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Abstract. In this paper we study analyticity properties of the pressure of
general polymer systems by application of Ruelle’s theorem on the zeros of
Asano contracted polynomials to the partition function. Then we prove a
uniqueness theorem for the equilibrium state of the investigated class of
classical particle systems for a variety of finite range interactions.

1. Introduction

Lattice models are still an effective tool to solve phase transition problems in
classical statistical mechanics. In the centre of interest we find models without
restrictions. In these models the particles of the system can occupy one point of the
lattice. But there were moreover a lot of attempts to develop models for extended
particles that cover more than one point without penetrating each other.
Especially hard rod models have been widely used to explain the existence of liquid
crystals. Thus the theory of monomer-dimer systems is extensively elaborated. We
refer the reader to [6] for a brief historical sketch that shows, how monomer-dimer
systems are related to physics and chemistry.

In [5,6] the absence of a phase transition is proved for translationally
invariant systems of noninteracting monomers and dimers. In [1, 7] Abraham and
Heilmann respectively Heilmann and Lieb proved with the help of reflection
positivity arguments the existence of a phase transition for some systems of
interacting monomers and dimers. We will mention here also the papers [8, 9, 12],
that contain results for monomer-dimer systems, but their assumptions on the
interactions are very artificial.

Gruber and Kunz incorporated more complicated with respect to their
geometry particles into their model in [5]. They showed the absence of a phase
transition for noninteracting polymers and thus generalized the results of [6]. We
are going to introduce and to investigate a very general model for interacting
polymers on the lattice Z¢. Under the assumption of Z%invariance for such
polymer systems a variational principle for the pressure P(J) of an interaction J is
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proved in [14] in the form
P(J)= Sugl%l~ () — () -
ue

In this formula h(u) denotes the entropy of the Z%invariant state u and u(J)
denotes the specific energy of the system. |4,| is the number of different shapes, that
polymers are allowed to have. States u, for which the value |%,| ™ }(h(u) — u(J))
equals the pressure P(J), are called equilibrium states for J. It is well known that
the problem of the uniqueness of the equilibrium state, i.e. the question for the
absence of a phase transition, is closely related to the question for analyticity
properties of the pressure. A powerful tool to answer the last question is the Asano-
Ruelle contraction method, that originates in the famous Lee-Yang theorems. We
use this method to find regions for the values J({G, ..., G,}), the interaction of the
set {Gy,...,G,} of polymers, where the partition functions do not vanish, and
hence the pressure is analytic. The main result (see Theorem 4.1 for the exact
formulation)is the following: Under the assumption J({G}) #0 for all polymers G,
i.e. under the assumption that each polymer will give a contribution to the
hamiltonian, for small enough values of |e2/4Gt- G| for each polymer set
{Gy, ..., G,} with J{Gy,...,G,})+0, the pressure is analytic, and hence the
equilibrium state for J is unique.

In the case of positive interactions J of the form J({Gi,...,G,})

= ﬁ‘] ‘(Gy, ..., G,}), where k is the Boltzmann constant and T is the tempera-

ture, the theorem states the uniqueness of the equilibrium state in the low
temperature region. This agrees with some results in [5, 6]. Moreover it extends
them to a much wider class of interactions by allowing the case J({G, ..., G,})+0
for n>1, i.e. by allowing attractive or repulsive interactions between the particles.

In Sect. 2 we recall the construction of the configuration space, introduce
interactions and formulate exactly the variational principle. In Sect. 3 the
algebraic tools for the proof of the main theorem are prepared. In Sect. 4 the
uniqueness theorem will be stated and proved. Then we apply it to a system of
interacting dimers.

2. The Model

Ruelle developed a rather general method for the construction of configuration
spaces of classical lattice systems in [11]. In specifying his setting we are able to
give a general approach to polymer systems, that contains monomer-dimer
systems as well as more complicated systems on the lattice Z¢, the set of all d-tuples
of integers. As all systems will be assumed to be invariant under shift transforma-
tions, we define the group @ ={0Ose Z"} of shift transformations on Z* by:

Ojp=t—s (s,teZ?
OV={tel|t+seV} (seZ’VCZ
0, ={WCZ*3Ve¥ such that W=0V}, (seZ’ ¥ CBZY),

where B(Z%) denotes the set of all subsets of Z*.
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We describe now the construction of the configuration space for polymer
systems. Each polymer will have the shape of a finite subset of the lattice. Thus we
choose for each polymer system a finite set %, of possible polymer shapes in the
following way:

(1) %,=1{Gy, Gj, ..., G} consists of finite subsets of Z*.

