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Abstract. We consider a class of nonlinear Schrédinger equations (conservative
and dispersive systems) with localized and dispersive solutions. We obtain a class of
initial conditions, for which the asymptotic behavior (t - + o0) of solutions is given
by a linear combination of nonlinear bound state (time periodic and spatially
localized solution) of the equation and a purely dispersive part (decaying to zero
with time at the free dispersion rate). We also obtain a result of asymptotic stability
type: given data near a nonlinear bound state of the system, there is a nonlinear
bound state of nearby energy and phase, such that the difference between the
solution (adjusted by a phase) and the latter disperses to zero. It turns out that in
general, the time-period (and energy) of the localized part is different for t —» + oo
from that for t - — co. Moreover the solution acquires an extra constant asymptotic
phase e .

1. Introduction

This paper deals with the scattering theory of a class of conservative nonlinear
dispersive equations admitting more than one channel. By this we mean that the
asymptotic behavior is given by a linear combination of a localized (in space),
periodic (in time) wave (solitary or standing wave) and a dispersive part. For
nonlinear flows which are completely integrable (e.g. one-dimensional cubic
nonlinear Schrdédinger, Korteweg-de Vries equations), some analysis of the
asymptotic system of, for example, localized part (solitons) plus dispersion can be
carried out using the inverse scattering transform [G-G-K-M, Z-S, Lax, C-K].
The inverse scattering transform decouples the localized from the dispersive part.
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The cases we consider are not integrable. The main new feature here is that
the localized and dispersive parts are interacting at all times. The spatially localized
part that emerges as t — + oo is identified with an exact solitary wave solution or
nonlinear bound state of the full nonlinear equation. For the above-mentioned
integrable systems the analogue of the solitary wave is the one-soliton. The model
we focus on is a class of two and three dimensional nonlinear Schrédinger equations
(NLS). The methods we present can however be adapted to other nonlinear
dispersive systems.

Our main results are (see also Sect. 4):

(i) Asymptotic Stability (Theorem 4.2): Given initial conditions which lie in a
neighborhood of a solitary wave of energy E, and phase y,, the asymptotic state
of the system (t— + o0) is given by a solitary wave of nearby energy E* and
phase y* plus a remainder which disperses to zero, i.e. the solution converges
asymptotically to a solitary wave, say in some L? norm with p > 2.

(ii) Scattering (Theorem 4.1): There is a ball in a Banach space of initial conditions
for which the asymptotic behavior (t — + oo) of the solution is given by a linear
combination of a solitary wave of energy E* and phase y*, plus a remainder which
is dispersive. The remainder is purely dispersive in the sense that it satisfies local
decay and L? decay estimates of linear theory.

Previous results on the stability of solitary waves involves the use of energy
norms, e.g. H! (see for example Ben, Ca-Li, Sh-Str, We2, We3, Ro—We, G-S-S). A
typical result of this type states that if the solution begins in some neighborhood
of the solitary wave orbit, then it remains in a neighborhood. Since energy norms
are insensitive to dispersive behavior, one cannot conclude, as above, that solutions
converge asymptotically to a solitary wave.

Earlier work on nonlinear scattering has focused on the situation where there
are no bound states. In the above terminology, these are problems with a single
(dispersive) channel (see for example Strl, Str3, G-V).

Cast into precise mathematical form, we prove that for a class of initial
conditions for the nonlinear Schrédinger equation (NLS), the solution ®(¢) is
given by

D(t) = e*ie(‘)‘//E(t) + ¢4(t), (1.1)
@=iE(s)—y(t), (12)

where Y is a spatially localized solution of the nonlinear bound state equation
(with energy E) and ¢,(t) is a purely dispersive wave. As t— + oo, we have that
E(t)— E* and y(t) > y*. In completely integrable problems, one has E(f)= E* = E~
and y(t)=y* =y~. Their values are determined by the “scattering data.” The
decomposition of the phase @ in (1.2) is reminiscent of Berry’s dynamic and
geometric phase components [Ber]. The part y(t) cannot be fully accounted for by
dynamical considerations.

While there has been considerable progress in understanding linear multi-
channel scattering theory (see [En,Sig—Sof] and those cited therein) in the past
ten years, little is known about the corresponding nonlinear situations. Questions
like when a bound state (temporally periodic, spatially localized solution) breaks
down due to nonlinear (e.g. repulsive) interaction, and the scattering theory of
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localized waves in the presence of impurities and inhomogeneous media are not
understood beyond heuristic considerations or finite time approximations.

Our approach to the problem begins with the simple physical observation that
if one starts with the linear Schrédinger equation which describes a bound
state and a dispersive wave (corresponding to the continuous spectral part of
the Hamiltonian), then the qualitative behavior should not change that much in
response to a small nonlinear and Hamiltonian perturbation in the dynamics, i.e.
we should still see a localized part which decouples after a long time from the
dispersive part. We make an Ansatz which incorporates this observation, from
which we derive equations governing the interaction of the two channels.

One set of equations describes the motion of the localized part of the solution
through a two-parameter family of bound states of our system. Visualized in terms
of the energy (E) and phase (), this is a slow evolution of the bound state parameters
on a cylinder. The second is a nonlinear equation which describes a purely
dispersive wave moving under the effect of the nonlinearity, as well as the effective
potential coming from the presence of the localized part. We observe that,

E(t),iy(t)eL‘(Rl) if the remainder wave is dlsperswe (with a sufficient decay

rate) and that the remainder is dispersive if — d E(t) y(t)eL‘(Rl) Therefore, solving

dt
the coupled equations gives the required results. The modulating energy and phase
of the nonlinear bound state, E(t) and y(t) (or ©(t)), which govern the localized
part of the nonlinear evolution are sometimes referred to by physicists as collective
coordinates. Equations for collective coordinates have been derived using various
formalisms (e.g. averaging of conservation laws, direct perturbation theory [K—-A,
K-M, Ne]). These equations are sometimes referred to as modulation equations.
In [We2] their validity was studied in the linear approximation for certain systems
which are conservative or small perturbations of conservative systems (e.g. weakly
dissipative). We believe that our present results are the first rigorous justification
of the collective coordinate description on an infinite time interval for nonintegrable
systems.

The system of equations describing the evolution of E and @ has the form of
a perturbation of an integrable Hamiltonian system with a single degree of freedom.
Here E and @ play the role of action and angle variables. In the large |t| limit the
coupling to the infinite d1mens1onal radiation field tends to zero and the (E, ®)
system reduces to E(t) 0, O@t) =

A final remark is that the problem we consider can be viewed as a kind of
restricted three body scattering, where the localized part corresponds to a bound
pair and the dispersive part is the “third particle” moving away as |t| = co. It is
hoped that such an analogy can be developed further and may allow the application
of some powerful methods of phase space analysis developed for the linear N-body
case.

Notation. All integrals are assumed to be taken over R" unless otherwise specified.
R(z), J(z)-respectively, real and imaginary parts of the complex number z,

A = Laplacian on L%(R"),

{x)=(1+ x-x)'2, where xeR",

{f,9> =[f*g, where f* denotes the complex conjugate of f,
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L*=L"(R"),

He = {f:(I — Ay*feL?},
B={f:feH! (x)!*fel?},
I g = 1f g + I<xDT 1 N,

C(I; X) = the space of functions, u(t, x), which are continuous in ¢, with values in X.

2. The Initial Value Problem, Solitary Waves and Linear Propagator Estimates
2.1. A Quick Review of NLS in H!

We shall consider the initial value problem for the nonlinear Schrédinger equation
(NLS) with a potential term:

"a:}# =[-42@) + f(x| 2] P(),
®(0) = P, 1)

Here @(t) is considered as an element of H*(R"), where n is the spatial dimension.
(In this paper we focus on dimensions n=2 and n=3) Consequently, (2.1) is
understood in the sense of the equivalent integral equation:

O(t) =Dy — i j =9 ( (.| d(s)|) D(s)ds. @.1")
0

The theory of well-posedness for the initial value problem in H' and in spaces
with specified spatial decay rates has been considered for general nonlinearities in
[G-V,K,H-N-T,C-W].

