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Abstract. A new proof of the M. Herman theorem on the smooth conjugacy of
a circle map is presented here. It is based on the thermodynamic representation
of dynamical systems and the study of the ergodic properties for the
corresponding radom variables.

1. Introduction

In this paper we present a new proof of M. Herman’s famous theorem about
smooth conjugacy of diffeomorphisms of the circle to rotations. Our proofis based
on a version of thermodynamic formalism which was used earlier for the study of
Feigenbaum’s mappings of the interval (see [1]) and later for some critical
mappings of the circle (see [2, 3]).

Consider a strictly monotone continuous function ¢ such that ¢(x+1)
= ¢(x)+ 1. It defines a homeomorphism of S* through the equation: T,x = {¢(x)},
x€[0;1). Denote the rotation number of T, by g.

Assumptions. A.1. e C?**7,9>0, ¢’ Zconst>0;
A.2. o is irrational and if

o=k, ks s ky,...]

is the expansion of ¢ into continued fraction, then k, <constn’, v>0.

If ¢ is irrational and ¢ € C?, then Denjoy’s classical theorem states that T, is
topologically isomorphic to the rotation with angle g. In other words there exists a
strictly monotone continuous function v, w(x+1)=y(x)+1, such that p(p(x))
=y(x)+e. If we denote R,=T,, ¢,=x+g, then the last equality means T, T,
=R,T,.

Herman’s Theorem. Under the Assumptions A.1, A.2 the function pe C*.

For us it will be convenient to prove a statement equivalent to Herman’s
theorem. This is pointed out in Arnold’s paper [11]. Let us write the equation for
the density 7n(x) of an invariant absolutely continuous measure, provided that such
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a measure exists: ﬂ(Tw(X)) 3 1

n(x)  ¢'(x)
Herman’s Theorem. Under the Assumptions A.1, A.2, Eq.(1) has a continuous
strictly positive solution.

1

The equivalence of the two formulations follows from the equality y(x)

= [ n(y)dy. Take any point x,€S' and its semi-trajectory O={x,}&’, x,= Tyx,
0 i—1

which is everywhere dense on S*. Put n(x,) =1 and n(x;)= [] (¢'(x,))~'. Thus, the
k=0

function = is defined on O and satisfies there (1). We shall show that it is continuous
on O and can be continued to a positive continuous function on the whole circle.

Our method uses the ideas of the renormalization group theory in the theory of
dynamical systems, as it is presented in [4, 5]. We hope that it can also be useful for
the critical mappings of the circle.

The first proof of Herman’s theorem was published in [6]. Later there
appeared shorter versions (see [7]). For us the exposition presented in the
dissertation by Yoccoz [8] was very useful.

In contrast to the positive results of this paper, there are examples [12] of C?
diffefomorphisms arbitrarily close to a rotation which are not C' conjugate to a
rotation, even if their rotation numbers satisfy the hypothesis given here.

2. The Symbolic Representations of Real Numbers Generated by T,

Denote by ¢,= Pr the ntn approximant of g, i.e. 9,=[ky, k5, ..., k,]. The numbers
Pw 4, satisfy theqrnecurrence relations
Puv1=Kpi1PatPu-1s  P1=1,  po=0, 2)
Gui1=Kos 1@t du—1> q1=ki, qo=1. (2"
Take any integer m<gq,, . It can be written in the form
m=a,qd,+a,- 14—+ ... +aoqo,

where 0 < a; <k, ;. This representation is nonunique. For any x, € S', let us denote
by C§’(x,) the closed intervals whose end-points are xo, x,,, C{"(xo)=T,C(x,).
The following lemma is well-known.

Lemma 1. For every n the intervals C(x,), 05i<q,, C"*V(x,), 0=j<q, are
mutually disjoint except the end-points, and cover the whole circle.

