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Abstract. In this paper the author constructs Markov diffusion processes from a
given system of Borel probability measures on a d-dimensional Euclidean space.
He constructs a, so-called, variational process which does not always coincide
with a Nelson process. He also discusses Schrodinger’s problem in quantum
mechanics.

0. Introduction

The theory of Markov processes has been developed by many authors (cf. Dynkin
[10, 11]). But

(Q) Under what information can we assume that the real world is Markovian?

Of course, it depends on how we consider the real world. But it is better if we
can assume that it is Markovian, because Markov property is a nice (kind of ideal)
property. Before we state our problem, we mention that some notations are given
in the end of this section.

In this paper we consider the following problem; let us fix 7> 0. Assume that
we are given the system of Borel probability measures {p(t, dx)} o <, <7 On (R4, B(RY)
which satisfies the following weak forward equation; for any feCL*([0, T] x R4 R)
and any 0<s<t<T,

j f(t’ x)p(t, dx) - j f(ss X)P(S, dx)
Rd Rd

[0f (u, x)/0u +( i a(u, x)0* f (u, x)/&xiaxj>/2

t
s R i,j=1

d

d

+ Y bi(u, x)0f (u, x)/0x.1p(u, dx)du, (0.1)

i=1
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where a(t, x) = (a“(t,x)){ ;= is a Borel measurable, positive definite, symmetric
d x d-matrix and b(t, x) = (b(t,x))? , is a Borel measurable d-dimensional vector.
In our setting, a(t, x) and b(t, x) can depend on p(t, dx) implicitly (cf. Application 2
below) and the following conditions are crucial,

f | <a(t,x)™'b(t,x), b(t,x) > p(t, dx)dt < oo, 0.2)
0 fd

p(t,dx)/dx = p(t,x) existsforall 0<t<ZT. 0.3)

Problem. Is there a Markov diffusion process {X(t)}o<,< such that for some Borel
measurable b(-,-) from [0, T] x R? to R,

dX(t) = b(t, X (¢))dt + a(t, X ()2 dW(7), (0.4)
P(X(t)edx)=p(t,dx) forall 0Zt<T, 0.5)
where W(t) is a d-dimensional o[ X (s);s < t]-Wiener process?

The answer to the above problem is YES if a(t,x) is nice (see Sect. 1,
Theorem 1.1).

Remark 0.1. As we mention in Sect. 3, b(t, x) cannot always be determined uniquely
from {p(t,dx)} (<, < - Otherwise, all the properties of the path space (i.e. X(-)) turn
out to be determined by the one-dimensional marginal distributions.

Definition 0.1. We call b(t,x) the mean forward derivatives of {p(t,dx)}o<,<r (cf.
Nelson [30,31]).

Remark 0.2. If the answer to the problem is YES, then (0.2) is a finiteness condition
of the relative entropy of X(-) with respect to X°(-) which statisfies the following
stochastic differential equation in a weak sense (cf. Stroock and Varadhan [37]);

dX () = a(t, X°(£))2dW°(t), (0.6)
P(X°(0)edx) = p(0, dx), 0.7)

where W(t) is a d-dimensional o[ X°(s); s < t]-Wiener process (cf. Sect. 3, the proof
of Theorem 1.1).

Definition 0.2. We call the condition (0.2) the finite energy condition.

For what kind of problems can we apply the above result?

Applications are the following;
(Application 1). When we only consider one-dimensional marginal distributions
of continuous semimartingales (here we assume that martingale parts are square
integrable), we do not have to consider non-Markovian semimartingales; let X (¢)
be a semimartingale on some probability space (2, 3, {J,} o <, < 1 P) which satisfies

dX(t) = B(t, w)dt + dM(¢), 0.8)

where f(t, w) - (B'(t, )%, is (3,)-progressively measurable and satisfies
T
[ [18(t, w)|dtP(dw) < + oo, 0.9)
Q0

and M(t) = (M(t)')%_ , is a square integrable (J,)- martingale starting from o whose
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quadratic variational processes are absolutely continuous with respect to dt, P-a.s.
(cf. Tkeda and Watanabe [20]). Denote quadratic variational processes by the
following;

d{M, MY (t,w) = a"(t,w)dt for all ij=1,....d, (0.10)

where we take an (3,)-progressively measurable version «*(t, ), which is possible
from the integrability conditions of { M*, M/ > (t,w)(i,j = 1,...,d).

Then by the Ito formula (cf. Tkeda and Watanabe [20]), for any feCj?
([0, T] x R4 R)and any 0Ss<t< T,

E[f(t, X(®)]1—E[f(s,X(5))]
=jE[a (0, X(u))/au+< S o, )0 f(v,X(v))/axi(?xj> / 2

i,j=1

+ i B, w)df (v, X(v))/axi:ldv

E[@f(v, X(v))/@v-i—( Zd: (v, X(v))@zf(v,X(u))/ax,-axj>/2

) Sy

+ 3 o X0)ofw X(v))/axi]dv, (0.11)
i=1
where we denote by E the mean value with respect to P and put
@i(t, x) = E[e(t, 0)|(t, X () = x)], (0.12)
Bit,x) = E[Bt, 0)I(, X () = x)]. 0.13)

Here the mean value is that by conditioning X () = x (cf. Nelson [31]). Therefore
if the finite energy condition (0.2) is satisfied and d(t, x) is nice, then we can construct
a Markov process which satisfies (0.4) and (0.5) with a(t, x) = G(t, x) (cf. Sect. 1,
Theorem 1.1). Hence as far as we consider problems on semimartingales which
are related only to their one-dimensional marginal distributions, we can replace
semimartingales by Markov diffusion processes (cf. Mikami [28], Sect.4 for
more details).

(Application 2). This Problem is quite similar to that of constructing a Nelson
process. Assume that we are given a normalized wave function y(t, x) (a solution
of Schrédinger equation); on [0, T] x R,

(= D20y (t,x)/0t = — A (t,%)/2 + VW (t, ),

0.14
| W(t,x)?dx=1 forall 0<¢<T, 014
Rd
for some function V(-): R4—R (cf. Carlen [3], Sakurai [33]).
Then |, x)|2dx satisfies (0.1) with a(t, x) = an identity matrix and
) = { Re(V.h (6, /6, 0) + IV W6 0) i Y6020 oo
0 if Y(t,x)=0.

