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Abstract. 1) Physics. In the calculation of g-loop string tachyon amplitudes
with n scattering points the distinguished Polyakov measure dz,, on the
moduli space .#, , of Riemann surfaces of genus g with n punctures arises. We
give an interpretatiton of this measure as the modulus squared of a
holomorphic section p, , (the Mumford form) of a certain holomorphic line
bundle, i.e., we prove an analog of the Belavin-Knizhnik theorem dz, ,= |y, ,|*
in the amplitudic case. We give an expression for this measure through the
determinants of the Laplace operators over ghosts and over multivalued fields
with monodromy prescribed by momenta at the scattering points. We show also
that the form p, , (n=0) for the partition function and n-point amplitudes can
be obtained from a unified over all n, universal Mumford form.

2) Mathematics. The following new concepts from the theory of complex
algebraic curves are investigated: divisors with complex coefficients, complex
powers of holomorphic line bundles, determinants of Laplace operators over
multivalued functions, etc. The corresponding generalizations of the determi-
nant line bundles, the Weil-Deligne pairings, the Quillen and the Arakelov-
Deligne metrics are constructed. A suggested by string amplitude considera-
tions analog of the Mumford theorem on holomorphic triviality of the bundle
2, ®A7 13 over the moduli space is given. This analog asserts the existence of a

13
canonical flat metric on a certain line bundle 1,®4A;°® < ® O(DY),

v=1
(9(D“)>‘1> (see the main body of the text). There exist two differences: the

latter bundle is not holomorphically trivial but has a canonical flat metric, and,
being defined on the Teichmiiller space T, ,, this bundle can be pulled down
only on an infinite-sheeted covering of the moduli space .#, ,. The universal
isometries and the relative curvatures from the second part of the paper may be
interesting, too.

* Address after July 1990: Department of Mathematics, University of California, Davis,
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Introduction

1. The String Partition Function

Let X be a closed Riemann surface (more precisely, a compact complex algebraic
curve) of genus g, y be a metric on X, which is considered as a Hermitian structure
on the tangent bundle of X. We suppose g=2 throughout the paper in order to
keep a certain unity of exposition and to pay no attention to pieces of subtlety of
the small genus cases, as well as we suppose the ground field to be €, although in
some moments we could take an arbitrary algebraically closed field. But,
undoubtedly, small genus needs to be considered separately.
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Let also .#, be the moduli space of conformal classes of metrics on X. Thereis a
one-to-one correspondence between conformal classes of metrics and complex
structures on X. Then such a metric y lies in the conformal class determined by the
complex structure, i.e. y is Kahler.

In the critical dimension d = 26 the functional integral which gives the partition
function of the Polyakov bosonic string can be reduced to a finite-dimensional one
via the Faddeev-Popov trick. The g-loop contribution Z, to the partition function
is therefore the following integral:

Z,= | dm,.
‘/ﬂg
The integrand dr, is called the Polyakov measure. It can be expressed in terms of an
arbitrary basis {¢, ..., ¢,} in the space I'(X, Q) of holomorphic differentials on X
and an arbitrary basis {W,, ..., Ws,_3} in the space I'(X,2%?) of holomorphic
quadratic differentials:

WiAWLA ... AWay_ 3 AWs,_s det'4, -13
dn,= 5\35-3 : i
<;> det(p; 9)"* det(g;, @) - jivdzdz‘
X
det'4,
det(W, W)’

Here the brackets ( , ) denote the L,-scalar product of the sections of Hermitian
line bundles Q and Q%2 (Q is the complex cotangent bundle of X and Q%2 is its
tensor square) with the metrics y ! and y 2, 4, and 4, are the Laplace operators
(4=0*0) acting on smooth sections of Q and Q%2 det’ means the regularized
determinant. The two latter factors in our expression for dr, can be interpreted as
powers of the norms in the sense of the Quillen metrics of the sections ¢, A ... A @,
and W, A ... A W;,_; of the determinant line bundles

Ai=detRI(X, Q)
and
A,=detRI'(X,Q%?)
over the moduli space. [The fibres of these bundles over the point of .4,
corresponding to a complex curve X are the maximal exterior powers of the spaces

I'(X,Q)and I'(X, 2®?), correspondingly.] By definition, the Quillen norms squared
are

i _
det(g; @) - }j(iydzdz
IlngA"'/\(pgllé: det,A > (1)
1

det(W, W)
det'd,

The Belavin-Knizhnik theorem permits us to get rid of these, non-holomorphic
factors in the expression for dn,. In fact, the Mumford theorem asserts that the

Wi ... AWs,_sllg=

@
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bundle A,®A; 13! is holomorphically trivial, i.e. there exists an isomorphism f:
A®A[ 130 ., defined up to a constant factor, ¢, being the trivial line bundle
over the moduli space (moreover, according to the Beilinson-Manin theorem [1]
there exists a canonical trivialization f). The Belavin-Knizhnik theorem [2] says
that one can choose f so that it will be an isometry, provided the left-hand side
with the tensor product of the Quillen metrics and the right-hand side with the
trivial metric. Then taking p,=W;A...AWs,_3®(@ A...A @) "3, so that
f(py)=1, one has ||u,llo=1 and

dmy=py A ity s

where p, A fi, is understood as the first factor in the expression for dz, above. The
form p, is called the Mumford form.

2. The String Amplitudes

Suppose additionally that an ordered set m of distinct punctures @, ..., 0, and an
isotopical class of a disk Bin X\ m, such that mC BC X, are given. For each point Q;
there fixed a vector p; in the space-time €*3, where the standard Hermitian metric
is fixed. Each vector p;, is interpreted as momentum vector. These vectors satisfy
the conditions:

2 p; =0 (the momentum-conservation law),

2. the Hermitian square (p,, p;) equals 1 for every i (the mass of tachyon equals
l/—1).

Then the tachyon scattering amplitude is the integral

A(g’ Pis-os pn)= j dng,n:

gn
where .#, , is the moduli space of punctured Riemann surfaces and

n

dn, ,=dm, ] %ydzjdz‘ [T G(Q,0)®*, 3)
j=1 i,j=1

G=exp(g), —g/n is the Green function of the scalar Laplace operator 4=0*0,

g(z,z)= lim (g(z’,z) —log||z’—z|l), || | being the distance on X in the metric y.

Theorem. dn, ,=u, , s A iy, ,, g Where ug u.8 18 a local holomorphic section of a flat
1

Hermitian line bundle 1,®1; *® < ® <o), (O(D“))) over the moduli space

My, g of the data (X,Q;,...,Q,, B). Here D" = Z p! - Q; is a complex divisor with
the momentum components as coefficients. =1

The proof of the theorem will be given in 2.3. The definition of a complex
divisor and the construction of the line bundle <@(D"), ®(D")) are contained in
Sect. 1. The section p, , p is defined to have the norm 1, so it is locally unique
modulo a constant factor exp(ip), p eIR.

! Powers of line bundles mean tensor powers throughout the text
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The space .4, , p is a quotient-space of the Teichmiiller space T, by a
subgroup of the modular group (see 2.1), but p, , A i, , p is modular-invariant
and so can be pulled down on ./Z, ,.

3. What Is <O(D"), O(D")>?

Now we give some commentary on the notions appearing in the formulation of
Theorem 2.

If a usual divisor is a formal sum ) np- P over a finite number of points P
PeX

with integral multiplicities np, then a complex divisor on X may have complex
coefficients at the points Q,, but has integral degree. To every complex divisor D
there corresponds a usual holomorphic line bundle ¢(D) over X, which is defined
to have a multivalued section 1, with asymptotics z"* at P (i.e. ordp1;, =np), single-
valued outside the disk B. (D) is a usual holomorphic line bundle because its
glueing functions one can choose to be single-valued (see 1.5).

Consider a meromorphic multivalued function f, single-valued outside B.
(Multivalued here means having constant multiplicators, see 1.2.) To such a
function f one can attach the divisor X ordp f- P which is called principal. The
corresponding group of classes of complex divisors modulo principal is isomor-
phic to the group of classes of ordinary (integral) divisors (see Sect. 1).

Beginning from two holomorphic line bundles ¢(D) and @(D’) over X one can
construct a canonical one-dimensional complex vector space < (D), ®(D’)), which
generates a holomorphic line bundle over the moduli space under variation of
parameters. If D’ were equal to X P (i.e. all the non-zero coefficients were equal to 1),
then <O(D), O(D")):=det®(D)|p,, would be merely the maximal exterior power
(determinant) of the vector space ((D)|,.. The definition in the case of an arbitrary
D’ is more complicated, but does not differ from the case of integral divisors, see 1.7.
If degD =deg D’ =0 and the line bundles @(D), O(D') are provided with Hermitian
metrics, then there is a canonical Hermitian metric on {@(D), O(D’)>. If the former
metrics are flat then the latter is flat, too, and it does not depend on metrics on ¢(D),
O(D’). In this case the metrics on (D), O(D’) can be expressed via the Green
function of the scalar Laplace operator, see 1.9.

4. The Determinants of Laplace Operators over Multivalued Functions

One can define Quillen metric on an arbitrary determinant line bundle
detRRI'(X, O(D)). If D is a complex divisor, then the one-dimensional complex
vector space detRI'(X,0(D)) is defined as the alternated tensor product
detHO(X, O(D))®(detH!(X, O(D))) ! of the determinants of the cohomology
groups of the bundle O(D). If, additionally, (D) is metrized then the Quillen metric
ondetRI'(X, O(D))is defined in 1.12 similar to (1) and (2), using the determinant of
the Laplace operator acting on the smooth sections of O(D). For D=2Xnp- P
complex, these sections can be considered as smooth multivalued functions f on X
admitting prescribed singularities and having a prescribed branching at the points
of suppD: f(z,Z)-z"" must be smooth and single-valued at P, z being a
holomorphic coordinate at P.
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Proposition. There exists a canonical isometry
13 -1
A:@A;“@( ® o), @(DV)>> =L@
13 -1
® < ® detRI(X,0(D")®detRI(X, (9(—DV))> , 4)
v=1

all the terms provided with the metrics introduced above.

In the case of integral divisors the proposition is a sequence of one result of
Deligne [3], connecting {@(D), O(D’)) with detRRI'(X, ®(D)) and detIRI'(X, O(D")).
This result has a straightforward generalization to the case of complex divisors
(10).

Thus, the generalized Mumford form u,,p is a holomorphic section of
norm 1 of the flat Hermitian bundle (4) over .4, , p.

5. The Universal Mumford Form

The measures dn, and dn, , for the partition function and the amplitudes are
obtained from a single measure via the following construction, see 4.6. Let J(X) be
the Jacobian of the curve X, J the total space of the bundle with fibre J(X) over a
point X € ./, J™ the same with fibre J"(X), and J* with fibre J{(X), the dual Abelian
variety to J(X). Consider the holomorphic line bundle #:=(id x $)*(#) over
J x J, where 2 is the Poincaré bundle (see 3.1) over J x J', &:J—J" is the natural
principal polarization (see 3.1). Take the restriction € of & to J relative to the
diagonal embedding

A:JoIxJ.

