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Smoothness of the Density of States in the Anderson
Model at High Disorder

Anton Bovier, Massimo Campanino*, Abel Klein** and J. Fernando Perez***
Department of Mathematics, University of California, Irvine, CA 92717, USA

Abstract. We prove smoothness of the density of states in the Anderson model
at high disorder for a class of potential distributions that include the uniform
distribution.

1. Introduction

The Anderson model is given by the random Hamiltonian H,= —¢/24+ V on
12(Z*%), where

Aux)= ) uly)
yly—x|=1

and V(x), xeZ¢ are independent identically distributed random variables with
common probability distribution u. The characteristic function of u will be denoted
by h, ie., h(t) = e~ " du(v). The “disorder” is measured by ¢~ !,&> 0.

If A is a finite subset of Z% we will denote by H,, , the operator H, restricted
to I?(A) with zero boundary conditions outside A.

The integrated density of states, N,(E), is defined by

N.(E)= limd|A|‘1#{eigenvalues of H, .S E}.
A>Z

It is a consequence of the ergodic theorem that for almost every potential the limit
exists for all E and is independent of the potential [1-4]. N,(E) is always a
continuous function [ 5-7], being log-Holder continuous under mild conditions [6].

In one-dimension a lot is known about the integrated density of states. Under
mild conditions it is always Hdolder continuous on compact intervals [8,9] and
under some minimal regularity assumptions on y it is differentiable, even infinitely
differentiable [10-12].
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But in more than one dimension very little is known about the differentiability
of N,(E). There is an argument due to Edwards and Thouless [13] that shows that
the density of states is analytic away from the edges of the spectrum if u is the
uniform distribution. If p is absolutely continuous with respect to Lebesgue
measured with a bounded density, Wegner [14] proved that N,(E) is absolutely
continuous with a bounded derivative. (See also [15].) Under the weaker hypothesis
that p is Holder continuous, Carmona, Klein and Martinelli [9] obtained bounds
on the differentiated density of states that suffice for the Frohlich—Martinelli—
Scoppola—Spencer method for proving localization.

Further results have required high disorder or low energy. Constantinescu,
Frohlich and Spencer [16] proved that if u has a density analytic in a strip around
the real axis, then the integrated density of states is analytic for | E| large enough.
If 1 is Gaussian they proved that for high disorder N, (E) is a real analytic function
of E. Carmona [4], using an idea of Molcanov, has given a simple proof that if
h(t) is exponentially bounded, then N,(t) is analytic at high disorder. Another
simple argument for the same result due to Simon can be found in [16].

Differentiability results were obtained by Klein and Perez (unpublished). Using
the supersymmetric replica trick and a cluster expansion Klein and Perez used the
decay properties of A(t) to derive differentiability for N,(E) for high disorder or
large | E|; their method also gave analyticity results. Their results for high disorder
are:

Theorem 1.1. (i) Suppose (1 + t)**"h(t)e L}, where ne{0,1,2...}. Then there exists
&y > 0 such that N,(E) is (n+ 1)-times continuously differentiable on the whole real
line for all 0 S e <g,.

(ii) Suppose (1 + t)**"h(t)eL! for alln=0,1,2,.... Then there exists ¢, > 0 such
that N,(E) is infinitely differentiable on the whole real line for all 0 < e <e¢,.

(iii) Suppose e~ *h(t) is bounded for some o> 0. Then for any 0 <o, < o there
exists ¢, =¢&,(a;) >0 such that N.(E) is analytic in the strip [ImE| <o, for all
0<e<ey.

In one dimension a similar result can be derived for any disorder by the methods
of Campanino and Klein [11] as in their proof of Theorem 1.5, with the integrability
condition on (1 + t)**"h(t) being replaced by the boundedness of that quantity.

In Theorem 1.1 as in the previous results for the multidimensional case (except
for [15]), one gets out as much in regularity properties for N,(E) as one puts in
for the potential probability distribution u. Notice that the conclusions of
Theorem 1.1 are valid for ¢ =0.

In this article we modify the methods of Klein and Perez to get out more than
we put in, as done in [10-12] for the one-dimensional case. In particular we will
obtain the infinite differentiability of N,(E) for small ¢ (but ¢ # 0; the result is not
true for ¢ = 0) if p is the uniform distribution.

Our condition will be stated in terms of the characteristic function & of the
potential probability distribution u. We will only consider A(t) for t = 0 (of course,
h(— t) = h(t)) and differentiability at t = 0 will mean right-hand side differentiability.
Our result is
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Theorem 1.2. (i) Suppose h is differentiable with (1 + t)h” bounded, i =0,1. Then
for any 0 < E, < oo there exists 0 < g, such that N,(E) is continuously differentiable
on(—Ey, Ey) for 0<e<e,.

(i) Suppose h is 2n-times differentiable (n=1) with (1 + t)h" bounded i=
0,1,...,2n. Then for any 0<E,< oo there exists 0<g, such that N.(E) is
(n+ 1)-times continuously differentiable on (— E,, E) for 0 <& <g,.

(ili) Suppose h is infinitely differentiable with (1 + t)h"”’ bounded, i=0,1,2,....
Then for any 0 < E, < 0 there exists 0 < &, such that N (E) is infinitely differentiable
on (— Ey, Ep) for 0 <e<eg,.

Corollary 1.3. Suppose p is the uniform distribution. Then there exists 0 < g, such
that N,(E) is infinitely differentiable on the whole real line for 0 < e <eg,.
We approach the density of states through the Green’s function. Let
Gs(xay;z) = <x|(H£_Z)_1|y>>
where x,yeZ%Imz>0. Then (e.g, [4,17]) G.(z) = E(G,(0,0;z)) is the Borel
transform of the measure dN,(E), i.e.,

dN,(E
6= 40,

and we have
i) G,(E +i0)=1lim G,(E + iy) exists for a.e. E€R.

710
il) If dN, , .. denotes the absolutely continuous part of the measure dN,, we have
AN, (E) 1
dE =«
iii) dN, 4o =dN,—dN,, . is supported by the set

Im G,(E + i0).

{EeRllim Im G (E +in) = oo}.

