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Abstract. A set of axioms which fix Euclidean renormalizations up to a finite
renormalization is proposed. There exists a one to one correspondence
between Euclidean renormalizations and renormalizations in Minkowski
space-time satisfying Hepp’s axioms. No restrictions on masses are imposed.

I. Introduction

In [6] Hepp proposed a general axiomatic framework for renormalization theory
in perturbative relativistic quantum field theory. A renormalization is a map
which assigns to unrenormalized Feynman amplitudes (which are not, in general,
tempered distributions) the corresponding tempered distributions (called re-
normalized Feynman amplitudes) in such a way that some conditions are satisfied.
These conditions are motivated by physical considerations, and they include:
Lorentz covariance, unitarity and causality. It is shown that all renormalizations
which satisfy the axioms are essentially equivalent: the only arbitrariness is a finite
renormalization [6] (in renormalizable theories this arbitrariness is removed by
fixing the values of masses and charges). Hepp showed also that the usual
renormalization schemes satisfy his axioms.

In this paper we are concerned with renormalization theory in Euclidean
space-time. The advantages of the Euclidean approach to field theory are well
known: the matters simplify considerably. For the history and modern axiomatic
results in this direction see [9]. In the context of renormalization theory this was
recognized already by Dyson [1]. In order to avoid the problem of poles in the
region of integration, he formally replaced p° by ip® in the p-space Feynman
amplitudes. Weinberg [11] proved the celebrated power counting theorem giving
sufficient conditions for the convergence of Euclidean amplitudes and describing
their asymptotic behavior in p-space. Zimmermann [13] developed a p-space
renormalization scheme, proved its convergence, and related it to relativistic
Feynman amplitudes. In the context of one-loop approximation to the ¢* theory,
renormalized Euclidean amplitudes were also discussed by Williams [12].
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We propose a set of axioms which should be satisfied by any Euclidean
renormalization scheme. We prove generally, without resorting to any particular
renormalization scheme, and imposing no restrictions on the values of masses, that
a renormalization always exists, and is unique up to a finite renormalization. To
convince the reader once more that it is easier to do field theory in Euclidean
space-time we prove that the Euclidean counterpart of the analytic renormali-
zation satisfies our axioms. The proof is considerably simpler than the correspond-
ing one in the relativistic approach [6]. We show that there exists a natural one to
one correspondence between Euclidean and relativistic renormalizations. The
way we establish this correspondence is motivated by [2].

The paper is organized as follows. Section II contains the notations. In Sect. III
we formulate the axioms for renormalization in Minkowski and Euclidean space-
time. Sections IV-VI contain the formulation and the proof of our main result: the
equivalence theorem. In Sect. VII we prove the existence and uniqueness of
Euclidean renormalization. Section VIII contains an example: the Euclidean
formulation of the analytic renormalization. In Appendix A we prove a technical
lemma. Appendix B summarizes some facts about radially analytic functions.

I1. Unrenormalized Amplitudes

Let I'=1'(%,7¥") be a connected graph (£ denotes the set of its internal lines, ¥~ is
the set of its vertices). To avoid inessential notational complications, we shall
ignore the dependence of renormalizations on external legs in the following. A
subgraph y of I' (in symbols: yCI') is a set #"(y)C ¥ of vertices and the set £(y)C
&£ of all lines in & joining two elements of ¥7(y). Let y,,y,CI be subgraphs. By
7V, we denote the subgraph with ¥ (y, Uy,)="7"(y,)u? (y,), while y, Ny, is
defined as the subgraph for which ¥"(y,ny,)=7"(y )N?(y,). We write y=0, if
v (y)=0. Let %={y,,....y,} be a family of subgraphs of I' such that y,+0
(i=1,..,a), yyv...0y,=I, and y,ny;=0 (i+j). We call the pair (I,%) a
generalized graph. A subgraph yCI is compatible with %, if for any y,e % either
y;Cy or y;ny=@. Given a subgraph 7y compatible with # we define
Uy={y,€U :y;Cy}.

