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Abstract. We introduce a notion of quantum mechanical resonance that does
not rely on analytic continuation of resolvent or scattering matrix and relate it
to slow temporal decay of certain distinguished resonant states. We proceed to
prove existence of resonances for the generalized many body Schrodinger
operator for a rather large class of potentials containing Coulomb and
Yukawa, but also nonsymmetric and nonanalytic potentials with Coulomb-
like singularities at the origin and certain differentiability and decay properties.

Introduction

There are several instances in classical quantum mechanics where a system
possesses quasi-stable states, that are not eigenstates of the associated Schrodinger
operator. For these states ordinary spectral and scattering theory fails to explain
the longevity of these states

There have been several approaches proposed in the last fifteen years or so to
account for these states and to give estimates of their half-lives. The most notable
among these involve continuing the resolvent of the Schrodinger operator across
the real axis onto the second sheet of the complex plane and identifying poles
of this continued resolvent. We refer in particular to Simon [S1] and to some
comments in Sect. 2 of this paper.

Such poles are called resonances and can be made responsible for
— longevity of associated quasi-eigenstates
— peaks in the spectral density of the operator
— peaks in the associated scattering amplitude.

In this paper we propose to study resonances based on limting absorption
principles applied to the Schrodinger operator. This means we identify resonances
directly as isolated peaks in the spectral density function and proceed to make the

* Most of this work was done while the author was at Fachbereich Mathematik der Universitit
Frankfurt, D-6000 Frankfurt, Federal Republic of Germany
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connection to slow time decay. We make no mention of scattering matrix here, but
refer to a discussion on the relation between Livsic’ matrix (or energy dependent
Hamiltonian) and the scattering matrix by Howland in [Ho].

The advantage for our technique is that restrictions on the potentials involved
are less strict. In particular, for the many body problem, which is treated in Sect. 3,
we need no analyticity or symmetry assumptions at all! Decay and differentiability
conditions suffice, hence the study of resonances is placed closer to many other
problems in spectral and scattering theory, such as existence and completeness of
wave operators, absence of singular continuous spectrum etc.

In the first section we state our definition of resonance and relate it to temporal
decay of the associated resonance state. In section two we show how some of the
existing notions of resonance can be compared to ours. Finally, in section three we
treat the many body Schrédinger operator and identify resonances for a very
general class of potentials. In a follow-up paper [OP] we have treated the two
body Stark-problem of perturbation by a homogeneous field.

1. Resonances

Our main instrument in treating resonances will be the Livsic matrix (cf. Howland
[Ho]). For a self adjoint operator H in the Hilbert space ## and the finite
dimensional subspace K in D(H), the domain of H, we define it as follows. Let P be
the orthogonal projection onto K, P=I—P, H=PHP, and E the spectral
resolution of H.

Definition 1.4. We call B(z)=PHP—PHP(H—z)"'PHP, initially defined for
Imz=+0, the Livsic matrix of H and K.
Theorem 1.2. The Livsic matrix has the following fundamental properties:

(i) (defining property) P(H—z)”'P=(B(z)—z) .

(i) (dissipativity) For Imz>0, Im B(z)=(2i)” !(B(z) — B(z)*) <0.
(iii) (relationto E ) Let B(z) have a continuous extension onto areal interval I, and let
JCI be such that no AeJ is an eigenvalue of B(1)= lim B(A+ ig), then

e—>0

PEJ)P=n"1 | Im(B(})— )~ dA.
J

If A€l is an eigenvalue of B(A), then
PE({A})P= lim ¢Im(B(A+ig)—A—ie)~!.
£—0
Proof. (i)is seen by writing H as a perturbationof its diagonalisation with respect

to P, twice using the resolvent equation, then projecting and bootstrapping. (ii) and
(ii) are left to the reader. [J

Remark. Notice that since P and (H—z)"! need not commute, (B(z)—z)~ ! is
not generally normal.

Condition 1.3. Let H, be self adjoint in s#, W closed and symmetric, such that
D(Hy)nD(W) is dense in . For small «, let H,+xW C H(x) be essentially self
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adjoint on D(H ;)N D(W) and self adjoint on D(H(x)). (This implies strong resolvent
continuity of H(k).)

Let A, be an eigenvalue of finite degeneracy n of H,, and K the associated
eigenspace. Define P=1— P, H(x)= PH(x)= PH(x)P, E, as the spectral resolution
of H(k). Let A=PWP and f(z,x)=PWP(H(x)—z)" 'PWP; A is symmetric, let
A5 ..., Ay D€ its eigenvalues.