Introduce the partition &, of S* whose elements are C"(x,), 0<i<q,,,—1,
Cy*N(x,), 0<j<gq,—1. The partitions ¢, are monotone-increasing, &,<¢,,; in
the sense that each C,, consists of several C,, . To be more precise each C{'* V(x,),
0<j<gq,is also an element of the partition &, ;. But each C{"(x,) is partitioned
into (k, ., +1) elements of £, ; because we have the equality:

kn+2—1
CHox)=Ci o) U ey, (o). ©)
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Gn+1tan—1x,
In other words if 0,= U , then each C{” contains exactly k, , , new points

of 0, . It will also be important that C(x,) = C§’(x;). One can construct a unique
symbolic representation of any x € S' not belonging to the set of end-points of all
C"(x,),0<i<q, ., using some inductive procedure. Put a, , ; = A if x e C{"* V(x,),
Oé l<qn and A1 = kn+2 _] if X€ CE';__;"ILM"_}_ 1(XO)C Cf'n)(xo)a 0§l<qn+ 1> Oé.]
<k, 4, [see (3)]. For

kn+2—1
xeC{"(xo) — ,UO Cla jan o(X0)=C""P(xo) put a,,,;=0.
=
Thus, we write

X (Agy Aqy vy Ay ...)=4d,

where a;=4, 0,1,...,k;+1, i+0, ag=A4, 0,...,k;—1. The Lebesgue measure ¢
induces a probability measure on the space of all admissible sequences
a=(aq,ay, ..., a, ...). It is easy to see that the only restriction on the word a is the
following one: a,,, ; = A iff a,=0. This is a “hard core” type condition in statistical
mechanics. Remark that each element of the partition &, corresponds under this
representation to a finite word (ay, a4, ..., a,) of length (n+1). In particular, the
words (0, 4, ...,0,4) and (4,0, ..., 4,0) correspond to the elements CJ, C&** 1),
respectively. The proof of Herman’s theorem will be based on the ergodic
properties of the sequence of random variables a, with respect to the measure
induced by the Lebesgue measure.

3. The Formulation of the Main Lemmas and the Derivation
of Herman’s Theorem

Let us recall the

Denjoy Lemma (see [9]). There exists an absolute constant C >0 such that for every
xo€S!, n>0,

qn—1
e ‘< 1L @'(x;)SeC.
s

Henceforth all constants depend on ¢ but do not depend on n. Assume that
Denjoy’s lemma can be strengthened in the following way:
qn—1

e = [l o'x)=e, (4)
i=0

where Y k, . ,¢,<oo. Then it implies Herman’s theorem. Indeed, let us consider
n(x;) for 0<i<gq,,,. Take C{”, 0<i<gq,,,, whose end-points are x;x;,,,. It

contains inside itself k,,, points x;., 4+ 4., ,» 1 Sj=k,.,, and

B T(x: . itgntjgn+1—1 -1
e 1< ( l+11n+141n+1) :< l—[ (Pl(xt)> §e£n+1

= X4 gt - e ) t=itant (= Dany

7'C(X i+ q,.)

e <
(x;)

<etn.
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It shows that 7(x;, 1 ., ,) differs from n(x;) by a multiplicative factor which is
bounded by e*®*n+2n+1¥e) Thus, for every x;e C{", we have
(x;)

7(x;)

exp{—en_ Z (km+2+1)8m+ 1} §

éeXp {8n+ Z (km+2+ 1)Sm+1}a

which implies the desired continuity and positivity of = on 0. Now we formulate
some lemmas which will give a stronger version of Denjoy’s lemma.
For any ye S' consider ye C{?(x,)C C{" M(x,).

Lemma 2. There exists a constant 1 <1 not depending on y, k,n, x, such that
£(C{(xo) < 24(Cl ™ (xo).
qm—1
Put H,(yo)=" ¥ logy/(y), and take 700515 € CP(xo).

Lemma 3. |H,_,(y)")— H,_(y¥)| < const A%, where the constant J. is the same as in
Lemma 2.

Put 4™x;=|x;,,,.,—x,, and
X
bn=max{ max Z o) ) l’”}
0=p<gn.xo|j= O(P(x)

Lemma 4. |H,(y,)— H,(x,) S const - b, for every y,e CS* P (x,).
[:]

Lemma 5. |H,(y,)— H,(x,)| Sconst Y b, (n—k)'+constn”*12"* for arbitrary
k=0

X, Vo €S
Lemma 6.
qn_l " x
o' )A‘”’x <constAY" i<l <1.
j=0 (p(xj)
Lemma 7. For every 0<p<q,,
rg'(x)
L AWx | Sconstn® AN, A <A, <.
PR sk

Lemmas 4-7 give the stronger version of Denjoy’s lemma alluded to before. We
may choose ¢,=constn***315" in (4). All lemmas are proved in the next two
sections.