If ¥(-) is a Rellich class potential, then there exists a Markov process which satisfies
(0.4) and (0.5) (cf. Carlen [3], [4]).
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(Application 3). Schrodinger’s problem. We can also consider the following
problem (cf. Schrodinger [34, 35]); let us assume that we are given systems of Borel
probability measures {r(t,dx)},<,<r Whose end pomt distributions r(0,dx) and
r(T,dx) are mdependent of all r. Then what kind of r minimizes the energy integral
(0.2)? The answer is a system of one-dimensional marginal distributions of a
Markovian Bernstein process (P(¢);-process). For more details, see Sect. 4.

In Sect. 1, we define and prove the existence and the uniqueness of a Variational
Process which is the unique Markov diffusion process whose family of one-
dimensional marginal distributions is a given solution {p(t,dx)},<,<r of a weak
forward equatlon and whose mean forward derivative (cf. Nelson [30,31]) attains
the minimum of the energy integral among those with which {p(t,dX)}o<,<1
satisfies the weak forward equation. o

In Sect. 2 we give some results necessary for the proof of the existence and the
uniqueness of a variational process.

In Sect. 3 we prove the existence and the uniqueness of a variational process.
There we mention that the mean forward derivatives cannot always be determined
uniquely from a given {p(t, dx)} o <, < r- In the proof, Markovian Bernstein processes
(P(¢),-processes), a dynamic programming equation, Fleming’s logarithmic trans-
formation, Follmer’s entropy approach and his results on the time reversal of
Markov processes play crucial roles.

In Sect. 4, we discuss Schrodinger’s problem.

Finally we give some notations.

o R*=a d-dimensional Euclidean space.
o R=RL
o o= the origin in R?.

d 1/2
o|ﬁts<;l|ﬁ"|2> for f=(B)- R,

o <> =an inner product in R
o Id = a d x d-identity matrix.
o V,=(0/0x)i_,

d

o A=Y 0%/ox}.

o B(S)=the smallest o-field which contains all open subset of a topological
space S.

o X(t)=X(t, w).

o o[X(s)|s = t] = the smallest g-field which makes the map w+ X (s, w) measurable
forall0<s<t.

o CL2([0,T] x RER) = the set of functions f(t,x) of [0,T] x R? to R with
continuous and bounded derivatives up to the first order with respect to ¢t and
up to the second order with respect to x, respectively.

o C(4; B) = a set of continuous functions from a set 4 to a set B whose topology
is that induced by the sup norm.

o C(4;B)=a set of infinitely differentiable functions from a set 4 to a set B
with compact supports.

o C;’(4; B) = a set of functions from a set A to a set B with bounded derivatives
of all orders.
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1. Variational Processes

In this section we consider the weak forward equation by way of a variational
method and introduce variational processes. From now on, we fix T > 0.

Let us define the variational problem associated with a solution {p(t,dx)}o<.<7
of the weak forward equation. o

Definition 1.1. For a given solution {p(t,dx)}y<,<r of the weak forward
equation (0.1), let us denote by A = A, the set of Borel measurable functions b(-,") =
{b'(, Y- of [0, T] x R to R? such that for any feCy ([0, T] x R R) and any
0<s<t=<T,

ggd f(t,x)p(t,dx) — ggd S (s, x)p(s, dx)

[6 £ (u, x)/0u +< i a“(u, x)0* f (u, x)/axiaxj) / 2

t
=I '
s R i,j=1

d

+ i b(u, x)0f (u, x)/ax,-]p(u,dx)du. (1.1)
i=1

The variational problem associated with {p(t,dx)}, <, < is to find the optimal b°cA
such that

inf f [ <a(t, %)™ b(t, xY, b(t, ) > p(t, dx)dt/2

b’eA 0 R4

= f [ <alt,x)"'b(t, x)°, b(t, x)°> p(t, dx)dt/2 < + oo. 1.2)
0 Rd

Let us state assumptions.
(A.0). p(t,dx)/dx = p(t, x) exists for al 0 <t < T.
(A.1). The infimum in (1.2) is finite.
(A.2). a(t,x) = (a"(t,x))¢ ;- is a uniformly positive definite, symmetric d x d-matrix
on [0, T] x R? which is bounded, once continuously differentiable and uniformly
Hoélder continuous. V. af(t,x) is bounded and the first derivatives of a(t,x) are
uniformly Hoélder continuous with respect to x.

Then we get the following theorem which is proved in Sect. 3.

Theorem 1.1. Suppose that (A.0)—(A.2) hold. Then for a solution {p(t,dx)}o<,<1 Of
the weak forward equation (0.1), there exist a unique solution b° of the variational
problem associated with {p(t,dx)}o<,<r and a unique R-valued Markov process
{X®)}o<e<r on (C([0, TT; RY, B(C([0, T1; RY)) such that

dX (t) = b(t, X (t))°dt + a(t, X ()2 dW (1), (L.3)
where W(t) is a d-dimensional a[ X (s); s < t]-Wiener process and that
P(X(t)edx)=p(t,dx) forall 0Zt<T (1.4)

and that for almost allue(0, T], p(u, x) is absolutely continuous and for any 0 <t < T,

f [ 1b(s,x)° = V.p(s,x)/p(s, X)|*p(s, dx)ds < c0. (1.5)
t Rd
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Remark 1.1. Suppose that (A.2) holds. Then (A.0) and (A.1) are also necessary
conditions in Theorem 1.1. (A.1) holds automatically. (A.0) can be proved in the
following way; p(t,dx) = P(X(t)edx) is absolutely continuous with respect to
P(X°(t)edx) (cf. Remark 0.2 for notation) for all 0 <t < T from (A.1) (cf. Liptser
and Shiryaev [24], Theorem 7.10) and P(X°(t)edx) is absolutely continuous with
respect to dx for all 0 <t < T from (A.2) (cf. Stroock and Varadhan [37]).