In the following f(x,u) will be chosen so that the global existence of solutions
to (2.1), perhaps under some restrictions on @,, is known. We specialize here to
the case where

n+2
n-2’

although the analysis holds for more general nonlinearities.
For the choice (2.2), the existence theory implies:

fuy=V)+Au™?t 1<m< 2.2

(i) A> O (repulsive nonlinearity) global solutions for all ®,eH',i.e. ®eC(R!; H*).
(i) A <O (attractive nonlinearity)

(@) m <1+ 4/n, global solutions for all ®,cH!.

(b) m =1 + 4/n, global solutions for all @, such that || @, || is sufficiently small.

Furthermore, solutions of class C([0,T);H') leave the following functionals
constant in time:

o1 = [31Vo(x)12 +3V(x) o) + m—i Lot dx,

N el =[lo(x)*dx.
We shall require the following of the linear potential V(x).
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Hypotheses V. Let V:R"—R! be a smooth function satisfying:

(V1) (x>3*¥*%|5*V(x)| £ C, for all multi-indices acZ™ with |a| =k < 3.

(V2) — A+ V has exactly one bound state (isolated eigenvalue) on L*(R") with strictly
negative eigenvalue, E,, .

(V3) V is a function of |x|.

As we shall see later the restriction (V3) appears to be a technical convenience
which is a consequence of the available linear local decay estimates. Also, it is
clear from our proofs that we can work with considerably milder smoothness and
decay assumptions than in (V1).

Our approach will be to reduce the study of (2.1) to essentially two independent
problems. The first is the study of existence and certain decay properties of the
nonlinear bound states (solitary waves) of (2.1). Then, one has to study the evolution
equation for the dispersive part of the solution which one gets by linearizing around
a certain time-independent nonlinear bound state. In the small data case, this
involves linear spectral analysis of a time independent reference Schrodinger
Hamiltonian.

2.2. The Solitary Wave and Its Properties

We seek a time periodic, and spatially localized solution of (2.1) of the form
d(x, 1) = e B p(x).
¥ then satisfies the equation:

— AYp(x) + f(x, [Ye() Y p(x) = EYp(x),  YreH*R"). 23)

We call an H? solution of (2.3) a nonlinear bound state or solitary wave profile.
The solutions of (2.3) have been studied by many authors (see for example
[Str2, Be-Li,Ro—We] and those cited therein). We will concentrate on the case
(2.2), with a radial potential V(x)= V(|x|). The result we now state follows from
variational and bifurcation methods.

Theorem 2.1. For >0, let E€(E,,,0), and for 1 <0, let E < E,. Then there exists
a solution Yz > 0 such that

(@) ygeH
(b) The function E— || Y| g2 is smooth for E # E,, and

Jim 1glue =0,

i.e. (E, Yg) bifurcates from the zero solution at (E,,,0) in H? (and therefore, for n=2,3
in LP, where 2 < p < o0).
(c) For all e>0,
[We(x)| = Cg.exp(— [IE| —¢]lx]),
and
(d) As E-E,,

Yp=(E—E)'" " D@Afyy+ )~V Dy, + O(E - E,)],



124 A. Soffer and M. 1. Weinstein

the expansion being valid in H?. Here, {, is the normalized (|| ||, = 1) ground state
of — A+ V with corresponding eigenvalue E..

Proof. Parts of (a),(b), and (d) follow from standard theory of bifurcation from
simple eigenvalues (see for example [Nir]). To prove part (c) we observe,
by the weighted estimates proved below (Theorem 2.3), that |y (x)| < C{x) 2
It follows that Y satisfies an equation of the form [ — 4 + Q(x) — E]yz = 0, where
Q(x)=o(]x|~ ') as | x| = oo. Part (c) now follows from linear theory (see for example
[Agl).

A consequence of Theorem 2.1 which will be used is
Corollary 2.2.
(@) Let A>0. Then, for all E€, any compact subinterval of (E,,0), we have
1Vellue = CollYell..
(b) Let A<O. Then there is a E,, — o < E. < E,, such that for Ec{2, any compact
subinterval of (E,E,), |Yelly: < Co Yl

In our analysis of the dynamics of bound states, we will require various weighted
estimates of Y and dgY . We summarize this in

Theorem 2.3. Let for A>0,E€(E,,0), and for A<O,E<E,. Also, let E lie in a
sufficiently small neighborhood of E,, . Then, for keZ, and s =2 0:

I<x Y Yellms < CosnllVElps 24

1<% > 0x¥gllns £ Clsnl E— Ey| ™ gl (2.5)

Theorems 2.1 and 2.3 summarize our requirements on solutions of the time
independent nonlinear bound state problem. These conditions are not optimal; they
are dictated by the known local decay estimates for the Schrodinger propagator
associated with — A + V (restricted to its continuous spectral part) which at present,
are far from optimal. These technical questions are currently under investigation.
Their resolution would enable us to relax restrictions on f(x, &) considerably (e.g.
removal of the assumption of spherical symmetry and certain limitations on the
growth rate of the nonlinearity).

The proof of Theorem 2.3 has the following key ingredients:

1. commuting powers of {x) through the Laplacian to derive equations for
W;= {x)Yg,

2. the observation that
Lg0g¥g =Yg, (2.6)
where
Ly=—A+V+/imyp ' —E 2.7
acting on L*(R"). (Equation (2.6) follows from differentiation of (2.3) with respect
;) gé)rivation of equations for v; = {x )0y, and

4. obtaining energy estimates for the control of the H? norms of w; and v;. The
proofs are carried out in Appendix B.

Here we wish to remark as well that since Ly, =0, we have in the repulsive
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case (A>0) that Ly >0 and that Lz ' is a positivity improving operator [R-S].
Therefore, the positivity of i implies that dzy >0 and that

d
— [lYel? >0 for A>0,
dEj £ E=Eo

i.e. the ground state bifurcation curve is monotonically increasing. This simplifies
certain analysis in the case 1 >0 and leads to arguments which are more global
in E. These details are presented as well in Appendix B.

2.3. Linear Propagator Estimates

Let L= — A+ V on L%(R") and assume V satisfies hypotheses (V) of Sect. 2.1. We
denote by P(L) the projection on the continuous spectral part of L (xo,)(L)). We
assume that V satisfies a nonresonance condition [J-K,Mu]. To explain this
condition we state the following expansion obtained in these references for the free
resolvent.

Let ¢(n)=0 for n odd and &(m)=1 for n even. Also, let ¢ > —1/2 and
s>max (o + 1,20 + 2 — n/2). Then one has the following expansion as z—0 with
J(2), 3(z'/?), J(log z) 2 O:

o +1=m)2] ) o] )
(=A—2z"'= Y  Fi"7'ilogz)™ + Y Gz’ + o(z%), 2.8)
i=o

j=o
where F;,G; map H** to H>~*, where for s,0€R,
H* = {fed:{(x)(I — Ay*feL?}.
We next introduce the generalized null space
M = {peH*"*"27%(1 + G, V)9 =0} for nz23,
M = {peH*"?727%(I + G V)peRange(F,), F V' =0} for n<2,
where G, =(— A)~'. The nonresonance condition is then
(NR) M = {0}.
Under these conditions we have the following local decay estimate [J-K, M]:
Theorem 2.4. For n>2,
I<x>~%e ™ P(L)gll, < C(V)<t) ™ 2 <x> **PL)g 2, 29

where c(V) is a constant which depends continuously on |[{x»**°V|, a>0 is
arbitrary,c 2 1+ a,and 6 = 6(n,a,0) > 0. For n=2, {t)' *? is replaced by {tIn*t).