For Imz>0Imf(z,x)=0, and the Livsic matrix for H(x) and K is

B(z, k)= g+ KA—K*f(z,K).

In particular, if f(z, x) can be extended onto a real interval I, then so can B(z, k), and
Theorem 1.2(iii) applies.

Definition 1.4. We assume Condition 1.3 and define:
The operator family H(k) has a simple resonance at A, if 4, is nondegenerate

and if there are
— a real neighbourhood I of 4,,
— a real neighbourhood U of 0,
— a densely embedded subspace s, of s# with its dual #_,
such that

(i) for ke U, (H(x)—z)~! has a continuous extension from C/R onto z€ I as an
operator in B(#,, #_). This continuation is Lipschitz-continuous with constant
L(x)=o0(x " 2).

(i) KC##,, and W(K)C H,.
(iii) For keU and all possible eigenvalues u(k)el of H(x), the associated
eigenvectors are in ;.

Remark. (i) We have given a similar definition in [Or], however (iii) is new. It allows
us to show, that no “unwanted” eigenvalues can exist in the vicinity of I. This
question was not addressed in [Or].

(ii) Condition (i) is made in order that x2f(z, x) is Lipschitz-continuous in z, with
constant going to zero as k—0.

(iii) For Theorems 1.5 and 1.8 Lipschitz-continuity in (i) can be replaced by
nondegeneracy of Im f(4,,0). In this case A(k) as defined in the following theorem
can be replaced by simply A,.

Theorem 1.5 (spectral concentration). Let H(k) have a simple resonance at A, let
AM¥K) be the unique solution of the fixed point equation

Mx)=ReB(A(k), k),

let B(x)=B(A(k), k), I'(k)= —Im B(x). Now choose () =0, such that for I'(x)=0,

2
o(x)=0, while for I'(k)%+0 and k—0, max (5(K), K—LF(—(’;)—)&(£)> —0, but at the same
I'(x)

time 3 —0. Let J(k)=[Ak)—d(x), A(x)+ (x)]. Then E (J(x))>P.

Proof. A(x)is found using Banach’s Fixed Point theorem and Lipschitz-continuity
of f. Hence B(k), I'(x) are well defined, and (k) and J(k) can be determined. Notice
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that I'(k)=O0(x?), hence (k)=o(min(L(x) *,1)). We prove E(J(x))P50: Let
pe s, e>0, then

IEJI@)Pl < IELJEDEMRN(Zo—¢, Ao + )Wl + [ Eo((Ao—& Ao +E) Pyl .

Choosing a small ¢ takes care of the second term, the first goes to zero as k—0. We
prove E (J(x))P5P: Let ¢, pe #: For sufficiently small «, J(x)CI. Hence for «,
such that I'(x)+0:

@, E{J(®))Py) =Py, E(J(K))Pp)+o(1)
=n"1 [ (Pp,Im(B(4,k)—A)"'Py)di+o(1)
J(x)

=1 njz {Po,(B(k)— 1)~ *Py>di+o(1)

by Lemma 1.6 to be proven below;
=<{¢, Py)+o(1).
For «, such that I'(x)=0: J(x) = {A(x)}, B(k)= A(x), | B(A(k) + i¢, k)| < k*L(x)e, hence

@, E(J(€))Py)={Po, E({ )Py +o(1)
= lim eIm (P, (B(A(k)+ie, k) — A(k) —ie) ~ 1Py +o(1)

= 21_{13 eIm{Po,i/e(1+0(1))" ' Py) +o(1)=<{p, Pp)+o(1).
This proves weak convergence. Strong convergence follows after setting
¢=Py. [
Lemma 1.6. For k such that I'(k)+0:
Xrwo(A) Im(B(A, k) — )~ ! —Im(B(x)— 1)~ ' -0 1.1)
in the L}(IR)-norm with respect to A as k—O.