We label the components of xelR*” (V=|77]) by the eclements of ¥/, ie.
x=(x,),.y» where x,=(x?,x,)e R* Sometimes, however, we find it convenient to
use other notations, e.g. x=(x,,...,xy), or

)_€=(XL 15 ...,xl,lwyl)l, ""Xa.]“’f()‘a)l)’

for a given generalized graph (I, %).

In this paper we consider a theory of a single scalar field. The generalization to
fields with arbitrary spin is straightforward, although notationally somewhat
involved. With a generalized graph (I, %) we associate the corresponding (re-
lativistic and Euclidean) amplitudes defined as

ZF, (%)= 1—[ Aﬁ(}_c%) n ZF(xi(a) =X/ (I1.1)
V. EU a¢uL(yi)
éﬂﬂ", %)(D—C) = H Ai(lcyi) H S(xi(a) - xf(o-)) 5 (H.Z)

VieU aEVL(yi)
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where x, =(x,), ey, U0), f(6)€?" denote the vertices connected by . The
propagators are defined as
Ap(x)=12m)~*[d*ke” **(u> —k* +i0)"*,
S(x)=Q2nr) " *[d*ke™ (u*+k*)~*,

(as usual, in the relativistic case kx=k°x®~k-x, while in the Euclidean case
kx=k°x° +k-x). The A’s are defined as

u?=0

AR(x, )= L, if p; is a single vertex,
yivey) T [Pl —1
DY: H 5(xi,j+ 17X otherwise,
j=1

where D, is some Lorentz invariant differential operator with constant coef-
ficients, such that D} =(— 7= 'D, (the star means complex conjugation).
AE(x ) is defined by the same formula but D, is now a Euclidean invariant
dlfferentlal operator with constant coefficients, such that D¥ =D, . Given yCI'
compatible with %, the notation /% a,)(X,) [respectively &, o (X, )] is clear.

As they stand (IL.1) and (I1.2) are purely formal expressions. To give them a
precise meaning we introduce some notation. Given an open set Q CIR*" we denote
by #(Q) the set of all fe.#(IR*") with supp f CQ. By | f |, we mean the Schwartz
norm of f: l|f|{(”)=m§§£§§(1+>_¢2)n/2|paf(,_¢)], F'(Q) is the dual of F(Q). We

define the set:
QY= {xe]R‘”’ :x%+x0, if there is no y,e % with v,2'€77(y)}.

Proposition. 7. ,(x) and & ,,(x) are elements of F'(Q%), i.e. there is M 20 such
that

Z . NECIS an,  fe£QY),
and similarly for & 4(x)-

This proposition is well known, see e.g. [5, 6].

II1. Renormalization

We start with recalling the definition of renormalization in relativistic field theory.
The definition below is equivalent to the one given by Hepp [6]:

(Relativistic) renormalization is a mapping # which assigns to each unre-
normalized amplitude Z . 4,(x) a tempered distribution 2. , (x) in such a way
that certain conditions (conditions RO-R4 below) are satisfied. Let 7, ..., 7,50 be
subgraphs of I such that t;n7;=@ (i+)), and t,u...ut, =TI Define

m
<Tp ceey ‘Cm>(},a1[)(3_c)= H %yrj,th)(lcrj) H Fo'(xi(a')_xf(o))?
ji=1 c¢uZ(t))

if ..., 7, are compatible with %, and

<'E1’ ceey Tm>(r,ﬂg)(>_c)=0 s
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otherwise. Here F is defined as follows:
A (X=X piy)> 1 U0)EV(3,),
F(Xyoy= X y) =1 f(0)€V (1}), with a<b,
A (X ppy— Xyq), Otherwise,

where 4, (x)=(27n) "3 [d*kd(k* — u*)O(k°)e” **. Define also

v
RTr D=2 (=D 3 (e T ).
m=1 Tlyeees Tm

Now we formulate the conditions for £.