4. Proof of Lemmas 2-5

Proof of Lemma 2. Take an element C"~ 1V of the partition "~ 1), The partition
&™ decomposes C" ™V into (k,, , + 1) elements. One of them is C"* Y, while the
others belong to the trajectory of the C{’. Take first C"* V). There exists some
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CcCe™Y such that €Y}, >C"* Y. By Denjoy’s lemma

Jtan
e_CS /(Cﬁn'*)'fbn) SeC
= /(CE”» =
and
(n+1) (n+1)
/(Cz _l)é /(Cl )+1) é 1 §(1+€ C)—l
ACE D) = HCP)+ACE ) = | UCY)
1+ )
f(cjﬂzn)

Assume now that k, ., >1 and take some C{”C C{"~". Then C{}, CC{"~" for at
least one choice of sign. Then again with the help of Denjoy’s lemma

ace) _acy)
ACP) = ACP) +A(CPL,)

jtan

S(1+e 9L,

Now we discuss the case k,,;=1. Here C"""V=C"*V+C{?, | and the ratio
A(C,, )
{(eny
(k,+,+ 1) elements. As above the ratio of the lengths of these elements to £(C{"~ ")
is less than (1+e~ )~ ' if k,, ,>1. If k,, , =1, then we have C}}) ., cC?, |
cC"~ Y and

can be very close to 1. The partition £”*" decomposes C\?}, | into

ACH G, ) ACE +) a0y
! n:l n é lTdn-114qn §(1+€ 2C) 1'
ACTY) T ACTT)HACE,) )

Thus, after two steps the ratio in all cases becomes less than (14e~2¢)~ !, This
immediately gives the statement of the lemma.

Proof of Lemma 3. Take y(", yi C C(x,) C C""M(x,) or CY ¥+ D(x,). First we
remark that C{"(x,)=C(x,). Thus, we may replace x, by x; and assume that
Y, yP e CP(x)C Cy~™(x), where m=k or k—1 is an even number. Then
Y,y e CM(x)c C"~™(x). Now we can write using Lemma 2,

An-k— 1
Hy-00") —Ha 0 3 logg' () —log o)

£(C{(x))

@"(x)
I ACE ()

- <constiA™. QED.
@'(x)

< max

xeS?t

an—1
Proof of Lemma4. Let I= ) [loge'(y)—loge'(x;)]. We have
i=0

"l o"(x) nt L+
I= % ——i—x)+ ¥ oy;i—x) ""=I;+1,, |o] <const.
=0 ¢'(x;) i=0
For I, we have a trivial estimate with the help of Lemma 2 for k=n:

|1,] < const max|y,— x;|" < const ™.
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Introduce ¢;= %%;:'
0 @'(%) (Vi —x) + 3 0" (%) (Vi —x)* + ey

i+1= ® (X ) A(n)x + % (P”(xi) (A(n)xi)Z +oc?(A(")xi)2+ y

_Xi)zﬂ

i)1+y

1+73 L O )( i—X) o (y;—x
@'(x;)

=0; ’
1+ 19 ( )A(n)x +a(lV)(A(")x)1+“/
@'(x)

In the above (and henceforth) &, o', ... are some uniformly bounded numbers. Put
diman 1| 1+ S a0 g | =148,
j<i '(x j)
For b; we have the estimate |b]| <constb,. Furthermore

o= [1+‘Z((x)’ (1 +5)° A‘">xi+o4"(e;(1+b:-)“)‘”<A<">x,-)”f}

and
1 1 @"(x;) _ 3
— = 1= 3 = 0l(1+b) " A"x; + i1+ b)) 7 (A, 1”:'
Qi+1 Qi’: : 0'(x;) ) (e ) ( )
1 1T, 0'(x)
S 1 TPyt A Q) (1 b T (A
Gsr 0 T (x) (@) (1+6) (A7)

This yields
¥ MAWXJ, +constbh,<constb,,
j<i @ (xj)

<const

‘1 _1
Ql QO

and
loo — il £ 0o0; constb, <consth,0,,

loo — il = constb,g, .