Definition 1.2. We call the Markov process {X(t)}o<,<r in Theorem1.1 a
variational process associated with a solution {p(t,dx)}o<,<1 of the weak forward
equation (0.1). We also call b° the optimal mean forward derivative (cf. Nelson
[30,31]).

Remark 1.2. There are other results concerning this problem. Carlen’s result [3]
whose generalization can be found in Carlen [4] is by way of a semigroup approach
(see also Krylov [23]). Its probabilistic counterpart is Carmona [5]. Nagasawa
[29] is by way of the transformations of measures and their setting is different
from Carlen’s. Zheng [39] is by way of the convergence of semimartingales.

Remark 1.3. The definition of a variational process is different from Zambrini’s
[38]. In [38], Zambrini considered, by the dynamic programming equation, the
variational problem with constraints on marginal distributions at time ¢ =0 and
t = T and only semimartingales (see also Dai Pra [8]). Follmer’s approach is direct,
simple and does not have to use the dynamic programming equation (cf. Follmer
[14], Sect. 2.1.3). In our case, the constraints are on one-dimensional marginal
distributions in the whole time interval [0, T] and we consider systems of Borel
probability measures on (R? B(R?)), which includes those of one-dimensional
marginal distributions of semimartingales (cf. Sect.0, Application 1). And the
dynamic programming equation plays a crucial role (we cannot avoid using it).
The problem considered by Zambrini was originally considered by Schrédinger
(cf. [34,35]). We call the problem Schrodinger’s Problem and extend the class of
one-dimensional marginal distributions under considerations from that of
semimartingales to that of Borel probability measures on (R?, B(R?) in Sect. 4.

2. Lemmas

In this section we give results necessary for the proof of Theorem 1.1. All the
assumptions can be found in Sect. 1. First we introduce Bernstein processes
(one-dimensional local Markov random fields), especially Markovian Bernstein
processes (P(¢),-processes). A Bernstein process is also called a reciprocal process.
Thr original idea of Bernstein process can be found in E. Schrodinger’s articles
[34,35], where he tried to consider quantum mechanics by way of the probability
theory. E. Schrodinger’s idea was studied, independently, by S. Bernstein [1].

In this section the state space of the stochastic processes is R

Let us give some definitions.

Definition 2.1. For T>0, let {X(t)}o<,<1 be an R%valued stochastic process on
some probability space. We call {X(t)}o<,<r a Bernstein process (one-dimensional
local Markov random field) iff for any 0<s<t<u < T and any AcB(R?),

P(X(t)eA| X (v),ve[0,s]ulu, T]) = P(X()e 4| X (s), X (v)). 2.1)
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Definition 2.2. (cf. Jamison [21]). The functions {p(s, x;t, y;1,2)} o <s<1<u= T x.y.ze%d
are called Bernstein transition probability density functions iff
(1) for any 0<s<t<u<T and x,zeR’, the map

B(RYeAr | p(s,x;t, y;u,z)dy (22)
A

defines a probability measure on (R¢, B(RY)),
(2) for any 0<s<t<u=T and any AcB(B?), the map

(x,2)— [ p(s, x; t, y; u,z)dy (2.3)
A

is B(RY x B(R?)-measurable, and
(3) forany 0<s<t<u<v<T,x, zeR and any A, CeB(R?),

| p(s,x;u, y;v, Z)<I p(s, x;t, w; u, y)dW>dy
A C

= [p(s,x;t,y;, Z)<I p(t, y; u, w; v, Z)dW>dy. (24
C A

Let £ be the set of R%valued functions on [0, T] (this notation has nothing
to do with that in Sect. 0).
Let X be the smallest g-field such that the map

2R 1(w)= o) (2.5)

is measurable for all 0<t < T.

Let {q(s,%;t,¥)}o<s<i<T.xyema D€ continuous, strictly positive transition
probability density functions of X°(-) (cf. Remark 0.2), where we assume (A.2) (cf.
Stroock and Varadhan [37]).

For any 0<s<t<u<T and x,y,zeR’, put

p(s, X311, y; u, 2) = 4(s, X; 8, )q(2, y; 4, 2)/q(s, X; u, 2). (2.6)
Then {p(s,%;t,¥;4,2) }o<s<i<usT.xpzeme DECOME Bernstein transition probability
density functions (cf. Definition 2.2) and for each probability measure p on
B(R? x B(RY), there exists a unique R?valued Bernstein process (one-dimensional
local Markov random field) {X(f)= X*(t)}o<,<7 On (£2, %) such that for any
0<s<t<usT, o

P(X(t)edz| X(s), X (u)) = p(s, X (s); 1, 2, u, X (u))dz,
P(X(0)edx, X(T)edy) = u(dxdy) 2.7
(cf. Jamison [21], Theorem 2.1).

The following theorem characterizes a Markovian Bernstein process
(P(¢),-process) constructed from a Markov process as above.

Theorem 2.1. (cf. Jamison [21], Theorem 3.1). Let {X(t)}o<,<r be a Bernstein
process (one-dimensional local Markov random field) on (2,X) constructed from
{a(s,%;t,¥)}o<s<r<Tx yema and p as above. Then {X(t)},<,<1 is a Markov process
iff there exist o-finite measures v, and vy on B(R?) such that

udxdy) = q(0,x; T, y)vo(dx)vr(dy). (2.8)
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Remark 2.1. The Markov process constructed in Theorem 2.1 is a h-path process
by Doob (cf. Doob [9]) and is called a Markovian Bernstein process (P(¢),-process)
constructed from q(s, x;t,y) and p (see also Simon [36]).

Next let us consider Schrodinger’s functional equations which determine the
o-finite measures v, and v; on B(R?) for one-dimensional marginal distributions
of a given probability measure u on B(R?) x B(R?) in Theorem 2.1.

Definition 2.3. For probability measures u, and up on B(R?) and q(0,x; T,y), the
following equations are called Schrédinger’s functional equations;

Ho(dx)= vy (dx) gL q(0,x; T, y)vr(dy), 2.9
pr(dy) = v(dy) ggdq(O, x; T, y)vo(dx), (2.10)

where v, and vy are o-finite measures on B(RY).