Furthermore, we can use Theorem 2.2 to establish the following L? estimates:

2
Theorem 2.5, Let 2<p <~ _"2 for n=3 and p>2 for n=2. Then,

le™™ P (L)gll, < C(V)|t|™P~">(|| P(L)g ,
+ IKx>"“PAL)g ), (2.10)
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lle=™P(L)gll, < C(V)<Y™? ([ PAL)gllq + Il s
+ [IKx>! " *P(L)gll) (2.11)

for some a with 1 >a>0. Here,p™' +q~ ' =1.

To prove (2.10) we write the propagator e ‘L' as a perturbation of ¢'4":
t

e 1P (L)g =P (L)g—i| e Ve P (L)gds. (2.12)
0

By the free propagator estimate [R—-S],

le™ 4k, < Clel"P = |k, p~*+47" =1,
we have
le~™PAL)gl, < Cle["P=" | P(L)g]

t
+ C[|t—s|™P="2D | Ve P (L)g | ds. (2.13)
0

Now applying the local decay estimate (2.9) we have
le”™P(L)gll, < Clt|"?="2 || P(L)gll,

+CV) [ |t = s[OP=mD| (xy=9e P (L)g | ds
0
< Cle[ | P(L)g,
+CW) [ 1= s[5y =173 (xy P (L)g s,
0

from which (2.10) follows. It is straightforward to show that if g is more regular,
then [t| can be replace by {t) to obtain estimate (2.11).

3. The Equations for the Localized and Dispersive Parts

Equation (2.1) together with our special choice of nonlinearity f() can be written as

220 [ A+ v+ o0 1100,
®(0)= DyeH!, n22. 3.1)

To distinguish between localized and dispersive parts of @, we use the following
Ansatz:

(o) Decomposition:
D(t)=e " C(Ygy + D)),
D(0) = e™(Yg, + $(0)),

o= j E(s)ds — y(¢),
0

E(0)=Ey, 7(0)=7,. (3.2
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Here, Y denotes the ground state of (2.3):

HEWp=(—A4+V+Ay"" W= Eys,
l/JEEI.IZ, '// >0 (33)

for E€(E,,0) if >0 and Ee(— oo, E,) if 4 <0, where
E,=info(—A+V)<O.
(B) Orthogonality condition:

d
Ve $0 =0 and <Y, $()) =0. (34

The orthogonality condition ensures that ¢(¢) lies in Range P (H(E,)), where H(E)
is defined in (3.3). Furthermore, the above use of a reference Hamiltonian, H(E,),
is not really a restriction on the initial data ¢, as we shall see in Sect. 5.

Using the above Ansatz, we derive the following equation for ¢:

2 [ A4 V() — E0)+ 5016

ot
+ A Ypy + A" 'Wew + ) — WEw

+ 5OV g — 10x¥ 0 E(). (3.5)
We now rewrite (3.5) making H(E,), the reference Hamiltonian, explicit.
0 .
ia—(f = (H(Eo) — Eo)¢ + (Eo — E(t) + (1)) + F(2). (3.6)
Here,
F=F, +F,,
Fi =Yg —iE0yp,
and

F,=F, i+ Fo

F, ;;i» is a term which is linear in ¢:

m+1 m—1

Fz,lin<¢,¢)=x(7 pi- z;l)¢+ e A A )

and F,, is a term that is nonlinear in ¢ such that:

IF2u(@, W) < |Alc[AW) B + 191D, (3-8

where | A(s)| is bounded for s bounded, | A(s)| = 0 as s — 0, and c is independent of

Y and ¢.
To impose (B) we multiply (3.5) by Y, and integrate over all space, equate the
real and imaginary parts to zero (condition (f)) to get a coupled system for E and y:

E(t) = — 0p¥p, Vo> ' 3<F ¥k, D, (3.92)
)= YpVp) " RF,¥g, . (3.9b)
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Equations (3.5) and (3.9) comprise a coupled system for the dispersive channel,
described by ¢(t), and the bound state channel, described by E(t), y(t). The function
¢(¢) and the collective coordinates E(t), y(t) are used via (3.2) to construct the solution
of the full system (3.1). In the next section we state our main results concerning
this decomposition.

In studying the localized and dispersive parts of @(t), we shall work with the
equivalent integral formulation of (3.6). To derive an integral equation for the
dispersive part, ¢(t), we introduce U(t,s), the propagator associated with the
homogeneous linear problem:

120 — (B (o) — Eg)utt) + (Bo ~ B~ 1(0)ut), 3.10)
)=,
that is
W)= U(t,s)f, Uls,s)=Id.
Let
w0 =exp( 1 1Ba — E61Jds— 60 ~16) o0
Then,

v(t) = exp(—i(H(Eo) — Eo)(t — 9))f,
and therefore
U(t,s)= CXP( - ij(Eo — E(s))ds —i(y(t) — V(S))> exp(—i(H(Eo) — Eo)(t — s)).
(3.11)

Equation (3.6) can now be rewritten as
t
¢()=U(t,00¢, —i [ U(t, )F(s)ds. (3.12)
0

For purposes of estimation in L? or in a weighted L? space (see Sect. 5), we observe
that

U 5)gllx = llexp (— i(H(Eo) — Eo)(t — 5))g lIxs (3.13)
where X denotes any of these spaces.

4. Scattering and Asymptotic Stability Theorems

We assume, as before, that n =2 or n= 3. V(x) satisfies hypotheses (V) and we let
f(x], @)=V (|x])+ A|@|™!. We define the B-norm of a function g by

lglls=llglu: + I<x>! gl
where a can be chosen arbitrarily small.



Multichannel Nonlinear Scattering for Nonintegrable Equations 129

Theorem 4.1 (Scattering). For n=2 and n=3 let
2

2
m>1+-—+
n

and for n = 3 we require, in addition that m < 3. There exists a number 8, such that if

(i) ®(0) = Do(lx])
(ii) | Do llp = 0o,
(iii) There exists Ey # E,, and @, such that

(&' ®Yg,, Do — ewo'//t:o> =0,
(iv) V satisfies the (NR) condition of Sect. 2.3,

then
(1) = exp ( —i i E(s)ds + iv(t)>(l//m + ¢(1) (4.1)
with
‘—u—z?eL‘(R‘) (so that t_ljgn E(t)=E* exist)
%ELI(RI) (so that t_l'lgrn yt)=y* exist),
and ¢(t) is purely dispersive in the sense that
I<x>~ @)1l = O(Kt>™1 7% (4.2a)
for ¢ >2 and some 6 >0 if n=3 and
1<x> 7@, = O(tIn*t)~")  for n=2. (4.2b)
Moreover,
I D) | 2m = O(EEPm=22), (4.3)
Remarks

1. In Sect. 5.4 it is shown that hypotheses (ii)—(iii) holds at least for all @, in an
open cone-like region with vertex at the origin.

2. Hypothesis (NR) is satisfied by gV (x) for all but a discrete set of g-values [Ra].
This hypothesis is a way of ensuring that the optimal local decay rates of Sect 2.3
apply to the dispersive part of the solution.

3. The use of the L>™ norm is dictated by the dependence of the linear local decay
estimates on the weighted norm || {(x>!*?f ||, (see Sect. 2). This is the source of the
restriction to the spherically symmetric case. Namely, we use the uniform spatial
decay rate of H! radial functions (see Appendix A) to estimate the weighted L?
norm of the nonlinear term. The restriction m < 3 for n = 3 is required in order to
preclude local (in time) singularities in the estimate for || ¢(¢)|,,. (See also the
discussion following the proof of Lemma 5.6.) It is believed that a variant of these
estimates for the linear propagator holds with L? norms instead of weighted norms.
Such estimates would lead to extensions of our results to the non-spherically
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. . . n+2
symmetric case and the more natural upper bound on the nonlinearity m < ——
n

for n=3. —2

The following is a related stability result which says that if the initial data for
(2.1) lies near a particular nonlinear bound state of energy E,, and phase y,, then
the solution @(t) converges, as t —» + o0, to a nearby nonlinear bound state of
energy E* and phase y*.

