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Abstract. Recently P. Braam pointed out that Nahm’s adaption of the ADHM
procedure to the case of monopoles equally well applies to instantons over flat
tori, relating them to instantons over the first Brillouin zone. We show that this
construction has an inverse. Hence the Nahm transform actually is a duality
transform.

Introduction

It is an enticing thought that Bloch’s analysis [ 1] might be the appropriate means
for studying Yang-Mills fields over flat tori. Due to the non-linear character of the
Yang-Mills equations, however, one may doubt that such a method is expedient.
[n this light it is a remarkable observation of Braam [2] that Nahm’s
considerations on the construction of monopoles [3] may be translated to
instantons over flat tori. While Braam associates an instanton over the respective
Brillouin zone T (dual torus) to every instanton over a torus T, we shall give a
formulation of his observation which will allow us to prove the invertibility of this
construction: after repeated application of the Nahm transform we recover the
original instanton.

The ideas presented here may also be interpreted as an explicit version of some
ideas of Mukai [4] if one takes into account the theorem of Donaldson, Yau, and
Uhlenbeck [5] relating the stability of vector bundles to the existence of
Hermitian-Einstein connections.

0. Vector Bundles over Flat Tori

We consider a four dimensional flat torus T=1R*/4, defined by a lattice 4 CIR*.
Every vector bundle over T"may be described by matrix-multipliers. A matrix-
multiplier e of rank n is defined to be a map e: IR* x A —>GL(n, C), e: (x, ) — e(x, ),
satisfying the condition

e(x, A+ ) =e(x + u, Ae(x, p). (0.1)
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The associated vector bundle is obtained as a quotient of R* x €" over A, where
the action of A is given by 1:(x, z) — (x+ 4, e(x, 4)z) for every 1€ A. A section S of
this vector bundle may be identified with a function S:IR*—C" obeying S(x + 1)
=e(x, 1)S(x), L€ A, whereas connections behave as

A(x+ A =e(x, VA(x, De '(x, A)—e ™ (x, A)de(x, /). (0.2)

Remark. In what follows we restrict ourselves to unitary matrix-multipliers.

The Dirac operators we shall use in the sequel are D:I'(T,E®RS™)
-I(LE®S") and D:I(T,EQS™)—I(T,E®QS ). Here S* are the trivial spinor
bundles over T corresponding to the trivial spin structure. Explicitly, the Dirac
operators associated to a covariant derivative V are D:=¢}V, and D: =e¢,V, with
eq:=1and ¢;:=ig;, j=1,2,3, the ¢; being the Pauli matrices.

I. Construction of the Dual Instanton

On the torus T=IR*// there exists a group of flat line bundles associated to the
representations of the fundamental group 7,(T)=~ A, which are parametrised by
the dual torus T: =IR*/A*. These line bundles { L}, ; are given by constant matrix
multipliers of the form e(x, 1): =e™**,

A connection on a vector bundle E over T induces a connection on the twisted
vector bundle EQ L, ke T, If the connection on E is self-dual and irreducible in the
sense that the structure group cannot be compressed to U(r) x U(n—r), 0<r<n,
then the same holds for the induced connection on E® L,. From the irreducibility
it follows that E® L, has no non-zero covariant constant sections. Next we observe
that for an irreducible self-dual connection the Dirac operator D* associated to the
induced connection on E® L, has a trivial cokernel, coker D¥=0. To prove this
recall the identities coker D* = ker D¥, ker D* = ker D*D*, and upon using self-duality
D¥D*= A*. Here A* denotes the covariant laplacian operating on the sections of
E®L,®S™. 1t is obvious that an element of coker D* corresponds to a covariant
constant section of E® L,. According to the above there is no such section besides
the zero section. The Atiyah Singer index theorem [6] now yields that dimker D* is
in fact constant, i.e. it is independent of k € T: because of index D* = dimker D* and
(EQL)[T]=c,(E)[T] we obtain —dimker D*=c,(E)[T]. Due to this

E:={J {k} xkerD*
keT

defines a vector bundle over the dual torus T called the bundle dual to E. In order
to get more explicit formulae it is convenient and completely equivalent to the
preceding description to work with a family of connections on the fixed vector
bundle E. The family of connections is obtained by substituting
A A¥: = A—ik,dx, keR* We denote the Dirac operator associated to A* again
by D*. In terms of sections the change of description is just multiplying the sections
of EQ L, with e,

Because the pull-back of the dual bundle E by o:IR*— R*/A* is trivial, it is
possible to find an orthonormalised family of sections {U (x, k)} ;. , of E forming a
basis of ker D¥ and smoothly depending on ke IR*. Note, for fixed ke R* and e A*
the basis {e” U (x,k+p)};.; is equivalent to the one given above. In matrix
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notation this equivalence reads
U(X, k) =(U1(x7 k)» <eey Uv(x) k)) , —VI :CZ(E) [T] s (1 1)
e~ KU (x, k+ )= U(x, k)a'(k, p) . '