(2) The origin of Z“ is the smallest element of G, in the lexicographic order for
each G, e %,.

From the set %, the set  is uniquely generated by shifting %, over the lattice
Z°.In the following PB(%) denotes the set of all subsets of 4, while B (%) comprises
all finite elements of P(%). For all polymer arrangements on the lattice it is
assumed that the particles do not penetrate each other. This leads to the following
definition.

2.1. Definition. Given a set 9, with the properties (1) and (2), the polymer
configuration space Q2 for 4, is defined by

Q={WeP(#)|G,KeW =GnK=0}.
For 7" € B (%) denotes
X, Q={H v |IH €Q such that HC¥}.

The dependence of Q on the choise of %, will be omitted because there cannot arise
any confusion.

The connection with the ideas of Ruelle in [117] will become obvious, if one
identifies Q with

Q* = {a)e X {0,1}|for each se Z¢ there exists at most
Ge¥%

one Ge ¥ with se G and X{G}w#O}.

In this formula X, denotes the projection operator onto the set {G}. In this
context it is easy to see that Q*, and thus Q will become a compact space, if one
starts with the discrete topology on {0, 1} and uses as the topology on Q* the trace
topology of the Tychonow-topology on > {0,1}.

Ge¥

The above construction includes the case of classical lattice gases. One has to
choose %, ={{0}}, where 0 is the origin of Z¢. In the following this case will be
excluded.

States are regular Borel probability measures on €. The set of @ -invariant
states is denoted by €.

2.2. Definition. An interaction is a complex valued function J on the nonempty
finite subsets of 4. The elements in the support of J are called bonds, i.e. the set of
bonds for the interaction J is

B={%e P, (9)|J(#)+0}.

If 7 eP(9), then B, ={BeB|BCV}.

In what follows we consider only @ -invariant interactions of finite range. This
means that the set of bonds is generated by the group of shifts from a finite set B,
with the property Z,n%,+0 for each %,c B,
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2.3. Definition. The partition function for the subsystem in ¥" € P (¥), ¥~ +0, is
given by
Zy(N)= % eXP( 2 JAB(- 1)'"”/“@')- (1)
WXy, BB,
Here |# n4%| denotes the cardinality of the set # n4%.
At this point it might be that confusion arises, because this is in general the
method to describe spin interactions rather than particle interactions. But because
of the @ -invariance and the finite range of the interactions the above description is

in fact no restriction of generality.
Let for ae Z**={(s,,...,s,) € Z*|5;=0,i=1, ...,d} denote

V(a)={(sy,...,8) € 2| —a;<s;Za;,i=1,...,d}
and
V' (a)={Ge¥%|GnV(a)+0}.

For V CZ* respectively ¥ C%, |V| respectively |#"| denotes the cardinality of the
corresponding set.
In [14] the existence of the thermodynamic limit

lim [77(a)| " log Zy (/) = P(J) @

is proved for all ® -invariant finite range interactions J. The limit P(J) is called the
pressure of the system. It is known (see [14]) that the map P : J— P(J) is monotone
increasing, continuous and convex.

For a © -invariant state x4 and an interaction J the specific energy is denoted by
u(J), while the entropy is denoted by h(u). These two quantities are defined by the
following limits that, indeed, exist (see [14]):

uJ)= lim —IV(a)I‘lf@k; J(AB)(— 1)'"’”“”') ("), )
h(w) = ‘11111010 V@)™ oz Ky (W) 10g(Xy@p) (7). )

We now quote from [14] the following theorem:

2.4. Theorem. For each shift invariant finite range interaction J, we have
P(J)= Sugl%l_ H(h(w —p(J)) - )
ne

The elements of

€, ={ue€|P(J)=|%| " (h(w) — u(J)
are the equilibrium states of J. The set €, is nonempty, convex, compact and equals
the set
€ ={ueC|P(J+I)=P(J)—|%o| 'u(J) for all J}. (6)
The problem of phase transitions in statistical mechanics for such polymer
systems reduces now to the question: What are conditions on the interaction J that
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allow a rigorous proof of |€,;|> 1 or |€,|=1? In the following we prepare a result
concerning the above case |€,| = 1. For this we introduce the correlation functions
of a state.