Theorem 4.2 (Asymptotic Stability). Let m and n be as in Theorem 4.1. Let
Q, = (E,, E, + nsgn(4)), wheren is positive and sufficiently small. Then for all E €S2,
and y,€[0,2n), there is a positive number &(n, E,) such that if

D(0) = (Y5, + $(0)e™,
where

I#O)]ls < e,
dE(t) dy(t)

then @(t) decomposes into localized and dispersive parts as in (4.1), where I dr

are in LY(RY) and ¢(t) obeys the linear dispersive and local decay estimates (4.2), (4.3).

5. The Coupled Channel Equations
5.1. Local Existence

It is straightforward to prove, by a contraction mapping argument, that (3.5)—(3.6),
(3.9) together with initial conditions ¢(0) = ¢,eH!, y(0) = y,, and E(0) = E, has,
for some T >0 a unique local solution ¢eC([0,T);H!), E(t),y(t)eC* [0, T), with
E(t)e(E,,0) for A>0 and E(t)e(E,, E,) for A <0. Thus, @(t) given by (3.2) solves
(3.1) and agrees with the unique H' solution discussed in our summary of the
existence theory in Sect. 2.1. In particular, the functionals #[®] and A4[@]
(Sect. 2.1) are invariant on [0, T). It follows by Sobelev—Nirenberg—Gagliardo type
estimates that

@) lg: < C(| Do l2) (5.1

for 0 <t < T, where the upper bound in (5.1) is independent of T. If 4 < 0 (attractive
4

nonlinearity) and m =1 + p we require, in addition that || @, ||;: be small for (5.1)

to hold with C, independent of T. For otherwise, solutions can become unbounded
in H! in finite time (blow up). See, for example [Gl, Wel].
It follows from our Ansatz (3.2) that

6@ g = C'(ll Do s 1 g 1) (5.2)
for te[0, T).

5.2. A Priori Estimates

In this section we obtain & priori estimates on ¢(t), E(t), and y(t), which arise in
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the decomposition of @(t), (3.2), and show that the decomposition persists for all
time, ¢, with the desired properties.

Since ¢(t), the solution of (3.5) is an H! function, we interpret (3.5) in the sense
of the equivalent integral equation:

o(1)=U(,0)¢ —sz(z S)P(H(E,))F(s)ds (5.3)

Here, U(t, s) denotes the propagator displayed in (3.11) and F(s) = F(¢(s), Y g())
is displayed in (3.6)—(3.8).

The first step is to use the local decay and L? decay estimates of the linear
theory (in Sect. 2.3) to derive decay estimates for ¢(z). Let

L=—A+V(x)+AlYg|" ' —E,
=H(E0)—Eo.

We will apply the propagator estimates of Sect. 2.3 to the associated unitary group
eI These estimates require that the potential of the operator L, V(x) + A[¢g | *
satisfy (NR). We claim this is not a restriction. This is seen as follows.

Suppose V(x) + Al |™ ! does not satisfy (NR). Then, we solve the initial value
problem (3.1) for some small time interval [0, T,], with the decomposition (3.2)
augmented with the modified orthogonality condition

Wrpdo> =0 and & Wy 60> =0 64)

in place of (3.4). Now consider the one-parameter family of potentials

Q(; E(t) = V(x) + AYgyl™ ', te[0, Tyl
Proposition. For generic ¢, we have that Q(x; E(t)) satisfies (NR) for some te[0, T, ].

Proof. The implicit function theorem for analytic mappings can be used to show
that Y is equal to (E — E, )"/~ times an absolutely convergent power series in
E — E,, for E sufficiently near E,. (See part (d) of Theorem 2.1.) Thus, the mapping
E—y7 ™! has a holomorphic extension to a complex E — neighborhood of E, . By
an argument of J. Rauch [Ra, pp. 164-165], V(x) + 4|y |"~! satisfies (NR) at all
but a discrete set of E — values. Thus, if E(t) is not identically E,, there will be
some ty€[0, T, ] for which Q(x; E(t,)) is nonresonant. The case where E(t) = E,, is

d .
nongeneric, as this would require d—E(t—O) 0, which by (3.9a) leads to a
codimension condition. H

Having found a t, at which V + A|/g,,)|" ' satisfies (NR), we continue the
solution for t = ¢, using the decomposition (3.2),(3.4). By uniqueness of solutions
to the Cauchy problem, the solution obtained in this way corresponds to the
solution @(t) of (2.1) with data at t =0, @(0), as in (3.2).

Due to the presence of weighted L? norms in our linear decay estimates,
estimation of the integral term in (5.3) will lead to weighted L? estimates of the
nonlinear term O(|@|™). It is therefore natural, to seek estimates for ¢(f) in L™
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Proposition 5.1.
IO lzm < lle™ o ll2m + i |t — s~ e (4, B @ 13m + 20 D) D115

+ 3 DG 120 + caly, D IKx> ()l
+ o1 | E(8)| + co2|(5)1)ds, (5.4)
I<x>~7d(O)ll2 S 1<x> ™7™ ol

+i<t—s>-1*"(d1(-/z,¢)u¢||§m+d2(~//,¢)u¢n';,;1
+ds (0, 0) | 1155, + dy(f, D) <>~ (5) Il
+doy | E(5)] + do, | (s)|)ds. (5.5)

2(1+a)
m—1)(n—1)

Here, c,(¥, ¢) and d,(¥, ¢), 1 <i <4, are constants which depend on weighted
norms of Y, and the H' norm of ¢(t) for te[0, T). Such weighted norms are all
controlled by the weighted estimates of Sect. 2.2. Also, c;(a, b) and d,(a, b) tend to
zero as a tends to zero while b lies in a bounded set. The precise form of ¢,; and
dy; is worth giving in detail for the purpose of understanding the behavior of the
product with E and y (see Proposition 5.5 below) as E— E,. We have

co1 = O YEl 2m)s Co2=0O(| 0¥kl 2m)s
d01 =0([I<x>"Ygll2) doz =0(|| <x>_daE¢E ll2)-

Here, fr=m(1 — p), where p= . (See Proposition 5.4 below.)

Furthermore, 1 —¢, Eg—g, and 6 >0 is the number appearing in the linear
estimate (2.9). For n=2,{¢)'*% is replaced by {(¢1n? &)

Proof of Proposition 5.1. We begin by estimating (5.3) in L?. Using (2.10)—(2.11),
we have

lé@l, < lle™ oll, + i le™ ™~ P(L)F(s)| ,ds
SCE 1 dollg+ 1ol + 11 <xD! o)

+ C(V)(I’) |t =571 (IPALF() g+ [IKxD* T *PL)F(s) [ )ds.  (5.6)

The projection operators, P, = P,(L) can be removed at the expense of ¥
dependent constants:

Lemma 5.2.