Proof. Although both terms diverge, their difference converges, as can be seen by
making the substitution

- L —_ 1 — ’ — ’
¥= g G0, e A= 40, 1)= 209+ XT(9).
1 T8 )
g V=300 | = 7 75 |

Statement (1.1) becomes equivalent to
Xroo(A) I (BUX, k), 1K) — A, ) ™ () —Im(B(x) — A(A', k) " [ ()—>0 (1.2)

in the I!-norm with respect to A’ as k—0.
Now fix 2’ eIR, then for sufficiently small k, A" € J'(x), i.e. |A(4, k) — A(x)| = (k)
and

Let J'(x)=

IB(A(X, &), k) — B()| < k2 L(K)3(xc) . (1.3)
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An indirect use of the resolvent equation yields

(B, k), 1) — A, )~
=(B(x) — AX, 1)) '[ +(B(AX, ), ) — B(x)) (B(x) — M(A, 6) 117", (1.4)
Using (1.3), |B(x) — A4, x)) "*|<T'(x)~ ! and the assumptions on §(x), we see that in
(1.4) the expression in square brackets is invertible with a uniformly bounded
inverse and it converges to 1. Thus we have proven pointwise convergence of (1.2).
Now
Im(B(UX, k), k) — MA, k) ™! = — (B(UX, k), 1)* — A(A, 1) ~*
x ImBA(Y, k), k) (B(A(X', k), k) — AA, k) ™. (1.5)
By (1.3) |ImB(A(4,k),x)+ (k)| £x*L(x)é(x) and for sufficiently small «x,
Im B(A(A', k), )| < 2I'(x). Using (1.4) yields
15700 I (B, ), ) — A, )~ T(r)| < c[Im(B() — A(A', x)) ™' T (k)| . (1.6)

The proof is complete, since

Tm(B(k) — A(Y, )~ 'T(c) = Im (= il (1) — X' T(kc)) ™ ' (1) = 117 e)R). 0
T 1.7)

Theorem 1.7 (absence of unwanted eigenvalues). If u(k) is an eigenvalue of H(k)
for keU, and wk)el, then uk)=AMk) and I'(k)=0. Conversely if I'(k)=0
for sufficiently small k, then Mx) is an eigenvalue of H(k).

Proof. By assumptions (i) and (iii) of Definition 1.4 u(x) cannot be an eigenvalue of
H(x). Hence, for an associated eigenvector y(x), Py(x)+0. Hence
(u(x)—2)™ ' Py(re) = P(H(x) — 2) " 'p(x)
=(B(z,k)—z) " '[I+xPWP(H(x)—z) ' P]y(x)
by similar arguments that lead to Theorem 1.2(i). Since by assumption, the term in
square brackets applied to y(x) remains bounded, u(x) must be the unique fixed
point of B(z, k). The second statement in the theorem is really just a corollary to

Theorem 1.5, for I'(x)+0 implies E({A(x)})*P, hence E ({A(k)})*0 for suffi-
ciently small . [J

Theorem 1.8 (resonance behaviour). For weK, |yl =1,

[y, e~ HOMpN| = e =T 4 o(1) uniformly int.
Proof. By Lemma 1.6

Cp, e MY = (p A e HOE, (J (1)) +o(1)
=n"1 [ e "MIm(B(4,k)—1)" 'di+o(1)

J(x)
=n"1 | e"*Im(B(x)— )~ 'dA+o(1)
R

___e—iB(x)t+0(1)=e—il(x)te—r(x)t+0(1)
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for x such that I'(k)+0, and by Theorem 1.4 and Corollary 1.6

(p, e Oy = (yp, e THOE ({A1)})p) +o(1)
=™K, E({A)} > +o(1) =™+ o(1)
for x such that I'(xk)=0. [
Remark. 1In the case I =Im f(4,,0)=+0, we have the interesting result
|, ™ Y| = e~ 4 o(1), (1.8)

which is known as “Fermi‘s Golden Rule” in the literature (cf. Reed-Simon
[RSIV]). It follows from

Jo ™ — ¢ ~ox*| < i24jIm f (2, 1) — Tm.f (A, O)fe 0%,
<g(x)” {Im f (4o, ) —Im f (4o, 0)le~ ' >0,
where
glK):= seir(;’f,c [Im f (4o, s)| -

Note particularly, that in this case Theorem 1.7 shows that for k=0 there are no
eigenvalues of H(x) in the vicinity of A,.

We turn to the more general case, where 4, is degenerate, of finite multiplicity.
We need to tighten assumptions slightly to exclude the occurrence of possible
nilpotents in the Livsic-Matrix.

Definition 1.9. We assume Condition 1.3 and define: The operator family H(x) has
resonance at A, if there are
— a real neighbourhood I of 4,
— a real neighbourhood U of 0,
— a densely embedded subspace #, of # with its dual #_,
such that

(i) forxe U, (H(x)—z)~ ! has a continuous extension from ze C/R onto ze I as an
operator in B(#, 5 _). This continuation is Lipschitz-continuous with constant
L(x)=o(x~1).

