomann [8]) is a set E < R? x [0, T]
for which there exists a decreasing sequence of open sets
V,oV,11, n=1,2,3,...
such that
0ve)=0, n=1,23,..., and E= )V,
n=1
Note that an empty concentration set in the sense of DiPerna and Majda does
not necessarily imply strong convergence (see also Ball-Murat [2]). We introduce
the following

Definition 1. 4 set EcIR? x [0, T] is called a strong concentration set for 0 if
(V<) =0 for all open sets V > E.

An empty strong concentration set for # now implies strong convergence. For
a fixed sequence {v*}°,, any G, strong concentration set for 6 is a concentration
set for 0 in the sense of DiPerna—Majda, and any concentration set for o is a
strong concentration set for 6. The latter is true because

0S0(V)<a(V)=0(V'NE)=0
for any open set V o E, if E is a concentration set for ¢. Also, any one of the open
sets {1}, defining a concentration set in the sense of DiPerna—Majda is itself
a strong concentration set. Therefore from DiPerna—Majda [4], we obtain an
estimate of a sequence of strong concentration sets {V,} for a sequence {v*};°_, of
approximate weak solutions to two dimensional Euler equation with uniformly
bounded energy and total vorticity:

HX (V)< Cp, n=1,23,..., r,—0",
where § is any positive number and H' *? denotes the (6, 1 + d)-order cylindrical

Hausdorff premeasure at level r. This premeasure is determined by the most efficient
countable cover with cylinders of height h; and sectional radius r;:

HY'*°(E)=inf{Zr?h} "> Ec UC(r;,h)},
where r;<r, hj<r and C(r;,h;) denotes a cylinder. On the other hand,
Greengard—Thomann [8] have an example where o is concentrated on the entire

box [0,1]? x [0, T]. In summary, the heuristic relation between these three con-
centration sets is as follows:

a strong concentration set is “slightly bigger” than a concentration set
in the sense of DiPerna—Majda, and “much smaller” than a concentration
set for a.

3. Main Theorem

Theorem 1. Suppose {v*}°_, satisfying (1), (2) and (3) are weak solutions to the two
dimensional Euler equation in R? x (0, T),
{vf%—div(vk@vk): —Vp*+ f* 7

divi*=0
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with f¥e L}, , f*— f weakly in L} . Assume there exists a strong concentration set
EcR? x [0, T] for the reduced defect measure 6, which has locally finite one

dimensional Hausdorff measure:
HYEN(Bg(0) x [0,T])) <o (0<R < o0).
Then v is a weak solution to the two dimensional Euler Equation:

{v,+div(v®v)=—Vp+f )
divo=0 )
The proof of this theorem will be given in the last section. The precise meaning
of (§) is

O

(v, +v@v:VP)dxdt = f | f¢dxdr,
0 R

Il‘ls‘2 2
T

[ [ vVydxdt=

0 R2

for all divergence-free vector fields ¢ = (¢, ¢,)eCL(R? x (0, T)), with div ¢ =0
and all yeCH(R? x (0, T)).

Remarks.

1. The theorem is still true if there exists a strong concentration set E which
consists of two parts E; UE,, where E, has locally finite H' measure and E, is
of “finite type” in the sense of Alinhac [1]. The proof is similar.

2. The theorem is still true if there exists a strong concentration set E which takes
the form

E={(x,0)|x—p()eS,0<t < T},

where S <IR? has zero one dimensional Hausdorff measure, and ¢ =(¢,,$,)e
C'[0, T]. This is not contained in the theorem, nor is it contained in Remark 1.
The stationary solution provides such an example (¢ = constant). Its proof is
contained in the proof of the theorem.

The proof of the theorem depends largely on a structure theorem of Federer
[7]1, which we recall next.

4. Federer’s Structure Theorem

Let k be an integer, 1 <k <n. According to Federer [7], we say a set 4 = R" is
countably (H*, k)-rectifiable if

A=A4*0 ) fi(A)),
ji=1
where A; <R, f;:A;—>IR" is Lipschitz (j=1,2,...) and
H¥A4*) = 0.
We say a set A = R" is purely (H*, k)-unrectifiable if
HYANB)=0
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for every countably (H*, k)-rectifiable set B. Suppose now that E c R? x [0, T] is
an arbitrary set with finite one dimensional Hausdorff measure: H(E) < .
Federer’s structure theorem (Federer [ 7, 3.3.13 & 3.3.18]; see also Ross [ 11]) asserts
that (i) there exists a countably (H?, 1)-rectifiable set R < E for which U = E\R is
a purely (H', 1)-unrectifiable set. (ii) For a countably (H!, 1)-rectifiable set R with
H'(R) < oo and any ¢ > 0, there exists a one dimensional C*-imbedded submanifold
M cR? x [0, T] with