2.5. Definition. If u is a state, then the values
woy)= j oy (H)dw¥) (W eP f(g))

with 0, (%)=(—1)""?! are called the correlation functions of the state p.

It follows easily (see also [3]) that each state p is uniquely determined by the set
of correlation functions u(ay,) for finite # € Q. The next theorem allows us to
calculate the correlation functions for the equilibrium states of a given interaction
J and to answer the question whether |€,|=1.

2.6. Theorem. Let J be an interaction and define for each finite # €Q the
interaction J, by
1%l if V=09 for some se L’
T)= {0 otherwise .

Then, if the map t— P(J +tJ ) is differentiable at the point t =0, the value (o) is
the same for all equilibrium states u of J and

d
u(aw)=%P(J+th)I,=o' (7
Proof. From the convexity of the pressure (see 2.3) and formula (6) follows that it is
sufficient to show that each equilibrium state p of J fulfills the following equation:
— %ol I y)=uloy) (W e, finite).

From the definition of J,,- we have that B, is a one point set. The element of B, is
denoted by #,. Now we use formula (3) and the @ -invariance of p and calculate:

=10l ' uJ )=~ (ﬁm V@I 1%l T X T B)oa(¥) du@’))

a— oo @E%V(a)

= Em V@ X Geu(®)du(®)

gz @s“t}gfi%"ﬂa)
_ . |{seZ|O W, CV (a)}]
=y, lim V)
=u(oy). U

The above theorem is the motivation to look for differentiability properties of
the pressure, i.e. of

P(J)= lim [¥"(a)| " " log Z,(J)
in dependence of the values J(#,) with %, € B,. That’s why one is at first looking
for regions, where the partition functions do not vanish. This can be done with the
help of the well known Asano-Ruelle contraction method for polynomials (see
[2, 10]), because of the possibility to write the partition functions Z,,(J) as
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polynomials in the variables z, = e~ >/ with % € B, In the next section we will
make this precise.

3. Asano Contraction and Zeros of the Partition Functions

In this section we introduce and use some algebraic operations, that allow us to
write the partition functions Z,,(J) as polynomials in the variables z,=e~ >/
with #eB,,. This is necessary for the application of the Asano-Ruelle
contraction method for polynomials. We use this method to find regions for the
values of z,, where the partition functions Zy,(J) do not vanish.

Some of the algebraic operations will be used later in different contexts. That’s
why they will be introduced in a general setting. Let H be a countable set, for
example P (%). Then the set P(H) of all subsets of H is an abelian group with the
operation of symmetric difference. The symmetric difference of two subsets of H is
defined by

M-N=(MUN)\(MnN) (M,NCH).

If B (H) is the set of all finite subsets of H, then one can define for each M e B ((H)
the map
Op BH)>{—1, +1} with g, (N)=(—1)MN

where |[M N N| denotes the cardinality of the set M N. Let 9t be a subset of B (H),
then 9t denotes the subgroup of B (H) that is generated by 9. The set 9t* is defined
by

N={MeBH)|oy(M)=1 forall NeN}. (8)

For the sake of completeness we quote from [10]:

3.1. Definition. Let H be some finite set and let { H;} be a finite covering of H. With
each he H we associate a complex variable z,. The polynomial

P(zy) = MgHCM [Tz

heM
is the Asano contraction of the family of polynomials

{Pi(ZHi)z > Ci m; I Zh}a

M;CH; heM;
if for all M CH holds ¢y = T1¢ ymom,
i
A variable z,, is said to undergo contraction, if it belongs to more than one H,.

3.2. Theorem [10]. Let H, {H;} and z, be asin3.1. Let further R; , with he H; be
closed subsets of the complex plane that do not contain the origin, if h undergoes
contraction. Then, if P(zy) is the Asano contraction of the polynomials {Py(zy )},
and if Pizy)+0 holds when z,¢R;, for all he H,, P(z5)+0 holds when
2y ¢ T*(—R;,,) for all he H.