(ii) KCH#,, and W(K)C H#,.
(iii) For keU and all possible eigenvalues u(x)el of H(kx), the associated
eigenvectors are in J#, .
(iv) All eigenvaluesof A4 are simple.

Remark. As in the case of simple resonance, to prove Theorems 1.12 and 1.14, the
Lipschitz-continuity in (i) can be replaced by nondegeneracy of Im f(4,, 0), cf. [Or]
for details.

Lemma 1.10. Let H(x) have resonance at A, then for sufficiently small k,
det(B(Rez,k)—z)=0 1.9

has exactly one solution z{x) satisfying |z{(x)— Ao — kA, = o(x).
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Set A{x)=Rez|x), I(x)= —Imz{x), B{x)= B(A{k),k); choose k) such that

Y0 4
5()=0 for T[(k)=0, while for [()+0 and xk—0, max <M KoL)
J J J K I{x)

%) —0 for some y<2, but at the same time (I;jiz; —0; finally set
J{K)=[A{K)—0K), A{K)+6K)]. Then for AeJ{x),

I(Bfx)—A) ™| S ¢/I{x), (1.10)

and P {k), the projection onto the z(k)-associated eigenvector of B{k) satisfies

I(Bfx)— )~ - Pfx))| < c/x (1.11)
for AeJ (k).
Proof. Substituting z=1,+«xy for k0 makes (1.9) equivalent to

det(A—xf(Ao+xRey,k)—y)=0.
The iteration (over m): “Solve
det(A—xf(Ay+xRey™ Y(x), k) —y)=0

J
and choose y{™(x) as the continuous solution satisfying y{™(0)=4;" con-
verges to a solution yjx), satisfying y{0)=4; Set z{x)=41q+ky k). The esti-
mates (1.10) and (1.11) are easily derived by using Cramer’s formula on
A~k f(fK). 1)
The analogon to Lemma 1.6 is

Lemma 1.11. Let H(x) have resonance at A,. Using the notation in Lemma 1.10, we

have
X004 Im(B(4, ) — k)~ 1 {)* Im(Bjx)—A)~ lp {x)—>0 (1.12)

in the L}(IR)-norm with respect to 1 as k—0.

Proof. Again to control the simultaneous divergence of the two terms, we
substitute A'=I}k)”'(A—A(x)). Proceeding as in Lemma1.6 yields pointwise
convergence of

XryooA) IM(BALA, k), ) — A{A', )~ T ()

LX) I (BS0) — A, )~ 1) 0. (1.13)
. . 8 (k) 5(K):l
Now notice that, remembering J'{x)= |:— L L1
& T09= ~ T T

D004 IMU(BAAX, 1), 1) — A4, )~ T{)]
= Do) (BAAX, 1), k)* — 44X, )™ Im B (i) (BUALA', ), ) — AfX, 1)) ™ ' (k)|
+ Xas00(A) BALX, 10), 0)* — LA, 1)~ 'k L()0 i) (BALX', ), K) — AN, 1))~ I (<)

S Hgy00(A) I (B(rc) — A, 1) ™ M T0)| 4 450 A) (BAK) — ALA, 1)~ T {x0)|?,
(1.14)
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and

Koo ¥) Im(B (k) — 2,(1, 1)) ™ Ti{x)

= — HLryeol®) (B — A2, k) I B (k) (B k) — X, 1)~ *Tx)

= Lo @)P ) Im(B,(x) — A1, k) ™ P i) x)

—~ Lryool®) [(BAK) = A4, 10) ™ P 0)T0)]* Im B(x) (B k) — 21, 1)) ~*(I — Px)
=Y ImBY) (B~ 0™ U= PASNB—0 )T,

Using (1.10), (1.11) and |[Im Bj(x)| < ck?, we bound terms two and three in (1.15) by
ck. Hence we have established pointwise convergence for the substituted (1.12).

We turn to finding an L'-dominant. By assumption 6 {k)/I}(x)<ck~" for
some y <2, hence Ky ,,(4)=<|4|~'"". Using this,

Pjx)* Im(Bfr)— {4, k)" 'P{x)=P J(K)* P{k),

1 L2
and '1

(Bi(r)— A{A, )~ I{x)
=(z{K)— A{A, k) T T{K)P () + (Bj{r) — A{A', )~ (I — P (1)) {x)
=(—i—A)"'PfK)+(Bfr) — A{X, k)~ (I — Pfr)I}{x),
as well as the fact that

o) (BJR)— A ) T S ( ! !