H(R-M)uM~—-R))<e.
(iii) For a purely (H*,1)-unrectifiable set U with H'(U)< oo, the following
projection property holds:
HYP,U))=0 for H?—ae. acS%

Here P, denotes the projection operator on to the line which passes through the
origin with direction a, and S$?={(x,?)||x|*+¢*=1}. Furthermore, a one
dimensional C! imbedded submanifold M < R? x [0, T with H}(M) < oo can be
covered by

N
Mc J g,[0,1]uM,
j=1

where g;(*) = (x;;(), x5;(*), ,(-))eC'[0,1], j=1,2,...,N < o0, and H'(M') <e.

We now use the above knowledge concerning the structure of the set E to
build up an appropriate sequence of open covers for E.

Let us suppose we can find a direction aeS? in the (x,,t) plane:

a=(1,0,9)//1+y%eS?
H'(P,U))=0.

Each curve g; has a C' projection on to (x,,t) plane:
{(x1(),t(s))|0=s < 1}

By Lemma 4.1 of Alinhac [1], for any given &> 0 there exist a finite number K;
of functions ¢, €C'[0,T], k=1,2,...,K; and a set G; such that

such that

KJ
P(g;[0,17) = [ {(x1,0)lx; — ult) =0} UG,
k=1
with
H'(P,G;) <¢/N,
where P, , and P, denote respectively the projection operators onto the plane

(x4,t) and t-axis.
Therefore

K

<

x1t M) ! < {xl _¢jk([)=0}UGj> xlt(M,)

with

H‘<P,< C) Gjqul,(M’)>> < 2e.

i=1
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Let Isz = {(O’XZ’O)IxZEIR}’]Ri = {(XI,XZ,O)I(XI,XZ)EIRZ}, ]R;+ = {(ana I)IO é
teR} and R2, = {(x,, x,,)|x; +y¢t =0}. We then have
E=RuU
cMu(R\M)uU
< (P, M x R,,)U(P(R\M) x R)U(P,U x R2.)

C{ U U {x1 — ¢u(t) =0} x sz}u(P,,U x R2,)

j=1k=1

4o

H! {P,( C) G,.UPM,(M'U(R\M))» <3e.

j=1

C=

1

Gjqu”(M’u(R\M))> x IRi} (6)

and

Take an open set W < IR" such that

W o P,< C) Gjqul,(M’U(R\M)))

j=1
HY (W) < 4e.

Finally take open sets {V,,} _, on the line passing through a such that

V,, o> P, (U) and

1
H'(V,)<~, m=12,....
m

Then we have

The sets on the right-hand side of (7) are open for all choices of integers {n;}., i,
and m as above.

\_j{m jkt)|<ni}xlk} (W xR} U{V, xRL}. (1)

1k Jjk

5. Cut-Off Functions

Let us take
s = {0, it sa//1+7y%€V,
UL sas /142,
and

, if [s|>2/n
1s) = { | /
0, if |s|<1/n
with y,eC®, 0 <y, < 1. The index n will later be replaced by other integral indices

{"jk}~
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Take finally

N K,
XX 1, 8) = gm(x + 70) n n Ay X1 — P (D)) (8)
j=1k=1
We observe that y,, is not necessarily continuous. However the smoothness of y,
is needed later in the proof. We also point out that the most important property
of this function is that it vanishes on an open set containing E\(W x R2).

6. A Lemma

Lemma 1. Let ¢eC'(R) and let {y;};° , be a sequence of measurable functions such
that 0 <y, <1, yi(s)— 1 for ae. seR as i— 0. Let KeC(R x [0, c0)). Assume for

any T >0, there exists an Ry >0 such that K(x,t)=0 on [ — Ry, R;]° x [0, T].
Then for all yeC*(R* x R™*) and v = (v,,v,)eL2 (R*, L} (R2)) we have

loc

I;= [ V+o,(nap)-vdxdt -0
R3

as i — oo, where

X1 z—¢()
nix 1, 1) = _I _f (1 = 2(9))K(s + §(0), t)dsdz.

(Here V_Lrl = ( - axﬂ, axln))

Proof. We have
I;= 1!!3 (V40ap) vm; + (V) 0o, + (O (0, m)v, + Y(0x,0mv dxdt.