Schrodinger’s functional equations have been considered by Beurling [2],
Fortet [15] and Jamison [21]. The following theorem together with Theorem 2.1
imply the existence and the uniqueness of a Markovian Bernstein process
(P(¢),-process) constructed from two end point distributions puy(dx), ur(dx) and
q(s, x;t, y).

Theorem 2.2. (cf. Jamison [21], Theorem 3.2.). For given probability measures u,
and pr on B(R?), there exists a unique solution (vo,vy) of Schrodinger’s functional
equations.

From now on, we assume that we are given end point distributions puy(dx),
ur(dx) and the solutions vy(dx), vy(dx) of Schrodinger’s functional equations for
Uo(dx), ur(dx) (cf. Definition 2.3 and Theorem 2.2).

Put, for v(dy) in (2.10),

h(t,x) = SL q(t, x; T, y)vr(dy). 2.11)

Then the following results are known.

Lemma 2.3. (cf. Jamison [22], p. 330.). Suppose that (A.2) holds. Then
h(t,x)eC1*([0, T) x R%; R) and on (0, T) x R,

Oh(t, x)/0t = —< i a(t, x)0*h(t, x)/@xiaxj>/2. (2.12)

iLj=1

Theorem 2.4. (cf. Jamison [22], Theorem 2 or Dai Pra [8], Theorem 2.1.). Suppose
that (A.2) holds. If v¢(dy) in (2.10) is absolutely continuous with respect to the
Lebesgue measure dy, then the Markovian Bernstein process (P(¢),-process)
constructed as above is a weak solution (cf. Stroock and Varadhan [37]) of

dX(t)=a(t, X))V, logh(t, X (t))dt + a(t, X (t))}/2dW(t) on [0,T]. (2.13)
where W (t) is a d-dimensional 6[ X (s);s < t]-Wiener process.
Before we give a crucial lemma, let us give some notations and a definition. Put

0r=1{41,95,...}:the set of rational numbers in (0, T). (2.14)
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Take
0.r={qh=0,q%,....4%_1,q,=T} forall nx1, (2.15)
so that
Qnr S Qpiy,r forall nz1, (2.16)
U 2.r\{0, T} =0r. 2.17)

Defimtlon 2.4. A system of Borel probability measures {r(t,dx)},<,<r is in the set
A, iff there exists a Borel measurable function b(t,x)” from [0, T] x R? to R? such
thatfor any feCH* ([0, T] x R4 R) and any 0<s<t<T,

[ f&,)r@t,dx)— | f(s,x)r(s,dx)
Ra Ra

j [0f (u, x/6u+< i aij(u,x)azf(u,x)/@x,-é‘xj>/2
s R

a ij=1
+ Z bi(u, x)"0f (u, x)/0x;]r(u, dx)du, (2.18)
r(q},dx)=p(qt,dx) forall i=0,...,n (2.19)
(cf. (2.15)).
Put

L,=inf {JT | <a(t,x)~b(t, x), b(t,x) Yr(t,dx)dt/2;reA,, b } (2.20)
0 94

Here we take the infimum over all possible b” for each reA,.

Remark 2.2. L, is bounded from (A.1) and (A.2), since peA, for all n > 1.
Define b(t, x)", piecewise on [g!,q},,)(i=0,...,n—1), by,

b(t,x)" = a(t, x)V,log hl(t, x) (2.21)
(cf. Theorem 2.4), where we put
hi(t, x) = 9}qu(t, X Gt 15 V)V 1(dY)- 2.22)

Here v, ,(dy) is a o-finite measure on (R% B(R?)) determined by p(q?,dx) and
p(q?, 1,dx). More precisely, on [q?,q%,,], we consider Schrodinger’s functional
equation (see Definition 2.3) with end point distributions p(q?,dx) and p(q7, ;,dx).
v, 1(dy) is one of the solutions which is equivalent to p(q?, ;,dx) (cf. (2.11) and
Theorem 2.4).

The following lemma can be proved by Fleming’s logarithmic transformation
and reduces the argument on one-dimensional marginal distributions to that on
the path space.

Lemma 2.5. Suppose that (4.0)—(A.2) hold. T hen the infimum in (2.20) can be attained
by the system of probability measures on (R% B(R?)) which are one-dimensional
marginal distributions of the R*-valued Markovian Bernstein process (P(¢),-process)
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{X"®)}o<e<r on (C([0, TT; R, BC([0, T1; R%))) which satisfies
P(X"(g})edx) = p(q},dx) forall i=0,...,n, (2.23)
dX"(t) = b(t, X"(t))"dt + a(t, X"(t))2dW"(t) (2.24)

(in a weak sense) for b" in(2.21), where W"(t) is a d-dimensional a[ X"(s); s < t]-Wiener
process (cf. Theorem 2.4). We also have the following;

L,= [  du*"log(du*"/du*)
C([0,T1; R%)

n—1
= .;0 E[loghi(qi+ 1, X"(qi+ 1))/ hilgi, X"(g7)]; (2.25)

which is bounded with respect to n > 1. Here we denote by p*" and u*° the distributions
of X" and X° on (C([0, T]; R?), B(C([0, T1; R?))), respectively.

Remark 2.3. We are considering the following change of measures:
(A" /dp*°)(X )

= {ho(q3, X°(@D)/m5(0, X )} -+ {hy_ (T, X ()3, 1(q7,- 1, X (g5 1))(}é 2%

This is true from (2.21) and the following; for i =0,...,n— 1,
ohl(t, x)/ot = —< kil a’(t, x)0*h’(t, x)/@xjaxk>/2 on(qhq' ) xR (227)
k=
from Lemma 2.3. This is the way to tie down X° so that (2.23) is satisfied.
Remark 2.4. Finiteness of L, is equivalent to the following condition;
'Y, Ellloghi . X"a2 ) + gL XDl <0 @29

(cf. Csiszar [7]).
Let us prove Lemma 2.5.