710

Thus Theorems 1.1 and 1.2 will follows from

Theorem 1.4. (i) Suppose (1 +t)**"h(t)e L', where ne{0,1,2,...}. Then there exists
&o > 0 such that G,(E + i0) exists for all E€R and is n-times continuously differentiable
for all 0 Ze<eg,.

(ii) Suppose (1 + t)**"h(t)eL! for alln=0,1,2.... Then there exists gy, > 0 such
that G,(E + i0) exists for all E€R and is infinitely differentiable for all 0 < ¢ <g,.

(ili) Suppose e~ *h(t) is bounded for some o> 0. Then for any 0 <o, < o there
exists e, = &, (x;) > 0 such that G,(z) has an analytic continuation to Imz > — o, for
all0<Le<e,.

Theorem 1.5. (i) Suppose h is differentiable with (1 + t)h"” bounded for i =0, 1. Then
for any 0 < E, < oo there exists &, > 0 such that G,(E + i0) exists and is continuous
on the interval (— E, E,) for 0 <e <g,.

(i) Suppose h is 2n-times differentiable (n=1) with (1 +t)h® bounded, i=
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0,1,...,2n. Then for any 0 < E, < oo there exists g, > 0 such that G,(E + i0) exists
and is n-times continuously differentiable on the interval (— E,, E,) for 0 <& <eg,.
(ili) Suppose h is infinitely differentiable with (1 +t)h bounded for all i=
0,1,2,.... Then for any 0 < E, < o0, there exists ¢, > 0 such that G.(E + i0) exists
and is infinitely differentiable on the interval (— E, E,) for 0 <& <eg,.
The strategy of our proofs will now be described. Let A be a hypercube in Z¢
centered at the origin, and let

G, 4(2) = E({O[(H, ,—2)"*]0)).
We have G,(z) = lim G, 4(z) for Imz > 0.

Al-Z¢

We will use the supersymmetric replica trick [18-21,11,22] to rewrite G, 4(z)
as a two-point function of a supersymmetric field theory. We will then perform a
cluster expansion and do explicitly the integrations over the anticommuting
variables. We will estimate the terms in the expansion and show convergence for
small ¢. This is the approach used by Klein and Perez and gives a proof of
Theorem 1.4; this will be done in Sect. 2.

To prove Theorem 1.5 we will need to modify the cluster expansion. The
assumptions of Theorem 1.5 do not give enough decay for the straightforward
cluster expansion to converge. We will write h = h; + h,, where h; will have good
decay properties. We will use a cluster expansion between sites equipped with h,
and we will estimate the islands of h,’s taking oscillations into account. This is
done in Sect. 3.

2. A Supersymmetric Cluster Expansion

2.1. The Supersymmetric Replica Trick. The supersymmetric replica trick says that

G 4(x1,x552) = ifl//(xl)*p(xz)exp{—i ZA (x| H,, 40— ZIY>€D(X)'¢(y)}@A¢,
o 2.1)

where A is a finite subset of 7% x,,x,eA, Imz > 0, @(x) = ((x), ¥(x), ¥ (x)), where
o(x)eR?, ¥(x) and ¥ (x) are anticommuting “variables” (i.e., elements of a Grassman
algebra),

O(x) D(y) = o(x): p(y) + WP ()Y () + Y Y(x))
and 2,@=[]d®(x), where d®(x)=(1/m)dy(x)dy(x)d*p(x). Notice that

xeA
fe PN dd(x) = 1.

Since we are working on a finite lattice (2.1) is fully rigorous. To compute
functions of ¥, we expand in power series that terminate after a finite number
of terms due to the anticommutativity. All {i(x),(x);xeA} anticommute. The
linear functional denoted by integration against dy(x)dy(x) (it is not an actual
integration) is defined by [23]

[(ao+a ¥ (x) + ar P (x) + as Y ()Y (x) dp(x)dyp (x) = — as.
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To simplify our notation, we will abuse it by writing
D(x)* for D(x)P(x) and o@(x)> for @(x) @(x).

Recalling the definition of H, ,, we have

xeA xeA

G, Alxy,x552) = if‘//(xl)‘p(xz)eXp{_i Z x) D(x)* + iz Z @(X)Z

+ie Y, G)(x)‘d)(y)}@,\@, (2.2)
e
where by (x, y»€A we denote a pair x, ye A with |x — y| = 1, the summation being
over all such pairs in A.
If h is absolutely continuous with a bounded derivative, we can average over
the random potential in (2.2) to obtain [11]

E(G, A(x1,%2;2) = i[Y(x,)ih(x,) HAﬁ@(X)Z;Z)eXP {iﬁ Y D) <D(y)}9,1<12

(xyded

where B(r; z) = h(r)e'™.
Thus

GE,A(Z)=1'W(0)!/7(0)l_[A/3(<17(><)2;Z)eXp{13g > CD(X)'CD(y)}@AQ’. (2.3)

(x,yyeA
2.2. The Cluster Expansion. To perform a cluster expansion, we rewrite (2.3) as

G, A(2) = [ (0)%(0) HAﬁ(@(X)Z; 2) [[ [0 —1)+1]9 4.

(x.yreA

Thus
G Al2)=1 Y [¥(0)Y(0) ]—[Aﬂ(CD(X)Z;Z) [T **—1)g 0  (24)

IcA {oyyel

where by I we denote a subset of nearest neighbor bonds. Notice that by xel”
we mean that x is a vertex in I, {x, y>el means the bond <{x,y)> isin I". We will
denote by b the number of bonds in I" and by v the number of vertices in I
Notice that v < b+ 1.

We now use the fact if F(®@,,..., ®@,) is a supersymmetric function (with respect
to the same supersymmetry acting on all the super-variables; see e.g., [24]), such
that all of its components are integrable, then

[F(®,,..., ®,)d, ...dD,= F(0,...,0). (2.5)

This can be easily proved by induction. The case n =1 is just Lemma 4.3 in [24].
Using (2.5) on (2.4) we get (note that 5(0;z) = 1)
Goa2)=i Y JYOPO) ] f(@x)*2) [ (Y —1)2 @, (2.6)
0elcA xel (xyyel

where the sum is now only over connected graphs I containing the origin.
We will now fix the connected graph I', 0eI” < A, and perform the integration
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over the anticommuting variables. To do this notice that

B(D?;z) = B(?;2) + B (@ 2) ¥, (2.7
PPz = eiw’.m(l + ;(‘/71 Yo+ Uo0,)+ ’822‘/71 vy lpz‘ﬁz) (2.8)

It follows that
(¥ (0)y(0) l—[rﬁ(@(x)2 ;2) [ (52929 —1)2 r?