Notice

x1=¢@®)/ z
n; = _J‘ < _j (1 — xds))K(s + o(2), t) ds)dz
Thus

x1=¢(1)
Oetti= | (1= xds)K(s + ¢(2), t)ds

—

-0,
x1— @)
omi=—¢'t) _f (1 — xds))K(s + ¢(2), t)ds
x1—¢@) z
+ 0] U=x) %( (s + (1), ) dsdz

-0
for each (x,,t). Since also

77,'_’0,
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we thus conclude that all the terms in I; go to zero except perhaps the last one.

For the last term we have

[ 020y, 0mddxdt = | [ — ()1 — xilx; — (1)) K(xy, ), dxdt
R3 R! R2

x1— (1) dK
+ 5( ) (1—Xi(5)>E(S+¢(t),t)ds)vzzﬁdxdt.

R3 —

The second integral goes to zero. For the first integral, we notice

=M

ni[z (1 = 2ilx1 — @) K(xy, hvaip dx

uniformly in ¢t and

j (I = 2:ix1 — @) K(x 1, t)o,y dx -0

]RZ
for each t. Thus the expression goes to zero by Lebesgue’s Dominated Convergence
Theorem.
We remark that Alinhac [1] has a similar lemma. The difference is that we do

not require y; to be smooth.
The proofin the next section follows very much the same way as Alinhac [1].

7. Proof of Theorem 1

a. For any ¢eCZ(R? x (0, T); R?), with div ¢ = 0, we write ¢ = V7 for neCg. To
show (5) is valid in the weak sense, it is sufficient to prove

[VEonvdxdt + [VVin:o@uvdxdt = — [ VEy: fdxdt. 9)
However, from (4) we have for all k=1,2,..., and neCy
[VEon-vtdxde + [VVino* @ vidxdt = — [Vin- frdxdt. (10)

By approximation this identity is valid if # belongs to W**(R? x (0, T)) and has
compact support.

b. Let yeC*(R?2 x (0, T)) be fixed, with spt y = {xelR?||x| < Ry} x (0, T). Then
the strong concentration set E restricted to spty has one dimensional measure
finite. We will still use E to denote this restriction. According to the decomposition
of E in Sect. 4, we have

E=RuU,

where R is countably (H*, 1)-rectifiable and U is purely (H', 1)-unrectifiable. There
exists a dense set D of points on S? so that we always have zero one dimensional
Hausdorff measure of the projection of U onto the straight line passing both
through the origin and any point of the set D. Since Euler’s equation is rotational
covariant, we suppose without loss of generality that the (x, ) plane is one of the
planes which contain at least one such point, and we further assume (1,y) is such
a direction in the (x,, ) plane. Taking £e CP(IR), we want to establish a modified
version of (9) for n(x,, x5, t) = Y(xy, X5, )E(x; + 1)
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Given ¢, > 0, we can choose ¢ so small that
46C, sup [ YE"| < o/2. (11)
For the above ¢ > 0, E has an open cover as in (7). Using x(x,, t) as in (8), we then set

X

{(x,0)= T j x(s, )E"(s + yt)dsdz

= _xf Z_I " 205 — yt, )" (s)dsdz
x; z+yt N Kj

=J J w@]l kH X, (8 — V6 — @ (0))E" (s)ds dz.
T T® j=1k=1

Finally take # =4/ in (10).

c. We find

JVVEno* @ vtdxdt = [ (02 Q) v dxdt + [ Vi @ VAL vk ® vhdxdt
+ [ VI®VHy vt @ vkdxdt + [VVIY:(v* ® v¥){ dxdt
=A+B+C+D
and
02 Llxy, t) = x(x 1, 0E"(xy +y1) for ae. (xy,1).
Split A into the two integrals
A= [ [ yg&dthdxde+ [ | yy& v okdxde
W R2 We R2
= Al + A2.

We obtain |A;| < ¢,/2 by the choice of W and (11).

We then pass the limit as k— oo in terms A,, B, C and D. By construction,

the integral in A4, lies on a compact set disjoint from E; on such a compact set,
the convergence of {v*};°, to v is strong in L?. Therefore

A= | [ Yx&"viv,dxdt.
We R2
The terms B, C and D go to terms B, C’ and D’ of the same form, where v* ® v*dxdt
is replaced by du, according to (3). Finally
[ V+om-vtdxdt— [ V-0, vdxdt
and
[Vin fX>[Vin: fdxdt.
d. From c, we have obtained

&
é_o
2

[V4iomvdxdi+ | | yy&'viv,dxdt+ B + C' + D' + [ Vi fdxdt
Wwe R2

Therefore

=< ¢g.