The last inequality shows that g; differs from g, by a very small number (assuming
' —C"* Y can be well enough

that b, are small enough), i.e. the mapping T,}: C§*V
approximated by a linear map. Now we can write

. RESEICW
| 1|‘— ; ( xi)' lZO <P( ) lgl'
- (n) _l(p (X) (”) L
; lA ’ 2N (,0( ) x{0;—00)

<constb,0,. QED.
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Proof of Lemma 5. Take x, and construct the sequence of the intervals C{™(x,),
m=n,n+1.Then y,e C"* Y(x,)for some i,0<i< g, or y, € C(x,)for somej,0 <
<{,+1- In the first case

qn—1-1

Ju=H,(yo)—H,(xo)= ;0 [loge'(y,) —loge'(x,+:)]
qn—1
+ Y [ogo'(y)—loge'(xs—g,+]-
S=qn—1

Remark that y, ;e Co*Y(x,)CC§(x,) and recall (see Sect.2) that CY"(x,)

=C{"(x,). Therefore, each of the sums has the form J,= ZO [loge'(z{V)

—log¢'(z{%)], where z{,z e C{’(x) for some x and 0<r=<gq,—1. Write (see
Sect. 2)
r=a, 19n-1 +an—2Qn—2+ +a0q0>

where 0=<a;=<k;, . Then
9,

Ji= 2 X > [loge'(z{") —log¢'(z*)].
Jjia;F0 i=1ap-1gn-1+...+taj+14;+1+(—-1)g,<s
<n-1qn-1+...+a;+195+1+1iq;

Consider each inner sum separately. For every s the points z{!, z{*) belong to some

C®. Using Lemma 4 for long cycles <j = g) and Lemma 3 for short cycles <j < E)

. 2
we can write: n
2.
=1 Y |+ |=const } b, (n—k)’+
h .. n k=0
J23l Vez
constn’ t1AM2

which implies the desired result.
In the second case the arguments are the same if j < q,. If g,/ <j < q. (£ +1),0</
<k,., we apply the same arguments for the differences,

qn— 1
;0 [log(p,(ys—tq,,)_log(p/(ys~(t— 1)q,.)]a 1 é téf’

and then consider the difference
qn—1
Y. [oge'(x)—10og e (ys—rg,)]-

s=0

Our previous arguments also work now, and thus, we get the needed
estimation. QED.

<constn3" 34",

an—1
Corollary. |H,(xo)=| Y logp'(x,)
<o

Indeed, apply Lemmas 5-7 for x, and y,, where H,(y,)=0. Such y, exists,
because

P(o(...px+1)...)—p(o(... p(x)...) =1,

e ——— N —
q, times q, times
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and in view of the mean value theorem there exists y, for which

d

ix —@@...0(yo)...)= H @'(y)= H,(y,)=0.
X — ——
q, times

We have used the results of Lemmas 6 and 7. Their proofs do not depend on
Lemmas 4 and 5.

5. Proofs of Lemmas 6 and 7
Proof of Lemma 6. We have to estimate the sum

L=y

L A®x
5o ¢'(x)) !

Putting k= [g], rewrite it in the following way:

Gn-x+1—1 (x)
I,= T2 pmy
s§0 ,cwl)zccw k)(p(x) X
dn -k~ ”x.
+ Z o) ’)A(")xj.

t=0 j:cj(n+1)cct(n~k+x)(pl(xj)
Choose an arbitrary point y&" =, y"~** in each C&" ™%, C{""** Y. Then

Gn-r+1—1 (yy' k))

L="% (PP

5=0 <p(y§" )
Kk QD (yn—k+1)) . .
_|_ Z ﬁ (Cg k+1))pf k+1)
t=0 ( )
Gn-k+1— (p”(xj) (p( (n— k))>
+ - Ay
Z z<<p(>c,) E ) 4
+ T — A™x. (5)
2 ‘?(w(xj) qo(yi kD) J
where 1
n—k__ - /qu+1) ,
ps /(an_k)) j;cj(n+1)zccs(n*k) ( J )
1
m—k+1)_ _ ~ fC("H-l) .
& f(cgn—““),.:C;m)czqn-w ()