IIEO. RF 1 (%) Is an extension of . 4,(x) from F'(Q%) to &' (R*Y)- ZLAF(x)]
=Ar(>_c)‘

R1. SUPPRTF 1 ) x)C A" = {xeR*Y :x =x, if v,0' €7 (y,), for some y,eU}.

R2. RZ y q)(x) is invariant with respect to the proper Poincare group.

R3. Z is unitary: RS 4)(X)* =RF 1 a(X)-

R4. # is causal: For any @<y, yCI compatible with %, and such that
yny' =@, yuy =T, we have

RF . aX) =0V >t (%) (I1L.1)
if xe {xeR* :x —x_¢7V,,if ve?(y), v e? ()}
Later we shall need the following non-covariant version of R4. Denote by
Q, = {xeR* :x) <x), if ve (), '€V ()}

R4’ (IIL.1) holds on (R, ).
For the sake of convenience we reformulate also the unitary condition.
Let 27, (x) (v€?") be the retarded function (see e.g. [3])
1Ra®= Y (O RE 0\ )RF 0, (5,)
Z)’eyvc(yr)
[T 4.0 =%
o i(a)eV(y)
f)ery)
where the summation extends over %-compatible v,y'CI" such that yny =@,
yuy =TI and »€7 (). R3 and the relation

Z (_ UW(M‘%@(% %v)()—cy)g?%v’,%y')()—cv’)

v,y cr
[T A4.0o0=xp0)=0
o:i(a)e?(y)
. S(@)ev(y)
1mply that ) ¥ _(_ 1)V+ 1,(v) ( ) (HI 2
2 a2 =( )\ 2

v
Conversely, (I11.2) implies R3. If £} ,,(p) is the Fourier transform {Wi‘[h 5( > pj)
j=1
omitted| of 4}, (x), then (II1.2) reads:
iR e =(= 171 4 (— p). (I11.3)
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(Euclidean) renormalization is a mapping which assigns to each unrenormal-
ized Euclidean amplitude & ,,(x) a tempered distribution J &1 4,(x) satisfying
the following conditions:

EO. T &1 4)(x) is an extension of &, ,(x) from £(Q%) to F'(R*).
TLAE)] = AK().

EL suppJ & 4 (x)CA™.

E2. 7 & 4(x) is invariant with respect to the inhomogeneous Euclidean
group.

E3. T & a)(x)* =7€(r’%(>_g).

E4. For any @7y, y'CI" compatible with % and such that yny' =0, yuy' =T,

g‘é&(r’ %)(5) = gvéd()’: %7)(l€y)g~é}(‘/'. %y’)(')—c‘/')
[T SCw =X (IIL4)

T
if xe {(xeR* :x #x , il ve¥(y), ' €7(y)}.
Again, we formulate an alternative condition:
E4". (IIL4) holds on #(Q, ).
Remark that E3 and R3 though very similar in appearance, are very different
in structure. While E3 is a simple reality condition, R3 is a nonlinear condition
involving products of Feynman amplitudes.

Lemma. (a) (EO,...,E4) < (EO,...,E4),
(b) (RO,...,R4) < (RO,...,R4).

The proof of this lemma is given in Appendix A.