(xyvel
is a sum of terms of the form
+ fﬂrﬂ#x(fp(X)z;Z) [T 8 (o), o) ro, (2.9)
xe (xydel

where f* is either B or B, and $(x,y)(@(x), ¢(x)) can be either (e®?™)¢0) _ 1),
(is/z)eiw(x)‘tp(y) or (82/4)eie¢(x)'¢(y) and @r(p — H dzq)(x)/n.

xel’

If in Theorem 1.4 we had also made assumptions on the derivatives of h similar
to the ones made on h, we could now estimate each term in (2.9) to prove a version
of Theorem 1.4 that would look more like Theorem 1.5. In particular our choice
of ¢, would depend on the energy interval (— E,, E,).

To avoid the assumptions on the derivatives and the dependency of ¢, on the
energy interval, let us look again at (2.9). Notice that if f* =, then it follows
from the integration over the anticommuting variables that we must have
50, V) (@(x), p(p)) = e ?0 — 1 if (x,y>el. We will exploit this fact when
performing an integration by parts on the variable ¢(x) to get rid of the derivative.
We have

Bo?)=@20%) "¢ VB(e?). (2.10)

Thus, with Imz > 0 (we omit z),
k k
IR @) 1"~ 1o =~ [Bo*)V- [ o7 o ]] (e - ]dz
= —[Ble*)2¢*) 1oV IJ (e —1)d*¢

= —fﬂ(<ﬂ 18(2<p2) Lo e “’Jl;l( e —1)d*p,
J
(2.11)
k
since V-(2¢2) " 1o = §(¢p), and (e n ie¢'¢; _ 1) is continuous and equal to zero

at o =0.
We may also have to do an integration by parts when we had already done
an integration by parts on one side of a bond. In this case, we have

[B(@Diep-@,(20,) *e"* 1 d* @
—ie[B@H20*) o V(p-p,207) e )d? ¢
—ie[ B(@*) (40> 1) Lo 0y +is(4@* 1) @ @) 10 d? . (2.12)



Smoothness of Density of States in the Anderson Model 445

Thus each term in (2.9) can be written as the sum of at most (2d)'" terms of the
same form except that f* is always f and $(x, y)(¢(x), @(y)) can also be

ie(20(x)%) L (x): p(y) el o),

or
iep(x) @(y)(2p(y)*) ™! el o o),

or
—ie[49(x)* (1)1 o(x) @(») €D (1 + iep(x) @(y)).

In any case, we always have

1806, M(@(x), e = e(1 + [@() (1 + o))
orse(l +[e(x)N2le) ™!
or<¢(1+(leN2lex)) !
orse(l+Q2le)) N1 +2lem)) ™)

with the important restriction that for a given x at most one of the bonds for
which x is a vertex contributes a (2|¢(x)|) ! factor.

Thus each term in (2.9) can be bounded by &’7(2d)'"CY, where C, is the
biggest of

dz
1+ 10l o 21" (213
or

dz
Ja+1oD CloD Bl 1"

Since | B(¢?;2)| £ |h(¢?)|, C; can be chosen independently of z. Notice that C, < oo
by the hypothesis of Theorem 1.4.
Since the number of terms in (2.9) is < 2°73"7, we have that

[ (0)y(0) I—[Fﬁ(¢(X)2; 2) [] (9 -1)7 0

(x,yyel”
<er2d 4 C, + 23 < Chrtletr

for C,=Q2d+ C, +2)3
It now follows from (2.6) that
ng,A(Z)I é Z C(21+br)8br= Z Z C(21 +n)8n
Oelc A n=0 0eI'c Awithbp=n

0

<C, Y (4d*Che) = Cy(1 —2dCoe)

n=0
if
e<(4d>C,)

Under the above assumptions G, 4(E +in) can be extended to n=0 as a
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continuous function. Since all our bounds are uniform in E€R and # =0 we can
conclude that G, 4(E + in) converges as A — Z* uniformly on E€R and 5 = 0. Since
for # > 0 the convergence is to G,(E + in), we can conclude that G,(E + i0) exists
and is a continuous function on the whole real line.

We now turn to the differentiability of G,(E + i0) with respect to E. Since
B(D?;2) = h(D?)e* ¥, it is clear from (2.3) that G, 4(z) can be differentiated with
respect to E for n = 0. If we use (2.4) we get

d = 2 D)
g5 G =~ Y 2 IVOWO @) [] (@(x)7*52) [] (570 —1)2,@.
O0elcAxel xel” {xyyel

As before each term in the sum can be bounded by C,C%7;, where Cj is
calculated like C, except that we replace f in (2.13) by ¢?f. Notice that C; < o0
is the hypothesis of Theorem 1.4 for the differentiability of G,(E + i0).

Thus we have the bond
< Y 0pCiCYETSCy Y (1 +n)(4d*Che)' < 0

Oelc A n=0

d
5 Guald
if, as before, ¢ < (4d>C,)~ .

The same procedure works for higher derivatives.

Since k' does not appear in our bounds we can remove it by an approximation
argument. This concludes the proof of Theorem 1.4 (i) and (ii). To prove the
analyticity in (iii) the same procedure works since G, 4(z) is analytic for Imz > —a.
One proves uniform bounds for Imz = — «; and uses Vitali’s Theorem.

3. The Modified Cluster Expansion

3.1. Basic Idea. We will now modify the cluster expansion of Sect. 2 to prove
Theorem 1.5. For technical reasons we will use the supersymmetric replica trick
for e7'H,= —3A+ ¢~ ' V. Thus (2.3) is rewritten as

G, alz) =i [Y(0)Y(0) ]_[Aﬁe(qu(x); z) exp {i > ‘I’(X)‘@(y)}QA@, (3.1)
x€ {x,yyeA
where B,(r;z) = B(e™'r; 2).

