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Abstract. Various intersection probabilities of independent random walks in d
dimensions are calculated analytically by a direct renormalization method,
adapted from polymer physics. This heuristic approach, based on Edwards’
continuum model, leads to a straightforward derivation and also to refinements
of Lawler’s results for the simultaneous intersections of two walks in Z*, or three

. ) . 2P
walks in Z3. These results are generalized to P walks in Z%, d*=7)——1, P=2.

For d <4, an infinite set of universal critical exponents ¢,, L=1, are derived.
They govern the asymptotic probability &, ~ S°t that L “star walks” in IR,
with a common origin, do not intersect before time S. The ¢;’s are calculated up
to order O(e?), where d=4 —¢. This information is used to calculate the
probability Z (%) that a set of independent random walks in R? or Z%, d<4,
(respectively d < 3) form a given topological networks ¢ of multiple intersection
points, in the absence of any other double point (respectively triple point). This

. . . 2P . . .
is generalized to a network in d §P—1- dimension with exclusion of P-tuple

pointé. The method is quite general and can be used to calculate any critical
intersection probability, and provides the probabilist with a large variety of
exact results (yet to be proven rigorously).
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1. Introduction

Intersection properties of random walks or Brownian paths have been a long
standing problem, starting from the works by Dvoretzky et al. [1], and Erdds and
Taylor [2,3]. In particular, it is known [4] that two infinite (discrete) random walks
in Z* have a non-empty set of common points, while [1] two infinite Brownian
(continuous) paths do not intersect in IR*. For a space dimension d=5 the
intersection sets are empty in both cases [1-5]. In this sense d=4 is a critical value
for the intersection properties of two independent walks or paths, and this is well-
known to be intimately related to the non-triviality of the ¢ field theory [6-10] for d
<4, and to the theory of critical phenomena, where critical exponents take non-
mean field values for d < 4. For the statistical physicist, the above remark of the non-
equivalence of intersections of discrete walks in Z* and of continuous Brownian
paths in R*is entirely reminiscent of the existence of logarithmic corrections in a ¢
theory with an ultraviolet cut-off (the lattice spacing of Z*), while the continuum
¢ theory is widely believed to be trivial.

Recently, Lawler [11-13] has been able to give, by rather detailed probabilistic
methods, logarithmic bounds on the probability of intersections of two random
walks in four dimensions [11, 12], and of three random walks in'three dimensions
[13]. He considered two trajectories in Z* I1,(0,n) and I1,(0,n) of two simple
random walks of # steps, starting at 0 and x, respectively, and their probability of no
intersection after n steps

p(n)=P{I1,(0,n)"I1,(0,n)=0} . (1.1

The results are for n large
p(n)~1—a(lnn)™? (1.2)
if |x,|* ~ n, with a prefactor @ of the logarithm depending on |xo[*/n =, and for x, =0

p(m)y~(nn)~1? . (1.3)
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Actually (1.3) is only asserted to be the actual decay rate of p(n), logarithmic bounds
being obtained, which do not suffice to prove rigorously (1.3) as asymptotic limit.
More precisely [11] it was shown that

cllnn) *<pm)<c’(Inn)~ 12 | (1.3bis)

where c and ¢ are constants, and [12] that lim (Inr)" p(n)= oo for all r > 1/2. Similar
bounds as in (1.3bis) have been rederived by Felder and Frohlich [10] using
(rigorous) methods in field theory, (see also Aizenman [9]). One should note also
that more recently a different probabilistic approach, using ““intersection local
times”, has been devised [14—-17] for studying the intersection properties of random
walks or Brownian paths. In particular [15], conjecture (1.3) appears likely in this
approach. Lawler [13] has also considered the triple intersections in Z* of three
simple random walks, d=3 being there the upper critical dimension. The results for
three trajectories IT;(0, n) are

1. For two walks starting at 0, and a third starting at a distance xoz‘/;,
P{I1,(0,n) N 11,(0, 50) " I15(0, o0) =B} ~(Inn) ! . (1.4)
2. For three walks starting at the origin
P{I1,(0,n) " I1,[0, 0) I3[0, c0) =@} ~(Inn) " V/* . (1.5

Actually, (1.4) is proven by upper and lower bounds, while the (Inn)~'/* decay rate
of (1.5) is rigorously obtained as an upper bound, the lower being only conjectured.
Lawler [11,13] also presents results for a variety of other probabilities of the same
type, like those of two-sided walks, to be described below.