IV. The Equivalence Theorem

Theorem ER. The axioms (R) and (E) are equivalent in the following sense. Given
any relativistic (respectively Euclidean) renormalization & (respectively I ) there
exists precisely one Euclidean (respectively relativistic) renormalization I
(respectively #) such that the following condition is satified: For any generalized
graph (I, %) and a radially analytic function fe % (R*") we have

ivyéa(r,ql)(fi) = ,@9—7([’ a/[)(f) . (%)

For the definition of radially analytic functions see [2] or Appendix B. The
strategy of the proof is similar to that of the proof of the basic result of [2]. We use
induction with respect to V. For V=1 there is nothing to prove. Our induction
hypothesis is that the equivalence has already been established for all graphs with
V=n—1. Suppose we are given a relativistic (respectively Euclidean) renormali-
zation. To define the corresponding Euclidean (respectively relativistic) re-
normalization we decompose a test function f into two parts: the (essentially)
radially analytic part f}, and the part f, vanishing on the diagonal. Now, to define
T & w\fy) [respectively RF . 4 (f})] we use (x). T 6y q)(fy) [respectively
R (o)) is defined with the help of the induction hypothesis. Observe that the
uniqueness follows immediately from (*) and Lemma B.1.
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V. Proof of the Equivalence Theorem: R = E

1. The Decomposition of f

Let K=0 be an integer, which will be specified later. Consider the CX-function

(K+1)!
2n

0= OO 1Rttt = L2 (o in(f )7 1p) K2,

where telR, 1€ A (see Appendix B for the definition of A). It satisfies the equation:

a K+2
/l(l—i+/1_la~t) oszK(t):(K—H)!é(t).
Define
a K+2
(x9, & X)=i[(K+ 1)1 (1—1’—1’—0
Ox{

‘f(x(l),xl;x?“"flaxz;"'7x(1)+éV—17XV):

where ¢;=x7, , —x{,j=1,...,V—1. Then

(%)= fdro, ((x]—0w(t, &, %).

Observe that [y|l,) S Cllfll,+ g+, Let w(é)e#(R" 1) be a radially analytic
function such that w(0)=1, D*w(0)=0, for 0<|z|=K. [Such a function exists.
Proof. By the density of radially analytic functions there is a radially analytic v(¢)
such that v(0)=1. Assume that D*»(0)=0, for all 0 <|o|<p— 1. Define

v(@)=u(d) [1~ Y (a/al)é ]

la]=p

where a,=D"v(0). Then v'(¢) is radially analytic, and v'(0)=1, D*'(0)=0, for all
0<]a|=p.] Define
K 65
= [dto; x(x ~t)w(§) Z Dé’lp t,0,%),
and fy(x)=f(x)—f,(x). Denote by F(Q) (Q - open) the closure of &(Q) in the
norm |- ||, Then fo€ S (Q,), f,€ F((R*Y), where Q, = {xeR*" : there is a pair i, j
(i#) such that x{+x?}. Moreover

Ifolly=Clwlus g SCIf s 25+ 2) (V.1)

(a similar bound holds for f).

2. The Definition of 7 & 4)(f)
Rewrite f; in the form

fix) = [dte (x]—t, &%),
where

K Iﬂlgﬂ

P, & x)= {WZ =—=-Dfy(1,0, x)}

w4 K(lx(l’) ; AeA*.
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Then ¢'_; is radially analytic in 4*. Choose K so that K = the order of %5“'}, ay
Denote agaln by 2% 4, the unique extension of RF ., w from F(R*") to
FR*). Define

T é"(rﬂl)((p’l)=i“’.@9_7(r,%((p'_ D (V.2)
We have
\RT PN C Lol S CU+) " fll sk 2)-
Hence, we are allowed to integrate (V.2) over t. Set
'7éa(r,ou)(f1)=i_Vfdt%Zr,%)((ot—i)~
Clearly |7 (r,az;)(f1)'§cl|f”(31(+ 2y

3. The Definition of T &1 4)(fo)

If % ={I'}, then we set 7 & ,(fo)=0. Otherwise, for any pair of subgraphs 0+,
7' CI, such that yny =@, yuy' =T, we define a distribution 4, ,€5(, ,,) as

{the right-hand side of (I1L4), if y,7’ are compatible with %,

0, otherwise.