For two subsets R, R’CC the product * is defined as R’ *R”
={r'-r"eC|r'eR, r" € R"}. For RCC the set —R is defined by { —reC|re R}.
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The following theorem allows us to decide in special cases, that are closely
related to the case of partition functions, whether a given polynomial is the Asano
contraction of a given family of polynomials.

3.3. Theorem [4]. Let H be an arbitrary finite set and {H} be a finite covering of H.
If for MCP(H) and for the system {IM;={MnH;|M eIN}} the conditions
(1) For any M e the condition MAH,e I, for all i imply M € MM;
(2) The subgroup of B(H) that is generated by the system {Mi =M~ P(H,)}
coincides with MM*;
hold, then the polynomial
Pzy)= 2 12z

MeM heM

is the Asano contraction of the polynomials

{IPi(ZH,)Z 2 th}-

MeM, heM

We want to apply this theory to polymer systems. For this we define for
"€ B (%) the group homomorphisms 7, and y, by

Tyt P(By)>P(¥)  with  m,(B)= %H,; B,
Yy PO)=P(By) with p (W)= {BeBloz(W)=—1}.

We denote &, =kermn,.
With these notations we can calculate (see formula (1)):

Zy(N)= 2 exp(%e% J(%(—D”“”')

WXy Q

= 2 II exp(J(#B)ax(W))

WeX, Q BBy,

2 N1 exp(=J@#) 154D 11 exp(J(#)

WeXyQ BBy

L1 exp(J@)keryy| 3. 11 exp(—27(#)).

Beyy (Xy ) Bep

Il

The factor [ exp(J(£4)) kery,| does not influence the behaviour of the zeros of
%E%y/

the partition function. So it will be omitted, and we will continue with the
examination of

Z9i()= % I exp(=2J(%). ©)

Bevy (X Q) Bep

This is obviously a polynomial in the variables z,=e~ /), that looks like the
polynomials in the above theorem. The set Mt in 3.3 is now y,(X Q). For this set we
can prove:

3.4. Proposition. For each polymer system holds
[VV(XVQ)]'L =Ry =kern,, (Ve st(g)) .
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Proof. By the definition of the operation * [see (8)], we have for 7" € P (%),

[’))“I/(X“VQ)]_LZ{(@D s B,)|B,€ By with 6(%,.”’%)(7)%(%)):1
forall # e€X,Q}
={(%,,....,8,)%;€ B, with 4 @(W) 1
for all # eX,Q}.

For each set (%4,,...,4,)ef!, holds .]—[ #;=0, and thus (4,,....,%,)
e [yy(Xy Q)1 -
If on the other hand (%, ..., 4,) ¢ Ky, then O =+ H B,=B € B(Y). Because of

{G} e X,Q for each Ge ¥, we find for G € % that a@({G})-— —-1,1.e.(%#y,....%,)
¢l (X, Q1 DO

Later it will be useful to know what happens with K, =[7,(X,Q)]*, if one
enlarges the set B, by elements of B, i.e. if one uses more complicated
interactions.

3.5. Proposition. Suppose that # 1, ..., B, € By, and put B, =B, U{%,, ..., B,}, K,
the kernel of my : P(B)—>P(¥"). Let oy, ..., o, € B(B) be such that B;= 11 %,
and denote of=o,0{A,}. Then K is generated by {&, ..., 0} UK. e

A similar proposition was proved by Slawny in [13] for spin-1/2-classical
lattice systems. The proof of our proposition proceeds in the same way as in
Slawny’s paper. The same is true for the next proposition.

3.6. Proposition. Let V"€ P (9), and suppose that %,¢B, and o€ P(B,) are

chosen such that B;= 1] # and no proper subset of «; yields %;. Let J be the
Bea,

interaction that determines B and J' be another interaction that coincides on *B (%)
with J with the exception of the sets %; and their translates. Then, if Z}2*(J) 0 when

le 2’(3”|—|z@|<r@,<@eu o;and e >’ P =z,¢ R, BeB, \U o, for any te [0, 1]
Z5%(J’) does not vanish whenle WO =z, <1"a - r@,,@EU o g =|{i|% € o, }| and

1 -1\
e PD=z,¢R, HBeB,\J o, and Ie‘z“‘%)—ll——-lz@ 1|<< > ,
i=1,...,n \i T4t

4. Main Theorem

We now state the main theorem. Before proving it, we will illustrate it with the help
of an example from the literature. It is the model I in [ 7], a model for interacting
dimers.