Finally, consider the line bundle #®'3 over J!3. In 4.6 a canonical flat metric on
this bundle is defined. We assert that as a universal Mumford form for the partition
function and the amplitudes one can take a covariantly constant holomorphic
section uy; of norm 1 of the bundle 1, ® A7 13®%X 13, That means that the measures
drn, and d=, , are the modulus squared of the pull-back of the universal Mumford
form relative to the morphism

O=0(g; P15 Do) My I3,

which is identical on the base .#, and acts in the fibre X™\ 4 (see 2.1 concerning the
diagonal 4) over a curve X .4, due to the formula

@:(X™\4, class of a disk B)—»J'3(X),

Q10— B 0D,

n
where D'= Y p;-Q;. One can show (4.6) that there exists a canonical isometry
i=1

13 -1
L®A® ( ® 0D, (9(D")>) =p*(1,@1; P@ERY),
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and that

Hg,n, =0 (1y)-
Therefore,

dng,n = (P*(/JU) A (p*(ﬂU) .
At the same time,
dng = dTEg, 0>

if o(g; ¢): X°—J'3(X) is the constant map into (0, ...,0)e J13(X).
Using (4) we show in 4.6 that the universal Mumford form can be constructed
as a holomorphic section of the Hermitian holomorphic line bundle

L ®A7 BRTFOW,_ )P ®FTFO(W,_ )" ®(det RI(E)?*
over the space J!3, and besides, of the bundle
A,®2 BPR0(0)*°*®@detRI (k)

over a finite-sheeted covering of J'3, where W,_(X) is the image of X~ ! in
J,—1(X)={the variety of classes of divisors on X of degree g —1} under the natural
map X?~'—J,_,(X) (W,_, being a divisor on J,_,), E is a fixed holomorphic line
bundle of degree g—1 on X, T.: J—J,_, means the translation by E, i:J—J is the
antipod (inversion morphism), @ CJ is the zero-set of the Riemann theta-function,
k€ J,_ is the Riemann constant (determined by the equality @ = T,*W, _ ) as well
as the line bundle of degree g—1 on X whose class equals the Riemann constant,
together with an isomorphism k®x=Q. All the named line bundles are
Hermitian: the metrics on O(W,_ ), 0(®), E and k are constructed using the notion
of admissible metric (in other words, with the help of the Green functions of
Laplacians) due to Arakelov and Faltings — see 3.4 and 4.4.

In conclusion, we need to emphasize that all the results of Sect. 3 are simple
consequences of classical results which were known by Arakelov and Faltings. We
also use in essence Moret-Bailly’s paper [4].

6. Perspectives

In order to have a more physical sense, this paper should be completed with its
super version. Having the consistent theory of SUSY-curves (=superconformal
manifolds=super Riemann surfaces), see Baranov-Schwarz [5], Friedan [6],
Beilinson-Manin [1] and also [ 7], Deligne [8] and Rosly et al. [9], this work seems
to be not so hard. Divisors on SUSY-curves are sums of points in some sense, as for
ordinary curves (this was proposed by Manin and stated in [9, 8]). The technique
of super Quillen metrics is an item of [9], the Weil-Deligne pairings < , ) are trivial
in the super case [7-9], but one should use a purely super pairing [ , ] (see [9]) to
prove more fine facts.

The problem of the generalization to the case of not only tachyon amplitudes
remains open. This may be useful in the proof of the factorization property on the
level of Mumford forms: that is, for example, an equality of type p,=p, 1 -ty 1
when our curve, approaching the boundary of the moduli space .#,, splits into two
curves of genus g’ and g” (I am indebted to G. Moore for this remark).
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It seems interesting to rewrite our results from the moduli space to the
universal Grassmannian manifold, especially the results concerning the universal
Mumford form. This must be compatible with the factorization property.

7. Notes

1. Another way of mathematical understanding of the amplitudic integrand is
presented in the work of Baranov and Schwarz [5]. The term drx, ,/dn, is
interpreted by them as a measure on the product of 13 spaces of differentials of the
third kind on X: the v'* space consists of differentials with poles only at @, ...,Q,
and with residues p} at Q;. Our picture seems to be the exp [ of their one in a sense.

2. The complex powers of holomorphic line bundles in two-dimensional con-
formal field theory appear also in Beilinson and Schechtman’s paper [10]. In that
approach a line bundle & is replaced by its Atiyah algebra A o, that is the sheaf of
first order differential operators on % with highest symbol idy ®0/0z. There
takes place the exact sequence 0— & £ — A ,— Ty —0. The diagram

0-8nd ¥ —Ay—Ty—0

ol ]

0-End ¥ —>? —>Ty—0,

where c is the operator of multiplication by ce C and Ty is the tangent sheaf of X,
as usual, can be completed to commutative with a sheaf A4 .. interpreted as the
Atiyah algebra of the (non-existing) bundle .#¢, ¥ to the power c. The Atiyah
algebra keeps incomplete information about its bundle, because an isomorphism
A o— A ,implies the existence of a canonical flat Hermitian connection on %, but
it does not yield the triviality of #. It is remarkable that using Atiyah algebras one
can apply local arguments in the Riemann-Roch type theorems.

1. Calculus of Complex Divisors on Riemann Surface

1. Complex Divisors

Let X be a complex compact curve of genus g, with a fixed ordered set
m={Q,,...,0,} of n distinct points on X and a closed disk B such that mCB. A
complex divisor is a formal sum

D= Z nP'P,

PeX
where
{Z for Pe X\m,

C for Pem,
degD:= Y npelZ,
PeX

and only a finite number of np=+0. The corresponding group of complex divisors
denote by Div(X,m, B).
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2. Multivalued Meromorphic Functions
Let p: X\ m— X\m be the universal covering with the complex structure, pulled up

from the base. Denote by H the kernel of the natural epimorphism 7,(X\m)
—7,(X) determined by the embedding X\m¢, X:

1-H-on(X\m)-n,(X)—>1.

We shall call a holomorphic function ¢ on X\m (more correctly, a section of the
sheaf p, Ozw7) a multivalued holomorphic function on X, if

1. ¢ is ny(X\B)-invariant.

2. ForeveryoeH, ¢° = f, - ¢, where ¢?(x):= ¢(ox)and f, is a constant ( f, is called
multiplicator).

3. The branches of ¢, as branches of a multivalued analytic function on X, have
only removable singularities in m, that is, for any Q; e m and any sequence {a,,} in
X\m, such that p(a,,)— Q; when m— oo, there exists a limit lim ¢(a,,) depending
only on Q;: mee

?(Q):= "{111; ®(ay).

Denote by ¢’ the sheaf of holomorphic multivalued functions on X. The
corresponding sheaf of fields of fractions is denoted by .#'. Sections of the sheaf .4’
we shall call multivalued meromorphic functions on X. The following simple lemma
describes the local behaviour of such functions.

Lemma. Let z be a holomorphic coordinate on X near Q,e mCX. Then

1. if e, then either

p(z)=z*- ¥ a;z/, where 0<ReAd<I,
=0

or

(p(Z)= 'ZO ajzj,
2. if pe ', then !

[ee]
p(2)=z"- Y az/, where 0<Red<1. [J
Jj=no
Note. One must remember that these expansions have also a monodromy at the
other points Q,.

Definition. The number A+n, is called the order ordy¢ of the multivalued
meromorphic function ¢ at the singular point Q,.
Let o e I'(X, . #') be a globally defined multivalued meromorphic function on
X.Then Y ordpp=0, because dloge is a differential of the third kind on X and
PeX
the sum of its residues vanishes.
Definition. We call principal a divisor of the type

divp:= Y ordpe-P.
PeX
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Then define the group CI(X,m, B) of classes of complex divisors as the quotient-
group of the group Div(X,m, B) by the sub-group of principal divisors.

3. Complex Cartier Divisors

Complex  Cartier  divisors are the elements of the group
CaDiv(X,m, B): =HX, (/')*/(0')*). A complex Cartier divisor is called prin-
cipal, if it belongs to the image of H(X, (.#’)*) under the natural homomorphism

HOX, (')~ HX, (M)*)(0)*).

Proposition. The group Div(X,m,B) is naturally isomorphic to the group
CaDiv(X, m, B), the principal divisors corresponding to the principal ones.

Proof is analogic to the classical one. []

4. The Jacobian and the Abel Map

Proposition. The group ClI(X, m, B) is isomorphic to the group ClI(X) of classes of
ordinary (integral) divisors on X.

Proof. 1t is sufficient to prove that every complex divisor D is equivalent to an
integral divisor.
Consider the Abel map to the Jacobian J(X) of X,

¢:Div(X, m,B)»J(X):=C%4,
P; P;
Zni'Pil—-»<Zni~ [wp.nyn: | wg>modA,
i i P i P

where {w,...,0,} is a basis of the space of holomorphic differentials (i.e.,
differentials of the first kind), P € 0B is a base point, coinciding with no P;, and the
integration path from P to P; must be contained in B if P;em. A is the periods
lattice: it consists of the vectors (f w,, ..., [ w,), the integration in each one being
over a loop in X.

According to the Jacobi inversion theorem, the point ¢(D)e J(X) is the image
@(D") of an integral divisor D’ of degree d. Then ¢(D—D’)e A and it remains to
show that D—D' is principal, that is, there exists a multivalued meromorphic
function f on X such that divf=D—D’. Further the construction follows a
distinguished proof of the Abel theorem (see, e.g., Lang [11]): take a differential
of the third kind having only first order poles in supp(D —D’) with residues
respw=o0rdp(D—D’), Pe X. Then, with the help of the bilinear relations between
differentials of the first and the third kind (the fundamental polygon of X must be
chosen so that it contains B), one can change the periods of w along the cycles in

X\Btobe2n)/—1 - (integer) by adding a linear combination of differentials of the
first kind. Now set f:=exp [w. It is a multivalued meromorphic function on X
with required singularities. [J

5. Complex Divisors and Invertible Sheaves

Recall that the group Div(X) of divisors with integral coefficients is isomorphic to
the group of invertible @-sub-modules of the ®-module .# over X (the latter group
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is nothing but the group of holomorphic line bundles provided with a mero-
morphic section). Similarly, the group Div(X, m, B) is isomorphic to the group of
invertible ('-sub-modules of .#' (=the group of holomorphic line bundles with
multivalued glueing functions and provided with a multivalued meromorphic
section): to every complex Cartier divisor determined by a set f,e I'(U;, (.#")*),
such that f/f;e [(U;nUj, (0')*), in a covering |J U;=X, there corresponds the

('-sub-module in .4’ generated by the elements f;~* over each U,. The emphasized
section of this sub-module is 1€ .4".

Really, the group of invertible ¢’-sub-modules in .#" is isomorphic to the group
of invertible @-sub-modules in .#’ (=the group of ordinary holomorphic line
bundles provided with a multivalued meromorphic section). Indeed, take the
complex divisor D=Y np- P corresponding to a given (¢’-module and let us
construct canonically an @-module O(D) corresponding to D. Choose a covering of
X, for example, a covering consisting of two maps U, : = {a d-neighbourhood of B
for a small 6 >0}, U, := X\B, and take a multivalued meromorphic function f; on
U, such that ordp f; =np for Pe U, and a multivalued meromorphic function f,
on U, such that ord, f, =npfor Pe U, and fJi=exp(2n]/ —1-ny) - fo,i=1,...,n,
where y; is a loop in B containing the single point Q. Then f,/f, is a single-valued
non-zero holomorphic function on U,NU,, ie. fi/f,el(U;nU,,0%), and it
determines an (-sub-module O(D) in .#' having f,/f; as glueing function. Thus,
O(D) is the sheaf of sections of an ordinary holomorphic line bundle which we
denote by O(D), too.