1+ 1

yields I!-dominants for all terms on the right-hand side of (1.15) and the remaining
second term of (1.14). The lemma is proven, since

)eﬁum,

P{x)-0 in L'dY). O

, 1
X]R\J}(x)(l )Pj(K)* 1+2/2

Theorem 1.12 (spectral concentration). Let H(k) have resonance at A, With the

notations in Lemma 1.10,
EK(JJ‘(K))_’Pj (K’_’O)s

where P;= P {0) is the orthogonal projection onto the A;-associated eigenspace of A.

Theorem 1.13 (absence of unwanted eigenvalues). If u(k) is an eigenvalue of H(k)
for ke U, and p(x)€l, then u(k)=A{x) for one of the j=1,...,n, and I{x)=0.

Conversely if one of the I'(k)=0 for sufficiently small k, then the correspond-
ing A{x) is an eigenvalue of H(k).

Theorem 1.14 (resonance behaviour). For peK,

n
<w’e—1H(x)tw>___ Z aje—lﬂ.j(x)te—l'j(x)t+0(1)

uniformly in t, where a;= | Pp|>.

We omit the proofs of these theorems and turn to applications.
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2. Resonances and Analytic Perturbation Theory

In this section we shall compare the theory developed in Sect. 1 with methods of
treating resonances using analytic perturbation theory.

Theorem 2.1 (eigenvalues). Let H, be a self-adjoint operator in the Hilbertspace H#,
Ao an isolated eigenvalue of H,, of finite multiplicity. Let W be symmetric and either
relatively bounded or relatively form-bounded with respect to H,. If W satisfies the
nondegeneracy assumption in Definition 1.9 (iv), then H(x):= Hy,+«W has re-
sonance at A in the sense of Definition 1.9.

In fact solutions z{x) of
det((B(Rez,k)—z)"1)=0

satisfying z (k)= A, +k4;+ o(k) are real and analytic and represent all eigenvalues
of H(x) near A,.

Proof. The proof is a straightforward application of Theorem 1.13. Note that
(H(x)—z)~ ! is analytic in both x and z near 0 and A,, in particular Im B(/, x) =0 for
small x, and in Definition 1.9 #, can be chosen to be J#.

Theorem 2.2 (resonances). Assume Conditions 1.3 to hold, in addition assume that
Assumptions 1.9 hold, except 1.9(i), in fact, replacing 1.9(i) we assume that for ke U
(H(k)—2z)~! can be analytically continued across the real axis onto a complex
neighbourhood of A, as an operator from #, to #_. Then for sufficiently small k,

det(B(z, k) —z)=0 2.1)
has exactly one solution 2 (k) satisfying Z(x)= Ao+ KA;+ o(x).

As in Lemma 1.10, set A{x)=ReZ2fx), [(x)=—ImZ{x); choose §x) such that
61)=0 for [(x)=0, while for [}(x)+0 and k—0, max (5 (K)/x, k"6 (1)/[{x)) >0 for
somey <2, but [}(K)/g {K)—0; set J (k) = [z AKx)— ) 1K), y) {K)+ ) {x)], and let P {x) be
the projection onto the 2 {x)-associated eigenvector of B(Z{x),«). Then

() EdJfx)>P,

(ii) there are no eigenvalues of H(k) near A, that are not solutions of (2.1),
(i) <y,e HMpy= Y ae”Hiie =L o(1), for ye K and a;=|Pyl>.

j=1
Proof. Assumption 1.9(i) is actually implied by the stronger analyticity require-
ment, in fact L(x) is then constant. Hence Theorems 1.12, 1.13, and 1.14 hold for
solutions z(x) of Eq.(1.9). However, these are nota priorisolutions of (2.1). Solutions
of (2.1)can befound using the correspondingiteration asin the proof of Lemma 1.10.
Now, Lipschitz-continuity yields

|f (2 15), ) — £ (Ax), 10)| < LA () — A1) + [()),

and the nondegeneracy of the eigenvalues of A lets us transfer this estimate to

19,00)— y 1) = ¢ (| A,(10) — A(r0)| + [()),
hence

|21(K') - Z](K)l é C1K2(|ZJ'(K) - l](K)l + [—}(K)) ’
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and in particular
|ZfK)— AfK)| S cx2fx) and  |Fx)— k)| S c,x*Tx). (22