IPglly =@+ ¢l 1¥ v iz )gll,
1D Pegll, S (1 + 1D Yl 11l DI g .
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Therefore, we have

T, < CLVIK ™ (o llg + Il do s + 11 <xD* "o l)
+C,(VY) Of [t — sl H(IF @) |y + [IKxD FF(s))ds.  (5.7a)

Similarly, we can estimate the weighted norm of ¢(¢):

170D 12 £ CL (V)< 2 1<xd o 5
A I (= sy U O (s) ads. (5.7b)

To proceed, we require estimates on || F||, and || {x)! *°F||,, where F=F, + F,
(see (3.6)—(3.8)). For the terms || F, |, and | {x)Y*9F,|,, with A(y) as in (3.8) we
have:

Proposition 5.3. Let p=2m,m>2,and p ' +q ' = 1. Then,

[F 1l S 1™ L I<xD 7@ + 1AW 21 @ 13m + 1D U2 115 s (5-8)
whererii=q '—-2"Yandr;'=Qq) ! —p~ L
Proposition 5.4. Let p=2m,m>2,and p~' 4+ q ' = 1. Then,

IR, [ S Y™™ H o [I[KxD 778,
+ 1< 2AW) 1 @ 113

+e(l15m+ I BIFIPIE =D Hl15m), (59
e g, ml—p) _21+a) _ 2l+a)
where r;'=2"1—-m™!, o= ﬁ—— r=m———1=,an ~ =1

The proofs of Proposmons 53 and 5.4 are presented in Appendix A. Here, we
only wish to remark that it is in handling the weighted norm of the nonlinear term
O(|¢|™) that the restriction to radial solutions is used to derive (5.8) and (5.9).

The inhomogeneous term in the ¢ equation, F,, can be easily bounded as

follows:
IF g S Nl 91+ 1 0x¥e 4| EL (5-10)

[T F S NGl 151+ 1<x)! *“0ge [, | EL. (5.11)

Propositions 5.3 and 5.4 together with estimates (5.10)—(5.11) imply Propo-
sition 5.1.

Our next step is to estimate j and E, which appear in (5.10) and (5.11), in terms
of norms of ¢ and .

Proposition 5.5. Let [0, T) denote the time interval of local existence for the system
(3.5), (3.9). Then, for 0<t<T,

|E@)| = Ce@¥e, WeIALICXD 0@ 12 + 1 60) 15m + 9@ 130],  (5:12)
1701 = C(We VeI ALK " o0 2 + 1 6(0) 13 + | SO 3], (5.13)

where Cp and C, depend on || g, llyz and | Y, |ly- and tend to zero as these norms
approach zero.
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Proof of Proposition 5.5. From (3.9) we have that
|E@)] < Wpo» 0s¥5> 1™ I<F 2, Yg, Dl (5.14)
19O < Wpos Y2 |~ H<F2, Ygo - (5.15)

To estimate the term |{F,, ¥, > |, we use our estimates on F, in Sect. 3. First, by (3.6),

-1
[V Fain )| S 12175 W U219

-1
S I 1 a7 7B s

SCWeYeeomI<x>" ;. (5.16)
By (3.8),
|V o> F2m )| < ClAIIY 5, AWE) e | 6 13m + 1 WE 211 @ 15m)s (517

where m' " '=1—-m™1,
Use of (5.16)—(5.17) in (5.14)—(5.15), and noting the behavior of Y for E near

E,, given in Sect. 2.2 yields the result.

Remarks
1. Our goal is to obtain a set of inequalities for norms that control the dispersion

of ¢(t). The above estimates suggest the use of the norms
M (T)= sup <t>' [ $@)ll,» (5.18)
[t|lsT

My(T) = Sup. SOZ REV I G P (5.19)

where {t>1*? is replaced by {tIn?t) when n=2.

2. It turns out that with the linear local decay estimates we use, it is natural to
choose p = 2m. Better local decay estimates would permit using p =m + 1 for large
nonlinearities. This would improve the upper bound on range of nonlinearities for
which the above results are valid. .

3. To show that the limits ‘ligrrlw E(t) and . liglw y(t) exist, we prove that E and y

are in L'(R';dt). Linear theory suggests that the correct L? decay rate is
(tytr~1 = (t)®™P~"2 Therefore, the estimates (5.12)—(5.13) suggest that m be chosen
sothat2(l —¢,)>1,andm(l —¢,) > 1,where 1 —¢, = g — Z = g - % These reduce
to the constraint m > —n—l We shall see further constraints on m imposed in the

following section.

5.3. Global Existence and Large Time Asymptotics

In this subsection we derive closed coupled inequalities for M(T) and M,(T) (see
(5.18)—(5.19)) which yield bounds on M,; and M,, independent of T. This implies
a rate of dispersion of ¢(t) which in turn implies that E(¢) and y(t) have asymptotic
values as t — =+ oo.
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We first apply the estimates (2.9)—(2.11) to the initial data terms in (5.4)—(5.5).
We then multiply (5.4) by {t>* == (5.5) by {t)**? ({tIn?t) for n=2) and take
the supremum over all |[t| < T to obtain:

M(T) S C(V)(llpollq+ Il do llu + 1 <xD* T2y l)
+ C4(Y)M,(T) + C,(Y)M(T)
+ C,()MT™H(T) + C4(l ¢(t)llux)M_’1"(T)
+ Cs(¥, 0gy) lfluspT O+ E@N]. (5:20)

1

In the above estimate g~ ! = 1 — (2m)~*. Similarly, we have

M, (T) S C(V)I<xD 2o |l + Dy(p)M,(T)
+ D, (y)M3(T) + Ds(ll 6(2) llm)M’f'(_T)
+ DY, 0xY) sup ORI GIEVAGINE (5.21)

In the constants C; and D; are contained terms of the form
t
" [ |t —s|7*<s) " Pds.
0

These terms are required to be bounded independently of r. The range of
nonlinearities (powers of m) for which this occurs is determined with the aid of:

Lemma 5.6. For a <1,

j' lt _ sl-a<s>—ﬂds é C(a, ﬂ)<t>—min(a,a+ﬁ-1).

0

Proof.

t/2 t
[+ [=4+B
0 12

t
[lt—sl"*(s)~Pds=
0
Estimating A and B individually, we get
t/2 t
AZSQ2/ty [ (s)7Pds, B=(2/t)* | |t—s|"ds,
(1] t/2

from which (5.21) follows.
The most problematic term, regarding decay is the term [ ¢ |4, in (5.9). This
leads to the restriction

2 241
m>1+;+ U+a)

n—1"~
where a is arbitrarily small and positive. Furthermore, the restriction a <1 in
Lemma 5.6 implies

n n

2 2m
The latter leads to the constraint m < 3 in dimension n = 3, as in the statements
of Theorems 4.1 and 4.2.

<l1.
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To close the inequalities (5.20)—(5.21) we use (5.12)—(5.13) together with Lemma
5.6. This gives

sup |Et)] < Ce(We, ¥5) | AILM(T) + MA(T) + MT(T)], (5-22a)
Sup. 170 = C,(Y, Vo) | AILM(T) + MU(T) + MT(T)]. (5-22b)

We then use (5.22) in (5.20)—(5.21). The results are summarized in
Proposition 5.7. Let (¢(t), E(t), y(t)) be the unique solution of (3.5), (3.9) of class
C([0,T); H') x C*[0,T) x C*[0,T).

Then,
M(T) S C(V)(lI pollg+ ol + 1 <xD 2o ll2) + C1 (¥, Og¥)M,(T)
+ Cy(, 0gp) IMI(T) + C3(I| o) Il )MT(T), (523)
M,(T) < C(V)[IKx>' "o ll2 + D'y (¥, OgYp)M5(T)
+ Dy, OgY) IMT(T) + D3Il 6(8) ) MT(T)]. (524

Here, C; and D; are controlled by the maximum over |¢| < T of the H? norm
of Y and dgy.

To obtain closed inequalities for M,(T) and M,(T), we observe that as E
approaches E,, the coefficients C)(y, 0¢y) and D) (Y, 0:y) tend to zero and are
uniformly bounded on any compact subinterval of (E,,0) for A >0 and (— o, E,)
for A < 0. These properties of Ci(, dgY) and D;(y, 0gy) follow from the bifurcation
analysis of the continuum of solutions (E, ) in a neighborhood of E, (Sect. 2.2).