The meromorphic section of ¢(D) determined by f; and f, is multivalued and it
is denoted by 1, The O-sub-module O(D) in .#' has also single-valued
meromorphic sections: these are 1, - {the multivalued meromorphic functions
fel(X, #')such that f =exp(—2n]/—_1 - ng,) - f,i=1,...,n}. Such a section has
divisor D, =divf+ D which is integral and equivalent to D. Hence, O(D) is
isomorphic to the @-sub-module O(D,) in .#. Let us summarize these conclusions
in the

Proposition. 1. Div(X, m, B)~{the group of invertible ¢'-sub-modules in .M’} ~ {the
group of invertible O-sub-modules in M'}.

2. For DeDiv(X,m,B) the corresponding invertible O-sub-module O(D) in M’
admits a single-valued meromorphic section and, equivalently, is isomorphic to an
O-sub-module O(D,) in M, D, being integral, D; ~ D.

3. The group of isomorphism classes of line bundles O(D), D € Div(X, m, B), is
isomorphic to the group PicX of isomorphism classes of ordinary holomorphic line
bundles and, consequently, to the group CI(X). O

6. Green Functions of Complex Divisors

Let wy, ..., w, be an orthonormal basis of the space of differentials of the first kind
with the scalar product
[/ —1
2

(o, 'y := )f(cu/\a".
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Fix the (1,1)-form

g —
W:N\NQ;
2g j; !

R

11:

on X. It is called the canonical Kdhler form of X. A Green function of a complex
divisor
D=3 np-P
PeX

is a complex C*-differentiable function g(z) on X \supp D, satisfying the condition

00gp(z) =2n)/~1(degD -1 —5p(2))

on the level of currents, where d,(z) is the delta-function of the divisor D, defined by
the equality [ f(z)0p(z)=Y npf(P). In other words, g,(z) satisfies:

1. 00gp(z)=2n}/ —1degD-n on X\suppD,
2. gp(z)=nploglz|+a(z) in a neighbourhood U of each point P, z being a
holomorphic coordinate in U, o being smooth.

Note. If D=7 is a point z'e X and one normalizes g,(z) by the requirement
{ gp(z2)n=0, then —g(z,2")/n:= —gp(2z)/n is the distinguished Green function of
X

the scalar Laplace operator 4: A4(f)-n= 51—1 -09f (or 4=0*0). In the relative

case (see Sect. 4) the normalization g,(a)=0 for a fixed a€ X is more useful.

Theorem. For any complex divisor on X there exists a Green function. It is unique up
to a constant.

Proof. If D=ZXn,- P, is given then set g,(z):=2n;-g(z, P;). [

7. Admissible Metrics on Holomorphic Line Bundles

Let D be a complex divisor, O(D) the corresponding holomorphic line bundle over
X. Then we call admissible every Hermitian metric | | on @O(D) such that its Chern
form ¢,(O(D)) is proportional to # (really, it implies ¢,(@(D))=degD - ). Recall that
the Chern form is, by definition, the (1,1)-form

1
2n1/—_1
where s is a regular local single-valued holomorphic section of ¢(D).

If O(D) is Hermitian it is desirable to know the norm of a multivalued
meromorphic section m of ¢(D). The norm may be constructed in a usual way: if
m= f-s, f being a multivalued meromorphic function and s being a single-valued
meromorphic section, then

¢, (O(D)= adlog|sl,

Iml:=1f1-ls].

Thus, |m|| is a real multivaled function on X.
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But one can define also single-valued “norms™ of multivalued sections. Let us
normalize G p(z) using one of normalizations mentioned in Point 6. Then define the
norm of the canonical multivalued meromorphic section 1, at a point z € X by the
formula:

1pl1(2)=1/Gp(2)- Gplz)= 11 Gp(2)"'? - Gp(2)"* = Il Gp (2,

where D=2n,P;, D= X#,P,. The norm |1,]/(z) one can regard as the norm of the
Weil-Deligne pairing <{1,,1,>, see Point 9.
This construction will not be in use in this paper.

8. The Weil-Deligne Pairing
Let %;, &, be two holomorphic line bundles. Define a complex vector space
(¥, %, as the space of linear combinations of expressions of the type

<l 1s lz> ’

where I, and [, are single-valued (i.e., having integral divisors) meromorphic
sections of ¥, and %, with non-intersecting divisors, factorized modulo the

relations )
frlplyy=f(divly) -, 1),
Kl g Ly=g(divly)-<l;,1,,

where f and g are single-valued meromorphic functions such that
f(divly):= T[] f(P)°"**240, oo in the first formula and g(divl,):= [] g(P)**"
PeX PeX

#0, oo in the second one. Correctness of the definition is provided by the Weil
reciprocity law (cf. [12]):
f(divg)=g(divf).

One can easily see that the space {.%;, %, is a one-dimensional complex vector
space. We will call it the Weil-Deligne pairing of ¥, and %,.

9. The Arakelov-Deligne Metric

The metric mentioned in the head is a metric on the one-dimensional vector space
(&, ¥,> and it is determined canonically by Hermitian metrics on .%,, ¥,. We
define this metric by setting the norm of a non-zero element <I;,1,> (I,,/, being
meromorphic single-valued sections of #,, £, with non-intersecting divisors) to

be equal to
<1y, 12> ] :=exp (}5{ ¢i(Z,) - log|| L[| +log(ll1; | (diVlz))>> ®)

where log(||/; || (divl,)):= ¥ ordpl,-log|!, | (P), as in Point 8.
PeX

Note. In the particular case, when the metrics on %, and %, are admissible and are
normed by the condition of vanishing the integral in (5) (and the same, substituting
I, for 1,), one obtains the co-component of the Arakelov intersection number < , > of
two integral divisors divl, and divl,:

diviy, divly) =Kl LY=L (divly).
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10. The Arakelov Intersection Number for Complex Divisors

Let &, &, be two Hermitian holomorphic line bundles of degree 0. For any two
their multivalued sections [, [, with non-intersecting divisors we shall define here a

real number
<l LLylleR

which coincides for single-valued /, and I, and for flat metrics on ., and %, with
the Arakelov intersection number {divl,, divl,)> defined in the previous point.
The definition is

<L, ) == \/H Gaivi(P) Ggir(Po) » (6)

where divl, means the divisor with coefficients complex conjugate to divl,, divl,
=) n;P; and Gp(z):=expgp(z), gp(z) being a Green function of the divisor D (see

Point 6). The result does not depend on the choice of Green function, because
deg ¥ =2Xn;=0. The symbol ||, >| is symmetric:

<l I =1I<02s 1Dl
this can be viewed from the formula
1<t L)) = ‘m Givi(P) T] Giur (P, ™
i j
where divl,= Y njP} In fact, Gy,;,(2)=[] G¥(2) and Gp(Q)=Gy(P), so (7) is
Jj i
equivalent to (6). These arguments imply also the formula
1K1, L) =TT Gp (PR, ®)
.7

If 1,,1,, m are such sections of holomorphic line bundles %;, %,, .# that the
expression below is well-defined then

Kl @1, my || = [I<ly, m)| - [[Klp, m) |-

There are some properties being especial for complex divisors: if supp D, supp D,
Cm, then
”<11aDp ﬂD2>” = ”<111)1, 111);)”“ for aeR,

and
I{1,p,, 1p, >l = I{1p,, Uzp,>]| for aeC.

Thereby, the symbol ||< , >| is Hermitian. More precisely, it is the modulus of
the exponent of a Hermitian form on the vector space of complex divisors of degree
0 with support in m. This Hermitian form is easy to write down (cf. (8)):

_Z nn;g(Q;, Q).

11. Cohomology and Its Determinant

Since £ =0(D) for any complex divisor is merely an invertible sheaf (or
holomorphic line bundle), one can define its cohomology H(X, &), HY(X, &) in
one of standard ways. We recall the definition of the Dolbeault cohomology.
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Consider the operator d: 2% %(%)— Q% (%), where Q% 9(%) s the space of smooth
(0, g)-forms on X with coefficients in .#(q=0, 1). Then, by definition, H(X, #):
=Kerd, H(X, £):=Coker 0. These are finite-dimensional vector spaces, because
X is compact. H(X, %) is evidently the space of holomorphic single-valued
sections of Z. There are two fundamental formulas:

HY(X, £)=H%X, Q® £*)*
(the Serre duality) and
x(#):=dimH°(X, #)—dimH!(X, ¥)=deg L +1—g 9)

(the Riemann-Roch theorem).

The determinant of cohomology is the one-dimensional vector space
detRI(¥):=detH(X, £)®@detH (X, £)~ !, where det V: = A%™¥ (V) is the maxi-
mal exterior power and L™!:=L* The determinant of cohomology is closely
connected with the Weil-Deligne pairing: there take place the canonical
isomorphisms

(Fy, &> =detRIN(Z ®ZL,)QdetRI(¥Z,) ' @detRI(¥,)” ' ®detRI(0)
(10)
and

detRI(Z)*@detRI(0) 2 ={ L QQ* L) (11)

(see Deligne [3]), where all powers are tensor ones. The latter formula has a formal
(but not random) resemblance with the Riemann-Roch formula for complex
surfaces and at the same time, contains the classical Riemann-Roch theorem for
complex curves (9): if one fixes a complex number c¢+0 and considers the
isomorphism ¢ - : & —.% (multiplication by c) then via the functoriality property of
detRI'( ) and ( , ) the left-hand side of (11) will be multiplied by c?*¥) and the
right-hand side will be multiplied by c?>9€¥~9€2 The isomorphism (11) is
functorial, too, hence one has

x(&L)=deg ¥ +1—¢g,
which is nothing but (9).

12. The Quillen Metrics

Similar to the Weil-Deligne pairing, the determinant of the cohomology
detRI'(¥) is endowed with a canonical metric provided that % and Q are
Hermitian. By definition, the element of detIRI'(#) has the form

= A ALY A L ALY,

where {1, ..., 1,,} is a basis of HY(X, #) (hence, [, A ... Al,,is a basis of det H(X, #))
and {l},...,1,} is a basis of H(X, %) (hence, I, A ... AL, is a basis of detH (X, #)
and (I A ... Al)”!is a basis of (det H'(X, %))~ !). We define the Quillen metric ||1|,
of the element 1 so that

112 =det(l, 1)/(det(, I) - det' 4),

i ']
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where the scalar product (I, [;) is the L,-scalar product in the space of harmonic
sections of # and (I}, I) is the L,-scalar product in the space of harmonic (0,1)-
forms with coefficients in .#. Besides that, det’ 4, is the regularized determinant of
the Laplace operator acting on smooth (single-valued) sections of .#:

logdet’'4,:=—{(0),

where ((s) is the analytical continuation of XA, * (the sum over all non-zero
eigenvalues of 44 for s> 0). This metric behaves smoothly under a variation of
parameters. That would not be true if one did not include the term det' 4 .
The remarkable fact noticed by Deligne [ 3] is that the canonical isomorphisms
(10) and (11) permit to connect the Quillen and the Arakelov-Deligne metrics.