The aim of the present article is to propose a different approach, which embodies
both analytical calculations on Brownian motions (like in the probabilistic ap-
proaches) and renormalization (like in field theory), but directly applied to the
Brownian intersection theory. This approach comes from polymer physics [18-20].
It has to be adapted to treat intersection properties of random walks. Polymers
indeed correspond to random walks which are both self- and mutually avoiding
[18-21]. Here only the mutual avoidance properties are relevant. This case also
exists in physics and corresponds to polymer solutions with selective interactions or
“chemical mismatch” [22]. We use for that purpose a continuum model, derived
from the standard Edwards’ model for polymers, and which describes the
intersections of, €. g., two independent Brownian processes in R?, ford=4 —¢, £ 0.
Using renormalization theory, we are able to reach the limit e=0, d=4. We then
recover and extend Lawler’s results. For instance, for two walks starting at 0 and x,,
we obtain in four dimensions the universal limit

lim 21nnP{H1(0,n)mH2(0,n)=#ﬁ}=—i—(1—e"’)—El~(-—a) , (1.6)

n—oo

where o= lim |x,|*/2n, and where E,(—a) is the exponential-integral function

n—>o

e—t

E(—a)=—[ —dr . (1.7)

R ey 8
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The finite limiting value actually corrects one (In(1 + 1/a)) asserted by Lawler in
[11]. For three walks (0, n) (0, o0), (0, c0) starting respectively at (xo, 0, 0), we find
similarily in Z* the new result

lim 41nnP{II,(0,n) N I1,(0, 00) N 15(0, c0) + B}

=} dx(1 —VT——x)e*”%Y— —E(—a) , (1.8)

which gives the exact universal form of (1.4). By the same direct method, we
reobtain (1.3)(1.5) for walks all starting at the same point.

We also present a series of generalizations. A first generalization consists in
looking at the intersections of P paths (P =2) at the same point, the intersections of
p paths 1 <p< P —1, being not considered. These P-body intersections occur (in
probability) only below a critical (continuous) dimension d* =2 P/(P —1). We show
how to calculate the scaling behaviour of the probabilities of multiple intersections
of P walks in RY, for d <d*, including their universal logarithmic behaviour in R%",
which generalizes (1.3)(1.5).

A second progress in the known results is obtained for the standard intersections
of two walks (P=2), by calculating the scaling behaviour of p(#n) (1.3) for d<4

pmy=n*, n-oow, (1.3ter)

where { is an universal critical exponent which depends only on the space dimension
2<d<4. We calculate it to O(c?), where ¢ =4-d. This second order (two-loop)
calculation allows also [20] in d=4 the obtention of all the subdominant
O(Inlnn/lnn) universal logarithmic correction terms in asymptotic results like
(1.2)-(1.7).

Finally, rather than considering only two (or P) walks starting at the same point,
one can discuss nets of random walks in Z% or Brownian paths in IR%, for any
topology. A net % is determined by requiring that a certain number of independent
walks of lengths n meet at some prescribed vertices, where two, three, ..., L, ... walks
meet. The vertices are not fixed in space, but the topology of the network, i.¢. the net
of walks, although arbitrary, is fixed. In other words, the topography of the walks is
similar to that of a hydrographical network made of rivers flowing ones into the
others at the same prescribed confluence points. Other crossings of the rivers are
forbidden. We calculate in this work the probability P(%) that the walks have no
other intersection points than the prescribed confluence vertices. One can forbid
double points in d<4, or only triple points in d<3, or ... p-tuple points in d<d*,
and obtain each time a different universal scaling behaviour, which is evaluated here
as an explicit function of the topology of the network. We find, below the critical
dimension, that the probability P(%) scales like

—‘—21»74'5@
P(@G)=~n , Hn—o00 ,

where % is the number of independent loops in %, and where (4 is a new universal
exponent, topology dependent. We calculate {4 to order O(¢%), ¢ =4 —d, when two-
walk intersections are excluded, and to order O(¢’), ¢’ =3 —d, when only three-walk
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. . . 2P
intersections are excluded. We generalize this to P walks, with e=31 —d(>0).
At the critical dimensions, P(%) scales like -

_dy
P@)~n ? (nnd , n-ow,

where 34 is a new universal logarithmic exponent, generalizing —% or —%in (1.3),
(1.5). We calculate explicitly 34 as a function of the topology of ¢, in the cases where
two-walk, three-walk, ... P-walk intersections are excluded.