The matrices a(k, pt) appearing in this formula actually form a unitary matrix
multiplier defining the dual bundle E. Stated differently, e**U(x, k) is the
isomorphism that maps the fibre E, of E over ke T to ker D*CI'(T, EQ L,®S ™).
Upon using this isomorphism we obtain a canonical connection 4 on E. This
connection is explicitly given by the formula

. ¢
A k)= [dx U'(x, k)= U(x, k). (1.2)
T Ok,
The important fact about the canonical connection on E is the following

observation of P. Braam.

Theorem (P. Braam). The canonical connection A on the bundle E dual to E is self-
dual.

Proof. Upon using the Greens function of A*= D*D¥,
A*G(x, y; k)= —d(x, y), (1.3)
and the projection onto the orthogonal space of ker D¥,
D*G(x,y; k)D¥= —d(x, y)+ U(x, k)U'(y, k), (1.4)
it is straightforward to compute the curvature of A,
Fop(k)=2i . )j( . dxdy U'(x, k)i, G(x, y; kYU (y, k), (1.5)
with e,ef=0,,+ 7], The self-duality of F(k) now is a direct consequence of the self-
duality of 7,,. [0

Note. The proof requires the commutativity of D*D* with all the e,, which is
equivalent to the self-duality of A.
Collecting the results yields the following theorem.

Theorem 1. Let (E, A) be an unitary vector bundle E over a flat four dimensional
torus T endowed with an irreducible self-dual connection A and with ¢,(E)=0. Then
the kernel of the associated family of Dirac operators {D*},. defines a unitary
vector bundle E over the dual torus T with c¢,(E)=0, rank E= —c,(E)[T] and
—o(E)[T]=rankE if rank E>2. Furthermore there exists a canonical self-dual
connection A on E.

Remark. The relations between the Chern classes follow from the index theorem for
families of operators [6].

Definition. The datum (E, A) is called the Nahm transform of (E, 4).

II. The Inversion of the Nahm Transform

This section is devoted to the proof of the following theorem.
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Tpegrem 2.1. The Nahm Transform is invertible in the sense that it can be applied to
(E, A) leading back to the original datum (E, A).

As a corollary we shall obtain the subsequent corollary.

Corollary 2.2. The Nahm transform maps irreducible self-dual connections to
irreducible self-dual connections.

The first part of the proof of Theorem 2.1 is checking that the kernel of the dual
Dirac operator yields a vector bundle over the original torus T. By dual Dirac
operator we mean the Dirac operator D associated to the connection 4 on E over
T. Notice that the flat line bundles over T are parametrised by T, so that the family
of operators we now have to dual with is {D*}__,.

Lemma 2.3. Let y(k, x) be defined by

ik, x)=u(T)" 2™ [ dy U'(y, K)G(y, x: k), 2.1)
T
with v(T) being the volume of T and j the spinor dual to y,
0 1
S5t pp—

Then e~ **y(k,x) is an isomorphism that maps the fibre E .CE, xeT to ker D*
CMNTE®L.®S).

Obviously e #*y(k,x) is well defined as an homomorphism from E, to
NT,EQL.®S). Because of ef = —¢(e!)e, the claim that its image lies in ker D* is
equivalent to

v, [ dy UT(y, k)G(y, x; k)e, =0, (2.3)
T

with ¥ denoting the covariant derivative with respect to 4. Upon using
[dx VU x, k)p(x)=—i [ dydxU'(y,k)G(y, x;k)e,D*p(x), (2.4)
T TxT
@el'(T,E®S™) and the definition of the Greens function this relation is easily
verified. It remains to prove bijectivity.
Lemma 2.4. The homomorphism defined by e~ **y(k, x) is injective.

Proof. 1t suffices to show

§dk gt (k, x)y(k, x)=1idy_. (2.5)
From the definition of y(k, x) and Eq. (1.4) we deduce
71k Xk, y) = —2m) ~2u(T)e™ 007 G(x, y; k), (2.6)
with
2. 0 O
T Ok, ok,

% a

Recalling the singular behaviour of the Greens function we then find
lim | dk e** 07 G(x, y; k)=4n*u(T) " 'idy_. (2.7

POX g
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Together with the familiar relation between the volumina of T and T, o(T)v(T)
=(2m)* this completes the proof. []

To demonstrate surjectivity is a little more laborious. Once we know that the
laplacian 4 operating on the sections of EQ L, ®S™ is invertible we have the
following simple lemma.