Theorem (Deligne [3]). Suppose Hermitian metrics on holomorphic line bundles &,
%,, & and on the complex cotangent bundle Q are given. Then the canonical
isomorphisms

detRIN(Z,® %,)RdetRI(Z,) ' @detRI(%,) ' @detRI(O)={ %L, %,
and
detRIN(ZL)*@detRI(0O) ?={( L QQ*, Z>

are isometries, the left-hand side provided with the tensor product of the Quillen
metrics and the right-hand side with the Arakelov-Deligne metrics. []

We will call the first isometry the Deligne formula and the second one the
Deligne-Riemann-Roch theorem.

Note. The machinery of the determinants of cohomology and the Weil-Deligne
pairings is especially powerful in the relative case, when one deals with families of
complex curves and of holomorphic line bundles over them. This will be an item of
the next sections. Here we need to emphasize that for any smooth projective
morphism 7: X —S of smooth complex algebraic varieties with a fibre being a
connected complex curve one can define the fibrewise generalizations of
detlRI'(detlRn,) and of the Deligne isomorphisms (10), (11) and Theorem 12,
where one must only substitute detRI” for detIRx,,.

2. The Generalized Mumford Form on the Moduli Space

1. The Teichmiiller and the Moduli Spaces of Punctured Surfaces

Let T, , be the Teichmiiller space of type (g,n), where g=2 is the genus of a
Riemann surface X and n is the number of punctures. Denote by Diff* (g, n) the
group of orientation-preserving diffeomorphisms X —X mapping each puncture
to itself, and by Diff%(g,n) its normal sub-group consisting of diffeomorphisms
isotopic to id. The mapping class group Map, ,= Diff* (g, n)/Diff’(g, n) acts on T, ,
by change of marking and the orbit space

g/flg,n = g,n/Mapg,n

is called the moduli space.
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Consider a Riemann surface X of genus g with an ordered set m of n punctures
and an isotopical class of a disk BC X containing all the punctures. Let us show
that T, , parametrizes such objects (X, m, B). In fact, T, , parametrizes surfaces
marked by generators oy, ...,0, Bi,..., By V1s--- Vs Of m(X\m) satisfying the
conditions:

(o ﬁ,) = 5;’,’ 5

(o, ij)z(:Bia ﬁj):(oti, Vj)=(ﬁi, ?j)=()’,-, 'Vj)=0,
(ilfll [ai’ ﬁ;]) )’1, ...,'y" = 1 .

Here ( , ) is the geometric intersection number, [ , ] is the commutator.

Let X - T, , be the universal family of Riemann surfaces and let X,,te T, ,,bea
single surface from this family. A curve on X, representing the product y,, ..., 7, is
the boundary of a disk B on X, containing all the punctures, and the isotopical
class of Bin X,\m is uniquely determined by marking. So T, , is a parameter space
for (X, m, B).

We define the moduli space of triples (X, m, B) as the quotient space

'ﬂ ,n,B: ’I;,"/G7

g
where G is the sub-group of Map, , preserving the isotopical class of the disk B
in X.

In order to describe G we represent Map, , as the extension

1-mn,(X"\4)-»Map, ,—~Map, ,—1,

where A is the union of n—1 diagonals {(x;,X,X3,Xg, ..., X,)},
{15 X35 X35 X g5 oo es X))}y oo {(X 15 X35 X35+ o0y X — 1, X, — 1)} in X™, and the homomorph-
ism f: Map, ,—Map, , is induced by considering a diffecomorphism of a surface
with punctures as a diffefomorphism of the same one without them. The kernel
Ker f of f consists of classes of those elements of Diff * (g, n) which are isotopic to id
in Diff*(g,0). Every isotopy from diffeomorphism in Kerf to id acting on
punctures gives a loop in X™\ 4, the space of ordered sets of n distinct points in X.
Thereby, this correspondence gives an isomorphism Ker f—=-n,(X™\4).

The sub-group G in Map, , is mapped on Map, , surjectively. Indeed, one can
choose in a given class in Map, , a diffeomorphism acting identically in the disk
BCX. The class in Map, , of this difftomorphism lies evidently in G.

The sequence of immersions

B\A4->X"\4->X"
yields the exact sequence of group homomorphisms
1 (B\4) =7y (X"\4) > 7y (X)'—>1.

The group Gnm,(X"\4) contains the image of n,(B™\4), because the latter is
formed by the diffeomorphisms of X whose isotopy to id never takes any puncture
out of the disk B. m,(X)" acts on the loops y;e n,(X\m) by adjunction:

('yla (] yn)H(glylgfla (A gnyngn_l) fOl' (gls -“,gn)enl(X)n,
and so the product y,,...,7, is preserved as a cycle iff g, =g,=...=g,.
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Now we can summarize our discussion in the
Proposition. The exact sequences of natural group homomorphisms
1-n,(X"\4)—>Map, ,~Map, o—1,7,(B"\4)—>7(X"\4)->7,(X)"~>1

may be rewritten for the sub-group G in Map, , preserving the isotopical class of a
disk B (mCBCX) as follows:

1-Gnny (X"\4)-»G—-Map, (—1,7n,(B"\4)-Gnr(X"\4)-n,(X)->1. O
Corollary. There exists a natural projection
M, ,n,B_)‘///y

g
with a fibre isomorphic to (H™\A4)/n(X), where H is the upper half-plane,
X =H/n,(X), 4 is the diagonal in H" defined analogically to the diagonal in X" and
7,(X) acts on H"\4 diagonally. [

The spaces T, , and .4, , p have natural complex structures and dimT, ,
=dim., , p=3g—3+n.

2. The Mumford Form: Amplitudic Case

Now assume 7:X—S to be an algebraic family of Riemann surfaces with an
ordered set of n punctures Q,, ..., 0, and an isotopical class of a disk B containing
the punctures. An interesting physical situation arises when S coincides with
My, ,, g — the moduli space of such objects (see Point 1). Further, assume that at
every puncture Q; there is given a (constant) momentum vector p;e C'>. There

hold the following equations:

n
1. ¥ p;=0 (“the momentum-conservation law”),
i=1

2. (p, p;) =1 for every i, where ( , ) is the standard Hermitian metric in C'? (“the

mass of tachyon equals [/:—1”). Consider the following list of Hermitian
holomorphic line bundles on X:

the bundle Q:=Qj s of holomorphic Abelian differentials along the fibre of =
with an arbitrary Hermitian metric (i.e., a Kdhler metric on Riemann surface),

the bundle Q®2 of holomorphic quadratic differentials along the fibres of = with
tensor square metric,

thirteen bundles O(D), v=1,...,13, over X corresponding to the complex
divisors D*= Y p} - Q,, with arbitrary flat Hermitian metrics (note that the divisors

Q; are homotopic to each other because one can transform Q; into Q; inside B, and
so every (D) is topologically trivial).

Consider the following Hermitian holomorphic line bundles over the base S of
the family:

the determinant bundles detRr (), detRx,(Q2®?) (their fibres over a point
se§ are detRI'(X,, Q) and detIRRI'(X,, 2%®2), correspondingly), with the Quillen
metrics,

the Weil-Deligne bundles <{0O(D), O(D")>, v=1,...,13, with the Arakelov-
Deligne metrics.



A Unified Approach to String Scattering Amplitudes 197

Proposition. The tensor product metric on the holomorphic line bundle

detRr (Q®?)
det]Rn*(Q)®l3®< ® <O, (9(D”)>>
v=1

12)

over M, , p is flat. Hence this bundle locally admits a holomorphic covariantly
constant section p, , g of norm 1 which is unique up to a factor exp(ip), p eR.

Definition. Such a section u, ,  we call the Mumford form in the case of
amplitudes.

Note. It is sufficient to require O(D") to be relatively flat (see 4.1). Indeed, the metric
on <O(D"), O(D")) does not depend on a pulled up from S factor of metric on O(D).
But flat and relatively flat metrics on @(D") differ by such a factor, only (cf.
Lemma 4.3).

Proof. Each of the Hermitian bundles

detRr,(Q%?)

detRr, (Q)®'3 (13
and

<O, 0(D")) (14)

is flat; the first, additionally, is trivial according to the Mumford theorem, i.e., there
exists an isomorphism
detR7n,(Q%®?)
— =5, 15
detRr, (Q)®13 § (15)

The machinery of the Quillen and the Arakelov-Deligne metrics (see Deligne [3])
can be roughly reformulated as the rule:

if two line bundles arising (as detRn,¥ or (&, .# ) over the base S from
Hermitian line bundles over a family =: X —» S are canonically isomorphic via the
Grothendieck-Riemann-Roch type arguments, then such arguments are appli-
cable to the curvatures of these bundles, provided that the metrics are constructed
in a certain canonical way (such as the Arakelov-Deligne and the Quillen metrics).

In the case of the bundle (13) the trivialization (15) can be chosen so that it will
be an isometry provided that the metric on Oy is trivial: ||1||=1, and flat,
consequently.

The curvature form of the Arakelov-Deligne metric on (&, ./ ) is given by the

formula [3]:
¢, K&, M))= XI/S (L) Aey(A) (16)

(integration over fibres of =: X —S). Since we choose a flat metric on (D), the
metric on (14) is also flat. [
Corollary. The holomorphic line bundle
detRz (2®?)®detRr, (2)®13
é;l (detR7 (O(D))@det Rz (O(— D))
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is canonically isometric to the bundle
detRr (2%2)

det]Rn*(Q)®13®< l@; <o), (9(D”)>> |
v=1

a

3. From the Mumford Form to the Polyakov Measure

The modulus squared of the Mumford form y, , 5 gives a measure on the moduli
space .4, , pafter a procedure similar to the Belavin-Knizhnik one. This measure
is modular invariant and so it can be pulled down to the moduli space .#, ,, giving
the Polyakov measure (3). We now describe this procedure.

Proof of Theorem 2 from Introduction. Assume that a section « of the bundle (12) is
constructed (locally on moduli) beginning from local bases {f}, {®wy,...,»,},
{W,, ..., Ws,_3} and {{s”,#")} in the spaces of holomorphic sections of the bundles
0y, Q, Q®2 and (O(D"), O(D")), correspondingly, where s* and t” are (single-valued)
meromorphic sections of @O(D”) with non-intersecting divisors. That means that

Win...AW;,_3
13 )
fRoiAn. Ao)®P® < (>_<)1 (s",t“})

o=

Then we set
WiAWL AW AW A AWay_3 AWay_s

(8 T
]j r dz; Adz;

X 53 - . a7
vl;[l (I, 1% <0, 1) 1) il=_ll |z

AAA=

Heres*=u" - 1,.,t"=v" - 1., u* and v’ being multivalued meromorphic functions,
1, is the canonical multivalued meromorphic section of the bundle O(D”), 1, is
the canonical single-valued holomorphic section of ¢(Q)), z; is a holomorphic
coordinate near Q;, vanishing at Q;. The expression

H (I<u?, 517 1<e%, pw> 1) H |z = H (w'(dive")[o*(D")]?) H lzd?,
(18)

each factor being itself equal to 0 or o, is entirely well-defined as it has removable
singularities as a function of the points Q,, ..., 0, and the points of the support of
divt’. The term (18) is expressed in terms of the Green functions of principal
divisors, because u’ and v’ are not sections of line bundles, but merely functions.