The continuum model that we use, for instance in the case of the intersections of
two independent Brownian paths in R? is given by the probability weight

Sy S2
7{1'1,r2}—eXP{_1 j <dr1 (31)> ds, — 1 j ( (52)> ds,

Sy Sz

=b [ dsy [ ds;0%[r(s) —ra(s2)]} (1.9)
0 0

where r;(s7), 05, <815 12(s,), 05, < S, are two Brownian trajectories in IRY,

interacting via a local repulsive distribution 6%, with an interaction coefficient b > 0.
For b— o0, (1.9) describes mutually avoiding walks. We work in dimensional
regularization, which amounts to continue analytically the theory from d<2
towards d =4. For d <2 no divergences appear in the perturbation expansion of the
model, while they occur at some poles for 2 <d < 4. All quantities are calculated as
meromorphic functions of d. The limit Sy, S, — oo (actually equivalent to b— o0, see
below) will yield the universal properties of the intersections of long Brownian paths
in d<4. Itis also to be noted that working in dimensional regularization with d=4
—eg, £>0, allows one to take the d =4 limit, after renormalization. Then one obtains
automatically the scaling limit of the theory with an ultraviolet cut-off in four
dimensions, as discussed in detail in ref. [20].

Let us briefly discuss the relation of this approach (1.9) to the field theoretic
representation of polymer problems [21,23,24,5-10]. To each random walk
B(=1,2)is associated a field ¢?(x) with n components ¢pf(x)i=1,...,n, where xis a
point of the lattice Z%. The local repulsive interaction between walks is simulated by
afield interaction term [S-1015 )" Y |¢”(x)]*|¢”(x)* in the Lagrangian. A mass

xeZd B¥y ) L -m*y S,
term m* Y |pP(x)]* corresponds to the exponential killing factor e 5 = of the

times {Sﬂ‘l;3 allowed to the set of walks {#} in (1.9). Then the n—0 limit [23-25] of the
Euclidean field theory corresponds to the theory (1.9) of Brownian paths with a
mutual local repulsive interaction between any two paths. This correspondence,
implicit in Symanzik’s representation of field theory [26], has been fully understood
and exploited in polymer physics, starting from the original works by de Gennes
[23] and des Cloizeaux [24], and using Wilson’s theory of critical phenomena [27].
More recently, this correspondence has also been quite fruitful in mathematical
physics, by mixing random walks and field theories [5-10], yielding rigorous results
in the latter. But here we want to follow the other direction [18-20, 22], without
employing field theory, but only direct renormalization methods, which deal
directly with locally interacting polymers, or, as in (1.9), with locally interacting
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Brownian paths. In these direct theories one can perform any analytic calculation of
configurations of random walks with some specific intersections. Hence, the
parameters are directly those of interest for the probabilist mathematician. In
particular, what is called ““local time” [14-17] corresponds precisely to the
interaction integral in Edwards’ formulation (1.9) [28-32] of interacting random
chains. [The existence of weight (1.9) could be established as in Westwater [29-32]
who studied the standard Edwards’ model [28]]. Admittedly, up to now, the validity
of the direct renormalization methods for the Edwards’ model has only been
established [33-35] by a Laplace-de Gennes transformation [25] into a O(n) field
theory in the limit n— 0, and using the renormalization scheme of the field theory. So
it has the same heuristic validity as the standard perturbative Callan-Symanzik
renormalization of, e.g., the (¢*), field theory, as used by K. Wilson for describing
critical phenomena in d=4 —¢. A similar derivation of the multiplicative renor-
malization structure could be performed for model (1.9), starting from the
interacting field theory {¢”(x)} described above. But the direct renormalization
method is quite powerful and simple. New results and new generalizations to more
random walks with various topologies (like those of star-walks, or nets of walks) are
given in R, d<4. We also consider in detail the case of triple intersections in IR,
d<3, for various topologies, and of P-tuple intersections, using the same method.

We hope that this study could interest various readerships, by bridging a gap
between probabilistic approaches and field theoretic ones. It can be used also as an
heuristic mean to invent new exact results, which then remain to be proven
rigorously, in the mathematician’s sense. It could also suggest in probability theory
more direct approaches to intersection properties, which should embody the salient
features of renormalization theory.