It follows from the induction hypothesis that %, ., has the following property:
GorX =9 (x), (V.3)

if xeQ, .NQ

Lemma. Every fe%(Q,) can be decomposed as follows

f= z f(y, ¥ (V'4)

where supp f, . C£, .., and y, y" run through all the pairs of subgraphs of I' such
that yny' =@, yoy =TI'; v,y +0. Moreover
D 1Sl SC 1 F iy
(ii) if supp f CL, then supp f, ., CRNQ
(iii) if f is radially analytic, then so is f,

¥, 972
77

The proof of this lemma is standard (cf. [2, p. 105]). Define
Y= Z G o)
VsV

By (i) of the lemma % ;. ,,(x) is a distribution in ¥'(€,) of order (say) N. By (V.3),
and (ii) of the lemma it satisfies

Y a\)=%, (), (V.5)

if supp f CQ, .. It follows from the definition that & ;. ,, is the only distribution in
F'(2,) satlsfymg (V.5). Denoting again by g(r « the extension of 4 . ,, to F(Q)
(we choose K= N), we define 7 & 4,(fo) =9 . 4 fo)- By (V.1)

1T 6, a SN=Cll fll 3k 2y -
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4. Verification of the Axioms
We set

yg(r,%)(f)=9_éa(r,%)(fo)+<a/~éa(r,ﬂz)(f1)'

It follows from the estimates of 2. and 3. that [T & (/NS Clfllzk+2) L€
T . ap€S' R If feF#(QY), then f, =0, and hence 7 &1 ,,(x) is an extension

of &1 4,(x). This proves EO. E4’ is clear: If supp f CQ, . (7,7’ compatible with %),
then f; =0, and

T 6w, =Y 0, ()= (1)

We prove (). Let f be radially analytic. Then also f, and f, are radially analytic.
For f'= f, (x) follows directly from the construction. If f = f, then by the lemma it
suffices to consider f=f, , ., only. We have

ing-éa(r, %)(lc)fl(lc)dlc

_v
=T 6 0)8)T 6y ay(xy)  TT SCxiy =) fi(0)dx
a:i(e)eV(y)
1@er ()

:j%ZV,%y)(xv)‘@ZV’,%')(J—cv’) [T A4l =X0)f (x)dx
g:i(o)e?(y)
S(o)eV(y')

=(RZ . 0x)f(x)dx,

where we have used the induction hypothesis, E4’, R4, and the fact that (4 ),(x)
=S(x) for x° <0. To prove E2 let us define the following differential operators:

4 0
)= Y (il px0l
0= X (500 5 5] 100
where u=1,2,3. Then, by Lemma B2 (M%f),(x)=i(m°"f,)(x). Hence, by (*) (just
proved)

0=RF 10y MO f)=1" 1T & f (M f),

ie. T 6 qym*f)=0, for all /s radially analytic in 4*. Since such functions are
dense in #(R*"), the last equality holds for any fe #(R*"). From the construction
it is clear that 7 & 4 (x) is translation invariant. This proves E2. E1: Take a
function f with supp f C{xeR*" :x2=x2, if ©,»'€¥7(y,) for some y,e%}°. Then
f1=0, and T 6 4(f)=% 1. 4(fo)=0. This and E2 imply that suppJ &, ,,C4”.
The only thing to be verified yet is E3.

5. The p-Space Analytic Function

The set of distributions {<ty,...,7,> 4)(%)} is a perturbative (graph by graph)
counterpart of a linear system of V-point functions [4]. In fact, it is easy to see that
the (perturbative analogue of the) set of axioms of [4], Sect. 6.1, is satisfied. We
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denote the corresponding generalized retarded functlons by i(r (%), where & runs
through the set of all cells of R” [4]. Let z(r a(p) be the Fourier transform

[With 5( Y pj> omitted| of #. ,,(x). It is well known that for any %, &, one has
=1

41 (D) =4(2a)(p) (V.6)

in the open region of R*¥ ™1
ﬂ {pelR“V Z p;=0,p;<u } v.7)

Jcd,... v}

where p,= ) P “r, %)(x) has support in a certain cone [4]. Hence, /5(1- 2D isa
jedJ
boundary value of a function holomorphic in the corresponding tube. From (V.6)

and the edge of the wedge theorem it follows that the +”’s are boundary values
(from the corresponding tubes) of a single holomorphic function denoted by
H - 4(2). The domain of holomorphy of H; ,4(z) contains a complex neigh-
bourhood of (V.7).