Proof of Lemma 2.5. We prove Lemma 2.5 only when n =1, since for n=2, we
can prove it, piecewise, in the same way as in the case in which n=1.
Take ¢peC2(|x| < 1;[0, 0)). For R >0 and « > 0, put

ba(x) = p(x/) / < QL ¢(y/a)dy), (2.29)

%/t *x)= [ a5 T, y)( J 9y = 2min(v:(@) R)sz)dy, (2.30)
62" = [ (6 T,) [min(v2(0), R)1dy, (2.31)
hit,x) = 9{4 a(t, x; T, y)vr(y)dy, (2.32)

where we put
ve(y) = vi(dy)/dy, (2.33)
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which exists from (A.0) (see (2.10) and (2.22)). Then

hhee ) CRH([0,T—e] x RER), (2.34)
0<e<T

hR*eC([0, T] x R%;R), (2.35)

T, )®**eCP(R: R) (2.36)

(cf. Friedman [16 or 17]).
For any ¢ > 0, by Fleming’s logarithmic transformation, we have the following
dynamic programming equation; on (0, T) x R¢,

dlog(h(t, x)R* + g)/ot
= —( i a'(t, x)0% log (h(t, x)®* + s)/@xiaxj>/2

Lj=1

+ min [{ —u, V, log(h(t, x)®* + &)> + {a(t, x) " 'u,u)/2], (2.37)

ueR4

since
d

oh(t, x)R/0t = —< Y aii(t, x)d2h(t, x)R’“/axiaxj> / 2. (2.38)

i,j=1
Hence for any 0 <t < T and any reA, (see Definition 2.4 for notations; in
particular, b" has nothing to do with b"),

[ [ <ats, %)™ b(s, xY, b(s, x) Sr(s, dx)ds/2
0 R4

> i | [01og(h(s,x)®* + ¢)/0s
0 Ra

+ ( . i a‘i(s, x)0* log (h(s, x)®* + 8)/6xi6xj>/2

+ {b(s, x)", V log (h(s, x)®* + &) > ]r(s, dx)ds

( = i | [—<als,x)V, log(h(s, x)®* + &), V. Jog (h(s, x)** + &) >/2
0 R4

+ {b(s, x), V, 1og(h(s, x)®* + &) >]r(s, dx)ds>
= | log(h(t, x)®* + &)r(t,dx) — [ log(h(0,x)** + &)r(0, dx) (2.39)
R4 Ra

from (0.1), (2.34), (2.37) and (2.38).
Let t > T in (2.39). Then

f j {a(s,x) ™ b(s, x), b(s, x)" Yr(s, dx)ds/2
0 fd

2 [ log(h(T,x)®* + e)r(T,dx) — | log(h(0, x)®*+ ¢)r(0,dx) (2.40)
R Ra
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from the weak continuity of r(-, dx) which implies the tightness of (-, dx), and from
(2.35)—(2.36).

Let «—0 in (2.40). Then from the bounded convergence theorem and the
constraints on (T, dx) and r(0, dx),

f [ Cals,x)™1b(s, xY, b(s, x) Yr(s, dx)ds/2
0 %

z E[log {(h(T, X (T))* + &)/(h(0, X " (0))* + &)} ]

= E[{h(T, X°(T))/h(0, X°(0))} log { (1(T, X °(T))* + &)/(h(0, X °(0))* + 8)}(]2 a1

(cf. (2.26)). Let ¢ >0 and R— o0 in (2.41) at the same time. Then
T
[ | <a(s,x)™ b(s,x), b(s, x)" Yr(s, dx)ds/2
0 Ra

= E[{W(T, X°(T))/h(0, X °(0)) }log {h(T, X °(T))/h(0, X °(0))} ]
= E[log {h(T, X (T))/h(0, X *(0))}] (2.42)
from Fatou’s lemma. Here we used the following inequalities; if (T, X°(T)) = R,
{h(T, X°(T))/h(0, X°(0)) } log { (W(T, X °(T))* + &)/(h(0, X°(0))* + &)} 2 0. (243)
To get (2.43), from (2.31),
h(0, X°(0))R < R; (2.44)
if W(T,X°(T)) <R,

{h(T, X °(T))/h(0, X °(0)) }og { (W(T, X *(T))* + &)/(h(0, X °(0))* + &)}
z {W(T, X°(T))/h(0, X °(0)) }log { ((T, X °(T)) + &)/(h(0, X°(0)) + &)},  (2.45)

since from (2.31) and (2.32),

h(0, X°(0))* < h(0, X °(0)); (2.46)
{n(T, X°(T))/h(0, X °(0)) } log { ((T, X °(T)) + &)/(h(0, X °(0)) + &) }
. {o y if h(T, X°(T)) = h(0, X °(0)) or h(T, X*(T)) = 0; 047
—e ' if 0<h(T,X(T)) < h(0,X°(0)).

Here we used the following inequality;
(c/log{(x+e)/(y + &)} Z (x/y)log(x/y) = —e™! forall y=x>0. (248)
Q.E.D.

3. Proof of Main Result

Let us prove Theorem 1.1. All the assumptions can be found in Sect. 1. First we
outline the idea of the proof of Theorem 1.1. Consider p(-,dx) as a probability
measure (on (R%, B(R?))) valued function on [0, T]. For each n > 1, we approximate
this function by a “piecewise linear” function. By a “piecewise linear” function, we



Variational Processes 31

mean a probability measure (on (RY B(R?))) valued function on [0, T] which
attains the infimum in (2.20). As a minimizing function, we can take a system of
one-dimensional marginal distributions of a Markovian Bernstein process
(P(¢),-process) X"(°) (cf. Lemma 2.5) which converges, as n— + oo, to a Markov
process in Theorem 1.1. To prove this convergence, we use Follmer’s entropy
argument which inspired us Theorem 1.1 (cf. (Step 1) below). L, in (2.20) is less
than the infimum in (1.2) and converge to the infimum in (1.2) as n— oo (cf. (Step
3) below). (1.5) can be proved by Follmer’s approach (cf. Follmer [14]).