2. Intersections of Two Walks Near Four Dimensions
2.a. The Continuum Theory

Let us consider first the simplest situation of two independent random walks of the
same length. We describe them by a continuum theory in IR? with d < 4. At the end,
we let d—4. The probability weight of configurations r,(s), r,(s) in R? is of the
Edwards’ type (1.9)

S 1 S
| a’si’f(s)—i [ ds'i3(s")
0 0

N =

W{r,,rz}zexp{——

N

—b | ds } ds’ 64r,(s) —rz(s’)]} . 2.1
0

0

Sisthe “length” of the two walks, and by dimensional analysis one checks that it has
the dimension of an area in the continuum theory. More precisely [18], for a single
isolated random walk

() —r(0)P)o=dS , (2.2)

where the average is taken with the Brownian weight (2.1) for one walk (b3 drops
away). Thus S replaces the usual number 7 of steps in a lattice walk with n/d—S. Let
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us then perform the rescaling r;=S'"?g;, i=1,2, and s=Sx, ¢ and x being now
dimensionless. We get for (2.1)

1L (I
9’{91,@2}=CXP{—§ Idxaf(x)—i [ dx a3(x)
0 4]

—Q2mn)¥2z } dx i dx' 5% (x) —gz(x')]} , (2.1bis)
0

where the dimensionless parameter z of the two-point interaction is defined as [18]
z=Q2n)"¥2pS27942 | (2.3)

Clearly, for d>4, z—0 for S— o0 and the intersection local time [14-17, 36, 37]

S S
[ ds | ds' 6 [ry(s) —ry(s")] ~ S22 (2.4)
0 0

is irrelevant (vanishing). On the contrary, for d<4, z— o0 when S—o0, and the
intersections are important. As is well known, d=4 is the marginal case, where
logarithmic behaviour occurs. In the limit z— oo, the weight (2.1) (2.1bis) selects
only configurations without crossings, and enables us to discuss intersection
probabilities. For doing this, we define the averages with respect to weight (2.1), as
the functional integrals

(.= fd{n}d{n}2{r,n}(..)
A j" d{rl} d{rz} 54(1-1 (0)) 5d(r2(0)) 90{"1} 2, {Tz} s

(2.5)

where %, is the pure Brownian weight of the trajectories for b =0, which defines the
normalization in the continuum theory. Following Lawler’s notation [11, 12], let us
consider the probabilitity that two simple random walks in Z¢ starting from 0
(Fig. 1) do not intersect again before step n: P{H1 [0,n) N I1,(0,n)=@}. In our
continuum theory this is just Z(S, S;0,0), where

Z(S,8;%,y)={0"(r (0) —x)8*(r,(0) —y)) (2.6)

is the correlator of two walks of lengths S starting at x and y in R“. Owing to (2.5), &
is dimensionless. The critical limit z— oo will yield the continuum analogue of the
no-intersection probability P above.

2.b. Diagrammatic Rules

The strategy is the following. We first calculate (2.5), (2.6) by perturbation theory of
weight 2 (2.1) in powers of b. To first order, we have
s s
Z(S,5;0,0)=1—b [ ds | ds' (5[r,(s) —12(5)]3 [1;(0)]0 [12(0)] Do + O(b?)
o0 2.7)
where the subscript 0 stands for the Brownian weight with 5=0. (We see that at this

order Z is given by the average value of the intersection local time (2.4) but at higher
orders correlations of local times come in.) Such a term (2.7) is represented by a
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Fig. 1. One-loop diagram contributing to the probability of no further intersection of two
independent random walks starting at the origin 0. The dotted line represents conventionally a
local contact —b3¢[r,(s) —1,(s")] in space, between points of abscissa s and s’

diagram [18] as in Fig. 1 with a dotted line for the §¢ contact. Calculations are
always performed by Fourier transforming [18-20]

34ry=Qn)~¢ [ dqe T, (2.8)
and using for each pure (h=0) Brownian path r the Green function
<eiq'[r<s)~r(0)]>0:€~%q2s ) (2.9)
Hence we trivially find for (2.7)
ddq N S )
Z(S,8:0,00=1—b [ [ ds|dse 206 (2.10)
Cm% o

Thisis a particular case of general diagrammatic rules [18] for calculating an average
like (2.5) in perturbation series of ». They are easily obtained by expanding the
exponential in (2.1). These rules, which we shall need all along, are the following
(Fig. 2).

Fig. 2. A second order (two-loop) diagram contributing to Z(S,S.x,y) [Eq. (2.6)], and the

associated integration variables appearing in Eq. (2.11), as an illustration of the diagrammatic
rules of Sect. (2.b)