4.1. Theorem. For each polymer configuration space Q on the lattice Z* and each
shift invariant finite range interaction J with the property

J{GH*0 (Ge¥9) (10)
holds:
(1) Foreach ¥ € B (%) and all 7 € B, exist positive real numbers rg4 such that
the partition function Z'2%(J) does not vanish for le” 2! ®)| =z, <74.
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There exist for each %,<€ B, positive real numbers r4, such that in the area
IZ.%OI < r%qy

(2) the pressure is an analytic function in the variables zg4,,

(3) there exists one and only one equilibrium state u for J,

(4) the correlation functions of p are analytic in the variables zg,.

4.2. Remark. In the case B =9, i.c. if there is no interaction between the particles,
the above theorem is a special case of the results proved in [ 5] for polymer systems.
So we have to draw attention to examples, where there is an interaction between
the particles.

4.3. Example. As mentioned above, systems of hard dimers are of essential
interest. We want to examine here a model that was introduced by Heilmann and
Liebin [7]. It is a model for systems of hard dimers on the quadratic lattice Z* ([ 7],
model I). A vertex of the lattice is either empty or covered by at most one dimer. A
dimer covers two vertices that are connected by an edge. For such systems we will
examine the following interaction:

J({D})=pb>0 for each dimer De¥,
J({D,D,})=pc>0 for each pair of neighbouring,

collinear dimers D,D,e¥%,

where B=(kT) ™! is the inverse temperature.

In this situation it follows from 4.1 that there exists a .. >0, such that for
p>p., the equilibrium state is unique, i.e. at low temperature there is no phase
transition. We want to compare this result with that in [7]. For this it is necessary
to transform the “spin type” interaction J into the “particle type” form used in [7]
in such a way that the Gibbs distributions of the finite systems in ¥~ € B (%) will
not change. Equal families of Gibbs distributions describe equal sets of shift
invariant Gibbs states, that are by a result of [ 14] equilibrium states. The desired
transformation is the following:

U({D})=2J({D})+2 Y J({D,D’}) foreach dimer De%.
D'ey
{D,D")

The sum runs through all dimers D’ € ¢, that are collinear neighbours of D. We use
the symbol <D, D") for such pairs.

U({D,,D,})=—4J({D,,D,}) for each pair <D,,D,).

The partition function with respect to U for the subsystem in 7" € B (%) is defined
by

Z(U)= Y exp— (z vion+ > U({DI,D2}>>.

WeXyQ 1, D2
Dy, Dy
By showing that for each # € X, Q the sum
S JDH (=D P T (D, D)) (— D e
Dev D,D

Dl,li)zez"f/
+ X U({DH+ > U{DyD,})
Dew (D1,D>>

Di,DeW
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is independent of #" € X ,.Q, we can see that the given transformation is the right
one in the sense mentioned above. It was shown in [7] that for low enough
temperature there is a phase transition, if

U({D;,D,})=—pa<0 for each pair <D, D,)

and
U({D})=—up<pPa foreach dimer De%.
. In 4.1 is proved the absence of a phase transition for low enough temperature
or
U({D,,D,})=—4pc<0 and U{D})=2(pb+2c)>0.

In this way we get an almost complete idea of the phase transition behaviour of the
two-dimensional dimer model with attraction between neighbouring collinear

dimers in the low temperature region.
Similar calculations can be done for the other models examinated in [ 7] and in

[1].