We will write , = f, + f,, the decomposition depending on ¢. #; will be chosen
to have compact support and f§, will be the tail. Our approach will be to perform
a cluster expansion only on bonds between lattice sites equipped with f;, and
choose , and f, in such a way that the integrals over the regions equipped with
B, are small. The convergence of the expansion will then depend on a delicate
balancing of bounds.

3.2. The Decomposition of 8, and Bounds. Let x be a fixed infinitely differentiable
function on R such that 0<y <1, y=1 on [—%,1] and suppy<=[—1,1]. We
will use 7 to denote the characteristic function of [ — 1, 1].

We now fix ¢ >0 and define (we omit the complex energy z)

Bi(t)=B.(0)x(e°t),  Ba(t) = Be(t) — B+ (1) = B.()(1 — x(e~°1)). (3-2)
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Here 0 <0 < 1 is to be chosen later. Our assumptions are that
(WO <C1+1)~! for i=0,1. (3.3)

By C we will always denote an appropriate finite constant (not always the same).
We will derive bounds on 8, and f8, that will be needed for the convergence
of the modified cluster expansion. We now fix 0 < E, < oo. All our bounds will be
uniform in E and # for |[E|<Eyand 0=n=1.
Notice that

£—1+6

[+ tye' Pndt<s | (1+t) 'de=log(l+&e '*?)<Clloge| (3.4)
0 0

and
JA+)2A—gE P0Pdts | 1+ 2di=(1+3e" 1797 <Ce' 72
0 g 140
v (3.5)

From now on we will always consider 8,, B,, h, I, etc. as functions of ¢2, and
all the I” norms will always be with respect to d?¢.
From (3.2), (3.3), (3.4), and (3.5) we get:

8111 = Cellogel, (3.6)
811, = Clloge], (3.7)
81l < Ce'?, (3.8)
811, < Ce 2, (3.9)
B2, < Cet ™72, (3.10)
8511, < Ce™ 2, (3.11)
ol ™ 2l < Ce' 72, (3.12)
[lB; ], < Ce' ™2, (3.13)
el < Ce™?, (3.14)
IolByll, = Celloge|'?, (3.15)
I'olB1 1, Cllogel'. (3.16)
For 1 <p < oo we have

181, =< Ce'™, (3.17)

1B 1l, < Ce™ M 1P, (3.18)
8,1, < Cel=-1ms, (3.19)

I Bsll, < Ce™ =22, (3.20)

For 1 <p <2 we have
[elBy]l,< Cet+otip=1i2), (3.21)
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Il By ll, < Ce?tr=12), (3.22)
p
For 4 < p < o0 we have
el ™ s ll, < Cet ~2C27 1P, (3.23)
For 2 < p < oo we have
[olpsll, < Cet —20271P, (3.24)
Hp=Ce” . .
[Helpall, < Cemoti271P (3.25)

Another bound we will need is
[ = Die°9*) (e °0"%) | < C&°. (3.26)

3.3. The Modified Expansion. From (3.1) and (3.2) we have

—ieG, 4(2) = ( )Z [¥(0¥(0) H Br (P(x)*; Z)GXP{ Y. D(x) Gj(y)}@A‘P
k(x) = (x,yren

= X [vO0y0 H B @x2) [] Bo(@x)?) ] €29 *3 ,a.

AjcA Xe Ay xeA\A (x,yyeA
(3.27)

We will perform a cluster expansion only on bonds between sites in A;. For
afixed A, c A we let A, =A\A,,

= {xeAld(x;, A) 1}, T(A) = {<nyded;[<xy )¢}
To perform the cluster expansion we rewrite (3.27) as

— G, 4z Z [ (©)g(0) ﬂ B (@(x)*) [ ] Bx(@(x)%)

xeM XeA,

1—[ [(exlb(x) D(y) _ )+ 1] H t@(X)-d’(.v)@A(p

(oy>ed(Ay) (Ly>ET (Ay)

=X X Oy J] @0 T fA(0x)

Ajc AT cT(Ay) xe Ay xe Ay
n (e’ D(x) P(y) _ 1) H ol Px) d’(y)@A(p.

(oyyel {287 (Ay)

We now use (2.5) and the discussion before it. Taking into account that ; (0) = 1
and f,(0) =0, we get
—ieG, A2)= Y, Y. [Y(0¥(0) [T B.(P(x)*)

Ay A Te¥(Ay) XeA,
[T Ao J] (@01
xe[(AuIN\Az] Cxyel
e P e g [0/ 3.28
<x,}l;:IE/T2 oA, > ( )
where %(A,)={I'eT(A,)|["UA, is a connected set of nearest neighbors bonds
with 0el" U A, }.
We now perform the integration over the anticommuting variables. If we fix
A, © A, T e%(A,), the corresponding term in (3.28) can be written as a sum of
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terms of the form (recall (2.7) and (2.8))
+{ [ Ao T[] B

xe Az xe[(I'uA;\4;]
[T 8 n(Ee® e —b(x,y) [] S$(x,»)e?*P2 . ; 0, (329
(xyyel (xyded,

where
Bt iseither B, or f,i=1,2,

b(x,y) iseither O or 1, (3.30)
j 1
$(x,y) iseither 1, é or o

There are constraints on the possible choices in (3.30). We are not going to
take these constraints into account except for the following: if at a given site x we
have B/ (¢(x)?) then we have b(x,y) =1 for all {x,y el

3.4. Integration by Parts. The IP-bounds (3.11) and (3.20) for f, diverge like ¢ ~°
with 6 > 0. If we have a term in (3.29) with many f}, our estimate will give us a
large factor. To avoid this problem we will thin out the number of 8, by performing
integration by parts.

So let us fix a term in (3.29) and write A, = BUB’, where B is the subset of
A, where we have f§,, and B’ is the subset of A, where we have f,. We want to
perform an integration by parts in a sufficiently large subset B” of B’ such that
the sites in B” are sufficiently far apart from each other.