Proof of Theorem 3. Put
{-Q = C([0, T]; )

3.1
L, = [ dp*" log(du*"/dy*®) = H(u*"; u*°) G
Q

(cf. Lemma 2.5).
We divide the proof into 6 steps.

(Step 1). From Lemma 2.5, there exist a continuous semimartingale X(-) on
(C([0, T; RY), B(C([0, T];R?)) and a o[ X(s);s < t]-adapted process u(t,w) such
that

dX(t) = u(t, w)dt + a(t, X (£))**dW (1), (32
where W(t) is a d-dimensional o[ X(s); s < t]-Wiener process and that
T
H(p*; 1*°) = [ E[al(t, X(8) ™ u(t, w), u(t, ) Y]dt/2 < oo. (33)
0
Let us prove (3.2)—(3.3). The following equality is true;
Ly, =H@*"; 5*°) = H@*"; X" + L, forall mzn, (3.4)
since
L,,= [ du*" log(du*"/du*")
Q2
= [ au*" log (du*"/du*") + [ du*" log (du*"/du™), (3.5)
Q 2

n—1
[ du*" log(dp*"/dp**) = ¥ Elloghi(q}+ 1, X™(a}+ 1)) — loghi(a}, X™(q}))]
Yo} .

i=0

n—1
= ). E[loghi(gi: 1, X"(gi+,)) —loghi(a}, X"(g7))]

i=0

= [ du*" log (dp™"/du), (3.6)
Q2

for all m = n. Here we used Remarks 2.3 and 2.4, and the following fact;
P(X™q")edx) = P(X"(q")edx) = p(q},dx) forall i=0,...,n 3.7

for m = n from (2.16).
Since {L,},>; is a bounded monotone sequence (cf. Remark 2.2), L, converges
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as n— oo and from (3.4),
16" = 17y S QHEE )2 >0 asmz o 8

(cf. Csiszar [6] or Follmer [14], p. 133, (3.4)) where ||-||,, denotes a total variation
norm.

Therefore there exists a probability measure p* on (C([0, T];RY),
B(C([0, T]; ®%))) such that

| £ — ¥ -0 asn— oo, 3.9)
H(p*; p*°) < o0, (3.10)

since
lim H(p*"; i) = H(p*; 1), (3.11)

from Fatou’s lemma. (3.10) implies that u* is absolutely continuous with respect
to u*° and that ¥ is a probability law of a semimartingale X(-) which satisfies
(3.2)—(3.3) for some o[ X(s);s < t]-adapted u(t,w) (cf. Liptser and Shiryaev [24],
Theorem 7.11). Until now, we used Follmer’s entropy approach (cf. Follmer [14],
Sect. 2.1.4).

(Step 2). By the continuity of {X(f)},<,<7 and (0.1), (1.4) holds. In fact, from the
construction, o

P(X(g)edx) = p(g,dx) for all qeQru{0,T}. (3.12)

For any feCZ(R% R) and any 0 <t < T, there exists a sequence {g;},> ,Qr which
converges to t as /- co and

ELf(X(#))]= lim E[f(X(q,))] = lim g,gdf (x)p(q, dx) = g{df ()p(t,dx),  (3.13)

since from (0.1), | f(x)p(t,dx) is continuous.
Rd

(Step 3). We also have

Eful(s, X(s))] = u(s, ). (3.14)
In fact, since P(X(t)edx) = p(t,dx)e A, with
b(s, x)* = E[u](s, X (s) = x)] (3.15)
(cf. Sect. 0, (0.11)—(0.13)),
f [ <Calt,x)~'b(t,x), b(t,x)’ ) p(t,dx)dt/2 = lim L, (3.16)
0 R4 n—o

from (2.20). On the other hand,

lim L, > fE[@(t,X(t))- Lu(t, w), u(t, ) > Jdt/2
0

n—o

2 [ E[<alt, X(8) " "E[ul(t, X(©))], E[ul (s, X (t)) 1> 1dt/2

Ot Oty

{alt,x)”1b(t, x)?, b(t, x)? > p(t, dx)dt/2, (3.17)

Rd
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by (3.11) and Jensen’s inequality (cf. Rockafellar [32]). From (3.16) and (3.17),

fE[<a(t, X(0) " tult, o), u(t, ) >1dt/2
0

= (}) E[<a(t, X (1)) 'E[ul(t, X (0)], E[ul(t, X(1))]) 1dt/2, (3.18)

which implies (3.14) from the strict convexity of
{a(t,x)"'u,u) as a function of u (3.19)

for all 0 <t £ T and xeR? (from (A.2)).

(Step 4). Let us prove the existence and the uniqueness of the solution of the
variational problem associated with {p(t,dx)}, <, < 7. From (2.20) and (3.15)—(3.17),
b(t,x)* is a solution b(t,x)° of the variational problem associated with
{p(t,dx)}y<,<7- The uniqueness can be proved in the following way; for b(t, x) eA
and aeR,

ab(t,x) + (1 — a)b(t, x)° €A (3.20)
(see Definition 1.2) and

d <f | <a(t,x)” (ab(t, x) + (1 — 0)b(t, x)°),
0 e

ab(t, x") + (1 — w)b(t, x)° > p(t, dx)dt) / doal,_,=0, (3.21)
this is,

<alt, )" 1b(t, x)°, b(t, x) — b(t, x)° > p(t, dx)dt = 0. (3.22)

Rd

O ey

Hence

f <alt, %)™ (e, x)°, b(t, x)° p(t, dx)dt/2
0OR

R

{a(t,x) ™ h(t,x)°, b(t, x)° > p(t, dx)dt/2
{a(t,x)”h(t,x)°, b(t, x) > p(t, dx)dt
{al(t,x)X(b(t, x)° — b(t, x)'), b(t, x)° — b(t, x) > p(t, dx)dt/2

| <a(t,x)™*b(t,x), b(t, x) ) p(t, dx)dt/2, (3.23)

which implies the uniqueness of b°.
(Step 5). The uniqueness and the Markov property of X () can be derived from
(3.2), (3.10) and (3.14). In fact, (3.10) implies the existence and the uniqueness of
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Maruyama-Girsanov density du*/du*° (cf. Liptser and Shiryaev [24], Theorem 7.10)
and therefore the Markov property of X from that of X°, (3.2) and (3.14).
(Step 6). (1.5) can be proved in the same way as in Follmer [13].
Put, for 0t < T,
{ X0 =X(T—-9),
X°() = XUT — ).