To prove global existence for the system (3.5), (3.9) with the desired asymptotic
behavior, we first choose initial conditions E,,y, and ¢, so that on the interval
of local existence, C; and D', are less than £ in magnitude. Then, by (5.24) we have

M,(T)S2C(V)I<x)> "ol
+ D3y, 0pY) IME(T) + D3(1l ¢(2) g ) MT(T) - (5.25)
Substitution of (5.25) into (5.23) yields, after some manipulation,
M (T) S Co(lldollg + ol + IKxD 2o l2) + CTMI(T) + C3MT(T)),  (5.26)

where C} = C(V)(1 +2C}), C] =C, + C\D), and C; = C,C; + C|D,Dj.
We now rewrite (5.26) as
M (T)f(M(T)) = D,,
where
fl@=1-~Cla—Cham~1,
and the data term

Do=Cgllldolly + I pollgs: + 1 <xD* o 1.
Let o, f(2,) = max o f(@). Let |E, — E, | = 25, where  will be chosen sufficiently

small. We first require that  be such that y; and dzy; dependent constants in
(5.22) are less than n'/2. This is possible by the local analysis of ¥ presented in
Sect. 2.2.
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Now choose ¢, so that
Do <nf(n) < oy floy)/2,
and so that
M;0) =l doll2m <.

Then by the continuity of M,, we have M,(T)<#, and therefore by (5.22) via
(5.25) that

|E(8)] < Cen®2<ey =173, (5.27a)
17O < Cp>2 170, (5.27b)

For n=2, {t)~'7%is replaced by <{tInt) 1.
Integration of (5.27) yields
T

[ 1E@|dt < C"nP2, (5.28a)
-T

T

_IT 19(t)|dt < C"n*72, (5.28b)

where C” is independent of T and #.
Thus if

T, = sup {t:| E(t) — Eo| <7},

it follows that for n sufficiently small T,, = co. For the right-hand side of (5.28) is
independent of T, and this ensures that

|E(t) — Eol <m, [t|=T

provided 7 is sufficiently small. It follows that all constants C(y, dg¥) and D(y, Og)
maintain their assumed bounds and we can take T— oo to obtain

M,(0)=n (5-292)
and
M,(0) < Cr (5.29b)

for some C > 0.
5.4. Decomposition of the Initial Data @,
Here we return to the Ansatz (3.2)—(3.4). Let E €(E,,0) for >0 and Ee(— o, E,)
for 4 < 0. Consider the initial data which is nearby a nonlinear bound state:

Dy =e"Y;+060. (5.30)
In general (0@, yz) #0, so we write

@y = e, + [T — e™Yg, + 00]
=e"Yg, + ¢

with a view towards finding E, and 7y, such that

e, o> =0.
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We shall then take ¢, to be the initial data for the dispersive channel evolution.
Let

F[Ey,y0,0@] = <eiy°'//Eo, bo>
= (ei’°!//Eo, eiilllg — ei"’l//Eo +6D). (5.31)

Then, F[E,7,0]=0. We want to solve F =0 in a neighborhood of (E, ,0). Since
F is complex-valued, the equation F =0 can be viewed as two real equations:

Fi[Eo,70,0@]=0, F,[Eg,70,0@]=0.
The Jacobian of this mapping at (E,,74,0) is given by

d
—— [lgl?
dE E=Eo 1, (5.32)
j.llllElzlE:Eo 0

By the results of Sect. 2.2 and Appendix B, we have that if E €(E,,0), for (1> 0),
and Ee(E, — ¢, E,), for (A < 0), the curve E— ||y ||2 has no critical points. It follows
from the implicit function theorem that in some L? neighborhood of y;z, the
decomposition

¢0 = eiyo'//Eo + ¢0
with condition (5.30) holds. Furthermore, since on any compact subinterval of
d .
(E,,0), for >0, and (E, —¢,E,), for A <0, 1B ¥ ll3 stays uniformly away from

zero, the B-neighborhood of iz can be chosen uniformly in E, where E varies over
such a compact subinterval. This resolves the question of initial decomposition for
Stability Asymptotic Theorem 4.2.

The proof of Theorem 4.1 follows the above lines. The constraint

<ei80lﬁEo, wo - ei80¢E0> = 0 (5.33)

(see the statement of Theorem 4.1) prescribes a choice of E, and y,, and therefore
an initial decomposition, (3.2). By Theorem 4.2, for each E in a sufficiently small
interval with E, as endpoint, there is an open ball about Y such that for all data
in this ball, the solution decomposes as in (4.1). The radius of this open ball may
shrink to zero, in general as E tends to E,. Thus, the set of data @,, on which the
constraint (5.33) can be realized contains the union of these open balls over E near
E,, or a cone-like region.

Furthermore, if E and y are such that the constraint (5.33) holds, then

[ Poll2 2 1Wel,-
Finally, if || - ||y denotes any norm used to measure i (see Sect. 2.2), then we have

IVelx S ClYel, < CllDoll2s
[Pllx < Dollx + 1Yelx = Cll Do llx-

Therefore, the smallness required of certain constants in the & priori estimates
of Sect. 5.3, is ensured by a smallness condition on the initial data @,.
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6. Scattering Theory

The S matrix is constructed from the wave operator: .2, and £_ by the formula
S=2%0_.

In our case, for each value of phase y and energy E near E, we construct wave
operators

Q%/($)=s— lim V(0,0 e "+ P(H(E))¢,

where Vg (t,s) is the nonlinear evolution (the dispersive ¢ evolution) from time s
to time ¢ which is coupled to the bound state channel (see (6.3) below).

To conclude that the S matrix is unitary, we need to show that there is a 9,
such that for all initial conditions, (E*,y*, ¢ ) satisfying

|[E¥ —E,| <9,
Iy*|=m,
¢+l <9,
P(HE.)p:=0¢.. (6.1)
there exists states @, eB with its asymptotic behavior given by
t
D, ve HENG, 4 exp( —i[ E(s)ds — iy(t))z//(Ei ), (6.2a)
0
with
E(t)-»E* and y(t)->y* as t- + . (6.2b)

The existence of such @ follows from the global existence of solutions of the
following system of nonlinear integral equations:

Et)=E™ + _j' ge(s)ds,
)=y~ + j g,(s)ds,

b_())=e"MENG_ 4 | emHENIF(p_(s))as. 6.3)

Here, g, 9,, and F are expressions like the source terms in (3.9a), (3.9b) and
(3.5), respectively.

Remark. They are not exactly the source terms appearing in Sect. 3 for the following
reason. Since E(t) — E* ¢L!(R';dt) for the construction of ¢, it is convenient to
work with the equations resulting, not from the Ansatz (3.2) but from the following
Ansatz:

D(t) = e O + e~ Eol (1)

The proof of existence of global solutions runs along analogous lines to the
one-channel case (cf. [R-S]). We view the system (6.3) as a mapping of a space M
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of vector valued functions to itself and seek a fixed point. We consider only the
case t > — o0. The case t — oo is similar.
Let

M, = {v=(E(), y(), ¢ _):0e G (R) x C*(R) x CO(R; H"),||[v]l| <1},
where

ol =sup (<63 *LIEQ]+ 1501+ 1> -1+ 16 lw). (64)
We then define )
M, = {fef’l,,:¢-(-,|x})= PAH(E )¢, lim E()=E~, lim y(t)=y‘}.
For each (E(),y(), ¢ -)eM, we set
() =eXp<iv(t) ~if E(u)du)l//(E(t)) + -0

and a mapping K on M,:
K(E(),7(), ¢-) =(E,7, ).

One can check that the estimates used to prove Theorem 4.1 apply in this context
to establish that K maps M, to itself and for » sufficiently small, it has a fixed
point, the solution of (6.3). We then take this solution at t=0 as ®_. @, is
constructed similarly.