Notice that

7= (71Z% +a), (3.31)

the union being over all xeZ? with «,€{0,1,2,3,4,5,6}, i=1,2,...,d.
Since (3.31) expresses Z4 as a disjoint union, there exists at least one such a,
say &, such that

|B'N(TZ¢+&)| =774 B|. (3.32)
We choose
B’ =B n(1Z° + q). (3.33)

For xeB” we perform an integration by parts similar to (2.11). Since , =0 in
a neighborhood of the origin we get

| Bo(o(x)*) exp {iqo(X)' Y @(y)}dzqo(X)

yi(xyred,

=—i Y [B(e0))[20()]1 " o(x)e)

yi(xyyed,

-exp{iqo(x)' > <p(y)}d2<p(><)

yi{x,yredy
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=—i Y Z [B2(0(x)*)[20(x)* 1" 0,(x)0,(y)

yLx, y>eA2 Jj=1

"exp {iqo(x)‘ > w(y)}dzw(x} (3.34)
yixyyedy
After performing the integration by parts (3.34) at all sites in B”, we can still

express each term in (3.28) as a sum of terms of the form given by (3.29), except
that now _

pt iseither B, or B, if xel'\A,,

or ﬁlaﬁlla (pjﬂl’qojﬁ&sj: 1,2, if XGFGZZ;

ﬁgx iS Either ﬁlaﬁ&a quﬁZ’(»Djﬁ/b (335)

or [2(p2]_l¢jﬂ27j= 1529 b(x,y) and $(x,y)

are as in (3.30)

3.5. Convergence of the Expansion. Let us fix a term of the form (3.29) with the
choices for the functions in the integrand being done according to (3.35). We are
going first to integrate over the variables in each connected component of A,. The
functions at each site of A, are not in L' except for those at the sites in B” where
an integration by parts has been performed, but they are in all I” for p > 1 with
the possible exception of one of the nearest neighbors of each site in B” where we
need p > 2. We must use the oscillations given by the bond functions in order to
be able to estimate the integrals. This will be achieved by interpolating between
different estimates using [? norms.

The crucial estimate is given by the following lemma:

Lemma 3.1. Let
K=K, L#8b)=[ [] Biex)?) ]_[ Br(o(x)?) [T S(x,y)eie@ e

xe/TZ\AZ xeMp <x,y>5/iz
I [8Gewy(e?™ o™ —b(x, w) 7™’ (X)) 7(e ™ 0(W)*)]1 24, ¢.
(owyel,xeA, (3.36)
Then there are 1<p<22<r<o,l<qg=gq(r)<oo with limq(r)=1, and a
r—2

constant C = C(p, q,r) < o0, all independent of A,, I',#,8,b, such that
IKI<C™ TT 1851, [TIA%0 11 185000 TT 18502

xeAy\I xel xe[(A\A)\E[] xeEy
[T 1180, w(e™ ™ —b(x, w)x(e~°9(x)*)7(e *p(W)*) [ ., (3.37)
{x,wyel,xeA,

where I = {xeAzlb’gX =@;B, or ¢;f5,j=12}, E; is a subset of A\ A, with
|E[ sl and || Ny p=3{I1 I, + 11 I, }-

The proof of this lemma will be postponed to Subsect. 3.6.

Lemma 3.1 and the I” bounds of Subsect. 3.2 allow us to estimate K in terms
of ¢ and |A,].

Lemma 3.2. For 6 > 0 sufficiently small there exists 6, > 0, depending only on the
dimension d, such that for all ¢ > 0 sufficiently small we have

(K| T 80 w)(Ee?® o™ —bx, W) 7 (e 20027 p(w)) ...
{x,wyel,xeA, (338)
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Proof. Let

N, = “:/TZ\AZ:I\EIL
N, =|{xeA,|B iseither B, or ¢;B,}l,
Ny =|{xeA,|B% iseither B, or ¢;B5}l.
We recall B” = {xeA,|f% =[2¢*]1 10,8}
Applying Lemma 3.1 and the bounds (3.6)—(3.25) we get
K| < A2l g1 = 8)N2 o =0N3 (1-0)IB"| o~ (1 ~ QN g —121E] 4

where
A= JI 180w (e*® o™ —b(x,w) (e’ 0(x)*)7(e W) | -
(x,wyel,xeA,

Now using (3.32) and (3.33), N5 +|B"|=|B|, the fact that [I|<|B"| by
construction, |E;|<[I|,N; Z|A,|,[N,|+[B|=|A;| and |[A,| = (2d + 1)|A,[, we
get

K| < CM2|8[(2<7‘*)"—6(1+7“’)J|B’18(1 —a)zvzg—(l—q“)lA‘zlA

< C(2d+1)|A2|8[(2~7")”‘~5(1+7“’)—(1~q")(2d+1)]|3’| 8[1—6~(1—q_1)(2d+1)]N2A'

The lemma now follows by taking g sufficiently close to one and ¢ sufficiently
small.

We can now prove the convergence of the expansion (3.28), by estimating it
uniformly in A and in |E| < E,,0<n < 1.

Theorem 3.3. For any E, < o0 we can choose 6 >0 in (3.2) for which there exists
&0 >0 such that the expansion (3.28) converges as A— Z*, uniformly in 0 <e <e¢,,
|[E|£Eqand 0=y < 1.

Notice that Theorem 1.5 (i) follows from Theorem 3.3.

Proof of Theorem 3.3. From (3.28) and (3.29) we have
=G a@)= Y Y Y [ e I Fex?)

Ayc ATe%9(A,) #8b xe[(I'uAy\A,] xe Az

T 8(x )% — b(x, y))

(x,yyel
[I 8(y)e®eVg. ; o, (3.39)
{x,y)eA,
where the sum in #, 3, b is over the allowable choice (3.35).
Using (3.36) we have
|£Ge,A(Z)I§ Z Z Z |K(A2’F’#a$5b)'

Ay = A Tedy(A) #8b

T 118(x, y)(ee®e® —b(x, y)ie °p(x)?)ile ™ °0(1)?) |
{xyyel
X, y¢A 5

- T1 181

xel\A,

For fixed A,, I',#,$,b, let us write
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Iy={<{x,yyellb(x,y)=1},
L={xeF\12[ﬂ€X=ﬁl},
L= {xel\A,|pt= B}

We now choose § > 0 and ¢, > 0 by Lemma 3.2, so (3.38) holds forall 0 < ¢ < ¢,.
Using (3.38), (3.6), (3.7) and (3.26) we have
66 @< Y Y Y &l(Cellogel)(Clloge])"(Ce)'n,
Ay A Teb(Ay) 45

where b, is the number of bonds in I';.
By the remark after (3.30) we have |L| < b,. Thus

16G, A< Y Y Y & l(Cellogel)H(Ce”? [log e]) !