Having chosen J fx)asin the theorem, note that 1 (x) e J {x) and ¢ (k) can be chosen
to satisfy COIldlthl’lS in Lemma 1.10, and J fK)=J {k). Th1s proves (i). (i) follows
from Theorem 1.13 and F{rc) 0TI (x)=0. (111) is a consequence of Theorem 1.14
and

|e~2:0 _ ¢~ i20| < ¢ min {F(x), I(x)} max {e~ Fy o=yt

Sck?e 150 for x-0. [

Remark. (i) Howland has proven a similar result in [Ho]. He uses analyticity of
B(z, x), not of (H(x)—2z) ™, he needs no non-degeneracy conditions on A. Using
function theoretic arguments, as he does, nilpotents can be treated. He cannot
prove absence of unwanted eigenvalues as in (ii), since he makes no assumptions on
(H(x)—2z)~ ! outside of K.

(i) Simon [S1] treats the many body Schrodinger operator H(k)= — A4+ V + kW,
which we shall turn to in the next section, for dilation-analytic potentials V and W.
Using the technique of Aguilar-Combes [AC], Balslev-Combes [BC], he con-
tinues the resolvent (v, (H(x)—z)~ 'y) for y in the densely embedded subspace of
dilation-analytic vectors. Then using analytic perturbation theory of Kato and
Rellich [Ka] applied to the non-self-adjoint dilated operator H(k, ®) he identifies
complex poles in the second sheet of the continued resolvent. He calls them
resonances. We shall show at the end of the next section, in Corollary 3.7, how
the assumptions of Theorem 2.2 are satisfied in his case.

(iii) Theorem 2.2 underlines the asymptotic character of our definition of
resonance. Resonance width as considered here is not a number nor a function of x,
but in actual fact an equivalence class of functions, where the equivalence relation
is given by (we just consider the case of simple resonance)

)
F ~

For if I'(x) ~ ['(x), then the corresponding exponents in the time decay estimate of
Theorems 1.8 and 1.14 can just be interchanged, the difference just disappears in
the o(1) term in the decay estimate. Theorem 2.2 then just states: the resonance
widths in the analytic sense and in our sense are equivalent.

(iv) Nonetheless, the question may be asked, if perhaps I'(x) and I(x) respectively
Ax) and (k) lie even closer together. For many body Schrédinger Operators this
question is not particularly interesting, since by a Paley-Wiener argument the o(1)
term must occur, cf. [S2, Her] and others. As Herbst pointed out in [Her], for
operators with the whole axis contained in their spectrum, the o(1) term is not
compulsory, in fact, for the Stark Operator, which is easily made to fit our
definition of resonance (cf. [OP] for details) be proved that this term can be
dispensed with.

I(k)~I(x

Generically, however, (2.2) should be optimal, because

[ () < 12(1) — A(x)
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should imply F(r) S ¢5)Im £ (2(x), ) — Im f(A(x), )|,

if f is a nondegenerate analytic function. Hence we would have
1
Fe9=es 5 19T

It may be possible, by making K the space with respect to which the Livsic-Matrix
was formed depend suitably upon «, to improve on the term x2, which prefixes
f(z,x) in the expression for the Livsic Matrix, and to thus reduce the difference
between (k) and I'(x).

3. The Many Body Problem

As the principal application of the notions introduced in the first section, we shall
prove existence of resonances in the quantum-mechanical many body problem for
a very general class of potentials. We emphasize that we require only differentia-
bility and decay properties and no restrictions regarding analyticity and symmetry
of the potentials.

The resonances that occur are perturbations of embedded eigenvalues of
approximating systems, in which certain interaction-potentials are assumed to
vanish. For the Helium atom (i.e. the three body problem) this is known as the
Auger-effect [RSIV] (in the approximating system the e—e-interaction is
neglected).

Our method of proof consists in firstly establishing a uniform Mourré-type
positivity estimate for the commutator [H(x), A], where A is the generator of
dilations: Corollary3.2. Equipped with this estimate we shall use Mourré’s
original theorem on absence of singular continuous spectrum [Mo], and an
extension due to Jensen, Mourré and Perry [JMP] in order to establish validity of
assumptions in Definition 1.4.

Let X =R", # =I(X), X;C X be subspaces, #(X ;) =I*(X ), n; be orthogonal
projections satisfying R(n;)=X, let V; be interaction potentials such that
Ve #(X )NLi,(X ). Furthermore let #,, #,(X;) be D(4y), D(4 x,) respectively,
and #_,, #_,(X;) the corresponding duals.