[V o vdxde + [Yy& v,v,dxdt + B + C' + D'+ [V fdxdt
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Now we let the indices m and {n;} go to infinity one by one; i.e., let m— co,
then n;; > o0, and so on. To deal with the first term [V+0-vdxdt, we need

Lemma 1 repeatedly. In the limit m — co, we apply Lemma 1 with ¢ = —yt and
N K
K(s,0)= [T TT suuls — @) (s +y1) = Ko(s, t)
j=1k=1
and obtain

jvla,((pc)-udxdt—»jvia,@ jl | Kqfls, t)dsdz)-vdxdt
as m— oo. We have thus eliminated y,, in the cut-off function y. In the limit n, ; > oo,
we will eliminate y,,, in y by applying Lemma 1 with ¢(t) = ¢ (1), xi(5) = xn,,(s)
and K(s,t) = K(s, t) without the factor y, (s — ¢1,(t)). Let nyy,ny4,...,0yg, = ©
in a similar way, we obtain in the end

[ V4o,00) vdxdt — [ V40, ¢) vdxd.

Using Lebesgue’s Dominated Convergence Theorem, we pass the limits m,
{n;} = oo in the second term to obtain

Jx&v vpdxdt — [ Y&"v v, dxdt.

The terms B,C’, D" and len- fdxdt converge also to terms of their own forms,
only with # = y{ replaced by = y¢. This is because { and J,,{ converge uniformly
to & and 0., ¢ respectively on compact sets. To see this, let (x,t)eBg(0) x [0, T],
we have

X1

§ (1= ols + 7)) Ko(s, 1)ds

—

=

0, lxy, 1) — j K (s, t)ds

S 1Kol <cH'(V,)

T (= zdends

and

X1

{x,0)— T K(s, t)dsdz

— o —

<cH'(V,,).

So

0. ()= | Kols, 0)ds,

- 0

X z

(- j J Ko(s, t)dsdz

— o0 — 0

uniformly on By (0) x [0, T] as m — co. Similarly, we can let {n;} — oo to conclude
that { and d,,{ converge uniformly to ¢ and d,, ¢ respectively on compact sets.
We finally deduce || < ¢,, where

I = [V40,0p8) vdxdt + [ WYV E:(0 @ v)dxdt
+ (VY @V*edu+ [VEQV Y du+ [EVVEyidu+ [VEWE) fdxde
with & = &(x, + yt).
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Since ¢, is arbitrary, we have
I1=0. (12)

e. We actually have proved that (12) holds for all functions of the form
&d-x +yt), £eCP(IR), where {d-x + yt =0} forms a dense set of straight lines
through the origin. By Radon transform [9], which asserts that finite linear
combinations of functions of the form &(d-x + yt) can approximate a given test
function neC3 in C*-norm, we pass the limit in (12) to find

[VLo,(pn)vdxdt + [YyVVn:v@vdxdt
+ [V @Vinidu+ [Vn@ V- yidu + [V Vydu+ [V (yn) fdxdt = 0.
Letting ¥ = 1 on spty, we obtain (9). [

8. A Special Extension

Comparing Theorem 1 with DiPerna-Majda’s result [4] that there exists a
concentration set of “cylindrical” Hausdorff dimension at most 1, we see it would
be interesting to shield a strong concentration set comprising a one dimensional,
time-like curve defined on [0, T'] with infinite one dimensional Hausdorff measure.
A typical set of this kind is a nowhere differentiable curve @eC%%([0, T],R)
(the space of all Holder continuous functions with Hdolder exponent o) for all
0 <a <1, but not a = 1. See Federer [7] or Ross [11] for explicit examples. More
generally, it is shown in Besicovitch and Ursell [3] that a set of the following form

E={(x;,0eR x [0, T]|x; = @,(1)eC*>%[0, T],R)}

can have Hausdorff dimension at most 2 —«. And there exist examples for each
0 <a <1 such that the dimension 2 — « is achieved. In the following theorem, we
actually shield a strong concentration set of the more general form

E = {(x1,x5,0)eR? x [0, T]|(xy,x,) = (@, (), 5(1))eC**([0, TLR?)}, (13)

where o> 2/3. This set E can have Hausdorff dimension at most 3 — 2u: see
Mandelbrot [10] and references therein.