Ay ATe%(Ay) #8b

=S VD VD W (3.40)
Ay A Te%(A,) #5.b
for some §, > 0.

We now estimate the sum on the right-hand side of (3.40) by first choosing the
set D=1IUA,, which must be a connected set containing the origin, and then
summing over all possible choices of A,, I', #, 8, b compatible with D. The number
of possible choices is bounded by C"” for some finite constant C which depends
only on the dimension. Thus we get

l6G, A2 Y CPPI= ¥ Qa)(Cey =) (4d2CeY. (3.41)
OeD connected n=1 1
It suffices thus to choose ¢, > 0 such that 4d*Cel? < 1.
This finishes the proof of Theorem 3.3.

3.6. Proof of Lemma 3.1. At each site xeA, we consider a function f,(¢(x)) and
define

M(fixed) =[] fulo(x) [ $(x, e V%5 ¢. (3.42)

xeA, {xyyefy
M(f.;xeA,) is a multilinear functional. We will establish bounds for M in
terms of several possible choices of norms for the {f,;xeA,} and interpolate
between these norms to obtain the desired bound that implies (3.36).
We start with some definitions. Let J be the set of isolated points in A,, ie.,

J={xeA,|{x,ypeA, implies yeA,},

and, for « as in (3.31), let
H,=[A,n(7Z° + o)1\,

where I is a given fixed subset of A, with [x—y| 25 for x,yel,x #y. For each
xel such that there exists {x,yYeA, with yeA,\ A,, we choose such a y which
we denote by y(x). We define

E; = {y(x)|xel with dist(x,A,\A,)=1}.

Notice that |E,| < |I].
We first prove:
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Lemma 3.4. Foranyr,2 <r < oo, there exists p, | <p < q, where 1/q =%+ 1/r, such
that

IM(fxeA)<C% TT Ifel, 11 11l TT1 el

xeH\J xeH,nJ
IT  Wfille  IT Wfellng TT 0/l TT I fslze (3.43)
xeA \(H,uIVJ) xeA;\ (A, VE)) xeJ\H, xeEp
Proof. We will first integrate over some of the variables in (3.42) and then estimate
what remains by the L'-norm. The integration will be done in several steps.

Step 1. Integration over the variables labeled by J n H, and one nearest neighbor.
Since the sites in J n H, do not have nearest neighbors in common we can do
the integration over the corresponding variables obtaining

I1 fx< Y w(y)>, (3.44)

xeJUH, yi(x,yred,
where f(p) = [€*¢ f(¢")d*¢'. We recall the Hausdorff-Young inequality | 7l <
@2r)2=2?| f|, for 1<p=<2,1/p'+1/p=1. Notice that if xeJnH, and we fix
jeA,,|x — j| = 1, then (3.44) is in I7 (d* ¢(y)), uniformly in the other variables. Thus

fx< ) co(y)>

yx.pyed,

(1S eI d*o(7) < 2nll fill, 1 f:ll,-

Step 2. Integration over the variables labeled by xe H,\J such that dist(x,I) > 1
and over one nearest neighbor.
For each such x we pick z =z(x)eA,\ H,, |z — x| = 1. We then integrate over

(2), obtaining f,{ Y @(y) |, which is in I?(d?¢(x)) uniformly in the other
yi(pzyed
nearest neighbors of z. We obtain

f< )3 qo(Z))

yi(pzyed,

d*o(x) < 2n|| fell2 1 £z

[1fl@())

Step 3. Integration over the variables labeled by I and two nearest neighbors.
Here we must consider several cases.

Case 1. xel and there is yeH, with |x — y| =1 (in particular y¢J).
We integrate over ¢(y) to obtain fy< Y go(z)), which is in I2(d?@(x))

) ] . z:(z,y>e/Tz .
uniformly in the other variables. We then choose another nearest neighbor z of x,

which must be either in A,\A, or in A,\H,. Integrating over ¢(z) we get
fz< Y (p(w)> which is in L!(d*¢(x)), where 1/t =1 — 1/r —3, uniformly in the

widw,zy=1
other variables; here we pick an r,2 <r < o0. We set 1/q=1/r +3. We can then

bound the integration over ¢(x) by 2m)2 || f Il Il £, 2 Il f- ll,-
Case 2. xel, dist(x, H,) > 1 but dist(x,A,\A,) = 1.

We pick y(x)eE; and another nearest neighbor z of x and repeat the procedure
of Case 1. We must now be careful if there exists we H, such that w and x have a
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common nearest neighbor u. If in step 2 we chose a different nearest neighbor v’
of w over which to do the integration we can take z =u. If however we already
used u in step 2 we must take z # u. This can always be done except if we are in
dimension d = 2 and x is a corner of the box A, so x has only two nearest neighbors
in A. In this case we must enlarge E; slightly (by four more points, one for each
corner of A) and use this new site of E; in step 2 if necessary to free the two nearest
neighbors of x for the present case. This slight enlargement of E; makes no
appreciable difference and we will simply ignore it.

Case 3. xel, dist(x, H,) > 1, dist(x, A,\ A,) > 1.
We proceed as in case 2, but we pick the two nearest neighbors of x in A,\ H,.

Step 4. We now estimate all the remaining integrals by the L'-norms.

If we now pick p in step 1 such that 1 < p <gq, where g was chosen in step 3,
we obtain (3.43).

This proves Lemma 3.4.