H:=—Ay+2V{(n{x)) (3.1)

is the generalized many body Schrédinger operator that we shall consider here.
Denote by 7 (H) the set of thresholds of H, i.e. the eigenvalues of all subsystems of
H, and let
A=‘%(X' Vx+ Vx'x)
be the skew-adjoint generator of the dilatation group in 5.
For these operators Perry, Sigal, and Simon [PSS], and later Froese, Herbst
[FH1] have proven the following theorem:

Theorem 3.1 (Perry, Sigal, Simon). Let X, X, V;, and H be as above, 4, € R\J (H).
Let the V; satisfy the assumptions

(i) V;eB(#(X;), #(X ) and compact

(ii) xyx, - Vx,V;e B(#K(X)), #-,(X})) and compact.
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Then there is an open interval I, A, € I, an « > 0 and a compact operator K, so that
Ey(l)[H,AJEx(I)2aE4(I)+ K. (32)

Furthermore, the set of thresholds I (H) is countable and eigenvalues of H
accumulate only in points of I (H).

We are here interested in the following perturbed version of this theorem (a
similar result appears in [AHS] by Agmon, Herbst, and Skibsted):

Corollary 3.2. Let H be as in Theorem 3.1, in addition let W € (X)L}, (X) satisfy
(i) WeB(#,, #)
(i) x W e Bty H-)
and define

H(k):=H+xW on D(H(k))=JH,.
Let A, be an eigenvalue but no threshold of H. Let P be the corresponding
(finitedimensional ) eigenprojection, P=I— P, H(x)= PH(x)P. Then for an appro-
priate zero-neighbourhood U and an interval I around A there is an 0. =0, such that
for keU

E(D)[H(x), AJE () Z¢E(I). (3.3)
Here E, is the spectral resolution for H(x).
Proof. Notice that
Eo(I)[H(0), A1Eo() ZaEo()+K
follows directly from (3.2), where K= PKP, and hence for appropriate I'CI and
o' €(0, a),
E|(I' [H(0), AJE(I') 2 Eo(I'). (3-4)

Now, the range of the projector P lies in £, D(A4), hence conditions (i) and (ii) for
W carry over to W=PWP. Therefore [H(x), A]e B(#,, #_-,) and norm-
continuous in k. For fe C3(I'), f(H(k))€ B(s#, #,) and continuous, so that by
choosing f=1 on some I” CI and an appropriate a” € (0, '), (3.4) implies (3.2), just
seta=a", I=1". [

Theorem 3.3 (Mourré). Let H(k), Ao, P, H(x) be as above, #,, #_, as introduced
before Theorem 3.1, let the V; satisfy

(@ii) xx,; Vx,V;€ B(A#YX ), #(X ),

(iv) (xx,- Vx))* Vi€ BGE(X ), A (X)),

in addition to (i) and (ii) in Theorem 3.1. Let A be the skew-adjoint generator of
dilatations. Then

(a) D(A)N A, is dense in H,.

(b) T(t)=e" leaves H#, invariant for e #,: sup | T(t)yll,< co.
ltl=1

(¢) B(x)=[H(x), A]€ B(#,, #) with a locally u=niformly bounded norm.
(d) B,(k)=[B;(x), A]€ B(s#,, #_,) again with a locally uniformly bounded norm.
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(e) There is an open zero-neighbourhood U, a compact interval I, and an o.> 0, such
that for all ke U:
E—K(I)BI(K)E_x(I) ; aE_x(I) s

where E, is the spectral resolution for H(x).
Furthermore for any compact interval I' C1,

lim (JA|+1)" Y{(Hx)—A—ip)~ (4] +1)7! (3.5)
I N

exists and is uniformly norm-continuous in I' x U.

Remark. The actual content of Mourré’s theorem is proving (3.5), assuming (a)e)
in an abstract setting. Nowadays this proof is well known and shall be omitted. In
particular x-dependence causes no new problems. Establishing (a)—(d) for the case
considered here is delicate, but the techniques are well known. Details can be found
in [Or]. Again x-dependence demands nothing new. Lastly, (¢) has just been
established in Corollary 3.2.