4.4. Proof of Theorem 4.1. From the assumptions follows {G} e B for all Ge ¥,
and thus B =P (%). Let now 7~ be an arbitrary nonempty finite subset of %. With
the help of Theorem 3.3 we will show now that Z52%(J) is the Asano contraction of a
set of small polynomials. For this we need a covering {8} of B,. We take

B, ={{G},{K}} with G,Ke?, GnK=*0
B, ={B,{G},....{G,}} with ZeB, cardB>1,G eV,

I=1,...n, ] {G} =4.
=1

Here i runs through the set of all pairs {G, K} with the above property, and j runs
through the set of all 4 € B, with card 4 > 1. The set Wi in 3.3 is y,(X Q). For the
sets M, we get immediately: M;={0, {G}, {K}}. For the verification of the
assumption (1) in 3.3 choose an arbitrary ff € M =7, (X,Q), i.e. take finitely many

sets #7,..., #, € X,Q with ﬁ=y$»<1_[ "/%,-). It follows {{G}IGG 11 “/f,} cp. If
i=1 i=1

now fnBi. e M, holds for all i, then [T #;e X, Q. But this means & M. Thus the
i=1

following implication is true: )
(BeM and PnBLeM, foralli) = M.
Hence, we have

BABL e M, foralli

(ﬂeim and BB eM; forallj

> = fe.

For the verification of the assumption (2) in 3.3 we use Proposition 3.5.
Define a new interaction J by

J{GH=J({G}) (Ge9),
J()=0 (V" ePA9)\D).
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Then &, = {0}. Because of M} = {0} the kernel &, is generated by the sets M-
From 3.4 and 3.5 follows that M* = K, is generated by the system {0} and the

system {{#,Gy,...,G,}} gew, . carazm>1, fi (Gy=g 1t 18 nOW possible to prove

that M ={0,{#4,G,,...,G,}}, ie. that the condition 3.3 (2) is fulfilled. By
definition holds

M ={fe{#,G,,....Gllo(n)=1 forall yeM;}.

Because of ;= {y e B(BJ)|Fy € M such thaty={%, G, ..., G,} ny’}, we conclude
y=1{4%,G,,...,G,,} with m odd or y=0. Here {G,,..., G, } runs through all
m-tuples of polymers in 4 such that {G, , ..., G, } € X, Q. Therefore y=0 or cardy
is even for y e ;.

Suppose now 0+BS{%,G,....G,}. If p={%.G,,...,G, }, then choose
y={%,G,}eM; with k+1,...,m It follows Bry={%}, ie. peM;. If
p={G,,...,G, }, then choose y={%,G, }eM,; It follows Bny={G, }, ie.
péMy.

Thus the assumptions of 3.3 are fulfilled, and by this theorem Z3%(J) is the
Asano contraction of the polynomials

Zi=1+ZG+ZK

Z.= Z H Zg.
Be{B,G1,. - Gnln Ty (X,V Q) Bep
Each of these polynomials contains the additive term 1 and hence it does not
vanish for small enough values |zz. By 3.2 exist positive real numbers ry for
% € B, such that Z72%(J) does not vanish when |z4| <rg4. Part (1) of the theorem is
proved.

By construction no #e B, with card%>1 undergoes contraction. For
#={G} with G €% the number of contractions is bounded because of the finite
range of J. Hence it is possible to choose the numbers r, independently of
" € B (%). Furthermore we have by the @-invariance of J the possibility to realize
that ry=rg, for all # that are translates of %, € B,,.

In what follows we look at Z5%(J) as a function in the variables z,, =e~ /%
with 4, € B, It is easy to see that

0<IZEDI=| X T1z4 SIZ54(JT=0)|
Bevy (X, Q) Bef

for |z4,| <rg,<1. In this area each partition function is bounded. It follows the
uniform boundedness of || logZ,(J) in this region. Since the sequence of
boundaries |¥ (a)| " long,,)(f =0) converges for a—oo, we conclude from
Vitali’s theorem that the pressure is analytic in the variables z4, =e™ %/ with
Bo€B, in the circles |z, | <rg4,. Part (2) of the theorem is proved.

The parts (3) and (4) follow directly from 3.3 and 3.5. Each finite %" € Q can be
written as # = [] {G} with Ge %. From 3.6 we have that for each 7€ [0, 1] the

Get”
partition function Z%4(J 4tJ,,) does not vanish for |zg| <1r; with {G} € B, and
O,Gew for at least one seZ’ and |z4 <r, for all the other #eB, and

—_ A\
lzy—1]< (%%) . From this follows the analyticity of P(J+tJ,) as in the
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proof of (2) in particular for small t. Thus by 2.5 and 2.6 the equilibrium state for
the interaction J is unique, and the correlation functions are analytic functions in
the variables zg, for |z4 | <7y, %€ Bo.

The theorem is proved. [
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