Due to the smooth properties of ¢ each of the two last sums is not more than
ny

constA?.
Assume that we have succeeded in proving that for some constant p the
differences
P& ¥ —pl, [p" ™" — pl < const Y™ (6)
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Then
Gn-x+1—1 (n—k) Gn-r—1 /(1 (B—k+1)
o'y " )
AP pn=h 4 RS
P M T
(n—k+1) g(Cn—k+1) |:q" ke Lo (y” k))f(c(""‘))
.pin— / n— = s
pt ( t ) p 5;0 qo(yg" k))
dn-k (p(y(" k+1)) ket qn—kﬂ—lq,(y(” k))
+ e L(CTEEY) [+ —
t=zo Py EY) ( ) s;o @'(y" M)
P (n—k+1)
e et Y O A ),
t=0 Vi

The absolute value of the last two sums is not more than const A}”. The expression

¢ (y)dy=0. Due

?'(y)

to the smoothness properties of the function ¢ it differs from the integral by a
ny

number with absolute value less than constA?. Thus, we have to show only

inequalities (6). It will be proved via some ergodic theorem type arguments for the

Markov chains.

Let us return to the increasing sequence of partitions &, and the corresponding
symbolic representation which were introduced in Sect. 2. Consider the con-
lag,ay, ..., a,)
{ag,ay, ..., a,-1)
means the Lebesgue measure of the element of &,, corresponding to the admissible

word (ag, ..., a,).

ditional probabilities #(a,|a,_,...,a0)= wehere Z(ay, ...,a,,

Lemma 8. The following inequality holds:

v "
/(an,an—l’ ey lp—s5—15 ...,(10) <econst).5

A (R 1 U TN A A |

—constA’

e

3

provided both words are admissible.

Proof. The words (@b, ..., 150y—g - s @y)y (Ao eevr By g1y Oyegoervs 1),
(dp, ..., ay——) correspond to the intervals C{" C C{™ C C{’z”z’, where mg=n,n+1,
my=n 1 n, my=n—s—1,n—s. Then the words (ag, ..., 0n— g1, Qu_g +r>0y),
(A5 v es g1y Upy_gyens ,,_1) (ag, .--,a, 1) correspond to the intervals
Cf(')”ﬁ)JCCf’l"})}CCf'z"i)J, where 12+]<q,,_s_1, if my=n—s and i,+j<q,_, if m,

=n—s—1. Denote
/(C(mo)k) /(C(mo))
k=" ~my) 1)
L(Cimdy) T A(Cim)

1<k<j.

We have

C("So) (P’(Y) dy (C(mo))

W= oy UCE)

Ciy -k
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Using the mean value theorem we can write
@' (2 0%
S

where y{™ are some points of the corresponding intervals. Furthermore,

Ok+1=

(mo)
exp{—constZ(C"V))} < ¢ (y"’”‘) <exp{const/(C"Y)} .

( (m) ) =
Then
/(CY) Q.f(CEZ,"‘”)
(CmyY) T AC)
and

exp{-COHSt X! Cﬁ',"i’t)} <g;<exp {const 3 ¢ c(';'yt)},
However, due to Lemma 2,

(i)
(m) ATty s
o) /(C‘"‘i’) <constA*. QED.

i+t

z Ace)s 'y Act

Lemma 8 shows that the sequence of random variables {a,} can be well enough
approximated by the Markov chain. Consider now the conditional probabilities
s s Oyl A= 15 -5 00), (A is -+ AulAn_ 1, .-, ag), provided both words

(aZ)a "'9a;1—-1>an> "'!an+m)’ (aléa "',a;’—lsam ""an+m)
are admissible.
Lemma 9. There exists an absolute constant C,>0 such that for all n,m,
’ !/
'"C1< /(an+m’ --‘sanla::—la ---’as) éecl
/( n+m7 --'aan|an—1> "‘saO)

The proof follows easily from Lemma 8 and the equations

m

f(an+ms"',anla;—l""’ab)z nO (an+1|an+z—1’""a;x—l""aaé))a
i=
m

4 (P W 7 (P A E _l_[of(a,,+i|a,,+i_l,...,a;;_l,...,ag .
i=

The proof of the following lemma is also simple.