6. Verification of E3: u*>0

In this case the domain of holomorphy of H 4)(2) contains the Euclidean
momenta z=((—ip?,p,), ..., (—ipy, py)). Using a suitable regularization one shows
as in [2, 4], that

)

Jj=1

. deeu izpjxjH(r, %)(( - ip(1)9 P~ ipg, pr))o (

satisfies (%), i.e.

14
M @@(r %)(x lj.dpeﬁlzpijH(r o]l)(( lpl,Pl), ’(—lp?f’pV))6< Z pj)'
i=1

We shall show that

H(I‘,OZ()((_ lp(]?’ pl)’ () (_ lpga pV))
=(— 1)V+ 1H(l",071)((ip?’ _pi)s 7(lp197 _pV))a (Vg)

which is equivalent to E3. The points ((0,p,), ...,(0,p;)) are in (V.7), and

DOLPI(I",%)((~ lp(1)9 pl)s LR (~ lpga PV))|£0=_Q
=(=1)*'D% (o= (V.9)

for any o. Here |%|=Z°‘?- The function F(p)=H (= ip%,py); ... (= ip, py))*
— (=" Hy 4(p?, —=py)s -, (ipY, —py)) is real analytic. By (V.9), (IIL3), and
(V.6) D*F(0)=0. Thus F(p)=0 in a neighbourhood of 0, and hence F(p)=0 for
all peR*". B
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7. Verification of E3: u>=0
As in [2] we consider the function:
F @) =explid '[z2-A2]12 11},  4>0,

where ze C*, z2¢[ 42, c0) (we choose that branch of the square root, which has a
positive imaginary part in C\[ A2, 0)). Denote

Fili= lim F(x=iy),
F () =0(—x°)F | (x)+ 0(x°)F (- x).
Similarly as in [4, Sect. 6.3] we define a new (regularized) linear system:

{Tysenm Tm>6",ay)(3_c)= l_[ Fff)(xi(a)*xf(c))(ﬂ, e T,n>(},oz¢)(3_c)s

se VL (r)
where
FQ(x0)~x )= F AXi) = X)) f ceZ(t;), for some j,
F oy (Xipy= X p)) > if i(a)e? (z)),
f@)e? (T, with j<k,

Fi(xp0=%e), if i)V (x),

f@)e? (), with j>k.
Then (t,...,7,){ 4 (x) have positive thresholds 247!, and <(t,....7, )k 4
—><r1,. o> T,y @ A—00. As in 2. and 3. we construct the corresponding

T 6 a(x). It follows from the constructlon that 761, %—>9' & r 2 Repeating the
argument of 5. and 6., we prove that 7 &7 %)(x)* =7 &4 (r.a(X). This implies E3.

VI. Proof of the Equivalence Theorem: E = R

We sketch only the argument, because it is based on the same principle as the
proof of R = E.
1. Any function fe.%(R*") can be decomposed as f, + f;, where
K 5/}
fl('lc)zjdtal,l((xl Hw; é) Z wa £,0,x).
Here
0 - a K+2
Pt =T+ 1117 1= 2
Sl x s x0HE Xy X0+ E LX)

2. We define: 2.7 Lipa(f)=1"[dtT Er,a(xp), where y; is defined in analogy
with @5

3. Using the induction hypothesis and proceeding as in the proof of R = E we
construct the relativistic counterpart of % ,, denoted by %, ,. Define:

‘%'/(F %)(fO) g(l" xA) fO