Let us give a heuristic motivation of the definition (17). This motivation will
have an exact sense in the case of integral momenta: p} € Z for all i, v. For v fixed
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(and omitted for simplicity) consider the following sequence of canonical
isomorphisms:

<O(D?), (D)) =<0(D), O(D)) =< O(Zp,Qy), O(2p:Q))>
= ® <0(p:i2). Op,2,)> ® <OP:2), O(p:Q:)>
= i@j <0(Q), 0(Q)>®7™ ® <UQ)), Q™™

Restoring the index v anew and multiplying over v=1, ...,13, we get ® {O(D),
oY)y = ® O(Q), O(Q,)yE®-») ® LO0(Q)), 0(Q)>. Accordlng to the ad]unctlon
formula, the bundle {(Q), @(Q)) {2,0(0)>®<0(Q), O(Q)> is canonically
trivialized by the residue map and so {O(Q), O(Q)> =<2, ®(Q)> . Thereby,
® 0D, 0(D*)) = (;9 <OQ), 6(Q)>®® ) @ <2,0(0)>~" . (19
v i¥j i
From this point of view, in order to get the formula (17) we have factorized the
section ® <s%,t") of the bundle ® {O(D*), O(D")) via the isomorphism (19):
® {s"t") =x®y, and then put ® {s", "> A ® <s",t") :=|x[|*- y A J, where | x|

v v v
is the norm of x in the sense of “non-constant” part of the metric, the part
depending on the choice of a section. Precisely, that means that we take the part

13 n
I=—[1 (I<u, 51 - [I<v”, Apu ) ) .l__Il ||
of the Arakelov-Deligne norm
13 n n
IT (w50 - 1<% Apod ) T lzd - [T 1K, g D Re®»?
v=1 i=1 l,ij#—jl
of the section ® {s%,t*). (Note, that in the Belavin-Knizhnik procedure we

v
analogically take the “non-constant” part

1 1
— ~1f)?- det(w, o
[f]? - det (xj;s g W; A a‘,}.) |f1* - det(w; ;)

of the Quillen norm (here: squared)
det’'4, _ det'4,

— ~ det(w, ) (f;
det(w;, ;) 1f1*- Js 1/? ydzdz et(w; ) (£.f)

of the section f ™' -(wy A...A@,)" 1)
Returning to the Mumford form, note that a/|a|l=pu, , p x €xp(ip), p€RR,
because ||y, , gl =1 by definition. Hence a A &/||ot]|* =, . 5 A fig. . B-
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In order to clarify the connection between the Mumford form and the
Polyakov measure we now calculate ||«|. One can easily state that

2= WA ...AWsy_sllg _ det(W, W)
If- @1 A A2 -TTIKS, 2112 det' 4,

’ <det<£e;§f(ff)>13' s !
N | RGP S
1
Jl—”=l ”<11Q"11Qj>||2Re("i’l’j)‘

1

X

12

The scalar products are taken in the sense of L,-metrics over the spaces of
harmonic functions, 1-differentials or quadratic differentials. The scalar products

(w;, w;) can be rewritten as [(/ —1/2)w; A @; and (f, f) as |f1*- [(}/ —1/2)ydzdz.
Recall that here as in (18) some terms may equal 0 or oo, but all the expression is
well-defined.

Therefore 39-3
_ _ /—=1\* _ _
ﬂg,n,B/\Ilg,n,8=a/\a/”a”2= (T) Wl A Wl A A W3g_3

det'd, (J’ (l/—_1/2)ydzd2‘>” . < i @ dz, A dz',/lzi|2>

det(W,, W) det'4, i=1

n
x 1 [Kllg, g y|2Re®ers,

i,j=1

The sole moment which remains to clarify is the equality

y —1 5 2Re(pi, p;)
l:[ Y ) dz; Adz; ﬂ G(Q;, Q;)

= (n 7 2_1 dz; A dz'i/|zi|2) H ”<1Qs’ 1Qj>”2Re(pi,pj).
12 i,j

In fact,

G(Q:Q)=I<Mg, 1y > for i%j
and

G(2,Q):= Q{iinQ (G(Q: 2)/10i—Qil) = IIK1g, Tg,» 1AY/712)

where ||Q;—Q;]| is the distance between Q; and Q; in the metric y on X.
Thus, comparing the expression got for u A i with (3), we see that

dﬂg,n = /'tg,n, B A ﬁg,n, B (20)

over /A, , g. It is well-known that d=, , is modular-invariant so p, , g A i, , p Can
be pulled down to .#, ,. And finally, the dependence on the choice of u, , p
vanishes, because the factor exp(i¢) vanishes in (20). []



A Unified Approach to String Scattering Amplitudes 201

3. The Universal Mumford Form

1. The Poincaré Line Bundle

Let J be the Jacobian of X, J'=Pic®J =(the group of isomorphism classes of
holomorphic line bundles on J which are topologically trivial) be the dual Abelian
variety of J, and @:J-=-J* be the canonical principal polarization. (If J=V/4,
where V is a complex vector space (V =H?X, Q)*) and 4 is a complete lattice in V
(A=HY(X,Z)), then J'=V*/4* where V* is the space of antilinear functionals on
V and A* =Homg(4, Z). The isomorphism @ : J~J'isinduced by the intersection
form A® A—Z.) The product J x J*is endowed with the Poincaré line bundle which
we denote by #. This bundle is uniquely determined by two conditions:

1. for xeJ* the line bundle induced by 2 over J x {x} is in the class x,
2. for e J, the unit in the group J, the line bundle induced by £ over {e} x J' is
holomorphically trivialized.

The line bundle # over J xJ is defined as the pull-back of # under the
morphism idx @:J x J—>J x J:

B=>1dx P)*2.
The bundles 2 and # have unique Hermitian metrics satisfying the

requirements:

1. their curvatures equal zero,
2. they are compatible with the corresponding trivializations — 2 at {e} x {¢'} and
A at {e} x {e}, ¢' being the class of the trivial line bundle over J.

Such metrics exist, because 4 and £ are topologically trivial.

The reason to use these bundles in our context is the existence of a connection
between (¥, #) and 4.

Let m=0 be an integer,

p=(Pl’ ...,pm)GZm, .=Zl pi:()’ (Xl, ...,xm)EXm, D=Zpixi,

clO(D) be the class in J of the line bundle O(D) on X and
o(p): X"—>J
be the Abel map
(X1, ... Xy —clO(D).
Similarly, for such another integer n >0 and p'=(p’, ..., p,)€Z", i p;=0, we have
the line bundle O(D’) on X, D'=Y pix;, (x}, ..., x,)e X", and thel:=/§bel map
o(): X">J.

Taking <O(D), O(D')> according to Sect. 1 and letting (X, ..., X, X7,...,X,)E€X™
x X" running we get a line bundle on X™ x X". Considering ¢(D) as a line bundle
over X x X™ endow it with a Hermitian metric which becomes flat for every
(X4...,X%,) being fixed. Then we do the same for O(D’) and consequently
{O(D), (D)) has a Hermitian metric — the Arakelov-Deligne one. It does not
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depend on the choice of metrics on @(D) and O(D’). This results from the following
proposition which is in essence due to Moret-Bailly [4].

Proposition. There exists a canonical isometry
<O(D), O(D)> =(p(p) X p(P)* (B~ ") 21
Jor p(p) x @(p): X" x X">J x J.

Note. In order to generalize this fact to the case of a complex divisor D we must
consider a family Y™ of m distinct points x,, ..., x,, € X, lying in a disk BC X which
may be transformed isotopically when x,...,x, vary. Then the Abel map
o(p): Y"—J for peC™, ¥ p;=0, is well-defined (as well as ¢(p’): Y"-J, p'eC”’,
Y p;=0) and (21) is an isometry. The proof below remains valid without principal
corrections.

Proof. Consider a universal line bundle U, on X x J. This is a Hermitian bundle
with the property:

for 6 € J the line bundle induced by U, over X x {4} is flat and lies in the class 6.

This bundle is defined modulo tensorization by a Hermitian holomorphic line
bundle pulled back from J.

Using the isomorphicity of O(D) and (id x ¢(p))* U, over each fiber of the
projection m: X x X™—X™ we have an isomorphism

O(D)y==(id x o(p))* (U o) @7*(H), 22)

where ./ is a line bundle over X™. The curvature of (D) being restricted to a fibre
of m equals zero and so we can choose a Hermitian metric on .# such that (22)is an
isometry. Having produced these constructions for the case of p’, D', ¢(p'): X" —J,
etc. we come to an isometry

<OD), OD') )= (p(p) x @(p)*<Uo, Uo> -

Itis a canonical isometry (i.e. it does not depend on the isometry (22), on the bundle
M and on the metrics on U, and .#) because degU, =0 over X by construction.
We are through if we use the following

Lemma. There exists a canonical isometry
KUy, Uo>='@_l .

In particular, for the classes cl.%, cl.# € J of line bundles &, # on X we have a
canonical isometry of the fibres

&L, M» =93(:11.7,c1uﬂ) .
The proof of the Lemma would require introducing some new notions, so we refer
the reader to the paper of Moret-Bailly [4, 2.9.4, 4.14.1]. []
2. The Divisor W,_,
Denote by W,_, the image of the Abel map
(P:Xg—l_"]g—l’
(X145 eer Xy 1)l O + ...+ X5 1)
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(Under the notation of the previous point it would be better to write o =¢(1, ...,1)
—g—1 units in brackets.) W,_, is the zero-set of a section of the line bundle
(detRn,U,_,)~ ", where U,_, is a universal line bundle over X x J,_, defined
similarly to U, in Point 1 modulo tensorization by a line bundle over J,_;, n: X
xJ,_y—J,_, being the second projection. The matter is that =, U,_,
=R'n,U,_,=0 over N=J,_,\W,_, and so over N the bundle
(detRm,U,_,)” ' =0y has the unit section which can be continued to a unique
section of (detRxn,U,_,)”" with support W,_,.
In other words, one has a canonical isomorphism

OW,_,)=(detRr,U,_,)"", 23)

where (W, _ ,) is the line bundle assigned to the divisor W,_, in J,_ . (For a more
detailed exposition of this construction see, for example, the paper of Moret-Bailly

[41)

3. Theta-Function and Theta-Divisor

There exists another natural divisor ® on J — it is the zero-set of the Riemann
theta-function. This divisor @ is called the theta-divisor. Let us recall some basic
facts on theta.

Choose a marking (a4, ..., %, B, ..., B,) of our Riemann surface X. It is a set of
real closed cycles on X. A marking is supposed to be a symplectic basis in H, (X, Z),
ie.,

(“i,ﬁj)=5ija
(o, aj)=(ﬁi’ Bj)=0-

Consider also a basis ¢@,,...,¢, in H%X,Q), normalized by the conditions
| @;=0;;. After that we can identify J with €%/ 4, where 4 is the lattice generated

by the columns of the periods matrix

(IIT)3=<5 ?;

%j

| (Pi)-
B
According to the Riemann relations, ‘t=1 (“t” means transposition) and Imt>0.