—ikx

Lemma 2.5. The homomorphism defined by e~ **y(k, x) is surjective if A* is invertible.

Proof. From the preceding lemma we know that the dimension of the image of the
homomorphism is rank E. Due to the self-duality of 4 the Dirac operator D* has
coker D*=0ifker A*=0. Thus, using the index theorem we find that the dimension
of the target space ker D* also equals rank E. []J

The technical part of our reasoning is the construction of the Greens function
of A*. From (2.6) we can read off how to do this.

Lemma 2.6. The Greens functions

A*G(k, p; x)= —d(k, p) (2.8)
of the laplacian A* is given by the formula
ek Uy, U(y,p)

Glkpix)= "y % [y 29)

me A*

(m+k—p)?

Proof. With minor modifications the proof follows well-known lines. All we need
are two technical results.

—ixe

G pi ks = = 3 e [V U k49U R+0 (el %) (210)

and
A*G(k,p;x)=0 if k—p+0modA*. (2.11)
To verify the first formula we have to insert the definitions, use (2.4) and
D**"U(x, p)= —iej(n+k—p),U(x,p).
The second formula is proved analogously by first deriving
AU (x, k)= —dnu(T)™ "2~ **5(k, x), (2.12)
which again is a consequence of (2.4). [

Lemma 2.5 and Lemma 2.6 complete the proof of Lemma 2.3. Now we are in
the position to prove Theorem 2. What we have to show is

D

A (x)= ;dk 17 (k, x) E y(k, x). (2.13)

This is easily done using a formula similar to (2.4),

[dk UG, kW)= —i [ dkdye,V,G(x, y: kel U(y, k)o(k). (2.14)

T TxT
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with ¢(k)eI'(T, E). Inserting the definition (2.1), applying the formula to
—ikx;

e **7(k, x)e, upon performing the tensor product with respect to the spinor space,
and recalling (2.3) we find

0=e; | dkeM 4k, x)e,, (2.15)
T
with
(V/;X;)Xz _(VﬂXDX2>
M;,: = . (2.16)
! <—(V,;x£)11 VD

The identity el Me,=2(tr, M)e, (with tr, denoting the trace with respect to the
spinor space) now leads to the desired result,

0=e; [ dk[(Vpx D1 +(Vprdzal (ko x). O (2.17)
T

Next we show that the Nahm transform preserves irreducibility.

Proof of Corollary 2.2. Suppose (E, A) is irreducible and mapped by the Nahm
transform to a reducible (E, A). At least after applying a gauge transformation we
may assume that E decomposes into a direct sum with A restricting to a self-dual
connection on each component. Because of Lemma 2.6 the kernel of the associated
family of Dirac operators defines a vector bundle over T endowed with a self-dual
connection when restricted to one of the components of E. According to
Theorem 2.1 this means that (E,A) is up to a gauge transformation split,
contradicting the assumption of its irreducibility. []

Finally it follows from Lemma 2.6 that there exists no ’t Hooft-like instanton
[7] on a flat torus.

Corollary 2.7. On a vector bundle E over a flat torus with rank E =2, ¢,(E)=0, and
c,(E)[T]= —1 there exists no irreducible self-dual connection.

Proof. Suppose there is such a connection A on E. Then the Nahm transform of
(E, A)is a flat line bundle over T endowed with a flat connection. As a consequence
A* has a one dimensional kernel for a particular x e T. This is incompatible with
Lemma 2.6. []

Conclusions

The Nahm transform is an invertible map from the space of instantons over a flat
torus to the instantons over the dual torus. It preserves irreducibility and permutes
rank and instanton number. Together with theorem of Taubes [8] this property
proves the existence of ¢,(E)[T]= —2 instantons for SU(n) with n=4.

The formulae used to describe the Nahm transform explicitly are very similar
to those of the ADHM construction [ 7] and in particular to the considerations on
“reciprocity” of Goddard and Corrigan [9].

It is interesting to note that the local version of the index theorem obtained by
the usual {-function regularization method,

,\

5 1 *
ok, (k)~ tr[F/\F]( (T)jdxtr/ (k, x)y(k, x),
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with

N 1
Ja(k)= w7 fdx tr (V" (e, x))x(k, x)

leads after some formal manipulation to

#tr[F A F](k)= — lim tr 8202 In G(x, y; k).

1
—jd
U(T);: xy~'>x

This relation seems to be remarkable because it is the regularised version of
“#tr[F A F] (k)= 0207 In Det(4¥).” Comparison with recent results on elliptic fami-
lies [ 10] suggests that this relation should admit a geometric interpretation, thus
providing us with a deeper insight into the nature of Nahm’s transform.
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