Lemma 10. There exists an absolute constant C, >0 such that for all n,m and all the
admissible words (ag, ..., a,_3), (Ag, ...y An_3), @y -+ Ayt ):

_C2</(a,,+m,.. a,la,_ 3""’a/0)<eC2.
A (P W I (P 74

(n—k)

Return now to p =%, p»=¥* 1 In terms of symbolic representation they can be

written in the form:

pgn k),pin k+1)_/(an=0[an—ks ""aO)'
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We have to estimate the difference
[£(a,=0la,_g, ..., a0)—(a,=0)].
Lemma 11. |/(a,=0|a,_4, ..., aO)—/(an=0)|§const/1‘3/"'for some constant Az <1.

Lemma 11 is a Markov ergodic theorem and it can be proved by the methods
of the Markov chain theory. This technique is well-known (see [10]); thus, we shall
describe only the main steps.

Fix an integer m, m~ |/k and introduce a new probability measure on the
words

d:(aman— 1o nom+358n—m 5 n—2m+3>
Ay 2> 5Oy 3m 435+ O (= 1ym> > Ori— im+ 3> A= ims ++ > )

by the formula

(@)= Ao, s Ay i) €Oy = 1yms -+ > On = im+ 3| Cm > -+ A)
i-2
) _Hof(an—jm, coos O 1ym+ 3| On— (4 1yms -+ Bn— G+ 2)m+3) -
j=

Here i~ ﬂ This measure is the one of the Markov chain with memory m. It
follows easily from Lemma 8 that
/'@
exp(—constA™ )< ~/((7) <exp(constA™-i).

If we consider the Markov transition operator corresponding to /' for the
transition to m steps, then it follows from Lemma 10 that it is a contraction with a
coefficient uniformly less than 1. Then the usual ergodic theorem for Markov
chains shows that the difference between the conditional probabilities
(ay| @y ims - - -, o) for different a,_,,, ...,a, is less than A}, 1, <1. This gives the
desired result. QED.

Proof of Lemma7. Lemma 7 is derived from Lemma 6 in a similar way as
Lemma 5 is derived from Lemma 4. Consider the sums

gn-2.—1 q)”(x )
I, pi= AW
2= L o) Y

As in the proof of Lemma 6 consider

1
(n—k) _ A(Cn+ ) ,
P AT e g )
0=j<qgn-2i
_ 1 )
P = s Y £(CeHY).

—k+1
/(an )) jiCmt Degm-k+ b
0=j<gn-2i

It is easy to see that in the symbolic representation p ~%, p» ~¥* 1 has the following

form:
ph plr kD= £(0, 4,0, 4, ...,0|a,_y, ..., Gp) -
—
2i+1
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Then the same arguments as in the proof of Lemma 6 show that

m n
,_,]<constA)™ for i< 5~ ‘/§'

Moreover, for short cycles we have the trivial estimate

) n
[, |<constd), j=zm~ \/5.

Take now p=<gq,. We can decompose p in the following way,

(3] "

p= '21 An-2i+ Y bidu-;,
i= j=m

where a;<constn®*', b, <constn®*!, b;<const(n—j)’, j>m. Using the above
estimates we obtain

i (p/(xj)A(")xj
=0 @'(x;)

This estimate gives the desired result. QED.

J=m

2] .
< < y a,.> constA{"+const Y b
i=1 j

Remarks. 1. Using a more sophisticated technique one can show that in
Lemma 11 the right-hand side can be taken as const - 5. This makes it possible to
prove an exponential estimate in Denjoy’s lemma and also to consider the rotation
numbers g, 9 =[ky, ..., k,, ...], for which k,<const- B" with some B>1 as in [8].
It also implies that conjugacy pe C' ™7, for some 7>0.

2. From the viewpoint of the renormalization group ideology the result
proved here means the convergence to the linear fixed point of the renormalization
group transformation (see [4]) for nondegenerate diffeomorphism of the circle.
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