Theorem 3.4 (Jensen, Mourré, Perry). Let H(k), Ay, P, H(k), #,, #_, be as above, in
addition to (i), (ii) in Theorem 3.1 and (iii), (iv) in Theorem 3.3, let the V; satisfy
(V) (xx,- ij)ZVje B(AH(X ), #(X ),

(vi) (xx i Vx,-)an € B(A (X j)’ H_ (X ]))

Then in addition to (a)He) in Theorem 3.3,

(¢") B,(x)e B(#,, #) with a locally uniformly bounded norm,

(d") Bi(k):=[B,(x), Al€ B(#,, #_,) with a locally uniformly bounded norm.
Furthermore for any I'C T,

ling (1Al +1) " *(H(x)— A—ip) " *( Al +1)7? (3.6)
AN

exists and is uniformly bounded in I' x U.

Remark. Again the actual content of the theorem is proving (3.6) from (a)(e), (¢),
(d'). In fact in their paper [JMP] Jensen, Mourré and Perry have established the
link between controlling higher orders of commutators and continuity of higher
powers of resolvents.

We are now in position to prove existence of resonances for H(k).

Theorem 3.5. Let H(x), Ao, P, H(x) be as in Corollary 3.2, let the V; satisfy the
assumptions of Theorem 3.4. In addition, let W satisfy

(x - Vx)*W e B(s#,, #),

and let all eigenvalues of PWP be simple. Then H(k) fulfills requirements of
Definitions 1.4 or 1.9. Hence Theorems 1.5, 1.7 and 1.8 or respectively 1.13, 1.14, and
1.15 apply.

Proof. We choose I and U as in Theorem 3.4, and #, = D(A?). By Theorem 3.3
(H(x)—2z)~* has the required continuous extension, and by Theorem 3.4 it is
Lipschitz-continuous, even with a uniformly bounded constant. Hence (i) holds in
Definition 1.4 and 1.9. (ii) and (iii) are consequences of decay and regularity
properties of eigenfunctions of the operators considered: Froese and Herbst
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[FH2] have proven (more than) the necessary decay estimates, conditions on the
V; imply that eigenfunctions are in D(4?), and the conditions on W imply that W
leaves D(A?) invariant (details for (ii) and (iii) can be found in [Or] and
[AHS]). O

As a promised at the end of section two, we conclude by making the connection
to the analytic case that was treated by Simon in [S1]. To do this, we first state the
analogon of Theorem 3.1 for dilation analytic interaction potentials. The theorem
was proved in [BC] by Balslev, Combes.

Theorem 3.6 (Balslev, Combes). Let X, X
satisfy the assumptions:

(@) V;e B(#y(X ), #(X;)) and compact,
(ii) V(O):=e®*Ve™®4 has an analytic continuation onto the strip ImO| <o, for
some o> 0.
Let #;:=R(e™P), for B<a, a set of dilation analytic vectors, then

(i) the point spectrum of H is bounded and the set of its accumulation points is
contained in I (H),

(ii) the eigenspace corresponding to an eigenvalue Ao e IRR\J (H) is in
(iii) the essential spectrum of H(®):=e®“H e~ %4 is 7 (H)+e 2°R™,
(iv) eigenvalues of H, not in 7 (H), are eigenvalues of H(O).

Corollary 3.7. Let H be as in Theorem 3.6, W e &' (X)L, (X) satisfy

(i) WeB(H,, H),

(i) W(O):=e® W e~ 94 has an analytic continuation onto the strip Im@| <.
Define H(k): = H + kW on D(H(k))= #,. Let ), be an eigenvalue but no threshold

of H(0), let P be the finite dimensional eigenprojection for Ay, P:=I—P,

H(x):= PH(x)P, and let PWP have only simple eigenvalues.

V;, H be as before Theorem 3.1, let the V;

7

Then Theorem 2.2 applies, that means we have resonances in the analytic sense,
and in our sense.

Proof. Theorem 3.6 shows that P(@)=e®4Pe~ %4 has an analytic continuation
onto [Im @] <, hence so does H(x, @)= e®*H(x)e®4. Choose #, = H#; for some
p<a, then for Im@|<f and p,peH,:

$@,(H(K)—2)" ) =89, H(x,0)—2) " 'e®p).

Using analytic perturbation theory, it is easily seen, that for sufficiently small «
H(x, ©) has no spectrum in a complex neighbourhood of A,. Hence (H(x)—z)~!
has the required analytic continuation as an operator from 5, to #_.

Assumption (ii) in 1.9 follows directly from Theorem 3.6, (iii) is redundant since
after the above there are a priori no eigenvalues in the neighbourhoods considered,
finally (iv) has been assumed.
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