We will now use complex interpolation between Banach spaces to interpolate
between the bounds obtained in Lemma 3.4 for different choices of a. An application
of the three lines theorem as in [25] gives

Lemma 3.5. Let L(f,;xeA) be a multilinear functional on (L' nL®)* such that

[L(fs;xed)| = Cg Il (3.45)
and
|L(f;xed)| = Cg I fxlles,o (3.46)
where t,,u,,v.€[1, 00].
Then
|L(fxsxeA)| = Cg 725/ P (3.47)
where

1 1/1 N 1
we 2\u, v, )
We are now ready to finish the proof of Lemma 3.1. Let o™, n= 1,2,..._,7"
denote an ordering of the o’s as in (3.31). We apply Lemma 3.5 to M(f,;x€A,),
where we have 4 =A,\I and fix the variables in A,\ 4. We apply Lemma 3.5

iteratively. We start by choosing o =a*) in Lemma 3.4 so we have the bounds
(3.45) and (3.46) with

t,=2 for xeA,\(IUJ),
t,=p for xeJ,

u,=1 for xeA,\(H,nul),
u,=p for xeH,w,

v,=1 for xeAd.
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Applying Lemma 3.5 we get (3.47). In the next step we take o = «® in Lemma 3.4,
and use Lemma 3.5 with ¢,,u, as before but with v, equal to w, obtained in the
previous step. If we perform this procedure for all «™,n=1,...,7% we are able to
obtain an estimate of the type (3.47) with all w,> 1 for all xeA,\I. If we now
select p to be the smallest of all w, we obtain the estimate of Lemma 3.1.

3.7. Differentiation. Since (d/dz)B(®?;z)=i®?*B(®?;z), it follows from (3.1) that for
Imz >0 we have

z G al2) =170 3 YOO P(x)*... P(x,)* e n,  (348)

dZ " X1yenns Xne A
where

YOO D(x,)* ... D(x,)* > 4

=N(0)!F(0)¢7(x1)2---d’(xn)zQﬁe(¢(X)2;x)exp{i Y ‘I’(x)'qj(y)}@,a@-
x€ {x,yyeA
(3.49)

We will now show that if & is 2n-times differentiable with (1 + £)h(¢) bounded,
i=0,1,...,2n, we can apply our modified cluster expansion to each term of the
form (3.49) and obtain convergence of the expansion we get from (3.48) in the same
region of the parameters for which we proved convergence for the expansion of
G, A(z) (i.e., for the parameters as in Theorem 3.3). Since for fixed E, < co we will
choose ¢, > 0 independent of n, we will obtain a proof of Theorem 1.5 (ii) and (iii).

Applying the modified cluster expansion (3.28) to each term of the form (3.49),
we get (we surpress &)

YOPO) P (xy).. D*(x,)> 4
=2 Y OPOPx,) - D) L, (3.50)

Ay ATe9(Ayxy,x,)

where
CAY pa=JAT] Br(@(x?) ] B1(@(x)%)
xeh xe[(AyuIMN\A;]
T (fowrew—) I eiw(xw(y)@FMZ
(xyyel (x,yyedy
and

G(Ay;xy...x,) = {T€%(Ay)|xy,...,x,eUA,}.
It now follows from (3.48) and (3.50) that

a "
AL CED D W D N ¢

k=0 x1,....Xn€ A A, c A TeG(Ag;x1,msXp)

n

k
~<l//(0)l/7(0)I=]1\l7(xi)l//(xi) [T 0()*>r - (3.51)

ji=k+1

If we now perform the integration over the anticommuting variables in each
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term on the right-hand side of (3.51), we obtain a sum of terms of the same form
as (3.29), except that:

(i) For x =X,,X,...,%,, we have fx=f, i=1, 2.
(ii) For x =X, 1,...,X,, B is replaced by @™ ¥, where m denotes the number
of xs, j=k+1,...,m, such that x = x;.

Since we did not assume that ¢?"p#cI?, we will have to perform integrations
by parts to obtain terms we can bound. In addition to the bounds of Subsect. 3.2,
we will need:

o™ Billy < e 2™ 1By (3.52)

HeomBP Y, <™ 1B, (3.53)
These bounds hold for all 1 £ ¢ < oo and all m = 0. Also,

H@lBP o < Ce™t 1792, (3.54)

Since we assumed the same decay for h®) as for h, we have that || B[, and ¢ ~'|| B,
satisfy the same type of bounds, with i = 1,2, with perhaps different constants.
Notice that the bounds (3.52) imply that for the terms in (3.51) with x;€e A\ A,
our previous estimates suffice. Problems arise from x;eA,. We will show that such
terms may, however also be estimated in essentially the same way as before, the
bounds being changed by constants depending only on n and .
For fixed A, and I" we consider a rather general term,

Z(#’ m, l) = Z(#a m, l, Az, F, $, b)
= [ T1 (B0 o= (x) o5 ()] T[] $(x,y)eieew

xeAy (x,ydedy

[T 80wl (w)eh (w)e?™ o™ —blx, w17’ p(w)*)Z 4, .
(xowyel

xela (3.55)

Here #,m,] are multi-indices taking values in the non-negative integers, and by
B% we mean the #,-th derivative of §.,$ and b are the same as before, except that
we will put b(x, w) = 0 whenever m,, + [, # 0. It is easy to see that Z(#,m,[) can be
estimated as in the previous sections provided

(i) L+m, =1 for all xeA,.
(i) The distance between points with [, +m, =1 is sufficiently large, e.g., bigger
than 6 in each coordinate direction.

Our purpose is to rewrite Z(#, m, ) as a sum of terms satisfying these conditions.
This is achieved by using partial integration to move around powers of ¢ until
they are sufficiently diluted. The key to success is that the number of terms generated
this way depends only on the number of powers of ¢ originally present, i.e. on n,
and that the bounds on the resulting terms differ from the bounds obtained
previously only by factors depending on ¢ and n. The following describes a simple
algorithm to achieve this. Note that we do not strive for optimal bounds. We use
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the following notation: |m| = Z m,, |1],|#| being defined the same way. Let 7 be

a fixed (lattice) hyperplane ililfészecting the boundary of A. For xeA, let d(x)=
dist(m, x). We denote by 7, a (hyper) plane parallel to m such that dist(r,7,) = p.
We are only concerned with 7,’s that intersect A,. For any such plane let
o,mh= 3% m.+I. (3.56)
xeAzr\np
A plane 7, with g,(m,[) = 0 is called “empty” and a plane with g ,(m,[) = 1 is called
“clean.” We will rewrite Z(#,m, 1) as a sum of similar terms in which all planes will
become clean or empty, and such that between two clean planes there will be at
least six empty ones. Let