Appendix A: Some Estimates of Nonlinear Terms

In this section we prove Propositions 5.3 and 5.4. To prove these estimates we
recall that F, is given by (3.6)—(3.8). We have that

[F2| SclA@™ gl + AW) 1> + 1™, (A1)
Proof of Proposition 5.3. We start by noting that
IF, 0l S clATIY™ bl + 1 AW I, + [l b g ]: (A2)

We now estimate the three terms on the right-hand side of (A.2) individually. First,
™1l = I<x>Y™ " <x> "¢,
S TP Hir 1<x> "7 1, (A.3)

where ¢ ' =2"1+r L
For the next term in (A.2) we have

1AW)$* [l,= A2 W) 113, = 1 A2 W)IZ 1 D117, (A4

ifRq) '=pt+r;t
Finally, for the last term in (A.2) we have

Iplme=lpll2lllZm". (A.5)
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Recall g '=1—(2m) ! =1—p~!. We have also used the simple interpolation
result:
Lemma A.l. If 0<0< 1, and r=6a+ (1 — 0)b, then
(AP A Pt A s
Proposition 5.3 follows from (A.3)—(A.5).
Proof of Proposition 5.4. The quantity to be estimated is
<D F, Il < CIAILIKx> Y™~ o,
+ 1AW 1 + 1KxD 9™ 11, (A.6)

As in the previous proof, we estimate these three terms individually. First,

[RE SR ] PRl K€ SRR AN C VAt ] P

SN L 1KxD T . (A7)
For the second term in (A.6) we have
<>t 2 AW 2 S 1< AW |y, | @ 11 3ms (A-8)

where 2 ' =r;'+m™

The estimate of the last term in (A.6), || {x)**“¢™||,, is more involved due to
the absence of a spatially localizing factor. It is here that the assumption that the
potential V = V(|x|), and the initial conditions be spherically symmetric (thus,
giving rise to spherically symmetric solutions) is used. Namely, we have the
following [Str2].

Lemma A.2. Let feH'(R") and f = f(|x|). Then,

[LUXDIS Cal x| ™2 f [l (A9)
Now for the last term in (A.6) we have
<> 2™ 1, S C(II P lI5m + Il X[ 0™ 1), (A.10)

so it remains to estimate || |x|'*?¢™|,. Writing

|x|2(1 +a)|¢|2m = (lxl(n— 1)/2|¢|)4(1 +a)/(n— 1)|¢|2m—4(1 +a)/(n— 1)’

and using Lemma A.2, we have

|x|2(1 +a)|¢|2m é “ ¢ ";(11 +a)/(n— 1)|¢|2m—4(1 +a)/(n— l)‘ (Al 1)
It follows that
' 2(1+a)(n—1 - -
x* g™, S N la ™" Pl @ 1m2 G a1y (A.12)

Finally, we interpolate the last factor on the right-hand side of (A.12) between L?
and L™

lolzr < Idl51615m

2(1 + a)
—1°

21 + a)
(m—1)(mn—1)

r=m a=pu/r B=m(l—y)r, and p=
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Appendix B: Weighted Estimates of Nonlinear Bound States

In this section we prove the weighted estimates stated in Sect. 2.2. We shall derive
equations for weighted nonlinear bound states and their derivatives with respect
to the energy parameter, E:

w;= XYY, vj= <x>ja£¢5~ (B.1)

To obtain such equations, we must commute powers of (x> through the
Laplacian. For this we use the following simple observation:

x n+(@n—1)x|?
& TGy

where [A, B] = AB — BA denotes the commutator of the operators 4 and B. We
shall restrict ourselves to spatial dimensions n = 2,3, the weights j=0,1,2, and
the spaces H® with s =0, 1,2. This is what is required in the present paper. Our
proofs carry over in a straightforward manner to the general case of n>3, j> 2,
and H® with s > 2, though with a bit of calculation and induction.

We begin with the equation of a nonlinear bound state u, and H? solution of

—Au+ Vu—Eu+ Alu|™ tu=0, (B.3)

which bifurcates from an eigenvalue, E,, in H? ie. ||ugll,—0 as E-E,.
Multiplication of (B.3) by <{x) and application of (B.2) yields

(x>, 41f = -2 f (B.2)

—Aw, +Vw; — Ew; + Alu|™ 'w,

=[{x),4]u
B x n+(n—1)x|?
ST M T oy

Similarly, we can obtain an inhomogeneous equation for any w;. For w, we obtain
—Aw, + Vw, — Ew, + Alu|™ 1w,
n+(n—1)x?
<xy?
n+(n—1)|x|? v
(xy? '
n+(n—1)|x|?
(x)?

=[{x),A]w; —2x-Vu +
=2 v, +
X

—2x-Vu+ (B.4)
(a) H! estimate of w,:
The next step is to derive energy estimates which, for E near E,, will give
control of the H' norm of w;. Multiplication of (B.3) by w, and integration over
all space gives:

JUYWL 2+ Viwg > + Aul™ " w, > — E|w, [*)dx
n+(n—1)x?

oot Ul (B.5)

=nflul2dx +|
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From (B.5) we obtain
[(1Vw,|> — Elw,|*)dx
S CUull + 1A ul5mt o lwy G+ 1<V [l lull3. (B.6)
From (B.6) it follows that by choosing E sufficiently near E,, that
Wyl < Cllugll,. (B.7)

(b) H? estimate of w,:
To estimate w, in H? we differentiate (B.3) with respect to x,, k=1,2,...,n, to
obtain an equation for d,w,:

— A0 w, + Vow, — Edwy + Alu™ *o,w,
_ +(n—1)]x|?
= — O Vw, — A0 w, — | 2y T X B.8
k 1 k 1 k[ <x> <x>3 ( )

The H? estimate for w, is now derived from an energy estimate of the kind
used above, now for J,w,, the solution of (B.8). Thus multiplication of (B.8) by
0,w, and integration over all space yields:

JUVOW, 2+ VIow, |* + Alul"" 1| 9w, |* — E|Gw, | *)dx

=—| <6kw16ka1 — Ao wyw B um !

+(n—1)|x|?

Estimates of the type used to establish (B.7) can now be applied to conclude,
for E sufficiently near E, that

Wi ll2 = C(V) || ug [l 2. (B.10)

A similar analysis can be applied to w, and d,w, to conclude, using the H?
estimates on w;, that for |E — E_| sufficiently small,

w2 lly2 = Cllug |- (B.11)

We shall next outline the derivation of estimates for (x)/,0zuz (j=0,1,2 and
k=0,1,2) in H2. First, we recall from Theorem 2.1, that there is a bifurcation
curve (u(e), E(¢)), where

u(e) = &= Vi) (B.12)
where
E)=E, +a;e+ 0, a,=@Afyy+t)/m=D, (B.13)
and 4 satisfies the following equation:
(—A+V+iea™ ' —Eyi=0. (B.14)
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Now, since 9, ~ a, 0y, differentiation of (B.12) with respect to ¢ yields
Ogtg ~ a7 'e'™ Vg g4 (m— 1) lag lel/m- D14

From the estimates for (x)/uj it follows that || {x)’il ||, is uniformly bounded
for |E — E, | sufficiently small. We therefore focus on || {x}/0,ii || Differentiation
of (B.14) with respect to ¢ yields

(= A+ V + demia™ ' — E)d,ii = — Aa™ + 0,Eil. (B.15)

As with w;, we can now study the equation for v; = {(x)/d;ii by commuting
powers of {x) through the Laplacian in (B.15) and using the commutator relation
(B.2). We then derive energy estimates implying uniform control of the H!
norm of v; and 0,v;, using that |E — E,| is sufficiently small and the Sobelev
inequality:

2n
171, S 1S s 2P <=2
In this way the proof of the weighted estimates of nonlinear bound states in
Sect. 2.2 is completed.

Finally, in the repulsive case (1 > 0) we observe that certain arguments can be
made more globally in E so we give the details.