Then from Haussmann and Pardoux’s results [197], X °(¢) is a weak solution of the
following stochastic differential equation (cf. Stroock and Varadhan [37]);

{ dX°(t) = b(t, X°(t))dt + a(t, X°(t))2dW°(t) on[0, T),
P(X°(0)edx) = P(X°(T)edx),

where W(t) is a d-dimensional ¢[X°(s);0 < s < £]-Wiener process. Here we put

(3.24)

(3.25)

a(t, %)= a(T — t, %), (3.26)

b(t,x)=p(T —t,%)* ( «i 2(@"(t, x)p(T — t,x))/0x J>d . (3.27)

p(t,x) = 9)‘" a0, y;t, x)p(z), dy) | (3.28)
(see below (2.5)).

The remaining part of the proof is the same as Follmer [13]. Q.E.D.
Remark 3.1.

HW*;u*")—»0 as n— oo, (3.29)
that is,
T
[ | <alt,x)™1(b(t, x)° — b(t, x)"), b(t, x)° — b(t, x)" ) p(t, dx)dt
0 fd
n—1 a7y
= Z j j‘ <a(t5 X)— l(b(ta x)o - a(ts x)Vx lOg h'il(t, X)),
i=0 qf R4
-b(t,x)° — a(t, )V log hi(t, x) ) p(t, dx)dt
-0 asn— oo, (3.30)
which implies that b° is not always equal to b (cf. Proposition 3.1). This is true, since
H (X i)
= [ du¥ log(dy¥/du™")
2

= ~£, du* log(dp*/du**) — | du* log(dp™"/dp**)
Q

= H(u" 4™) — H(u*"; 1)
-0 asn—->ow (3.31)

from (3.16) and (3.17). Here we used the same argument as in (3.6).
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A mean forward derivative of a variational process can be approximated as in
(3.30) and is not always unique. But when is b for which (0.2) holds equal to 5°?
We conclude this section with the following proposition.

Proposition 3.1. Suppose that (A.0)—(A.2) hold. Then b for which (0.2) holds is equal
to b° in Theorem 1.1 if there exists a sequence of functions {f"(t,x)} for which
f(t,x)eCi2 ([q", 4% 1) X RER)NCy([q7, 4711 x RER) foralli=0,...,n— 1 and
f"(q?,x)eCE(R%ER) for all i=1,...,n such that

lim } [ <a(t,x)~(b(t, x) — a(t, x)V.f"(t, X)),

n—w o Rd

b(t,x) — a(t, x)V,.f"(t,x)) p(t, dx)dt = 0. (3.32)

Moreover, if for any compact subset K < [0, T] x R?, there exists a constant C >0
such that

pt,x)=Cx onK, (3.33)

then there exists a function @(-,-) for which @(t,-)e H} (R?) for almost all 0 <t < T
such that

a”(t,x)b(t,x)=V,®D(t,x) dtdx-ae. (3.34)

Here Hi. (R?) denotes the completion of CE (R R) with respect to the seminorms;
Jor geCT (R4 R)
| (@x)*+|Vo(x)|?)dx forall N=1. (3.35)

lx|=N

Proof. Let us prove the first part.

f 9}[ a(t,x)”1(b(t, x)° — a(t, x)V.f"(t, x)), b(t, x)° — a(t, x)V.f"(t, x) > p(t, dx)dt
0 d

{a(t,x)"1b(t, x)°, b(t, x)°> p(t, dx)dt
R

2 [ [ bt X Vot X) ) plt, d)t
0 R4

Ot=—

+ [ | <a(t, )V .f"(t,x), V.f"(t, x) p(¢, dx)dt

Rd

O ey Ny

< {a(t,x)”*b(t,x), b(t, x)> p(t, dx)dt

Ot=m

R4

-2 f [ <b(t,x), V.f(t, x)> p(t, dx)dt
0 e

+ } | <a(t, x)V, f"(t,x), V. .f7(t, x) > p(t, dx)dt
0

d

R
| <a(t,x)~1(b(t, x) — a(t, )V, /"(t, X)), b(t, x) — a(t, x)V,.f (¢, x) » p(¢, dx)dt
Rd

I
Oty

-0 asn—oo (3.36)
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from (3.32). Here we used the optimality of b° and the fact that
T
[ | <b(t,x)° —b(t,x), V. f"(t,x) > p(t,dx)dt = 0, (3.37)
0 e

since b°€A (see the argument below (2.40)).
Let us prove (3.34). From (3.33),

a(t, x)~b(t,x) = lim V,f"(t,x) in L2 ([0, T] x R, (3.38)

where L2 ([0, T] x R?) denotes the set of functions f(:,*):[0, T] x R*—R such
that for any compact subset F = [0, T] x R?,

[f £(t,x)?dedx < + oo. (3.39)
F

Therefore for almost all 0 <t < T, there exists a generalized function G(t,*) such
that

a(t,x)~'b(t,x) = V,G(t,x) dxdt-ae. (3.40)

From (A.1), G(¢, x) can be identified with some function @(¢, x) for which @(z,-)e
HL (R for almost all 0 <t < T. (cf. Maz’ja [26], p.23, Corollary). Q.E.D.