®(m,l)={xeA,| either o, (m)>1, or o, (ml)=1 and a,(m1)#0
for some d° with |d(x)—d'|<6}
and
Am)y= Y m.+1,.

xe€(m,l)

The following lemma provides the elementary operation we need:

Lemma 3.6. Let x,€A,. Let x, be the nearest neighbor of x, such that d(x,) =d(x,) — 1.
Let N, be the set of nearest neighbors of x, in A, T, and N9 =N\ {x,}. Then

Z(#m 1) = ZN ZHY),m, L) + L, Z(#m, U(x,)) (3.57)
if l,,>0, and
Z#m )= ZN Z# (), m(y), ) + m., Z(#,m(x,),1) (3.58)

if m,, >0, where
mx(y)=mxo_1 Un X = Xg,
my+1 if x=yeNy,
m,+1 if x=x; and y=x,,
w—1 if x=x; and y=x, (3.59)

m, otherwise.

m

L.(y) is defined in the same way and
#W=#.,—1 if x=x;, and y=x,, (3.60)
#. otherwise.

Proof. Consider the case I, #0. We may use in (3.55) the identity

50 (xg) €000 00D = golz"f’(xo)[ eiw(xo)'q’(xx):l.

05 (x;)

Performing then an integration by parts with respect to the variable ¢,(x,) and
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computing the derivatives that arise we get

Z@m )= [T B o=@k x) ] S(x,y)ee®e»

7 (xyyedy

[T 80 wlot ()@} (w)ete e
{xwyell

xeA,

—b(x, w17l p(w)*]

"Pz(xo)_l{ Y B (0(x1)? 0T xi)ok (x1) 02 0)

yeNy

+ B (p(x1)?) 9 (xp) 03 (x;)
+ 1, fe (<p(x1)2<p'1""‘(x1)<0'z’““(xl)}%z ®. (3.61)

Equation (3.61) is strictly correct only if N = A,. If N contains points yeI” but
y¢A,, the b(x,y) corresponding to that term in the sum disappears. This is in
accordance with our convention that b(x,w) =0 if m,, + [,, # 0. Taking this remark
into account, Lemma 3.6 can be read off Eq. (3.61).

Note that the multi-indices appearing in Lemma 3.6 satisfy

Im|+ ()] = Im| +11],

[my)| + 1] < [m| + 1], (3.62)
o (m(y),))=0a,mU(y)) =0,m]) if p>dixo)=o0,m,1)—1
if  p=d(xg), (3.63)
and
[H#WI| = 1#+ 1 (3.64)

>

We may use Lemma 3.6 successively in a given plane 7, until that plane is “clean’
or “empty.” Keeping track of the terms that are produced gives:

Lemma 3.7. Let n, be a plane such that ,(m,l)= 1. Let =0 or 1.
Then

Zm D= Y. ZGH T (3:65)

where

() o,(mLT)=1 forall i

(i) |rﬁ§l+|§f|§lml+ll|,

(i) o, (m},})=0,(ml) for p'>p,

(iv) 1 < [#] +0,m,]) -,

v) #.S#.+o,m—1 for xem,_,,

=#. Jor x¢m,_,
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(Vl) K é [2d + O,- l(m, l) + O'p(m, l)]ap(m,l)fz'

Proof. The lemma follows by applying Lemma 3.6 ¢,(m,[) — 7 times.

We now apply Lemma 3.7 consecutively on non-empty planes starting with
the one farthest away from z. In the first plane we choose 7 = 1, thus leaving it
“clean.” In the subsequent 6 planes we apply, if necessary, Lemma 3.7 with 7 =0.
The 7™ plane again is treated only until “clean” and so on. For each seven planes
we treat we reduce thus A(m,[) by one. Therefore, the total number of times we
need to apply the lemma is no larger than 72, if A(h,I)=2r at the beginning,

until A(, [) = 0. But this guarantees that powers of ¢ in A, that appear are all at
most one, and furthermore widely separated. More precisely, we have

Proposition 3.8. Let A, be fixed, |m| + || = 2r, and # a multi-index with #.<1 for
all xeA,. Then

Zim. = 3. ZG0.H0.T0) (3.66)
where
@) A@wG), 1) =0,
(i) )| +176)| < 2r,
(iif) 1#G) < |1#] +7-2n)2,
(iv) EO<H +2r—1<2r forall x,
(V) k<(2d+ 4r)(2')2.

Proof. Again, the proposition follows by using Lemma 3.7 as outlined above and
keeping track of the bounds, using that in particular ¢ ,(m,[) < 2r in each plane =,
and at each stage of the process.

A term Z(#, m, ) can now be estimated in | ||, -norm like a term K in Lemma
3.1, after we perform integrations by part on a set B” = B'. To avoid complications,
we choose B as in Subsect. 3.4, but remove from it all points such that [ + i, = 1.
There are at most 2r-2¢ such points, and will therefore affect our bounds only by
a factor e~ 22,

Taking this into account and using Lemma 3.2 with the bounds (3.52)—(3.54)
gives then that

IZ(#, m,r)l é 8*“(’)851'/Tz|

[T 180, w)(e?™*® —b(x, w)7Le*9(x)* 17 [’ @(W)* ]l
(xwyel”
xeA,

(367)
where a(r) is a constant depending only on r. [Note that a(r) takes already into
account the fact that some (but no more than 2r) terms in the product on the right
of (3.67) appear modified in Z(#,#,1).] Note that J§, is the same that appears in
Lemma 3.2. Combining this estimate with the bound on in Proposition 3.7, we
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that

n

d
I—iﬁ"“d -G A@I=2" Y ) ) )
Z X1 Xn€ A A \A TeB(Agi Xy rnX) #5D
1Z@Lm| T 1805 y)(e @ —b(x, ) 7e () 7 0(1)* 1l

{xyyel
x,y¢Az

[T 1. = ZD |D|"Cy(n)e~ ™ CP'e™P; (3.68)

xel\A Oe
\A2 connected

here C,(n),a(n) depend only on n, and C,d, are constants independent of n. The
latter sum converges, as (3.41), provided ¢, > &> 0, if

4d2Cel < 1. (3.69)

This proves Theorem 1.5 (ii). Since ¢, given by (3.69) is independent of n, we

proved Theorem 1.5 (iii) as well.
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