In this way the Riemann theta- function is defined as the series

0(z,7)= ) expmi(mtm+2'mz),

meZ9
ze @, e H,. One can easily show that for m, neZ’,
0(z+n,71)=0(z,7),
0(z +tm, 7)=0(z, 7) expmi( — ‘mtm —2'mz).

Hence, for every t the zero-set of 8(z, 7) in €? is A-invariant and can be pulled down
to a divisor

0:={zeC0(z,1)=0}/ACCYA=1J,

which is called the theta-divisor.
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Two divisors ®CJ and W,_,CJ,_; according to the Riemann theorem
coincide up to a translation:

O=T*W,_,, (24)

where «, the Riemann constant, is such a point in J,_, that 2k=clQeJ,,_,, and
T,.:J—J,_, is the translation by k. © and x depend on marking in the contrary to
W, _,.

! It seems not to be surprising that the universal bundles U; over X x J; for other
jare connected with W, _, and @ in a way similar to (23). But the priority of the case
j=g—1is that detRz U, _, does not depend on the choice of U, _ ,, because the
Euler characteristic of U,_, along the fibres of 7 vanishes.

To deal with other U; one needs to understand how to fix U; in suitable terms.

Here is a variant of the answer.

Definition. For a line bundle E over X x J; of degE=m along the fibres of the
second projection 7: X x J;—J ;denote by U7 the universal line bundle character-
ized by two properties:

1. for e J; the line bundle induced by U¥ over X x {4} is in the class 9,
2. the line bundle (U%, E) over J;is holomorphically trivialized (cf. the definition
of the Poincaré line bundle in Point 1).

If E= 0(a) %, ae X is a point, then we denote U% by U%and 2. is equivalent to the
condition
2'. the restriction of the line bundle U% to {a} x J;CX x J; is holomorphically
trivialized.

As concerns the uniqueness of U¥, one can say the following. Two bundles U,
U’ with the property 1. differ by a tensor factor n* M, where M is a line bundle over
J;:

J
Uj=n*M®U,.

Then (U}, E) =M®¥EQ(U, E) =M®"®<(U,, E), so 2. yields a trivialization of
M®™. Particularly 2'. yields a trivialization of M itself, so U¢ is unique.

Having introduced U7}, we are ready to formulate the following proposition
connecting determinant line bundles over J; with the divisor W,_;.

Proposition (Moret-Bailly [4, 2.5]). Let E be a holomorphic line bundle over X of
degE=g—1—j and U} be a universal line bundle over X x J ;. Then there exist the
canonical isomorphisms of holomorphic line bundles over J:

1. detRn, Uf = TF0O(— W,_,)®@detRn, O0®(detRn, E) !,
2. (detRn, UH®2=(TFO(— W,_,))®*®(E,E"'@Q).

If E=0((g—1—j)- a) then we obtain canonical Moret-Bailly’s isomorphism:
3. detRn, U= TFO(—W,_,)®(L|,)¢ I~ De=I2,
Note. In all the formulas TO(— W, _,) can be replaced by T3 .0(— @) according
to (24).

2 To be more correct, we need to denote E =p¥0(a), where p; : X x J;—J ;is the first projection, but
we omit p¥ if this yields no confusion
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Proof. All the isomorphisms mentioned above yield from the isomorphism (23) via
the Deligne-Riemann-Roch theorem (see Theorem 1.12 and Note after it).
At first, we note that

U,_,=T*(U)®E, (25)
where T_g:J,_,—J;is the translation by cl(—E)e J;_ . (in order to see it one
has to check up the universality property). Then the Deligne formula (10) gives

detRn,U,_,=T* (U}, E)@T*; detRn, U @detRn, E®(detRz, 0) .

Here U¥, E) is trivial by definition, and detRz, U, _ , = 0(— W,_ ), so we have 1.

2. one gets from 1., applying the Deligne-Riemann-Roch theorem to
detRn, EQ(detRn,0) .

To obtain 3. “squared” one uses the adjunction formula {@(a),O(a))
={Q,0(a)) "' =(R|,) " ! and the isomorphism 2. The isomorphism 3. itself can be
constructed using (23) and (25) in a slightly different way (see Moret-Bailly
[4,2.5]). O

4. Principal Polarization and Admissible Metrics

By definition of the Jacobian J, the holomorphic 1-forms on X are the same as on
J:
HO(X,Q)=HJ,Q}).

If {w,,...,@,} is an orthonormal basis in this space for the Hermitian scalar

product
-1

(w,w'):=T)j(w/\a')’,
then define the canonical form
=T
n:= ——zg—j; W; A D;

on X and the principal polarization

_W

IM@
S|

on J. The form # (or #;) is canonical in the sense that it does not depend on the
choice of basis {w;, ...,w,}. The form 5, is translation-invariant and the form 7
obviously satisfies

)j{ n=1.

Note. One can show that this definition of principal polarization is equivalent to
the definition given in Point 1, as a morphism ¢:J—J".

Definition. Let & be a holomorphic line bundle over J;, .# over X and A" over X".
Then

1. a metric on % is called admissible if its Chern form ¢,(%) is translation-
invariant (under the translations from J),
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2. % is called polarizing if its Chern class ¢,(#)=A4-cly;, for some AeRR (really,
AeZ), J; being identified with J by an arbitrary translation,
3. ametric on ./ is called admissible if its Chern form ¢,(.#)= A -5 for some 1R

(really, AeZ),
4. a metric on 4 is called n-admissible, if its Chern form ¢ (A")= Z A+ p¥n,

where p;: X">X, i=1,...,n, are the natural projections and 1;e R (really, Z).

Now, let us endow the bundles considered in the previous points with certain
canonical metrics. The first bundle will be U7 for a line bundle E over X provided
with an admissible metric: U} has a unique Hermitian metric satisfying the
requirements (provided degE+0):

1. it is admissible over X x {¢} for every deJ,
2. it is compatible with the trivialization 2. or 2'. in Definition 3.
The second will be the bundle ¢(— W,_,) over J,_,. There are two ways to
define a metric on this bundle:
a) to induce a metric on it via the canonical isomorphism (23):

(9(_ I/I/g_ 1)=det]R7t*Ug_ 1
b) to induce a metric on it via the translation (24):
O(—W,-)=T*0(—6).

Of course, we suppose the Quillen metric on detRxz, U, _, is given in the first
case, or the metric on T*.0(— @) defined below is given in the second case.

It would be useful to endow O(®) with such a metric, that its Chern form
¢,(0(O)) equals 7. Therefore, O(O) with this metric would be polarizing and
admissible. To define a Hermitian metric on (@) one needs to define the square

[16]|* of the section 6(z):
10(2)11> = h(z)- 16(2)*, (26)
where h(z) is a real positive C*-function with the transition law determined by the

requirement |0(z+m+tn)| =|6(z)||. There exists a canonical choice of such a
metric h: let H=(Imt)™*, then

h(z)=(detH)™ ' exp((n/2) -z — 2) H(z — 2)) @7

is a Gaussian type density along Imz. (The function log || 6(z)| on J is usually called
the Néron function or the Green function of the divisor 8.) Calculate the Chern

form: ¢ (0(8))=(2ni)~* 6810gh(z)= —(i/2)/(d) Hdz = —(i/2} 6Ho,

where ¢:=(¢, ..., ) is the vector of the differentials normalized via 4-periods.
Let us change a bas1s ¢ =B, B is the transition matrix, ©=(w;, ..., ®,) is our
orthonormal basis. Then the Riemann relation gives (i/2) | @; A cp,—Imt,j But
(i/2)§ w; A @;=5,;, hence B'B=Im<t and one can continue:

¢,(0(8) = —(i/2)'¢Hp = —(i/2)'@'B(Im7)~ ' Bo= —(i/2)'d Aw=1;.

The bundle O(— @) we metrize by h~*. We set in the case b) that the bundle
O(— W,_,) inherits this metric via the translation (24) to O(— O) (in particular,
o(— W ,) is polarizing and the metric b) on it is admissible).
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Provide the bundle 2 with an arbitrary Hermitian metric. Recall that we
consider this metric as a Riemannian metric on X, compatible with the complex
structure.

Finally, provide the one-dimensional vector space @|,=<,0(a)) with the
Arakelov-Deligne metric.

Then there holds the

Proposition (Faltings [13], Moret-Bailly [4,4.14]). a) Suppose that we have
endowed the bundles detRn, U, _, and detRn U} with the Quillen metrics and the
other bundles with the metrics introduced above, the metric on O(—W,_,) being
defined as in the case a) above, via the isomorphism

0. detRz, U,_,=0(—W,_,).

Then the isomorphisms

1. detRn, U¥ = TF0O(—W,_,)®@detRn, O®(detRn, E)~*,

2. (detRr, UH®2=(TFO(— W,_,)®*®<E E"'QQ)

from Proposition 3 are isometries. If the metric on Q satisfies the condition that the
residue map {Q(a), %(a)>— 0, is an isometry, then

3 det]Rn* U‘; = 7};*(9( _ W;_ 1)®(Q|a)(g—j— 1)(9-1’)/2,

where E=0((g—j—1)- a), is also an isometry.

b) If the metric on O(— W, _,) is defined as in the case b) above, via the translation to
O(— ©), then the isomorphisms 0.—3. are isometries up to a constant factor (with the
same additional requirement for 3. as in a)).

Note. As in Proposition 2 one can replace O(—W,_,) by T*(O(— ©)).

Proof. a) is a straightforward consequence of the isomorphism (25) and the
Deligne-Riemann-Roch (cf. Proof of Proposition 2).

b) The plan of the proof is to verify that the metrics on the left-hand side and the
right-hand side of the isomorphism 0. are admissible.

The metric on O(— W, _ ) is admissible by construction. We want to prove that
the Quillen metric on detRz, U,_, is admissible, too. That means that
¢,(detRzn, U,_,) is translation-invariant: for every line bundle E over X of
degE=0

¢(detRn, T3U,_ ) =¢,(detR7,U,_,).