Theorem 2. Suppose {v*}°, satisfying (1), (2) and (3) are weak solutions to the two
dimensional Euler equation in R? x (0, T)

{vf +div* @ v*) = — VpF + f*
divi* =0

with f¥eLL , f*—f weakly in L . Assume there exists a strong concentration set

E cR? x [0, T] for the reduced defect measure 0 which has the form of (13) where
o= 2/3. Then v is a weak solution to the two dimensional Euler equation:
v, +divo®v)= —Vp+f
{ divo=0.
Proof. We shall mollify @(t) = (®,(t), D,(t)) by a standard mollifier:

1 + o
mg(s)=—m<§>, meC*(—1,1), 0<m<1, | m)ds=1.
& &

— 0
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Extend @ by constant outside [0, 7] so that it is continuously defined on IR. For
>0, let

D) =m, % D.
It is easy to check that
(i) @(1)eC~[0,T],

(i) | @) — @(t)| < Ce*, te[0, T,
(iii) |d®@(t)/dt| < Ce*~1, te[0, T].

a) Similar to the proof of Theorem 1, we shall use Radon transform. To show
(9), we need only to show that (12) holds for all

1= &1 +y0(xy, x5, 1), (14)

where £(s)eCZ(R), yeR and yeCP(R? x (0, T)).
b) Take

Vo= {(xy,)eR?||x; — D5(1)| < 2Ce"} x R},
where C is the constant appearing in (ii). Then V, is open and
V,oE.
Choose a y,(s)eC*(R) such that 0 < y,(s) =1 and
( )={0 ?f [s| <2Ce*
1 if |s|>3Ce.
Set

X1 z

()= [ | & +701s — @ (1))dsdz,
then {,(x,,t)eC*® and
02 ((x;,)=0 on V,
Finally take
nz(xl, Xy, 1) = Cs(xb t)l//(xl:xb ).

The idea is to put #, into (10), let k— + oo, then ¢ —»0 +, we will recover (12) for
n of the form (14).
¢) Now put #, = {yeCZ into (10) and let k - + co. We find

[ Vot vdxdt + [W(02 (v v dxdt + (15)
+§(V§/J®VJ‘C£+VC£®VJ‘1//+§EVVLl//):d/1 (16)
= —[Vin* fdxdt. (17)

d) Let e—0+. Notice
{(x1,t) > &(xy + yt) uniformly on spty,
0, Lx1,t) > 0,,&(x, + yt) uniformly on spty,
02 0xy,1)—> 02 &(x, + 1), Vtae. in X,
|ailge(xl’t)| é Ma Ve > Oaxlat-
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We find that the second term in (15) and all terms in (16—17) go to the right limits.
for the first term in (15), we have

V20,1170 = (0,0,8)029 + (0.L)020,, ¥ — (L Jv1 0, (18)
+ (6x1C£)UZatlp + €8026x1atl// - Cevlaxzatl//' (19)

The three terms in (19) go to the right limits. To find the limits for the second
and third terms in (18), we carry out the differentiation in 0J,{,, then use
Ogx(s) = — 041 — x.(s)) and integration by parts to turn the differentiation on
041 — x(s)) onto 02 &, to find

X1 z

0L.=v ﬁj _j E"(s 4+ yt)x (s — @(t))dsdz (20)
+ @ef(t){ _xf &z +y)[1 = x(z — @(t)]dz Q1)
- _le j E"(s +y[1 — yls — cl?i(t)]dsdz}. 22)

Using (ii) and (iii), we find that both (21) and (22) are of order ¢2*~ !, and the
left-hand side of (20) equals 0,&(x, + yt) + O(e%). Therefore,

0L, = 0,E(x1 + 1) + O(e* + &>~ 1),

So the second and the third terms in (18) go to the right limits also.
For the first term in (15), we notice that

0.0, (=7 _xf "z + y0xlz — @Y(1))dz + d’i/(t){ ¢"0ey + 901 = xulxy — 25(0)]

- le "2+l = xlz - ‘I’i(t)]dZ}

= 0,0,,& + 0(e%) + (D) (x, + y1)[1 — 1,(x; — Qi(6)] + 0(e2* ).
Thus, the first term in (15) goes to the right limit if we can show that

I,= j ]é DY (1)E" (xy + p)[1 — gy — D5(1) Jvpdxdt — 0.
0 2

In fact, if we denote

U, = {(xp.0)]]x, — @5(0)] <3Ce*) x R}

x2°

then
T
IS Ces ™t ﬂ_{f [1 = x(xy — @YD) ]|v,|dxdt
(4]

2

S Ce !t | |, |dxde
Uc

1/2
< Ce*™ 18"‘/2< { Ivzlzdxdt>
UC
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< Cllv, | L2(U9
-0
as ¢ —»0. Therefore (12) holds for the choice of 7 in (14). [J
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