4. Schrodinger’s Problem: Revisited

In this section we consider the application of Theorem 1.1. In this section, we fix
T > 0. All the assumptions can be found in Sect. 1.
Let us reformulate Schrédinger’s Problem as we mentioned in Remark 1.3.
Let p be the set of systems of Borel probability measures {r(t,dx)}<,< Which
satisfies the following; for any feC;2([0,T] x R%4R) and any 0<s<t<T,

| f@&x)r(t,dx)— [ f(s,x)r(s, dx)
R4 Ra

[8 f(u, x)/0u + < i a(u, x)0 f (u, x)/axiaxj) / 2

t
=]
s R ij=1

d

+ i bi(u, x)0 f (u, x)/ax,}r(u, dx)du, 4.1
i=1

for some b(z, x)" = (bi(t, x)')- , where a(t, x) = (a"(t, x))} ;- , satisfies (A.2).
Put, for each rep and b',

T
Erb)=| [ Ca(t,x)”*b(t, x), b(t, x) Yr(t, dx)dt. 4.2
0 Ra
Notice that there may be many b” for each rep and in the next theorem the

infimum is taken over all rep and all b".

Theorem 4.1. Suppose that (A.2) holds. Then for any probability measures py(dx)
and pp(dx) = pr(x)dx on (R?, B(R?) for which

inf {E(r, b"); 7(0, dx) = po(dx), r(T, dx) = py(dx),rep, b} < o0, 4.3)
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the infimum in (4.3) can be attained by the system of one-dimensional marginal dis-
tributions of an R*-valued Markov process {X(t) = X (t,w)}o<,<1 on (C([0, T]; RY),
B(C([0, T7; RY)) which satisfies
dX(t) = a(t, X (t))V, log h(t, X (t))dt + a(t, X (t))/2dW(t) 4.4)
in a weak sense (cf. Stroock and Varadhan [37]) (see (2.11)), where W(t) is a
d-dimensional [ X (s);s < t]-Wiener process, and
{ P(X(0)edx) = po(dx), 5)
P(X(T)edx) = pr(dx), '

inf {E(r, b"); (0, dx) = po(dx),r(T,dx) = pr(dx),rep, b’}
T
= g E[a(t, X (1) *{a(t, X ()))V. log h(t, X (1))},

a(t, X (£)V, log h(t, X (1)) > 1dt. (4.6)

Moreover, if (A.0) is satisfied for all rep which attains the infimum in (4.3), then the
infimum in (4.3) can be attained only by the system of one-dimensional marginal
distributions of X (-) which satisfies (4.4)—(4.5).

Proof. We only have to prove the uniqueness from Lemma 2.5, where our case is
that in which n = 1. Notice that the set {rep;r(0,dx) = po(dx), (T, dx) = pr(dx)} is
a set A; in Definition 2.4 with p(q},dx) = po(dx) and p(q7,dx) = p(dx).

From the proof of the existence (2.39)—(2.48) (especially (2.39)), for any reA,
which attains the infimum in L, (see Definition 2.4),

lim sup f [ <a(t,x)”1(b(t, x) — a(t, x)V  log(h(t, x)® + ¢)),
0 ®a

e—=0,R—~> 0
b(t, x)" — a(t, x)V log(h(t, x)* + &) dr(t,dx)dt = 0. 4.7
Therefore
b(t,x) = a(t,x)V logh(t,x)(= b(t, x)!) r(t,dx)dt ae. 4.8)

(cf. (2.21)) from (A.2), which implies the uniqueness of the mean forward derivative.

Notice that r in b(t, x)" is not a number but a probability measure in A;.
Consider the variational problem associated with {r(t,dx)},<,<7. Then from

Theorem 1.1, there exists a unique optimal mean forward derivative b™° such that

f | <alt,x)™*b(t, xY, b(t, x)" Yr(t, dx)dt
0 R4
= f [ <a(t, %)~ b(t, x)"°, b(t, x)* r(t, dx)d. (4.9)
0 R4

But from the definition of b,

} | <alt, %)~ b(t, x)"°, b(t, x)"° yr(t, dx)dt
0 fd

=

O ey Ny

| <a(t,x)~*b(t, ), b(t, x)" Dr(t, dx)dt. (4.10)
Rd
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From (4.9)-(4.10) and the uniqueness of the optimal mean forward derivative,
b(t,x) = b(t, x)"°.

Moreover, again from Theorem 1.1, {r(t,dx)}o<,<7 i a system of the one-
dimensional marginal distributions of the Markov diffusion process {X"(t)}o<,<r
which satisfies the following stochastic differential equation (in a weak sense) (cf.
Stroock and Varadhan [37]);

dX'(t) = a(t, X"(t))V, log h(t, X"(t))dt + a(t, X"(t))*2dW'(t),
with
H(p™; p*) < 0.

(4.13) implies the absolute continuity of u*” with respect to u*° and the uniqueness
of the weak solution of (4.12) (cf. Liptser and Shiryaev [24], Theorem 7.10) and
hence that of {r(t,dx)}o<,<7- Q.ED.

Definition 4.1. The problem to find a Markov process which satisfies (4.5)-(4.6) from
given two Borel probability measures py(dx) and pr(dx) on (R? B(RY) is called
Schrédinger’s Problem.

Remark 4.1. As we mentioned in Remark 1.3, our class of systems of
one-dimensional marginal distributions under consideration is those of Borel
probability measures on (R? B(R?) and larger than that considered by Zambrini
[38] (cf. also Dai pra [8], Follmer [14], and Schrédinger [34, 35]). They only
considered semimartingales. The uniqueness in Theorem 4.1 is equivalent to that
of a solution {p(t,dx)},<,<r of the following weak forward equation; for any
feCLH([0,T] x R4 R)and any 0<s<t< T,

[ f@&,x)p(t,dx) = [ f(s,x)p(s,dx)
Rd Rd

=_|t" [af(u, x)/0u +< i a’(u, x)0* f (u, x)/axiaxj>/2
s R4

+ {a(u, x)V, log h(u, x), V.. f(u, x) ) ]p(u, dx)du. 4.14)

If we restrict the class of systems of one-dimensional marginal distributions under
consideration to those of semimartingales, then (4.14) has a unique solution in
that class (see (4.12)—(4.13) and Remark 1.1). In fact, to prove the existence, we do
not need to use the condition (A.0) (cf. the proof of Lemma 2.5).

Remark 4.2. The Markov process in Theorem 4.1 is a Markovian Bernstein. process
(P(¢),-process) constructed from g(s,x;t,y) and end point distributions
poldx), pr(dx) (see Definition 2.3-Theorem 2.2).
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