By universality of U,_,
T#U,-)=EQU,_,®@n*./4

for a certain line bundle .# over J. Choose an admissible metric on E. Then the
latter equality is an isometry for a certain metric on .#. Hence

c(TFU,—)=c(Uy_y)+v,

where v=n*c,(#) is a form pulled up from J. Apply the Deligne-Riemann-Roch
theorem to U,_, relative to the second projection n: X x J—J:

(detRn,U,_,)®?>=(detRn,0)®*®<U,_,,U,-;®Q"*>
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(a canonical isometry). Then according to the Deligne formula (15)

¢ (detRr, TU,_;)—c,(detRn, U, _,)
=(1/2)f(c;(Us- )+ V) Aley(Uy- 1) +v—cy(Q)
—(1/2)Je;(Uy—y) Aley(Uy— 1) —¢4(2))
=(1/2)v[(ey(Uy-1)—ey(Q)+(1/2)v [ ey (U, ;) +(1/2) [ v?
=1/2)v[(2¢,(U;-1)—¢,(Q)=(1/2)v(2degy U, ; —degyQ)=0

(integration is over X everywhere). Thus, 0. in the case b) is proved.
The isometries 1.-3. are constructed analogically to a). []

This Proposition and Lemma 1 suggest that there must be a connection
between the line bundle % over J x J (see Point 1) and the line bundles O(— W, _ )
and O(— @) over J — something similar to the Deligne formula (10):

Corollary (Moret-Bailly [4]). a) For a line bundle E over X there exist the canonical
isometries
1. B=m*TEOW,_ )@pITEO(~ W, )@p3TF0(~ W, )@ (detRr,E) ",
2. B=m*0(O)®pi0(—O)®p30(—O)®(detRmn k)7,
where m:J x J—J is the multiplication morphism, p¥, p% :J x J—J are the first and
the second projections, w: X x J—>J (or X xJ x J—J x J ) is the second projection.
All the bundles are Hermitian: the metric on % is defined in Point 1, the metrics on
O(W,_,) and (O(@) are defined in Proposition 4, a) and the metrics on E and x are
admissible, k being a holomorphic line bundle over X whose class in J,,_ coincides
with the Riemann constant.

b) If one defines the metrics on O(W,_,) and (@) as in Proposition 4, b), then
the canonical isomorphisms 1., 2. are isometries up to a constant factor.

Proof. According to Lemma 1 there defined a canonical isometry
B=<{ptUs,p3Us)~".
By the Deligne formula this yields
B =(detRn (pFUS®piUL) "' ®@detRr, pUt®@detRa, p3Us @ (det Rm, 0) ™.

But, obviously,
pIUG®p3Us=m*Ug,
and so
B=m*(detRn, U™ '@p} detRr, Ut®p% detRx, U§@(detRm, 0) !
=m*TFOW, - )@} TFO(— W, ) @psTFO(— W, ) ®(det R, E) !
by Proposition a), 1. (All the equalities are canonical isometries.) The rest of the
proof is evident. []

5.

Let us return to the situation of Point 1, where the line bundles O(D) and O(D’) over
X xX™ and X x X" were considered. Recall that there was fixed a vector
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P=(1,... P EZ™, Y p;=0, and there was defined the divisor D=}’ p;x; for every
(x45..., X ) €X™ the Abel map ¢(p): X™—J sending (x, ..., X,,) into cl@O(D) (the
same for p’, D', etc.). For p complex one must use a family Y instead of X™, as it was
mentioned in Note after Proposition 1. The symbol = will denote both of the
second projections X x X" —>X™ X xJ—J, we hope that it gives rise to no
confusion.

Now one can easily reformulate Proposition 1 in terms of O(W,_,) or 0(0)
instead of #. But we are interested in the special case D'=—D. A simple
calculation leads us to the

Corollary. a) There take place the canonical isometries

1. <O(D), O(D)) = p(p)(T& OW, _ ) ®i* TFO(W, _ ,))®(detRm  E)®2,

2. {O(D), O(D)) = p(p)*(0(©)®?)®(detRm, k) ®2,

where i:J—J is the inversion ji— —j and all the metrics are those of Proposition a).
b) With the metrics of Proposition b), the isomorphisms 1. and 2. are isometries

up to a constant factor. []

4. Remarks on Relative Case

From this very moment we consider a family of Riemann surfaces depending
algebraically on parameters taken from an arbitrary (algebraic) base S (the model
example will be the moduli space). To be more precise, instead of a single complex
algebraic curve we deal with a projective smooth morphism X —S of complex
algebraic varieties with smooth connected fibers of dimension 1.

The families which we have used earlier have J or X" as a base, i.e. we examined
only a variation of a line bundle over a fixed X. Now we consider variation of
parameters where neither a bundle, nor X is fixed.

1. The Relative 00-Lemma

Let us outline some distinguishing features of the main constructions of the
previous sections in the relative case. The crucial point of the procedure of
endowing holomorphic line bundles over X with metrics is the d0-lemma, which
will appear below after some preliminaries. But first of all, due to Bismut, Gillet,
and Soulé [14] define the relative Dolbeault complexes of an arbitrary holomorphic
family 7: X —S (more precisely, z is a smooth morphism of connected complex
manifolds with n-dimensional connected complex manifold as a fiber). For se S,
p=0,1,...,n, let . .
0—EP°—>EP'-%5 EP"-0

denote the Dolbeault complex of the fiber X: E?*? is the vector space of smooth
(p, q)-forms on X,. Then standard sheaf arguments permit to unite the complexes
E? for all se S in a complex

a

0—EPO 2, gp1 9, prn

of infinite-dimensional vector bundles over S. A smooth section of the bundle E?4
is called a relative (p, q)-form and the map J is called the relative differential 0.
Analogically define the relative differential 0, and put d:=0+0.
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For a Hermitian holomorphic line bundle & over the family n: X — S (that is
merely over X) define the relative Chern form ¢,y € [(E""):=I'(S,E"") as

00log| ||, where [ is a regular local holomorphic section of % (equiva-

zl/—
lently way, ¢, ys& is the image of the Chern form of £ under the natural
projection from the space of (1, 1)-forms on X to the space I'(E**!) of relative (1, 1)-
forms). If mis locally Hermitian (i.e., there is an open covering { U} of S such that for
any U a Hermitian metric g;; on n ~ *(U) is given) then E?*4 will be Hermitian. If z is
proper, then we define the adjoint ‘operators 0*, 0*, and d* and the Laplacians
Az:=00*+0*0, A,:=00%+0*0 and A4:=dd*+d*d. If = is, moreover, locally
Kdhler (i.e., it is locally Hermitian with g, Kéhler for every U), then

Ag=245=24,.

Proposition. Let n: X — S be a proper smooth locally K ihler morphism of connected
complex manifolds with connected fibers. Suppose there are given a smooth relative
(1, 1)-form u which is relatively closed (du=0) and a holomorphic line bundle ¥ over
X with

¢y, x;sZ =clu

(it is an equality of relative Chern classes: it means that ¢, x5 —u is d-exact).
Then locally on S there exists a Hermitian metric on &, such that

¢, x5 =1
exactly.
Proof. Let || | be an arbitrary Hermitian metric on . Then its first Chern form is

d0log||s|| for a local regular holomorphic section s of #. In

1
c L=
1,X/S 2

order to find a metric on # such that ¢, y;s%=pu one must multiply | | by
exp(a(x)), where o(x) is a smooth real function on X. The first Chern class will be

equalto ¢y ys.% = 000 + ¢, x5 = p. Thus we need to find a real smooth

]/ —1
function ¢ being a solution of the equation
63_0'=27T|/ —1(#—01,,(/32).

The sole part which remains to be proved is the following:

Lemma (the relative 00-lemma). Let n be a smooth relative (p, q)-form which is
relatively d-exact and 0- and 0O-closed. Then locally on S there exists a smooth
relative (p—1,9— \)-form @ on X such that

00o=1.
If n is purely imaginary then ¢ may be chosen real.

Proof of Lemma. As well as its absolute prototype this lemma is based on the
Hodge decomposition. But the latter is a slightly more fine fact from the theory of
elliptic families.
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Let #77 be the space of complex harmonic (p, q)-forms on a fibre 7~ (s):
HP:=Kerd; ;=Kerd,nKerd*
(all operators are assumed acting on E?*9). The space #74 is finite-dimensional
and h?%(s): = dim #7+9

is the Hodge number of the fibre =~ !(s). According to Deligne’s theorem [15]
h?-9(s) is constant as a function of s. Thereby, locally on S, 0 is a discrete point of the
spectrum of A; In particular, one has (cf. Bismut-Gillet-Soulé¢ [14, Proof of
Theorem 3.14]):

1. there exists a finite-dimensional vector bundle #?¢CEZ'? over S with fibre
12X}
;ﬁ thére exists a projection # : E»?— #7% and an operator (Green operator)
G;:EP1-EP,
satisfying the conditions: Gf#7 %) =0, 3G;=G33, 3*G;=G30* and there takes
place the orthogonal decomposition
n=Hn+ 4Gy (28

for every section # of the bundle E>4.

Similar decompositions are defined for the operators 0 and d, their Green
operators will be denoted by G, and G4, correspondingly. Our fibration is Kéhler,
$0 2G4= G,=G; and all the operators d, d*, 0, 0*, 9, 0* commute with our Green
operators.

Return to the proof of Lemma. Decompose # by (28) using dn=0:

n=00*Gy.
For the operator ¢ one has the decomposition
0* G =00*G(0*Gyn) ,
since 8(0*Gzn)= — 0*G50n =0 via dn=0. Finally,
n=00(0*0*G}n),
and letting
o= —0*%0*G%y,

one obtains 8ds =1.
Concerning the realness of ¢, one can easily see that the construction of ¢ can
be rewritten only in terms of real forms and operators, if one starts from a real form

/—1n. O

2. The Relative Poincaré Line Bundle

As usual, in the relative case J = Pic’X/S : = Pic® X/Pic®S is the relative Jacobian,
fibred canonically over S:J—S, with an ordinary Jacobian of curve as a fibre.
Analogically, J':=Pic®J/S. The set J(S) of S-points of J* is in one-to-one
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correspondence with the group of isomorphism classes of topologically trivial
holomorphic line bundles over J modulo the classes of the bundles pulled up from
S. Then the relative Poincaré line bundle 2 is the unique bundle over J x J* (all the
Cartesian products should be fibered products in relative case), satisfying the
conditions:

1. for xe J'(S) the line bundle induced by £ over J x {x} belongs to the class x,
2. for eeJ(S), the unit section, the line bundle induced by 2 over {e} x J* is
holomorphically trivialized.

Put B:=(idx B)*P,

where @:J—J' is the principal polarization (@ is a morphism over S).
Hermitian metrics on 4 and £ are defined (as in 3.1) to satisfy the
requirements:

1. their relative curvatures equal zero as relative forms over S,
2. they are compatible with the trivializations: 2 at {e} x {¢'} and £ at {e} x {e}
(the latter points are now S-points, i.e. the sections of the projections to S), ' being
the class of @, in Pic®J/S.
Such a metric on each bundle (# or £) exists due to Proposition 1 and is unique
by obvious reasons.
Consider the Abel map
o(p):X">J,
defined as in Sect. 3, but now X and J are the relative curve and the relative
Jacobian. The divisor D= p;x; is now a relative complex divisor. Provide the line
bundle @(D) with such a Hermitian metric that its relative curvature via the
projection X x X™— X™ equals zero. Having done the same for p, D', ... (see 3.5),
we may consider the Deligne line bundle (O(D), O(D’)) over X™ x X" with the
Arakelov-Deligne metric. Then there takes place the relative variant of
Proposition 3.1.

Proposition. There exists a canonical isometry
<OD), O(D')y =(o(P) x 9(P)*(B ™)
for o(p) X (p'): X™ x X"—J x J. Furthermore, the bundle {O(D), O(D')) is flat.

Note.For D and D' being complex one must replace X™ and X" by Y” and Y”, asin
Note after Proposition 3.4.