Proposition B.1. Let A > 0. Then for all k,1> 0,
E}irg sup <xDFp(x) =0. (B.16)

Proof. Suppose not. That is, there are sequences E;| E, and x;— oo, such that

<xj>kll’E_,-(xj)l 2k>0

for all j = 1. (If x; forms a bounded sequence we have an immediate contradiction.)
Since dgy > 0, we have that

M5, () Z > 0.
This contradicts the exponential decay of ¥ (x).
Proposition B.2. Let n<3 and 4> 0. Then, for any k=0 and p > 1
;111;1 1<), =0. (B.17)
Proof.
<Y hO)N1G = f P Iyre() P dx
< Sl:p(<X>"”+”I'//E(')I‘)I<X>"’|l//E(')I"‘£dx
= C,sup (GO YO 1960) Iz * ~ 0

as E— E_. Here, we take n > n.



Multichannel Nonlinear Scattering for Nonintegrable Equations 145

References

[Ag] Agmon, S.: Lectures on Exponential Decay of Solutions of Second Order
Elliptic Equations: Bounds on Eigenfunctions of N-Body Schrodinger Operators.
Princeton, NJ: Princeton University Press 1982

[Ben] Benjamin, T. B.: The stability of solitary waves. Proc. R. Soc. Lond. A328, 153
(1972)

[Ber] Berry, M. V.: Quantal phase factors accompanying adiabatic changes. Proc. R.

Soc. Lond. A392, 45 (1984)
[Be-Li] Berestycki, H., Lions, P.-L.: Nonlinear scalar field equations I — Existence of a
ground state. Arch. Rat. Mech. Anal. 82, 313-345 (1983)
[Ca-Li] Cazenave, T., Lions, P.-L.: Orbital stability of standing waves for some nonlinear
Schrodinger equations. Commun. Math. Phys. 85, 549-561 (1982)
[C-K] Cohen, A., Kappeler, T.: preprint
[C-R] Crandall, M., Rabinowitz, P.: Bifurcation of simple eigenvalues and linearized
stability. Arch. Rat. Mech. Anal. 52, 161-181 (1973)
[C-W] Cazenave, T., Weissler, F. B.: The Cauchy problem for the nonlinear Schrodinger
equation in H', 1989 preprint

[En] Enss, V.. Quantum Scattering Theory of Two and Three Body Systems with
Potentials of Short and Long Range. In: Schrédinger Operators, Graffi, S. (ed.).
Lecture Notes in Mathematics. Berlin, Heidelberg, New York: Springer 1985

[G-G-K-M] Gardner, C. S, Greene, J. M., Kruskal, M. D., Miura, R. M.: Method for solving
the Korteweg-de Vries equation. Phys. Rev. Lett. 19, 1095-1097 (1967)
[G-S-S] Grillakis, M., Shatah, J., Strauss, W.: Stability theory of solitary waves in the
presence of symmetry, 1. J. Func. Anal. 74, 760-797 (1988)
[G-V] Ginibre, J., Velo, G.: On a class of nonlinear Schrodinger equations I, I1. J. Func.
Anal. 32, 1-71 (1979)

[GI] Glassey, R. T.: On the blowing up of solutions to the Cauchy problem for the
nonlinear Schrodinger equation. J. Math. Phys. 18, 1794-1797 (1977)

[H-N-T] Hayashi, N., Nakamitsu, K., Tsutsumi, M.: On solutions of the initial value
problem for the nonlinear Schrodinger equations. J. Func. Anal. 71, 218-245 (1987)
[J-K] Jensen, A., Kato, T.: Spectral properties of Schrodinger operators and time decay

of the wave functions. Duke Math. J. 46, 583-611 (1979)

[K] Kato, T.. On nonlinear Schrodinger equations. Ann. Inst. Henri Poincaré,
Physique Théorique 46, 113-129 (1987)

[K-A] Kodama, Y., Ablowitz, M. J.: Perturbations of solitons and solitary waves. Stud.
Appl. Math. 64, 225-245 (1981)
[K-M] Keener, J. P, McLaughlin, D. W.: Solitons under perturbations. Phys. Rev. A16,
777-790 (1977)
[Lax] Lax, P.D.: Integrals of nonlinear equations of evolution and solitary waves.
Commun. Pure Appl. Math. 21, 467-490 (1968)

[Li] Bishop, A., Campbell, D., Nicolaenko, B.: Nonlinear Problems: Present and

Future. North Holland Math. Studies
[Mu] Murata, M.: Rate of decay of local energy and spectral properties of elliptic
operators. Jpn. J. Math. 6, 77-127 (1980)

[Ne] Newell, A.C.. Near-integrable systems, nonlinear tunneling and solitons in
slowly changing media. Nonlinear Evolution Equations Solvable by the Inverse
Spectral Trans form. Calogero, F. (ed.), pp. 127-179. London: Pitman 1978

[Nir] Nirenberg, L.: Topics in Nonlinear Functional Analysis. Courant Institute Lecture
Notes, 1974

[Ra] Rauch, J.: Local decay of scattering solutions to Schrodinger’s equation. Commun.
Math. Phys. 61, 149168 (1978)

[R-S] Reed, M. Simon, B.: Methods of Mathematical Physics ILIII,IV. New York:
Academic Press
[Ro-We] Rose, H. A., Weinstein, M. I.: On the bound states of the nonlinear Schrodinger
equation with a linear potential. Physica D30, 207-218 (1988)



146 A. Soffer and M. 1. Weinstein

[Str1] Strauss, W. A.: Dispersion of low energy waves for two conservative equa-
tions. Arch. Rat. Mech. Anal. 55, 86-92 (1974)
[Str2] Strauss, W. A.: Existence of solitary waves in higher dimensions. Commun. Math.
Phys. 55, 149-162 (1977)
[Str3] Strauss, W. A.: Nonlinear scattering theory at low energy. J. Func. Anal. 41,
110-133 (1981)
[Sh-Str] Shatah, J., Strauss, W.: Instability of nonlinear bound states. Commun. Math.
Phys. 100, 173-190 (1985)
[Sig-Sof] Sigal, I. M., Soffer, A.: The N-particle scattering problem: Asymptotic complete-
ness for short range systems. Ann. Math. 126, 35-108 (1987)
[Sof-We] Soffer, A., Weinstein, M. I.: Multichannel nonlinear scattering theory for non-
integrable equations. Proceedings of the Oléron Conference on Integrable
Systems, 1988. Lecture Notes in Physics No. 342. Berlin, Heidelberg, New York:
Springer
[Wel] Weinstein, M. I: Nonlinear Schrodinger equations and sharp interpolation
estimates. Commun. Math. Phys. 87, 567-576 (1983)
[We2] Weinstein, M. I.: Modulational stability of ground states of nonlinear Schrodinger
equations, SIAM J. Math. Anal. 16, 472-491 (1985)
[We3] Weinstein, M. I.: Lyapunov stability of ground states of nonlinear dispersive
evolution equations. Commun. Pure Appl. Math. 39, 51-68 (1986)
[Z-S] Zakharov, V. E., Shabat, A. B.: Exact theory of two dimensional self focusing and
one dimensional self modulation of waves in nonlinear media. Sov. Phys. J.E.T.P.
34, 62-69 (1972)

Communicated by J. Frohlich

Note added in proof. The authors have proved Scattering Theorem 4.1 and Asymptqtic. Stabili}y
Theorem 4.2 for a large class of potentials ¥(x) and data @,(x), which are not ne.cessa.nly isotropic.
The results hold for spatial dimensions n > 3 and in the case of power nonlinearity, | ®|" ' ®,

for m,(n)<m< ﬁ+—z A paper with the details is in preparation. A key ingredient is an L* — L*
n—

estimate for exp(—iHt) obtained in the recent paper of Journé, J-L., Soffer, A. and Sogge, C.:
“Decay estimates for Schrodinger operators”, to appear in Commun. Pure Appl. Math.