Proof. The arguments of Proposition 3.4 reduce the problem to the
Lemma. 1) There exists a canonical isometry
U, Upp=%8"",

where U, is a universal line bundle on X x J with relatively flat Hermitian metric.
2. A is flat.

Proof of Lemma. 1) The part of the lemma which relates to the existence of a
canonical isomorphism is due to Moret-Bailly [4, 2.9.4]. The isometricity of this
isomorphism yields from the following simple general observations:
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if one has

— a canonical isomorphism (U,, Uy,>=%"" over J x J =S,
— Hermitian metrics on both sides of this isomorphism,
— for se S fixed our isomorphism is an isometry,

then it is an isometry over S.

The first point is mentioned above, for the second one see before the
proposition, and the third one is provided by Lemma 3.1.
2. Taking into account the first part of the lemma, it is sufficient to prove the
lemma on flatness of (&, .# ) (see the following point). [

3. Flatness of (&, M)

Lemma. Let n: X —S be a smooth proper map of complex manifolds of relative
dimension 1 with connected fibres. Let & and 4 be two relatively flat Hermitian
holomorphic line bundles. Then the bundle { &, X is flat.

Proof. If % and . were flat the assertion would be trivial due to Deligne’s formula
(&, M )= ng ci(L)ney(A).

In oursituation, when &, .4 are only relatively flat, let us cover S by open sets,
where ¥ and ./ are topologically trivial. If we denote by ¥, and .#; the
restrictions of % and . to such a set U and endow %, and .#; with flat metrics,
then #® %, ! and # ® # ' are Hermitian holomorphic line bundles pulled up
from U and we have a canonical isometry

<$,%>=<$1’ﬂ1>
because degy s ¥ =degys-# =90. Hence, (&, 4 is flat, too. [

4. Relative Principal Polarization and Relative Admissible Metrics

First of all, one can notice that all the definitions and constructions of 3.2-3.5 have
been chosen so that they are easily generalized to the relative case. Proposition 3.3
in the relative case is due to Moret-Bailly [4].

As an example, we generalize the notions of polarizing bundle and admissible
metric (Definition 3.4). To do this, let us give an equivalent, more convenient for
relative the case, definition of the canonical form and the principal polarization. If
{w,, ...,w,} is an arbitrary local basis of the locally free sheaf 7,Qy,s over S and

M= ((1/—_1/2) s w,./\ca,.)-l

is the inverse of the Gram matrix of the standard Hermitian product of the basis
elements, then
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is called the canonical form on X/S, being considered as a relative (1, 1)-form on
X/S, and

n=(/~1/D'oMo=(/=1/2) T oAmya,

is called the principal polarization on J/S, being considered as a relative (1, 1)-form
on J/S. The equivalence with the former definition is stated immediately after
changing the basis.

Using this definition one can easily see that # and #, are smooth relative forms.

Now we call a metric on a holomorphic bundle ¥ over J,—S relatively
admissible if its relative Chern form ¢, ;5% is invariant under the translations
from J(S), and we call a bundle .# relatively polarizing if its relative Chern class
€1, 55 is proportional to cln; with integral proportionality coefficient, where cl
means the class modulo relatively d-exact forms. The corresponding notions for
X—S and X" S are defined analogically.

In order to deal with the Riemann theta-function let us specialize the base S of
the family: S will be the moduli space .#, in Siegel’s realization which follows. The
set of complex (g x g)-matrices 7 satisfying the Riemann relations: ‘t=1, Imt>0,
generate the Siegel upper half-space H,. The points of H, which are the period
matrices of Riemann surfaces form a closed analytic subvariety N, in H,. Each
Riemann surface with its complex structure and marking is reconstructed from ¢
up to a unique isomorphism. The moduli space .#, is the quotient-space
N,/Sp(28, Z), Sp(2g, Z) acting by changes of marking. The Riemann theta-function
0(z, 7) depends really on two variables: zeC?, te H,,

After these preliminaries it seems more useful to leave the generalization of
Proposition 3.4, a), Corollary 3.4, a) and Corollary 3.5, a) to the reader as an
exercise.

5. A Problem

The metric (26), (27) is in fact a Hermitian metric h(z, t) on the bundle O(®) over
J— M, where My=N I , is a finite covering of the moduli space /4, I ,
é 1;) € Sp(2g,Z) such
that the diagonals of matrices 'AC and 'BD are even, .#, parametrizes the pairs
(X, &#), & being a theta-characteristic, a holomorphic line bundle over X such that
Z®L is isomorphic to £2. To see that h(z,7) is a metric, one must verify that
h(z,7) - |6(z, 7)|? is A- and I ,-invariant. In other words, h(z, 7) must have the same
transition law as |6(z,7)| 2. (Recall that under the transition tm+ne 4,

8(z+tm+n,1)=expn|/ —1(—m-'tm—2m-'2)-0(z,7),

CSp(2g,Z) is a modular subgroup consisting of matrices <

AB
and under the transition y:= ( C D) el ,

0((Ct+D)" -z, (At +B)(Ct+D)™ )
={-det(Ct+D)"?-expn)/—1(2(Cx+D)~'- Cz)- 0(z,7),
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where { is 8" root of unity, depending on y — see Mumford [16].) One can easily
check the required transition law for h.

If, in order to prove the relative variant of Proposition 3.4, b), we start from a
relatively admissible metric on U, _ ; then the arguments analogous to the proof of
Proposition 3.4, b) show that the Quillen metric on the bundle detRn U, _, over

p:J,_ 1> M,

is relatively admissible, as well as the metric on O(— W, _ ;)= T*,0(— 0) got from
h(z,7) by translation. Thereby, the isomorphism

det]Rﬂ:*Ug_ 1= (9(_ I/Vg—l)

is an isometry up to multiplication by a function f(m) on ./,

The problem is to make this function equal to 1. I do not know how to do this,
but one must evidently do the following.

Consider the section .#,—J,_, of p, which takes each pair (X, &£)e .4, to the
class c1.£ e J,_, of its theta-characteristic 2. If one could choose a metric on &

such that detR7, L =0(—W,_ )lae=0(—0)lug—«

was an isometry then the function f(m) would be equal to 1.

6. The Universal Mumford Form: Construction

Suppose the data of 2.2 is given, that is, an algebraic family 7: X —S of Riemann
surfaces with an ordered set of n punctures Q;, ..., Q, and an isotopy class of a disk
B containing all the punctures are considered. Besides that, there are fixed n
impulse vectors py, ..., p,€ C'? with some physically motivated conditions (see
2.2). Now the base S of the family will be the moduli space .#, ,  (see 2.1), unless
the opposite is mentioned specially.

We want to observe all such families with all permissible values of n and p; on
an equal footing. According to Corollary 2.1, .4, , p is a fibration over the space
M, (which parametrizes complex structures on X) with a fibre (H"\ 4)/z,(X) (which
parametrizes ordered sets of n punctures x,, ..., x, belonging to a disk B in X, B
being fixed up to anisotopy of Bin X\{x;, ..., x,}), where H is the upper half-plane.
Therefore, there is defined a morphism ¢ over ./,;:

A,

13
g,n, B J

N/

M,

[

where J'3 is the 13'® power of the universal Jacobian over the moduli space ., (its
fibre over the point of .#, corresponding to a complex structure on X is the 13™
power of the Jacobian J(X) of X). The morphism ¢ is defined as the Cartesian
product

@:=p()x...x ('3,
¢(p®) being the Abel map
o(p*): (H"\4)/my(X)—J,

Q15 ..., Q) —clO (z p,vQ,.),
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Endow the bundle Q with an arbitrary Hermitian metric, Q®2 with the tensor
square metric, the bundle E, which is an arbitrary holomorphic line bundle over
the universal curve X —.#,, with an arbitrary relatively admissible Hermitian
metric and the corresponding determinant line bundles detlRz,(-) with the
Quillen metrics. Consider the line bundle # over J x J —.#, with the metric which
is relatively flat and compatible with the trivialization of % over the unit section {e}

x {e}: M,—~J x J. The Hermitian line bundle % over J define as the restriction of 2
to the diagonal: B=%|,
iag(J)>

diag: J>J x J.

If & is a bundle over J'3 denote by ¥X!3 its exterior tensor power:
PR3 — ¥ PRQpELR...p¥s &, where p;:J'3—J is the i natural projection.
The metric on O(W,_ )= T*,0(®) we introduce letting the canonical isomor-

phism (23) O(—W,_)=detRn,U,_,

to be an isometry for the Quillen metric on the determinant line bundle of U, _,,
the latter being endowed with a relatively admissible metric.

Theorem-Definition. a) There exists a canonical isometry of two Hermitian
holomorphic line bundles over J'— M,

®2 X13
MU= detRr,(Q )®(i
(detRn,Q)®
_ detR7,(2®2)Q T O(W, _ )X Qi* TFOW,_ ,)¥"*®(detRn  E)®2°
N (detRm, Q)®*3

where i:J—J is the inversion morphism. (By MU we have denoted one of these
bundles after their identification.)

b) The bundle MU is flat, so it locally admits a horizontal holomorphic section puy of
norm 1. This section is called the universal Mumford form. It is unique up to a factor
exp(ia), xeR.

c) For every set of impulses py, ..., P, there exists a canonical isometry of Hermitian
holomorphic line bundles (see 2.2) over M, , g

det R, (Q®2)

- =*MU).
(detRn*Q)®13®< ® <o), (O(D“)>>

Moreover,

/“lg, n,B = (P*(,Uru)
under this isometry.

Note. 1) If one replaces .#, by its finite covering .#, (see Point 5) then there is one
more canonical isometry

B detR7,(2®?)®detRr,(x)®2¢ R(0(O)®2)B13
- (detRm,Q)®13 ’

k having the metric such that k®@x=Q is an isometry.

MU
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2) If Sis an arbitrary base, as at the beginning of this point, then there is a natural
morphism S—.#,,, and if , denote the composition S—.#, , ;—J'® then one
can replace ¢ in c) by ¢,.

Proof. a) trivially follows from the relative variant of Corollary 3.4, 1) and from

the isometry .
% = ,@ Iamidiag(]) ’

which yields from Lemma 3.1 in the relative case and from the isometry (%, # 1)
={(&L, M), antidiag: J—J x J mapping j into (j, — j). To prove the note, 1) one
needs to use Corollary 3.4, 2) and the Serre duality: detRn (¥ '®k)
=detRn (L ®x).

b) MU is flat because detRm, (Q®*)®(detRr,2)® '3 is flat by the Belavin-
Knizhnik theorem (or by the Deligne-Riemann-Roch) and because 4 and, hence,
% is flat.

c) is a sequence of Proposition 2. []

Note. For n=0 the vectors p', ..., p'? are vectors from the zero-dimensional space
and it is natural to postulate that D=0, v=1,...,13. Then ¢: .#,—J'* maps ./,
into the unit section {e} x ... x {e} (13 times) of J'*— .#,. (The image of this section
one can identify with .#,). But & is canonically trivial over {é} x ... x {e} by

construction, so ]
o=id: M~ M,

and
MU =detRz,(2%%)®(det Rz, 2)® ~13.

Therefore, the theorem in the case n=0 states nothing but the existence of the
Polyakov measure in the partition function integral.
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